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Abstract

This is a summary of the papers [9,10,11,12,13,15], in which we mainly studied singular

solutions of first order differential equations.

0. Introduction

How should we define the notion of singular solutions for differential equations? In
[9, 10, 11,12,13,1 5] we have considered this philosophical and stimulating problem for first
order differential equations. The first example of singular solutions was discovered by
Brook Tayler about 290 years ago (cf. [7]). 20 years after that Alex Claude Clairaut
studied a class of equations which have singular solutions [2]. This equation is called the
Clairaut equation now: y = x ^ + /(^) It has a quite beautiful geometric structure as
follows : There exists a "general solution" that consists of lines y = t x + /(tf), where
t is a parameter and the singular solution is the envelope of such a family. In classical
treatises of equations (Caratheodory [I] , Courant-Hilbert [3], Forsyth [4] [5], Ince [7],
Petrovski [17]) the discussions of equations with singular solutions are informal. In these,
a "general solution" of a differential equation is defined to be an one-parameter family
of solutions and a "singular solution" is a solution which is not contained in the "general
solution". However, this definition of singular solutions is very confused as the following
example shows:

Example 0.1. Consider the equation y = 2p x — p2 , where p = |̂ . In [7] the
"general solution" is given by

where c is a parameter. It is clear that y = 0 is also a solution, but it is not contained in
the "general solution". Then y — 0 must be the "singular solution". On the other hand,
we have a two parameter family of solutions :

2 1
T(c1)C2) (t) - ( x , y,p) = (3 cιe~* + c2e

2t, ̂ e~2t + 2cιc2e*, cιβ~*).

If we fix p(0) = GI ^ 0 and put c = c2c
2, then we have x = |p + -% and y = 2p x — p2.

But, if we fix p(0) — c\ = 0, then we have y = 0. Moreover, if we consider this family of
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solutions around a point (#o, 03 0), XQ φ 0, then we have the relation x(0) = f £1+^2 = a?o,
so that, we have an one-parameter family of "solutions" around (#o>0,0) :

TciOO = φιc~* + (*o - f C0c2t> ̂ cιe"2t + 2cι(χo - |cι)e*, cιe-')

Of course, ?/ = 0 is contained in this family of solutions.

Even in modern articles ([8,14]), they are studied under special assumptions.
In this note we give a survey on our works [9,10,11,12,13,15] that attempt to give a

rigorous definition of the notion of singular solutions of first order differential equations.
In [6] M. and T. Fukuda tried to give a rigorous definition of singular solutions of
higher order ordinary differential equations. Their definition is nearly correct, however
the definition of singular solutions is strongly dependent on the definition of general
solutions. The vagueness of the definition of singular solutions is caused by that of
general solutions, so that we should begin to define "general solutions" in the correct
way. In conclusion we do not have a correct rigorous definition for general first order
differential equations (cf. Example 3.4). However, we established the notion of singular
solutions for completely integrable first order differential equations (cf. Theorems 2.5,
3.2, 3.5, Corollaries 2.7, 3.3).

1. Framework

The most general framework to consider first order differential equation is given
in the framework of contact geometry, however all arguments should be understood
locally, so that we may consider the 1-jet space J1(Rn,R) of functions of n-variables
by the well-known Darboux's theorem. A system of first order differential equation is
most naturally interpreted as being a closed subset of J1(Rn,R). Unless the contrary
is specifically stated, we use the following definition. A first order differential equation
(or briefly, an equation) is a submanifold germ (Er,z0) C J1(Rn,R) of dimension r
in the 1-jet space of functions of n-variables, where n -f- 1 < r < 2n. It is called a
holonomic system if r = n + 1 and a single equation if r = 2n. Let θ be the canonical
contact form on J1(Rn,R) which is given by θ = dy — Σ™-ιPidxi, where (xyy^p) are
canonical coordinates of J1(Rn, R). We define a geometric solution of(Er, ZQ) to be an n-
dimensional submanifold i : (Z/, ZQ) C J1(Rn,R) such that Θ\L = 0 and L C (Er, ZQ) (i.e.
a Legendrian submanifold which is contained in (Er

}zo)). For a Legendrian submanifold
i : (L, ZQ) C J1(Rn,R), ZQ G L is said to be a Legendrian singular point if π o i is not
an immersion at ZQ. A geometric solution i : (L,zo) C J1(Rn,R) of (Er

yzo) is called
classical if ZQ is not a Legendrian singular point (i.e., a Legendrian regular point). We
remark that a geometric solution is equal to the image of j1 f : (Rn,0) —» J1(Rn,R) for
a smooth function germ / : (Rn, 0) —> R if and only if i is classical.

We also consider singularities of equations. We say that z G (Er ,ZQ) is a contact
singular point if Θ(TZE

Γ) = 0. We denote the set of contact singular points by Σc(Er).
A point z G (Er, ZQ) is called α π-smgular point if rankcί(ττ|J5% < n. We denote the set
of π-singular points by Σπ(Er) and π(Σ7r(£ιr)) = DE*, where ττ(x,y,p) = (x,t/). We call
the set Dβr the discriminant set of the equation (Er ,ZQ).

In order to define the notion of singular solutions, we need to define the notion
of complete solutions. An equation (EΓ,ZQ) is said to be completely integrable if there
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exists a foliation by geometric solutions on (Er, ZQ). In this case such a foliation is called
a complete solution of (Er ,20). We say that a complete solution of (Eτ ,ZQ) is classical
if each geometric solution in the complete solution is classical.

We now define the notion of singular solutions. Let i : (L,ZQ) C J1(Rn,R) be a
geometric solution of (Er ,ZQ). We say that i: (L, ZQ) C J1(Rn

) R) is a singular solution
in the wider sense, if it cannot be embedded into any complete solution. We also say that
it is a singular solution in the strict sense, if there exists an open neighbourhood U of
ZQ such that for each z\ 6 {/, the germ % : (L, zι) C J1(Rn, R) cannot be embedded into
any complete solutions. We remark that any geometric solution i : (L,ZQ) C J1(Rn,R)
of (Er,zo) is a singular solution in the wider sense if the equation is not completely
integrable. Since the equation of Example 0.1 is not completely integrable (cf. Theorem
2.6), the solution y = 0 is a singular solution in the wider sense.

We say that an equation (Er, ZQ) is involutory at z £ (Er ,ZQ) if there is a Legendrian
submanifold L tangent to Er at z. We also say that an equation (Er

)zQ) is involutory
if it is involutory at any point of (EΓ,ZQ). Since single equations are automatically
involutory, the notion of involutory is essential for overdetermined systems of first order
partial differential equations (cf. [6,7]).

2. Singular solutions in the strict sense

In [9] completely integrable equations were studied by using the theory of Legendrian
unfoldings and the following fact was discovered.

PROPOSITION 2.1. For an equation with classical complete solution (Er, ZQ), the
contact singular set Έc(Er) is an n-dimensional submanifold of ( E r , Z Q ) if it is non-
empty.

Since the contact singular set Σc(Er) is a contact invariant set, we have the following
corollary.

COROLLARY 2.2. For a completely integrable first order equation (Er ,20), the con-
tact singular set Σc(Er) is an n-dimensional submanifold of (Er ,ZQ) if it is non-empty.

By definition, if Σc(Er) is an n-dimensional submanifold of (Er, ZQ) then it is auto-
matically a geometric solution of (Er, z0)

The following is a classical example of an equation with singular solution.

Example 2.3. The Clairaut equation : y — x - p -f /(jp) The singular solution is
ΣC(E2) — Έπ(E2) and the discriminant set DE2 is the envelope of the complete solution
y = x c+/(c).

In classical treatises, it has been considered that Σ,π(Er) was a strong candidate
for the singular solution like in the case of the Clairaut equation. However, we have the
following example:

Example 2.4. y = x p2 + p3. We can calculate that Σπ(E2) = {(#,
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x p2 + p3 and p - (2x + 3p) = 0} and Σc(£2) = {(x, y,p)\y = p = 0}. We can show that
Σc(£"2) is the singular solution in the strict sense.

It follows from the above example that the contact singular set Σ,C(EΓ) is a candidate
for the singular solution instead of the τr-singular set Σv(Er).

In [10,12] we have shown the following theorem.

THEOREM 2.5. For an equation (EΓ,ZQ) and a geometric solution i : (L,ZQ) C
J1(Rn,R) of(Er,zo), the following conditions are equivalent.

(1) i is a singular solution of(Er,z0) in the strict sense and (Er ,z0) is involutory.
(2) There exists a complete solution o f ( E r , Z Q ) such that each haves are transverse

toi.
(3) ImageiCΣ,c(Er).

This theorem gives a characterization of singular solutions in the strict sense. We
can also characterize the complete integrability as a by-product of the above theorem

[10,11].

THEOREM 2.6. For an equation (Er,zQ) C Jl(Rn,ΈC), the following are equivalent.
(1) (Er,zo) is completely integrable.
(2) (ET)Zo) is involutory andΣ,c(Er) = 0 orΣ>c(Er) is an n-dimensionalsubmanifold.

We remark that Σc(Er) is a geometric solution of (Er, z0) when it is an n-dimensional
submanifold. So we have the following corollary of Theorems 2.5 and 2.6.

COROLLARY 2.7.' An equation (Er,ZQ) has a singular solution in the strict sense
if and only ifΣc(Er) is an n-dimensional submanifold. Moreover, ΣC(EΓ) is a singular
solution in the strict sense.

3. Singular solutions in the wider sense

In this section we describe some properties of singular solutions in the wider sense.
We remark that if the equation (Er, ZQ) is completely integrable then it is involutory (cf.
[16]). It follows that we can apply generalized characteristic method to our situations,
so that the following proposition is implicitly proved in the classical theory of first order
partial differential equations (cf. [16]).

PROPOSITION 3.1. Let (Er,zo) be a completely integrable equation. If ZQ is not
contact singular, then the equation (Er >ZQ) has no singular solution in any sense.

In [13,15] the uniqueness for singular solutions in the wider sense of completely
integrable holonomic systems has been proved.

THEOREM 3.2. If a completely integrable holonomic system (En+l,zo) has a sin-
gular solution (L,ZQ) in the wider sense, then (L,ZQ) = (
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We have the following corollary of Theorems 2.5, 2.6 and 3.2.

COROLLARY 3.3. Let (En+1

yZΰ) be a completely integrable holonormc system and
i : (L,ZQ) C J1(Rn,R) be a geometric solution of(En+l,zo). Then the following are
equivalent:

(1) i is a singular solution in the wider sense.
(2) i is a singular solution in the strict sense.

We remark that we establish the notion of singular solutions of holonomic systems
under the assumption of complete integrability. However, the following example shows
that we do not have the answer of the problem to give a correct and rigorous definition
of the notion of singular solutions for general equations even now.

Example 3.4. Let E2 C Jl(R,R) be defined by

F(z,y,p) = y- ^XP= °> at *o = 0.

Then ΣC(E2) = {ZQ}, thus E2 is not completely integrable at ZQ.
A family of solution of E2 is given by y = ex2, where c is an arbitrary constant.

Since E2 is not completely integrable, each one in this family is a singular solution in
the wider sense. However, the above family is "a general solution" in the classical sense,
so that each one in this family is not "a singular solution" in the classical sense.

In the last part of this survey we may argue the normal form for first order partial
differential equations with singular solution in the strict sense up to contact diίfeomor-
phisms. In [12], we have shown the following normal form theorem.

THEOREM 3.5. Let (Er,zo) be a first order partial differential equation with singu-
lar solution in the strict sense. Then there is a contact diffeomorphism germ

f:(Jl(Rn,R),z0)-^(Jl(Rn,R),Q)

such that ( f ( E r ] , 0) = {pi = - - - pd_ι = y - 0}, where d=2n+l-r.
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