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1. Let D be an arbitrary open set in C, and H*(D) be the set of all
bounded analytic functions on D. A sequence {z;} in D is called (H*(D)-)
interpolating sequence if for all bounded sequences {a;}, the interpolation
problem

f(Zj)ZG,] ’ ]:‘1: 2: 37 o

has a solution f(z) in H*(D). Since L. Carleson characterized the interpolating
sequence in the unit disk in [3], several authors have studied interpolating
sequences in more general plane domains (for example [2], [7]). In this paper
we study interpolating sequences in an arbitrary plane domain and in a certain
plane domain satisfying some geometrical condition.

In §2, we show the following theorem by which we see that the inter-
polating sequence can be characterized in terms of its local behavior.

THEOREM 1. Let S={z;} be a sequence in an arbitrary open set D of the
complex plane C. If for all L&C, there exists some neighborhood U of § such
that SNU is an H*(DNU)-interpolating sequence, then S 1s an H>(D)-interpolat-
ing sequence.

When {z;} is an H=(D)-interpolating sequence, the open mapping theorem
shows that
M= It Sl;llPsl inf {"f““': fEHN(D)) f(z]):‘aj) ]:1) 2y 3; -~‘}<OO ’
aj 00
where ||{a;}l-=sup|a;|. This constant M is called the constant of interpolation

for {z;} (in D). For A={|z|<1}, L. Carleson [3] showed that a sequence {z;}
in A is the interpolating sequence if and only if

d=inf IT | 22222 | >0.
k 5:}12 l—Zij

The constant of interpolation M for {z;} is estimated by the inequalities (see
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[6] p. 287)

%:;Mg %(1+1og—(§—),
where ¢ is the absolute constant.

By use of Theorem 1, we generalize the result of L. Carleson for some
class of plane domains, and we also study the constant of interpolation for
these domains. To this purpose, we introduce a metric p for a plane domain
D such that C\D consists of at least two points. In this case the universal
covering surface of D is the open unit disk A. Let n:A—D be the universal
covering map, and let Ax be the Poincaré (or hyperbolic) distance in A. The
Poincaré distance A for D is defined as

Aa, b)=inf{Aa(c, d); n(c)=a, n(d)=b}.

(cf. [9] p. 43). We set p=(e’—1)/(e*+1). For D={|z|<1}, p is exactly the
pseudo-hyperbolic distance p(a, b)=|(a—b)/(1—ab)| and A=4Aa=log|(1+p)/(1—p)|.

THEOREM 2. Let D be a domain in C. Suppose the Euclidean diameter of
D is less than R (<o), and the diameter of every component of C\D exceeds
some positive constant €. Then the sequence {z;} in D is interpolating sequence if
and only if

= inf II p(z,, 24)>0.
k=1

J#*k

Furthermore, the constant of interpolation M for {z;} is bounded above by the
constant which depends only on the ratio R/e and 9.

2. To prove theorem 1 we use the Vitushkin operator

_1¢f f)—f(w)dg .
T pw=—{( T2l azdy,  z=x+iy, wec,
which is defined for a bounded Borel function f and a C'-function g with com-
pact support.

LEMMA. Let D be an open set in C, L&C, and U={|z—CL|<c}. Let S be
an H*(DNU)-interpolating sequence with constant of interpolation M. Then for
V={lz—C|<c/136 M}, SNV is an H>(D)-interpolating sequence whose constant
of interpolation is less than 66M.

Proof. Let SNV ={z;}, and let {¢;} be a bounded sequence with ||{c;}[|.<1.
Then there exists f,=H*(DNU) such that

fiz)=c; G=L,2,-), Ifil=M.
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We can take a C'-function g with a compact supprot in U, which satisfies g=1
on {|z—C{|<c/2}, and ||0g/0Z||.<4/c. We extend the domain of definition of f,
by setting f,=0 to the outside of DNU. Then by the property of Vitushkin
operator (see [5] p. 4-5), f1—T.f, is analytic on {|z—C|<c/2},

F1:Tgf1—(Tgf1——f1)(C)

is analytic on D, and

ITef il = %”%“wosc (f, supp(g))[x Area(supp(g))]'*

<24
T C

20 fillomec<16M .

Hence || Fi]-x233M, and ||Fi—f]«<34M. Since
Fl—fl:Tgfl_"fl"—(Tgfl_fl)(C)

is analytic on {|z—C{|<¢/2} and equals 0 at {, by the lemma of Schwarz, we
see that on V,

¢/136M _ 1
/2 =2

For the sequence {(f,—Fi)z;)}, we can take f,=H>(DNU) as
folz))=(f1—F)(z;) (=L 2, ),

[Fi—fil S F—fille

I fel = MI{(fi— F)(zp}Hlw= %/I

By repeating this process, we get two sequences {f,} of H*(DNU)-functions
and {F,} of H*(D)-functions such that

(F1+F2+ +Fn+fn+l)(zj):cj )
I fas:ll=M/2%, and ||Fo| =331l

Now F= f‘, F, satisfies the interpolating condition F(z;)=c, (=1, 2, --+) and
n=1

IFIS A IS S =66M

Let X be a subset of the maximal ideal space p(D) of H*(D). Then hull(X)
is defined by
Ix={feH*D); f=0 on X},

hull(X)={xcH(D); f(x)=0 for all felx},

where 7 means the Gel’fand transformation of f. It is known that a sequence
S in D is an interpolating sequence if and only if S satisfies the conditions
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(i) S is discrete,
(i) S is homeomorphic to the Cech compactification of S,
(iii) hull(S)=S,
where the closure is taken in H(D). (see [8] p. 205).

Proof of Theorem 1. First we assume that the domain D is bounded. For
each {=C, let U, be a neighborhood of { which satisfies the assumption of the
theorem. By the lemma, we can take a neighborhood V¢ of {, such that SNV

is an H=(D)-interpolating sequence. Then hull(SN\V)=SNV. Choose finitely

many members V¢, -+, V¢ for which kQVCkDD—- Then

S=UTSAVe)=hull(\ (SUV¢,)=hull(S).

Hence S satisfies the above condition (iii). Conditions (i), (ii) are also derived
from the fact that these are satisfied by SNV¢, (k=1, ---, m). Now it is con-
cluded that S is an H>(D)-interpolating sequence. One can apply the lemma
also for {=oo if one rotates € (=C\U{oo}) by a suitable linear transformation.
Therefore, the boundedness of D is unnecessary.

In order to prove the uniform boundedness of constant of interpolation in
Theorem 2, we shall need another version of Theorem 1. To state it, we
introduce the Banach algebras H>({D,}). (cf. [1], [10]). Let {D,}3-, be a
sequence of open sets in C, all of which are contained in a bounded set. Let

Q(an{n}) be the formal disjoint union of {D,}%-,. Let H*({D,}) be the

n=

Banach algebra of bounded analytic functions on \zl(an{n}), and let H({D.})

be the maximal ideal space of this algebra. We can identify OI(D,,X{n}) with
n=

a subset of H({D,}) by means of the usual point evaluations. Define a coordi-
nate function Z€H>({D,}) by Z(4, n)=A.

Theorem 1 is valid for these algebras as in the following form. Indeed,
the proof is just the same if we exchange U, V. by Z“(UC), Z“(Vc) respec-
tively.

THEOREM 1. Let {D,}5%-, be as above, and let S be a sequence in QI(D,,X

{n}). If for all L=C, there exists some neighborhood U of § such that SNZ-YU)
is an H=({D.NU})-interpolating sequence, then S is an H*({D,})-interpolating
sequence.

3. Proof of Theorem 2. First, we assume that {z;} is an H=(D)-interpolat-
ing sequence. Let A={|z|{<1}, and let =: A—D be a universal covering map.
Let M be a constant of interpolation of {z;}. Then for any fixed 2 we can
take feH>(D) such that ||f||=<M, f(zx)=1, and f(z;)=0 (j#k). Then ferec
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H>(4) and | fox|<M. We fix some a,=n"'(z;), and we take each ¢,&77'(z,)
as satisfies

Aaa,, ar)=2p(z;, z2).
Therefore,
a]

,017(21, Zk):pA(Zp Zp)= m

where Aa, 4p and pa, pp are hyperbolic distance and pseudo hyperbolic distance
for A, D respectively. Let B be a Blaschke product with zeros {a;},... There
exists g H*(A) such that fer=Bg, l|g|<M. By

1=|fen(aw)|=|B(a:)| | glar)| £M|B(a:)l,
we see that

dk

i oote, 20= I [ {25500 | =1z L>0.

x.'w
m-»-

I

As M is not depend on k2, we conclude that

mfﬁpn(z], Z28)Z >0
k=1

J*k

For the proof of the reverse implication, we use Theorem 1. For each
{eC, we take the neighborhood U={z; |z—{| <e/2}. Then by the assumption
on D, each component of DNU is simply connected. In general, D'C D means
Ap=2p. So we get

inf H pD{'\U(Z]) Zk)25>0 .
zpeDnU zJ,zkeDnU,H-‘k
By Carleson’s result concerning the unit disk, we see that SN\U is an H*(DNU)-
interpolating sequence. Then Theorem 1 implies that S is an H*(D)-interpolat-
ing sequence.

As to constant of interpolation, we use Theorem 1’ instead of Theorem 1.
Suppose there exist a sequence of open sets {R,}, and a sequence of sequences
S.={za.,;};CR, all of which satisfies the condition of the theorem for the same
R, &, and 0, and suppose the constants of interpolation M, are unbounded.
This means that the sequence S=\US, is not an H*({R,})-interpolating sequence.
By translating R, if necessary, we can assume all R, are contained in a
bounded set in C. Then by use of Theorem 1’ we can conclude that S is an
H>({R,})-interpolating sequence. This is a contradiction.

REMARK. As the former part of the preceeding proof does not depend on
the assumption on D except that the universal covering surface of D is the
unit disk, it is always true that interpolating conditions implies inf IT p(z,, z,)
>0. On the contrary, there exists the plane region D and the sequence {z;}
cD, for which ITp(z,, z:)>0 but {z;} is not an interpolating sequence.
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We take A,={z; |z—c¢,| <7}, ¢2>0 as A,NAR=@ (n#m), A,CAN{0} (n=
1, 2,3, ) and
L o

pX

=i Cn
For D=A\UA,, Zalcman [11] showed that for any f<H*(D),

Jim f(x):is @,

R-Dz-0 2nilop z

<oo,

where R-={x=R; x<0}. Hence any sequence {z;}CR", tending to 0, can not
be an interpolating sequence. Nevertheless, by taking z,—0 sufficiently fast,
we can get the sequence {z;} which also satisfies infIF p(z,, z:)>0.
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