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SOME RESULTS ON RIGIDITY OF

HOLOMORPHIC MAPPINGS

BY YOSHIHISA KUBOTA

1. In this paper we study rigidity properties of holomorphic mappings.
Let X and Y be complex normed spaces. Let Zλ be a balanced domain in X
and D2 be a bounded convex balanced domain in Y. We consider holomorphic
mappings / from Dx into D2. We prove two theorems. One of them is a
generalization of the Schwarz lemma, which gives an upper bound for μD2(f(x))>
χ(=Dx. Here μDi denotes the Minkowski functional of D2. We also discuss the
extremal mappings related to the Schwarz lemma. We deduce as a corollary
the following fact: if f: X-+Y is a holomorphic mapping which satisfies | |/O)| |
= | |# | | for all x^X, then / is linear. Another theorem gives a lower bound
for μD2(f(x)), x^Di. Finally we are concerned with the limits of sequences of
automorphisms of bounded domains. It is known that if D is a bounded domain
in Cn and if a mapping / : D-+D is a pointwise limit of a sequence of auto-
morphisms of D, then / is also an automorphism of D. However, in the case
that D is a bounded domain in a complex normed space X the limit / : D-+D
need not be an automorphism of D. We give a simple counterexample. Using
the above two theorems we show that the limit / is one-to-one.

2. We summarize the main notation and terminology used in this paper.
Let X be a complex normed space and let D be a domain in X. The Minkowski
functional μD of D is defined by

We denote the open ball with center at a and radius r in X by B(a, r). Then
we have that μmo.rM^r^WxW.

Let X and Y be complex normed spaces and let D be a domain in X. A
mapping / : D—>Y is said to be holomorphic in D if, corresponding to every

oo

ίZGD, there exist a power series Σ Λ : and a positive number p such that / is

expressed by
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Here Pk is a continuous ^-homogeneous polynomial from X to Y, and the con-
vergence is uniform on B(a, f) for every r with 0<r<p. We use the notation

2*f(a)=klPM ( * = 0 , l , 2 , . . .),

and we call the power series

Σ η^dkf(a)(x-a)
k =o K !

the Taylor series of / at α. We refer to [1], [2] and [6] for further details.

3. There are some generalizations of the Schwarz lemma in complex
normed spaces (see, for example, [2], [3], [4] and[5]). We also give a gener-
alization of the Schwarz lemma. We adapt Rudin's proof [8, Theorem 8.1.2]
in which only the finite dimensional case is considered.

Let X and Y be complex normed spaces and let Zλ and D2 be balanced
domains in X and Y, respectively. Suppose that DλφX. Then there exists a
point x e Z with μDl(*)>0. For a holomorphic mapping / : Dι-*D2 we define

and

Here df(0)=d1f(0) is the linear part of the Taylor series of / at the origin 0
of X.

THEOREM 1. Let X and Y be complex normed spaces. Suppose that
( i ) Dλ is a balanced domain in X,
(ii) D2 is a bounded convex balanced domain in Y,
(iii) / : D1—>D2 is a holomorphic mapping with /(0)=0.

Then

(a) μD£f(x))^μDl{x) (xeJλ),
(b) μD2(dfmx))^μDι(x) (xefl,),
(c) if DxΦXy then 0^λf^Λf^L

The equality λf=l holds if and only if the equality μD2(f(x))=:μD1(x) holds for
all

Proof. We first note that since D2 is bounded, convex and balanced, μDi

is a norm on Y and that since Dx is balanced, the power series
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converges to / uniformly on every compact subset of Di. (See [1], Corollary
5.2).

Take a point XQ^DX with μDl(Xo)>O. Put 3'=^z)1(^o)"1^o- Then
Let φ be a continuous linear functional on Y of norm 1, i.e.,

We define the function g by

Then # is holomorphic and |g(ζ) |^il in Δ = { ζ e C : | ζ | < l } , and #(0)=0. Now
applying the classical Schwarz lemma we have

ICI (ζe=Δ),

1^(0)1^1.

Since g/(0)=φ(df(0)(y))=μDl(xo)''1φ(df(0Xxo)), these inequalities imply

The Hahn-Banach theorem assures the existence of continuous linear functionals
φ0 and >̂i on Y of norm 1 such that ψo(f(xo))=μD2(f(Xo)) and ψi(df(O)(xo))=
μD2(df(0)(x0)). Hence we obtain the inequalites

Suppose that xo^Dι and //z>1(^o)=0. For every ε>0 there is a positive number
t such that 0 < ί < ε and t~ιx^Dι. Considering the function

Xo)) (ζeΔ),

we have

Hence μDt(f(xo))=μDt(df(OXxo))=O. Thus (a) and (b) are proved.
Now the inequality

is an immediate consequence of (b).
Suppose that λf—l. Then μD2(df(0)(x))=μDl(x) for all x^X. Let

If jMz>1(̂ o)=0, then /£D 2 (/(X 0 ))=0 as we have shown. If JMD1(X0)>0, we consider
the function

gi(Q=ψi(f(ζy)) > y ^μD^oY'xo.
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Then

and so gι(ζ)=ζ for all ζeΔ. Hence

μDι(^o)=gι(μDl(
χo))=φι(f(

Consequently we obtain that

Conversely, suppose that μDi(f(xo))=μD1(Xo) for some x^Dλ with μDl(x0)
>0. We consider the function

g*(ζ)=φo(f(Zy)), y^μD&oY1**

Since goiμD^o^^μD^o), we have go(ζ)=ζ for allζeΔand so gί(0)=l. Hence
we obtain

Thus if μDz{f{x))—μDι{x) for all x e D i , then λf^l and hence λf=l.

Remarks. If μD2(f(x<y))=μDι(Xo) for some x o ^ ^ i with μDl(Xo)>O, then Λ / = l .
However, As—\ does not imply that there exists a point x^Όx with ^ D 1 ( X 0 ) > 0
such that /£D2(/(^o))=iMz)1(^o). Indeed, let X=Y = c00 and D 1 = Z ) 2 = { ^ e c o o : ll^ll
< 1 } . Here c00 is the vector space of all sequences x=(xlf x2, •••, ̂ », •••) of
complex numbers having only a finite number of non-vanishing terms, with
norm

| | x | | = m a x | x n | .
n

The mapping / : X->Y defined by

J \X\y X2, '" > xn, " V 1 ^ v"̂ "*^1* "q""̂ 2^ > w-4-1 Xn' )

maps Dι into D2 and satisfies /(0)=0 and Λf=l. But μD2(f(χ))=\\f(x)\\Φ\\x\\
=μD1(x) for every x^Dx with μDι(x)=\\x\\>ΰ.

Moreover, we consider the mapping g: X—>Y defined by

g I ( X l , Xiy X%> *•• , Xfiy • * • ) • > \ X \ y X l > X2y '", Xΐl-1, ' " ) •

Then g maps Dx into D2 and satisfies ^r(0)=0 and λg=ί. But gΦdg(0). Thus
I g = l does not imply that g=dg(0).

COROLLARY. Let X and Y be complex normed spaces. If f: X-*Y is a
holomorphic mapping which satisfies | |/(x)|| = ||χ|| for all X G Z , then f is linear.

Proof. Let M be a positive number. By the assumptions it follows that /
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maps 5(0, M) into 5(0, M) and satisfies /(0)=0 and

μmo,M)(fW)=μmo,MM (x<=B(0f M)).

Hence by Theorem 1 we have λf=l, and so

Therefore it follows that the equality

holds for all x^X. Replacing x by ζx we have

Js ^ζk-ι2kκoχχ)\=\\2f(θχχ)\\

Let φ be a continuous linear functional on F . Then the function

is holomorphic and bounded in C. Hence the Liouville theorem says that h is
constant. Since the dual space F * of Y separates points on Y, it now follows
that

yj-ζ*-ι£

Therefore we conclude that f=3f(Q).

Next we prove a theorem which gives a lower bound for
In our proof the following fact plays an important role.

PROPOSITION. Let X he α complex normed space and D he a convex balanced
domain in X. Let kD denote the Kohayashi pseudodistance of D. Then

*•» »-

and

0, x)<a}=rD, r = ~^-.

(See [2], Theorem IV. 1.8).

THEOREM 2. Let X and Y be complex normed spaces. Suppose that
( i ) Dx is a balanced domain in X,
(ii) D2 is a bounded convex balanced domain in Y,
(iii) / : D1~-*D2 is a holomorphic mapping with /(0)=0.

Then
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Proof. Take a point x^Dλ with μDl(xo)>O. Put y=μDί(Xo)~lχo a n d define
the mapping g from Δ into D2 by

Since Dx is balanced, the Taylor series of / at 0

Σ -La*f(oχχ)

k=i k !

converges to / uniformly on every compact subset of Dx. Hence we have

and hence we can write

where h is a holomorphic mapping from Δ into Y with the Taylor series

at 0. Let 0 < ί < l . By Proposition and the definition of kDt we have that if
ζh(ζ)Ψθ, then

kφ, tζhiQXkφ, ζh(Q)=kDi(g(0), g(ζ))£ j log j | |

and so
fζΛ(ζ)e|ζ|Z>,.

Since Z)2 is balanced, this implies that

th(ζ)<ΞDt (ζeΔ, ζ^O).

By Theorem 1, h(0)=df(0Xy)<aD2 and so th(0)(=D2. Thus fA is also a holo-
morphic mapping from Δ into Z>2. Therefore by Proposition and the definition
of kU2 we have the following two inequalities:

> ! i o ι+t~λf

and
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Moreover, by the triangle inequality we have

kD,(0, th(ζmkDl(0, th(O))-kDi(th(O), th(ζ)).

Combining these inequalities we obtain

k (ύ loσ

log ( 1 _ ί ί / X 1 + | ζ | )

Now this inequality and Proposition show that

μD2(tg(ζ))= I ζ I μD%(WQ)= ICI Φ(kDt(0, th{Q))

where Φ(s)=(e2s—l)/(e2s+l). Letting t->l and putting ζ=μDi(x0) we obtain the
desired inequality

4. Finally we study the limits of sequences of automorphisms of bounded
domains. If D is a bounded domain in Cn and if / : D->D is a pointwise limit
of a sequence {Fn} of automorphisms of D, then / is also an automorphism of
D. This follows from the fact that {Fn} has a subsequence {Fnk} which con-
verges to / uniformly on every compact subset of D. (See [7], pp. 78-82).
However, in the case that D is a bounded domain in a complex normed space
X the limit / : D-^D of a sequence of automorphisms of D need not be an
automorphism of D. In this section using Theorems 1 and 2 we prove that /
is one-to-one.

Let I be a complex normed space and D be a domain in X. The auto-
morphisms of D are the biholomorphic mappings from D onto D. We denote
by Aut (D) the group of all automorphisms of D. We begin with a simple
example.

Example. Let X=c00 and D={x<=X: \\x\\<l}. Define the mappings Fn,
n — 1, 2, •••, and / by

Γ n \ x l > X 2 > ^ 3 , " , % n > x n + i , ' " ) ι • \ % n , x l , X 2 , ' " > x n - l , x n + lf ' " )

and

/ : ( * ! , Xif * 8 , " , Xn, — ) ' •(O, * i , ^2, ••*, Xn-l, • " ) .

Then i) is a bounded domain in X and F n eAut(,D), n = l , 2, ••• . Moreover,

/ ( x ) = lim F n (x) ( x ε f l ) .

However,
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We next prove two lemmas. For a holomorphic mapping / : D-*X we
define

and

Here we note that if / maps 5(0, rλ) into 5(0, r2), then

Tγ

LEMMA 1. Let D be a bounded domain in X. Let FeAut(ZT) and
If M, r and p are positive numbers such that DdB(0, M), B{a, r)dD and
B(F(a), p)dD, then

Proof. Since F" 1 oF=FoF- 1 = id., we have dF~\F(a))odF(a) =
dF-\F(a))=iά. Hence it follows that dF(a)<EΞAut(X) and λF(a)ΛF-ι(F(a))=l.

Put G(x)=F(x + a)-F(a). Then G maps 5(0, r) into B(0, 2M) and G(0)
=0. Hence, by Theorem 1, we obtain

A /ΛN 2M~Λ ^ 2 M

On the other hand, since F " 1 maps B(F(a), p) into B(0, M), we have

LEMMA 2. Let D be a bounded domain in X. Let FeAut(Z)), G G D and
λF(a)7^λ0>0. Let M and r be positive numbers such that B(ay r)aDaB(0, M).
If 0<i<(r%/4M), then

Proof. Put G(jO=F(* + a ) - F ( a ) . Then G maps 5(0, r) into 5(0, 2Λ/) and
G(0)=0. Hence applying Theorem 2 to G we have

Since λG(O)=λF(a)^λo, we have
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Hence using the inequality λ^λF(a)^ΛF(a)<{2M/r), we obtain that if ||x — a\\
), then

Since FeAut(D), this inequality shows that if 0<t<(r2λ0/4M), then

Now we can prove the following theorem.

T H E O R E M 3. Let D be a bounded domain in X. Suppose that f: D--+D is
a pointwise limit of a sequence {Fn} of automorphisms of D. Then f is one-to-
one in D.

Proof. Assume that there exist two distinct points ax and a2 in D such
that f(a1)=f(a2)=b. Since b^D, there is a positive number p with B(b, 2ρ)
C.D. Hence we can choose a positive integer n0 such that if n>n0, then
J5(Fn(α»), p)aD, i=l, 2. Take positive numbers M, n and r2 such that 5(0, M)
ZDD, B(au rOcZ) and B{a2> r2)ClD. Then, by Lemma 1, we have, if n>n0,
then

and hence, by Lemma 2, if n>n0 and 0<t<(r2ip/8M2), then

Fn(B(au f))Z>β(Fn(fl0, £^t) ( i=l , 2).

On the other hand, we can choose a positive number t and a positive integer
n satisfying conditions:

(i) 0 < ί < m i n ^ , 5-&K and B(au t)nB{ab 0=0,

(ii) n>n0 and

These facts contradict that FneAut(Z>). Therefore it follows that / is one-to-
one in D.
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