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ON SPECIAL VALUES OF STANDARD L-FUNCTIONS

ATTACHED TO VECTOR VALUED SIEGEL MODULAR FORMS

NORITOMO KOZIMA

1. Introduction

Let V be a vector space of dimension n e Z>o over C and sym'(K) the /-th
symmetric tensor product of V with / e Z>o For k e Z> 0, let/be a sym;(F)-
valued Siegel modular form of type det^ (x) symz with respect to Sp(n, Z) (size
In). Suppose / is a cuspform and an eigenform (i.e., a non-zero common
eigenfunction of the Hecke algebra). Then we define the standard L-function
attached to / by

(1.1) U l U
I 7=1

where p runs over all prime numbers and ot.j(p){j — 1,...,«) are the Satake /?-
parameters of/. The right-hand side of (1.1) converges absolutely and locally
uniformly for RQ(S) > n + 1. We put

with

TR(s) := n-s'2τ(^\, ΓcW := 2(2π)"T(j),

and

for « even,

for « odd.

Then by Takayanagi [9, Theorem 2, Theorem 3], we have:
If k,l e 2Z, k > 0, / > 0, then Λ(5,/,St) te α meromorphic continuation to

the whole s-plane and satisfies the functional equation
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and if k > n, then A(s, / , St) is holomorphic except for possible simple poles at
s = 0 and s=l. Moreover if nψO (mod4), then A(s,/,St) is entire.

Therefore the right half of critical points of L(s,/,St) is

{me Z\\ <m < k — n and m = n (mod 2)}.

For scalar valued cases (i.e., / = 0), special values of L(s,f, St) were studied
by several authors: Sturm [8], Harris [5], Bocherer [2], and Mizumoto [6]. In this
paper, we give some algebraic results for the values in the case of vector valued
modular forms. The main theorem is follows:

THEOREM (Precise statements are given below). Let k,le2Z>o and
k > In + 2. Let f be a sym1 (V)-valued cuspidal eigenform of type det^ (x) sym7.
Let Q(f) be the extension field of Q generated by the eigenvalues on f of the
Hecke algebra over Q. Suppose the Fourier coefficients off in Q(f).

Let me Z be in the right half of critical points of L(s, /,St). If m = 1, then
we assume n = 3 (mod 4). Let

A(f) •= £(>»,/, St)

Then we have

A{f)σ = A{fσ) forallσeAut(C).

In particular,

Λ(f)eQ(J).

2. Preliminaries

In this section, we describe notations and basic notions (see [3], [6], [9] and
[10]).

Let n e Z>o, k, I e Z>o Let x — (x\,..., xn) be a row vector consisting of n
indeterminates. We put

. . . ®Cxn,

and define a Hermitian inner product on V by

where α;,bj e C (j = 1,...,«).
We identify symz(F) with the C-vector space of homogeneous polynomials

in x of degree /. The inner product on V induces an inner product on sym^F)
defined by
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Ol Vi, WX W/> := - Σ Π <"</), W X
*τe<5/y=l

where ι;y , wy e F (7 = 1,..., /).
Let p be the representation of GL(n,C) on sym^F) defined by

p(g)(v(x)) = (det0)*ι>(*0), i (x) e sym7(K).

Let Γ" := Sp(n, Z) be the Siegel modular group of degree n, and ξ>n be the
Siegel upper half space of degree n. For M = (^ J ) e Γ and Z e ξ>n, we
put

:= (AZ + B)(CZ + D)~\ j(M,Z) := det(CZ + Z>),

and for / : $ „ - > sym^F),

A C00-function / : Sπ ^ sym^K) is called a symz(F)-valued C00-modular
form of type /? if it satisfies / | M = / for all M e Γn. The space of all such
functions is denoted by M^sym^F)) 0 0 . The space of sym^F)-valued Siegel
modular forms of type p is defined by

:= {/ G M^sym^F)) 0 0 | / is holomoφhic on ξ)n (and its cusps)},

and the space of cuspforms by

im / I I = 0 for all Z e §„_! \.

For f,g e M^sym^F)) 0 0 , the Petersson inner product of/and g is defined
by

W,0) •= ί </>(^/ϊnTz)/(Z),/>(v1nTz)ί7(Z)>det(ImZΓ'1-1 dZ
JΓn\ξ>n

if the right-hand side is convergent.
For / e M^sym^F)), / h a s a Fourier expansion of the following type:

/(Z) = X> Λ (/ )e 2 π / t r a o e ( Λ Z \ (aR(f) esymι(V),Zeξ>n)
R>0

where î  runs through symmetric, semi-integral, semi-positive matrices of size n,
we denote such R by "R > 0".
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Let K be any subfield of C. We put

Vκ :=Kxχ Θ ••• ®Kxm

M^(symι(V))κ := {/ e M^(symι(V)) \ aR(f) e sym^F*) for all R > 0},

and for any subset X of M ^

For σ e Aut(C), we put

R>0

Then by Takei [10], if k>2n + 2 then ^ ( s y m ^ F ) ) - S£ feym! (V)) Q® QC.
Therefore Aut(C) acts on ^^(sym^F)) b y ' / ^ / σ .

Let Lς (resp. LQ) be the abstract Hecke algebra of degree n over C (resp.
β), and let

be the C-algebra homomorphism defined as in [1]. We put Ύc := ί(^c^
Q -- t\LQ )'

Let / G ̂ ( s y m ^ F ) ) be an eigenform, and for T e T c , let λ(T) e C be an
eigenvalue on /:

Tf = λ(T)f f o r a l l Γ e T c .

Then λ defines an element of

Ύc := {Tc —> C : C-algebra homomoφhisms},

and each element of Ύc is obtained in this way.
For λ G Ύc, we put

S"kJ(λ) := {/ e S"kJ(symι(V)) | 7 / = λ(T)f for all Γ e T c }

Then the space of cuspforms decomposes into eigenspaces:

We note thatjor any f} e Sn

kl(λj) (j = 1,2), (fufi) = 0 if λi # A2.
For A G Tc, we define an extension field of Q by

Q(λ)~Q(λ(T)\TeΎQ),

and for / e S^,(λ), we put Q(f) := β(λ). Then by Takei [10], β(λ) is a totally
real finite extension of Q.
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3. Differential operator and the puUback formula

We put

V\ := Cx\ Θ Θ Cxn, e\ := (xu . . . ,xΛ),

V2 := Cxrt+i ® 0 Cxln, e2 :=

259

Let z be an isomorphism from V\ to V2 defined by ι(xj) = xn+J (j = 1,...,«). It
induces an isomorphism (also denoted by ή from sym7(Fi) to s y m 7 ^ ) . For
j — 1,2, let /?y be the representation det^ ® sym7 of GL(n,C) on sym7(F/) as in
Sect. 2.

For s e C and A e Z>o, we put

)λ •--
1,

For M =

\

e Sp(n,R), we put

A 0 B 0 \

0 lπ 0 0

C 0 D 0

0 0 0 \n)

- 1), if A > 0,

if A = 0.

1Λ 0 0 0\

0 A 0 B

0 0 \n 0

\0 C 0 /)/

For A: e 2Z>o, s e C and Z e §„, we define the Eisenstein series by

(3.1) <%\Z,S):= y ; yίM.ZJ^IXM.Z)!-21,

where

(--> l) e Γ"}
The right-hand side of (3.1) converges absolutely and locally uniformly for
k + 2 Rφ) > n + 1. We consider also

As is well known from the Langlands theory, the Eisenstein series E^'(Z,s) has a

meromorphic continuation to the whole s-plane. Moreover by [11], E^(Z,s) is

holomorphic in s at s = 0 for each Z eξ>n. So we define Eζ\z) :— E^(Z,0).

For v e Z > 0 and λ e C - {y/2 \jeZ,n-2v + 2<j<2n-l}, let ^ J be the
differential operator defined in [2], which acts on Cco(ξ>2mC)' F ° r k/leZ>o,
let ZΛ7 be the differential operator defined in [3], which maps each element of
C°°(δ2«,C) to in C 0 0 ^ x g^sym^Ki θ F2)).

Let A : , / , V G 2 Z > 0 ? & - V > 0 , ί e C and Λ: - v + 2Re(s) > In + 1. For

Z,W e § w , we put
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where a differential operator @k,v,ι,s is defined by

®* | V | / | J := L ^ / d e t ( I m ( 3 ) ) ^ _ v + r

Then FJri^Z, W,s) e M^ym1 (Vχ))°° ® M^sym1^)
following:

PROPOSITION. We assume v φ 0. Then we get

and we have the

(3-2)

where

where ( ) z

Q]ζ y \S J y- ^ / I \ ^ ^

A=0 #=1

7 - 1

;!(/-27 )!(*-l+,V, '

.0 tn,

53 Σ
#,εΓ" 9-;eΓ"(Γ)\Γ"

x |det(lB - TWTZ)\-2s

Pι((ln - TWTZ)-i)(eιT'e2y-2μ

x (ei(l« - TWTZ)\m{zyu{\n - TWTZ)'ex)
μ

x (e2(l« - TZTW)-\\n - TZTW)\m{Wyλ'e1Y}\{g[)w\{gλ)z,

( )^) denotes the action on Z (resp. W) and

o r
o

For 3 e

£"](3,* )= Σ
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By Garrett [4], the left coset P2«,o\Γ2rt has a complete system of

representatives gfg\g\g'χg'2 with

\n 0 0 0\

0 \n 0 0

0 f ln 0

f 0 0 L

0 0

Λ ) Γ \ Γ Λ , g[ e Γr(T)\Gn,n g'2 e

where

eTn
, ΓΓ(Γ)

f / ln_r 0 0 0 \

0 yl ( r ) 0 ^ ( r

0 0 l n_Γ 0

k v o c ^ o /)wy

Hence we put Wl = gfg\g\g'{g'}.
By Bόcherer [2, Lemma 10],

Therefore

(3.3)

If r a n k Γ ^ π , then (3.3) is equal to 0. So we suppose rankΓ^w, i.e.
T=TeT{n). Then we can put g2 = 12« and ^ = 12«. By Takayanagi [9,
Lemma 1, Proposition 2], we get

= ρg(j) det(f) V(SW,

/ / 2 / 1V
Σ ( - 4 ) fl(/,Λfc,

\AJU) μ=0

x |det(ln - TWTZ)\~2spx{{\n - TWTZyx)(exT
te2)

l~2μ

x (ex(\n-TWTZ)\m(Zyu(\n- TWTZYex)
μ

x (̂ 2(1/1 - TZTW)~\\n - TZTW)lm(WyUe2)
μ}\{g[)w\(gx)z,

fwhere 3 o = ( )
Thus, we obtain (3.2). D
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4. Special values of L(s,f, St)

THEOREM. Let k, I e 2Z>0 and k>2n + 2. Let f e S£ /(sym/(F2)) be an
eίgenform with the Fourier coefficients in sym1 ((V2) Q^) . Let m e Z be such that

1 < m < k — n and m = n (mod 2).

We assume

n = 3 (mod4) if m—\.

Let L(m,f,m

Then we have

A(f)σ = A(fσ) for all σ e Aut(C).

In particular,

Proof. Let / e *S /̂(sym/(K2)) is an eigenform. Taking the inner product
of/and (3.2) in the variable W, we obtain the following in the same way as in
[9]:

n(n+l-k-2s)-l+l, nk-n(n+\)/2-l TΊ Γ(2A: + 2^ + 2^ - 2n - 1)

y—*

1/2 - l/2)Γ(k + s- n)Γ(2k

Γ(Jfc + s)T(k + s- l/2)Γ(Jk + s - l)T{2k

ζ{2s + k- v)-1 f[ζ(4s + 2k-2v- 2j)~ιL(2s + k - v - n,f, St)

Here the convergence of the left-hand side follows from [7, Theorem 5.4].
Moreover the expression holds if v = 0 in [9]. We note that L(s,f, St) is
holomorphic at m. We put s = 0 and v = k — n — m, which satisfies the required
condition: v e 2Z>o and k — v > 0. Then

(4.1) (/,3(-z,*)) =

where

, W) := *-"<*—m)/tjL_m,,(Z, ^,0)

\ U W
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X l = { Γ(2k + j-n-2)

Γ(k + 1/2 - l)Γ(k + 1/2 - l/2)Γ(k - n)Γ(2k + l-n-l)
X Γ(k)Γ(k - l/2)Γ(k - l)Γ(2fc + 1-2)

n

x ζ(m + nγx Y[ζ(2m + 2n- 2j)~ιL(rnJ, St).

Since

ζ(m + n)-ιf[ ζ(2m + 2n- 2j)~ι e π

X (rational).

Therefore it suffices to show that

71=(77)
We have a partial Fourier expansion of g(Z, W)\

g(Z, W) =R>0 ξeXn

where Xn := {ΠILi xjJ I ay G ^>o, Σ"=\ ay = OJ which is an orthogonal basis
of sym^Fi). By Weissauer [11], Em+n is a holomoφhic modular form with
rational Fourier coefficients. Since π-

n(k-n-m)Lk>1 @^~m preserves the ratio-
nality of Fourier coefficients, we have

From (4.1), for any symmetric, semi-integral, semi-positive matrix R, we
obtain

(/,0*,f) = c(f)aRiξ(Γι(f)) for all ξ e Xn,

where CIR^(-) is the ̂ -component of the Fourier coefficient OR( ). Let h^ξ be the
projection of g^ξ to *S^/(sym/(F2)). Then we obtain

WMξ) = c{f)aRiξ(ι-ι{f)) for all ί e *„.

We fix î  and ξ such that ^ ^ ( r ^ / ) ) Φ 0.
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Let λ e Ύc be an eigenvalue on /. Let σ e Aut(C) and N := dime S% ι(λ).
Since / e S£ t(λ)Q^, by Takei [10, Theorem 1],

/ e °A:,/VΛ )Q{λσ)

and there exists an orthogonal basis {fj}f=\ of S£/(A) such that

/ , = / and fjeSl,{λ)m (j=l,...,N).

Let h{λ) be the projection of hRtζ to S^,(λ). Since AΛiί € 5r

/t"/(sym/(F2))β,

Writing Λ(λ) = Σ y = i ^ , w e have

#«(
On the other hand,

Therefore

β\ = c(Γ

Thus Theorem is proved. •
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