
A. EDIGARIAN AND W ZWONEK
KODAI MATH. J.
22 (1999), 305-312

PROPER HOLOMORPHIC MAPPINGS IN SOME CLASS OF

UNBOUNDED DOMAINS

ARMEN EDIGARIAN AND WLODZIMIERZ ZWONEK

Abstract

In the paper the problem of the form of proper holomorphic mappings between

elementary Remhardt domains of the rational type in C 2 is solved. The pluncomplex

Green function with many poles is used in the solution of the problem. Additionally,

we solve the holomorphic equivalence problem of elementary Remhardt domains of the

arbitrary type in C" The results in the paper are generalizations of those from two

papers of S. Shimizu.

Let D be a domain in Cn. Fix a finite set 0 φ P a D and a function
v : P —> (0, oo). Denote by 3CD,P,V the family of functions satisfying the fol-
lowing conditions:

u e PSH(Z>), u < 0 and for any p e P, u{z) - v(p) log||z - p\\
is bounded above for z near p

(we allow a plurisubharmanic function to be identically — oo). Let us define the
pluncomplex Green function with poles in P and the weights v (see [Lei]) "as
follows:

#/)(P; v; w) := sup{w(w) : u e <?ΓD,P,V}, W e D.

If v = 1, then we denote #/>(P;w) := #£>(/*; v; w). In the special case P = {/?},
v(p) = 1 we denote #D(/?; W) := ^ ( P v; w) - it is a pluricomplex Green function
with logarithmic pole at p defined by M. Klimek (see [Kli]).

The following inequalities are easy to verify:

(1) min{v(p)gD(p; w) : p e P} > gD(P; v; w) > ^ v(p)gD(p; w).
PEP

It is also well-known that ^ ( P ; v; •) e C/fD P v.
Put Vo := {z = (z 1 ? . . . ,zΛ) e Cn : zx zn = 0}.
Let α = ( α i , . . . , ct») e (R+)n, where n > 1 (Jf+ stands for positive numbers).

Define
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The domains Da are called elementary Reinhardt domains.
For w e Z)α, denote /(w) := {j e {1,... ,/i} : wj = 0} = 0Ί(w),... ,jk(w)}.
Put £ α := {z E Da : zx zΛ # 0} = DΛ\V0.
Let α be of rational type, i.e. α = (/fai,... ,/?αΛ), where /? > 0 and α/s are

relatively prime natural numbers. In this case we always assume β = 1, and for
any / i e £ : = { l e C : |λ| < 1} define

r ; := {z e A, :z" ==,!},

where z α : = zf1 z«». N o t e t h a t F o

α = Vo.
F o r w e Doc a n d α of rat ional type p u t ra(w) : = ordw;(zα - vvα). N o t e t h a t

(2) u\ya = const.

for any b o u n d e d above p lur i subharmonic function w o n D α .
T h e theory of the G r e e n function with m a n y poles suffers from lack of

examples of d o m a i n s for which the effective formulas of the G r e e n function are
k n o w n . W e give below formulas for the function in the d o m a i n s t h a t we have
just defined. T h e formulas for the G r e e n function of elementary R e i n h a r d t
d o m a i n s with one pole were obta ined in [Jar-Pfl] (in the rat ional case) a n d in
[Pfl-Zwo] (in the irrat ional case). Let us recall these formulas.

T H E O R E M 1 (see [Jar-Pfl], [Pfl-Zwo]). If α is of rational type, then

QDΛ{P\W) = ( l/r α (/>)) log

7f α is of irrational type, then

- p a

— oo if p e ,

1
iP KΓ), ifpeVonDa.

In our paper, utilizing the formulas from Theorem 1 we obtain the formulas
for the Green function in elementary Reinhardt domains with many poles.

THEOREM 2. Let oc be of rational type. Then the following formula holds:

gDa(P;v;w)= V I maxJy(p)/rΛ(p)) ) log •(
— μwa

If α is of irrational type then

if

V/iΓ), if
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Let π : D —> D be a proper holomorphic mapping (with multiplicity m) and
let P =:{/>i,...,/>#} be a set of poles in i) such that T T 1 ^ ) n {detπ' = 0} = 0
and let vy := v(pj),j = 1,..., N. Define

π-ι(P',v):=[J{(p]<,vj):k=l,...,m},
7=1

where π~ι(pj) = {pj,... ,p™} for y = 1,..., N. We shall use the following
theorem, whose proof is to be found in [Lar-Sig] and [Edi-Zwo].

THEOREM 3. Under the assumptions as above, for any w e D the following
formula holds:

gΰ{π-\P v)',w) = gD(P;v;π(w)).

In [Shil] and [Shi2] the problem of holomoφhic equivalence of domains Dα

was considered. Below we shall extend the results from the first of Shimizu's
paper to proper mappings between the domains of the rational type and we will
give a full description of such mappings (still in C 2 ). We also extend the results
of [Shi2] (the solution of the holomorphic equivalence problem of elementary
Reinhardt domains in C 2) to an arbitrary dimension. To be more precise, using
Theorem 3 we shall prove the following result:

THEOREM 4. Let F : Z)α ι—> Dβ, where both a and β are of rational type and
n = 2, be a proper holomorphic mapping. Then F is one of the following forms:

ί F(zuz2) = (aW>(z?z?)zϊ\eiθzk

2yaι/β>(z?z?)) or

{F(ZUZ2) = (aW*{z?z?)z£,e'βzΐ/aVlh(z?z?)),

where a is any holomorphic function defined on E omitting 0, θ e R, k\,k2,l\, h are
positive integers satisfying the following relations:

κ2β\k\ = (xιβ2k2,oc\βxh = cc2β2l2

Our next result states that two domains under consideration (in arbitrary
dimension) are biholomoφhic only when they are linearly biholomoφhic. As
already mentioned, this result extends the theorem from [Shi2] (where the same
result, but with other methods, was obtained in dimension 2).

THEOREM 5. If F : Dα ^ Dβ is a biholomorphic mapping, then there is a
permutation σ of {1,...,«} and t > 0 such that otj — tβσyy

Proof of Theorem 2. Note that the functions on the right hand-sides of the
formulas in Theorem 2 are from #/)βι/>,v, which gives us the inequalities ' > ' .

Consider now the rational case. Define P to be a subset of P such that all
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qa (q e P) are different and for any q e P the following relation holds:

— \ - τ = max^

Define v : P ι-> (0, oo) by v := v\p. Note that because of (2) we have that

Consequently,

u e C^D^P.V iff u e XD p ~.

This allows us to consider only such P that for all p e P the numbers pa are
different. Now proceeding exactly as in [Jar-Pfl] we may prove for any u e
^Da,p,v there is veJΓE,Q,μ, where Q:= {pa : p e P},μ(/?α) '•= v(p)/ra(p) such
that v(zCί) = u(z). This implies that gDa(P\v\z) < gE(Q,μ,za), which finishes the
case (use the formula for ^ ( β ; / / ; z α ) ) .

In the irrational case note that the desired formula equals
mmp€p{v(p)gDa(p\w)} (see [Pfl-Zwo]). Therefore, the first inequality in (1)
finishes the proof. •

We show the results announced with the help of two Lemmas. In Lemmas
6 and 7 we consider only domains of rational type.

LEMMA 6. Let α and β be of rational type. If F : D0L\-^ Dβ is holomorphic,
then for any λ e E there is μe E such that

(3)

Proof In fact, we know that (see Theorem 1)

H > α - Z α 1/KΛW) . λ

log -——_ a = gDa (w; z)

>gDβ(F(w);F(z))

= log
(F(w))β - {F{z))β

\/rβ(F(w))

w,zeDa.
- (F(w))β(F(z)γ

Consequently, if w* = zα, then (F(w))β = (F(z))β and we get (3). •

In view of Lemma 6 we may define a mapping φ : £Ί—> E by the equality
φ(λ) := μ.

What are the regularity properties of φ under the assumption that F is
holomorphic? First, note that φ is continuous on E.

For the proof of the fact that φ is holomorphic take any λ$ Φ 0. Consider
now λ close to Λo Then taking a holomorphic root we have that <p(λ) —
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( F i ( l , . . . , l , λ 1 / α - ) ) Λ ( F n ( l , . . . , l , A 1 / α " ) ) A is holomorphic for λ close enough
to λo. This implies (together with the continuity) that φ is holomorphic on E.

Our next lemma is the following

LEMMA 7. If F : Z)α ι-> Dβ (α α«ί/ β are of the rational type) is a proper
holomorphic mapping, then φ is proper. In particular, there are λ\,..., λk e E and
θeR such that φ{λ) = ewtlj=ι{λ - λ,)/(l - λ,λ),λ e E.

Proof To prove the lemma take any z e Da. Take any w e Da such that
F(w) φF({detFf = 0}) (such a w obviously exists because of the properties of
proper holomorphic mappings). Then Theorem 3 together with the formulas
from Theorem 2 gives us

Σ ί max ——7 ) log
V vΓ,α=; F(ΰλ = F(uA f J W /

λ:ψ{λ)={F{w))β w"=λ,F(w)=

λ-za

l-λz«
= log (FW) / ?-( f( z)) / ?

- (F(w)γ(F(z)γ

Taking now |zα | —> 1 we get that ^ ( z ) ^ —> 1, which finishes the proof. •

Now we can go on to the proof of Theorem 4.

Proof of Theorem 4. At first we consider the very special case α = β =
(1,1). Note that the mappings

e C , 2 E £ \ { 4 , . . . , 4 , 0 } , y = l,2

are holomorphic and proper.
Consequently, because of the form of proper holomorphic self-mappings of

C* we get that

λeE\{λu...,λk,0}, 7 = 1,2, zeC,

where αy e G(E\{λu . . , 4 , 0 } , C ) (*, μ ) :=/$ ( M / l ) ) , r; (l) e Z\{0}, 7 = 1,2,
A G F\{λi,.. ., 4 , 0 } . It is easy to see that there is an r3 such that r/(λ) = r3 for
any λ e E\{λ\,... , 4 , 0 } (use the continuity of the mappings). Moreover, a3 is
holomorphic on E (but it may happen that a3{λι) — 0).

First we shall prove that

(4) λι = -' = λk = O.

Suppose that it does not hold. Without loss of generality we may assume that
a\(λ\)=0 and λ\ # 0 . Then by the properness of F the mapping ψ(z) :=
Fi(z, λ\/z) : C* -^ C is proper. On the other hand we know that φ(z) =
ai(h)zri ~ contradiction.

From Lemma 7 together with (4) we get a\(λ)zrχa2(λ)zr2 =eiθλk, so r\ +
r2 = 0, (write r := r\ = - r 2 ) and a2(λ) = eiθλk/a\(λ). Consequently, we have
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(take z := z\,λ := ziz2)

F,(z,,z2) = fl,(r,z2)zί, F2(zuz2) = (e»zfz2*)/(zfa(ziz2

We may write «i (A) = α(A)A', where a e G(E, C*), ί > 0 , ί e Z , so

Certainly it must hold r + t>O,k — t >0 and k — t — r > 0. Properness
property may be preserved only if (r+t = O and k — t = 0) or (/ = 0 and
k — r — t = 0), which gives us two possibilities

ί F(zi,z 2) - [a{zxz1)z\,eiθzk

1la{zxz1)) or

1
This finishes the proof in case α = β = (1,1).
Now consider the general two-dimensional case F : DOί\-^ Dβ. Note that we

have the following proper holomoφhic mapping:

G(zuz2) := ( F f ^ z n ^ M 1 ) ) : %i) - (̂U)-
This, together with (5) gives us that

F^(z^z^) - eiθzk

2/a{zxz2) or

Note that if we denote 1 ̂  := {μj,: j = 0, . . . , α2 - 1}, 1 1 / α i := {v, : y = 0,. . . ,
αi - 1}, l 1 / ^ ) := {βy : 7 = 0,... ,αi<x2 - 1} then

G(μrzι,vsz2) = G(zi,z2) for any z e Dα and r,.s,

which implies that (we consider only the first of two possible forms of G, the
other form may be treated in exactly the same way)

Λ(ZIZ2) - a(μrvszιz2)μ^ a{z\z2) = a^rvsZ\Zi) ^ for ^ p o s s i b l e r s

Consequently,

αjα2 divides k and a(εjλ) = a(λ) for any λeE.

Therefore, the coefficients cι φ 0 of the Taylor expansion of a at 0 are such that
αiα2 divides /. From these pieces of information we easily conclude that F is of
the desired form. •

Proof of Theorem 5. First note that Theorem 1 implies that both α and β
are either of rational or of irrational type.

Below we prove that

(6) F(Vo)=Vo.
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If α and β are both of rational type, then (6) is a consequence of Lemma 7 and
the analytic structure of the set Vo, which must be preserved under biholomorphic
mappings (k must be 1 and λ\ must be 0).

Now we prove (6) if both α and β are of irrational type. Suppose that it
does not hold, then it is sufficient to exclude the case when for some w e Vo we
have that F(w) φ Vo. In that case (use the formula for the Green function from
Theorem 1)

- o o ψ gDa(w; ) = gDβ(F(w);F( )) = - G O ,

which is an obvious contradiction.
We know that Vo := \J"=ι VJ9 where Vk := Ck~ι x {0} x Cn~k,k= 1,...,«.

Vo is an analytic set. Because the multiplicity of points of the analytic sets is
preserved (6) implies that there is a permutation σ such that

F{Vk)=Vσ(k).

In particular, we get F(0) = 0, so

(7) logdzil"1 \Zn\«»γl^+~+«») = log(|F,(z)|Λ | F B ( z ) | A ) 1 / ( Λ + " ' + A )

The formula for the Green function with one pole gives the following

log( |z,p \zn\* )ιl"> = gD.(efiz) = gDβ{Sjeσ{j);F{z))

= l o g ( | * ϊ ( z ) | A • • \Fn(z)\β")1/β^,Sj Φ 0 , ; = 1,...,»,

where e, = ( 0 , . . . , 1 , . . . ,0). The last equalities together with (7) give the
following:

αi H V an α_ α y

from which we easily finish the proof. Π

Remark 8. The technique used in the proof of Theorem 4 cannot be used in
higher dimension. Nevertheless, Theorem 2 combined with Theorem 3 imply
that in arbitrary dimension if a proper holomoφhic mapping between Da and Dβ
exists, then Da and Dβ must be of the same type (either rational or irrational).

REFERENCES

[Edi-Zwo] A. EDIGARIAN AND W ZWONEK, Invaπance of the pluπcomplex Green function with

many poles under proper mappings with applications, Complex Variables Theory Appl.,

35 (1998), 367-380.

[Jar-Pfl] M. JARNICKI AND P PFLUG, Invariant Distances and Metrics in Complex Analysis,

Walter de Gruyter, 1993.

[Kli] M. KLIMEK, Pluπpotential Theory, Oxford University Press, 1991.

[Lar-Sig] F LARUSSON AND R. SIGURDSSON, Pluπsubharmonic functions and analytic discs on

manifolds, J. Reine Angew. Math., 501 (1998), 1-39.



312 ARMEN EDIGARIAN AND WLODZIMIERZ ZWONEK

[Lei] P LELONG, Fonction de Green pluπcomplexe et lemmes de Schwarz dans les espaces de

Banach, J. Math. Pures Appl., 68 (1989), 319-347

[Pfl-Zwo] P PFLUG AND W ZWONEK, Effective formulas for invariant functions-case of elementary

Reinhardt domains, Ann. Polon. Math., 69 (1998), 175-196.

[Shil] S. SHIMIZU, Holomorphic equivalence problem for a certain class of unbounded

Reinhardt domains in C 2 , Osaka J. Math, 28 (1991), 609-621.

[Shi2] S. SHIMIZU, Holomorphic equivalence problem for a certain class of unbounded

Reinhardt domains in C 2 , II, Kodai Math. J., 15 (1992), 430-444.

INSTYTUT MATEMATYKI

UNIWERSYTET JAGIELLONSKI

REYMONTA 4, 30-059 KRAKOW

POLAND

E-mail: edigana@im.uj.edu.pl

zwonek@im.uj .edu.pl




