
NOTE ON DIRICHLET SERIES. (VII)

ON THE DISTRIBUTION OF VALUES OP DIRICHLET SERIES ON THE

VERTICAL LINES

By Chυji TANAKA

(1) INTRODUCTION. Let utf put

at)

Jr(Z)

11" TU) has the uniform con-
vei-gence-abscissa fa <i-°° , then
for fate*

 9
 TTCc'-t.Lt) is an

almost periodic function of t
by H.Bohr's theorems

o
 ( cli pp

β

48-49, t?Λ ) If we assume only
the existence of the simple con-
vergence-abscissa <TA < +

00
 , what

we can say about the behaviour
of Dirichlet series on the verti-
cal line TZtt)^ <f ><rt ? Con-
cerning this problem, we have not
any knowledge except K.Ananda-
Rau

f
s short note.( C31 ) In this

present Note, we shall establish

THEOREM. Let (lei) have the
simple convergence-abscissa

Λ
< *** Then, on the vertical

line f. (A) a* (f y <rΆ , next three
cases are possible:

(a) .On

is bounded and i t is an almost
periodic function of t »

(b) On KCίl^Jxύ , K<ftti)
i s bounded and i t has no limit
as i-*•+oo (or -« ) . Further-
more, for any given £ (>o) ,
in the vertical str ip: <sU <<J'-C <^U)

< <r+t, Jti) assumes every value,
except perhaps two ( *» included),
inf in i te ly many times,

(c) iin. Φ(J)= <!*><% , Ki^tit)
is unbounded, but it is impossible
that we have simultaneously

ίz-J)

9

where w, v are arbitrary but
fixed positive constants.

PROP?
1
. By Perron's formula

( cli p.9) /we have

atZ

-oiZ, .

(jί-T) ~ Σ L <?*

'β*
i0
° ]f(Z.)

for & < ̂ < ̂

W-2 1 ZL ̂

I

for &-i>'< p
(2.1), (2.X),

. Hence, py

β-fθ°

(Zt/'J)

\aη)'F(ΰ'ti,t) -

where £ (o^

arbitrary but fixed constants,

(2) LEMMAS. For its proof, we
need next Lemmas,

LEMMA 1. Let ( 1 . 1 ) have the
simple convergence-abscissa <rΆ<+*>
Then we have

i'or q.e.d,

LEMMA 2. Let (1,1) have the
simple convergence-abscissa ^< +

jIf j Ftt) 1 ύΛ cm

then \jf(A)\-h J\ £or <χ (J) z <r, ><%

PpOOF. Since <ri < cr*. , for
sufficiently snail

 t
 (>c) we

have
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- $

so that ψiΛ) is evidently
simply convergent for Λ — Λ-e
Hence*, by the well-known theorem
( c Π ρ".6;, we have

3)

uniformly for
w β h a v β

Putting

« LT)

whence, for any given t (>c) ,

for

Since I ̂ w I »«Π on
by (2.4) and Phragmen-Lindelof fs
theorem ( C41 p.43) w« have

\ΎU)\ £r\ for 'jw 26 a".
q o d

LEKMA 3. Let (1.1) have the
aimola convergenco-abaclsaa

<f«β
 #

 Then we have

(-n- r, ̂, )

&Ά <<f , where ot : an ar-
bitrary but fixed constant.

REMARK• IΓ is well known that
this ί'ormula is valid for J

r
<<s

>
 ,

whore ? is the boundednβss-
abscissa, whicn is defined as
follows: for any given t l>*> ,

yn& rLt) is regular and
uniformly bounded for '
( Γli p.15)

But the existence of φ Is not
nacoaaary for the validity of
this formula.

PROOF> Let us put

where

ci) //Wί

Hence we have

Fί<ΓHtj

•tlrr

, ί<rtit>) dt

,JtT t

X J

With regard to Xr , we have

so that

λtiίtM
otrT

Now let us define the angular
domain ^ as follows:

ίι)

As regards XΛ , by Cauchy»s
theorem we have

(J'T) I
Λ
 « - ί - f

IT

A

+ -L fJ' t J-

/ + i ; • i; J

where (i) Λ is the intersecting
point of two ^straight
lines: %

(ii)

By the well-known theorem
( C Π p.5), f*tf) converges
uniformly in ? , so that there
exists a constant x such that

Since ?U) «©ί is contained
in p , by (2.8) we have

<
 "T ί
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Since the segment: a
<$U) »AX i s contained in

by (2.8) we get

* τJdtTw (-***!) KAi -X

Since <τί = <2(τ; , we have evidently

C2-/0) l l / l -έ X onίt (- r*. 0(τ)) -*crj

Since fiίJ) i s simply conver-
gent for <rt<<r' , by the above-
mentioned theorem ( Cli p. 8) we
have where 0(1): a constant independent

upon t • Hence by (3.1) we get

u n i f o r m l y Γor σ

(Λ'7/J \I3'\ ik f

H e n c e ,

O (

Since f-p>0 ,

tends to 0 unii'crmly Γor

-oo <t<foo , so that

By ( a . 7 ) , ( 2 . 9 ) , ( 2 . 1 0 ) , ( 2 . 1 1 ) ,

s o t h a t by ( 2 . 5 ) , ( 2 . 6 ) we g e t

JL
τ

q.e .d.

(3.) PROOF OF THEOREM, We d i s t i n -
guish three c a s e s :

(a) On 1UA) -<ί xfy , πU) i s
bounded and i t is also bounded
on ηflttί "c ' (σz <&'<*') , where <r'
is a suitable constant.

(b) On Te&n^tf'xtf , FV) is
bounded, but It is not so on

s a-' , for every &>'

( c ) On KGi) *>*</>aί , Tr(J) i s
unboiλnded.

Case (a) Applying Lemma 1,
in which we put <tf tr'tS-y <p <<f
we have

(3-2) ϋ(λ) - 2 Z a«wρ{-Ji«Λ) \

Flz)

(3--2) ftf-ϊit)

f o r -βo <,t< » ̂

hand, 2Z <
On the other

is an almost periodic
function of t , so that by (ό.2)

jίf-i-d) is also an almost
periodic function of t ( C5i
p.186), which proves (a) or our
theorem*

Case (b) : Since jrU) is
bounded on ΦU) ** 6* , by
Lemma 2 there exists a constant
γ\ such that

(3 3) \Ftf)\&r\ for qpίϋ)*^

Let us define the rectangle
as follows:

) - S I ̂  <f ,

On account of the hypothesis,
on niA) =<?-% Ftf) Is unoounded.
Then without any loss of gene-
rality we can assume that rU>
is unbounded for <3*CΛ) s^-£

 $

${Δ) ϊ.0 , so that there^
exists a sequence {Jh\ such
that

(i)

* • * »

By Lemma 2, there exists a con-
stant M such that

Mow in 1̂ C
e
/i)

 w e
 consider the

functions-family -I
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1,2,. ..). By (3.4) in
thoro exists a sequence
such that

I

oϊ) At

(ίiί) 7̂

Then ^^i is not normal in
z) In fact, by (3.3)

and (3.5), any partial sequence
of {F^Li)} neither tends to «
uniformly nor tends to the finite
analytic"function in f,{*/z)
Kence, there exists at least
one not-normal point of { \
in H(%) , so that in

$U)>-2-t , a fortiori in
the vertical strip: i #(Λ) - <ϊ |< £
assumes every value, except per-
haps two ( eo included), infi-
nitely many times, which proves
the second part of (b) of our
theorem.

Jf ψierΊ Lt) should tend to
the finite value β as t-*t*

 f

then without any loss of gene-
rality, we could assuriθ that
P »0

 β
 In fact, it suifices

to consider F(A) - (3 instead of
Ftt) . Hence there exists a

constant r. (6) such that

\jt<rtLt>\<t f r t > Toil)

Therefore by Lemma 3 we have

k) a* A*4- Γ Ήt)) alb

Uil

Thon we get

|Γ
a
|

Hence, by (3.6) we have

\CL*,\ •& en) + 0 it)

Letting I -v o
 f

 0
n
 = o

( ' Λ
3
 1,2,...), which is impos-

sible. Thus the first part of
(b) is proved.

simu
Case (c): I
nultaneously

: If we shoulα have

then without any loss of gene-
rality we could assume that
χ
t
 r o , Θ =0 . in fact, it

suffices to consider jrU) vtf{'tf)
fot instead of jrUj ,

where

ά> o , if a,ψo , λx>o

Then, by Lemma 3, we get

Since li-n

(i)

where /r : an arbitrary
positive constant.

(iί)

By (3.7), (3.8)

Cλ

1
 Γ—

lFt<TtttJ|

Letting K •+ +°° , *ί4/) ~ +<»
which is impossible. Thus (c)
of our theorem is proved.

(*) Received September 25, 1951.
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