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ON Z,-EXTENS1ONS OF REAL ABEL1AN FIELDS

BY AKIRA INATOMI

In [1], Fukuda and Komatsu gave a sufficient condition for the λ invariants
of real quadratic fields to vanish. In this note, we shall show that the results
obtained in [1] can be extended in a real abehan case.

Let k be a finite real abelian extension of Q and p an odd prime number
which splits completely in k. Let g^-'&r be the prime factorization of
(p) in k, where r—[_k: Q]. A Zp-extension

& = &oC&iC ••• C & n C ••• (ZK

is the cyclotomic Zp-extension, since k is a totally real field and Leopoldt's con-
jecture is valid for k. Let Cn be the ideal class group of kn> An the ^-primary
part of Cn, σ a topological generator of Gal (K/k) and we denote also by σ the
restriction of σ to kn. Let

C;={c€=C»;c*=c} and Bn = C'nίΛAn.

We have the following result by Greenberg [2], since every 9?x is totally
ramified in K.

L E M M A 1 . There exists an integer nQ such that \B0\<, \Bχ\ £ ••• < \Bno\ =

| β n o + 1 | = . . . = | β n | = . . . .

Let E be the unit group of k. Then

where Ef is a free abelian group of rank r—1. We denote by Nm,n the norm
mapping from km to &„ (tnT^n). Let H=Nn,Q(kn)ΓΛE, then there exists a base
{^i, 572, •••, ηr-\} of £ ' a n d pos i t ive i n t e g e r s cu c2, •••, £ r _ i s u c h t h a t

^ ^^2, - , ^ - Ί 1 ] (1)

and cι\cι+1 for / = 1 , •••, r—2. Since [&n: ^ ] = ί n ,

Then we have
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where s1} s2, ••• , sr-i are integers such that n ^ S i ^ s 2 ••• ϊ^Sr-iί^O. Let ln —
s i + s 2 + .- +sr-u then [ £ : i / ] ^ " ^ - 1 ' - ' * .

We denote by e(&) the ramification index of a place £P of k with respect
to kn/k. Since &n is a finite cyclic extension of k, by Yokoi [3] we have

ίkπ :«[£:#]

C0|x/>"x

Hence \Bn\=pc+ι^f where c is the integer such that pc divides \C0\ exactly.
Then, by lemma 1

Since kg^Qpil^i^r), if ε is any element of E' which is not equal to 1,
then there exists the positive integer mε>ι for £Pt such that εp-1^l+pm*'tZp

and sp-ιGl+pm"*+1Zp. Let mε=Min{mε,t l ^ ί ^ r } .

LEMMA 2. // w^me, ίAew e ' = ecp-DPn-TO«+1 /s contained in H.

Proof. e c p - 1 ) p n " m β + 1 G l + / ) n + 1 + ^ « . * - T O « ) Z p c l + ί n + 1 ^ p . Hence, ε' is a &t-
adic norm for ^ w /^ at every 5\. By local class field theory, ε' is also a ^-adic
norm at every prime £P of kn prime to p. Then, by Hasse's norm theorem, e'
is a global norm for kn/k. This implies ε/

Remark. If mε=mε>J, then ε c p - 1 ) p r *~ m ε + 1 €Ξl+£ n + 1 Z p and ^ l + / ? n + 2 Z p in kSj.

Let {ζx, ζ2, - , C r_J be any base of E' and ^ = [ζ(p-D^-% + 1 , ζ<p-DP»-%+1,
^ ζ(PΓDP»-«ζr-1

+1] for n^Max{mC t; l ^ ί ^ r - 1 } . Then J^3{1, - l } 0 i / ' , since
P - D P » - ^ + i e a L e t m(ζ)=mC l+mc a+

PROPOSITION 1. m(ζ)^/n+(r—1).

[£ : H^pw"-1* and [£ : {1, - l
Here, ^c-D-^cO+cr-D^^ncr-o-ί^ s i n c e [ £ : # ] divides [ £ : {1, - l jφi f ' ] and
(p-iy-1 is prime to p. Then m(ζ)^

COROLLARY. m(ζ) remains bounded for all bases of Ef.

Proof. m (ζ)^/ n +(r-l)g/+(r-l) .

Let m=Max{m(ζ); any base {ζi, ••• , ζr-ι) of E'} and, for n>m, we take a
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base {ηu η2, •••, r)r-i} of E' as in (1). Then m(η)<m, but we can show that
m(η)=m.

PROPOSITION 2. \Bn\=Pc+m~cr~Ό for n^

Proof. We have ^ - 1 ) ? } 7 l ~ m ^ + 1 e # ( l g ^ r - l ) . Then there exists an integer
dx such that γ](p-^pn-mvι+1=:7]diP^-n> s o dx=(p-l)pdΊ for a non negative integer
dί. On the other hand, η[p-ιypn~H^l-\-pn+1Zv and ^ - ^ n " m ^ + 1 is a topological
generator of l+pn+1Zp in fc^, where rnηi—mηij. Hence, d'x=0, so n—m V ι +l
= n-st. Then we have \_E: ̂ ]=/,»cr-i)-mC9)+cr-i) a n d / n = m ( 9 ? ) _ ( r _ 1 ) > B y

proposition 1, m ^ / n + ( r — l ) = m ( ^ ) . Hence, m=m(η) and |βn |=/> c + z»=/> c + m-< r- 1>.

This proposition was proved by Fukuda and Komatsu [1] in a real qudratic
case. We can also prove the following result by the same way as in the theo-
rem of Fukuda and Komatsu [1].

THEOREM. // iVm_M (Em-ι)=E and the class number of k is prime to p,
then λp(k)=O, where En is the unit group of kn and λv(k) is the Iwasawa in-
variant of k for the p.

Let {ζι, ζ2, •••, ζr-i} be any base of E' and 7i£,t=Max{m^fl 1^/^r—1}
for <£x. Then n^x does not remain bounded for all bases of Ef.

Example. Let έ be a real cubic field and {εi, ε2} a base of E'. Assume
that

εp-1

and
ε?-1

in ksv where l^x, y^p—l and α2^fli. We take a non negative integer z
such that

zx = — y(moά. p) and l^z^p—1.

Let ε/2=ez

1

pa2~aiε2. Then {εi, ε2} is a base of E' and mε>,%>a1—mH,x^a\—mtvX.
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