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ON MEROMORPHIC FUNCTIONS WITH REGIONS

FREE OF POLES AND ZEROS

BY HIDEHARU UEDA

Introduction. In this note we improve one of the results of Edrei and
Fuchs [2]. We shall adopt the terminology, notations and conventions of [2].
We shall write, for instance, [2, Lemma 5] to denote Lemma 5 of [2].

The aim of this investigation is to prove the following

THEOREM. Let the s B-regular curves

L,: z=tetaJ«> (f^fo>O, / = 1 , 2, - , s;

divide \z\^U into s sectors, each of which has opening^c>0.
Suppose that all but a finite number of zeros and poles of the meromorphic

function f(z) lie on the curves L3.
If some τ (rφθ, τφoo) is a deficient value (in the sense of R. Nevanlinna)

of the function f(z), then the order λ of f{z) does not exceed λίy where
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Proof of Theorem.

1. [2, Theorem 2] implies that λ is finite. We prove Theorem by deducing
from the assumption

(1.1) (+oo»Λ>Λ 1

the contradiction that f(z) is a constant.
Choose a positive number ε such that λ—ε>λι. Using [1, Lemma 1] with

φ(t)=T(t, f)/tλ~ε and ψ(t)=t2ε, we find a sequence {rn\? of values tending to
infinity such that
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and

In view of (1.2), lim sup T{rn, ί)lrλΰE— + 00, so by relabelling suitably if

necessary, we may assume that

(1.4) T{VtP ^1 (n=l,2,3, •••).

Since τ is a deficient value of /(z), there is at least one index k — k(r)
such that

, y ^ ; Jk(r))>κT(r, f)

When r->oo through the values of the sequence {rn}ΐ satisfying (1.2)-(1.4), at
least one value of k(r) must be taken infinitely often. Without loss of generality
we may assume it to be k—\. Thus by relabelling appropriately again if
necessary, we may assume that

(1.5) rn(r.,j^; Urn))>κT{rn, f) ( n = l , 2, 3, •••).

Now, we apply [2, Lemma C] to the function {f—τ)'1 with R'=2r and
/(r)=/,(r, 23) (0<δ<c/4). This yields

m

Using the first fundamental theorem and (1.3), we have

U 2

provided 0 < K ^ I ^ ^ ( A ; , λ, s)<c/4, n^nQ. Hence, by (1.5)

m{rny j-^) Urn, 2δ))>^T{rn, f) (n^n0, 0<δ<δι).

Combining this and [2, Lemma B], we obtain

(1.6) m{rn, f/f', Urn, 2δ))>m(rn, l/(/-r) Urn, 2δ))-m{rny f'/f)

jT(rn, f)-O(\ogrn)>jT(rn, f)

(n^n^no), 0<δ<δi).
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2. By the definition of Λi and the inequality λ—ε>λu we are able to choose
δe(0, δ,) so that if sίn(c/4)>(2β+l)/2(β+l), then

c?n ^ eB(B+l) /c \ 2B+1(2Λ) λ~ε> 1 s m ( v ^
and if sin(c/4)^(2β+l)/2(β+l), then

eB I, / B2+sin2(i- -δ)+sin (j-)\
(2.1)' Λ-s> ^ — - - 1 .

( | )

From now on we assume that δ has been chosen in this way and we shall
make no further changes in the choice of δ. Using [2, Lemma 4] with H=l,
q~0, and Rf—2ry we have

\f\z)/f{z)\<A{T{2r,f)}A ( | 2 |=r)

on D^{z^reiθ) (U<)U^r<+ 00, a1(r)+δ<θ^a2(r)-δ}. Therefore, since f(z)
is of finite order, we can find a positive integer h=h(λ) such that

(2.2) IrV

The function g{z)=z~hff{z)/f{z) is regular in J9X. By (1.6)

It follows from this and [2, Lemma 5] with /3=l/40£ that

(2.3) \og\g(z)\<-KT(rn,f)

where Γn—{z—rne
iθ Θ^Jx(rn,2δ)} and K—K{κf B, δ) is a positive constant.

Since log| g(z)\ is subharmonic on D1(rn)={z=reiθ t2^r<rn, Θ^Jι(r,2δ)}, from
(2.2) and (2.3) we have

(2.4) \og\g{z)\<-Kω{z)T{rn,f)

where ω(z) is the harmonic measure of Γn with respect to Dι(χn) at the point z.

3. We denote by Xn the 5-regular path 2r(ί)=ίe<(αi(0+"2") (2t2^t^rn), and
by s=s(z(t)) the arc length of Xn from z{2t2) to z(f) (2t2<t<rn). Let /)(s) be
the shortest distance from 3Di(rn)\/7

n to the point z(t)^Xn, and let ra(s) stand
for the minimum of ω(z) in {ze^D^r^); |z—z(t)\ <p(s)/e}.

If we take a point z(ί) (Φz(2t2)) on J7n, then for a sufficiently small
we have

,„ P(s)
^ Jr+|θ(s-Js)/^ '
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where As=s(z(t))-s(z(t-At)) (>0) and Δr=\zit)-~zit-Δt)\. (For the proof, confer
[3, p. 82].) Therefore

ρjs)/e
Δr+pis—Δs)/e

)— o(s) Δr
pis)

pis)
{pis-Δs)-pis)+eΔr},

thus

(3.1)
mis—Δs)—mjs) < mjs) \ pjs—Δs)—pjs) Δr\

—Δs = pis) \ —Δs Δs)

Clearly Js->0, Δr/Δs->1 as Jί->+0. Hence by taking the limit as Jί->+0, (3.1)
yields the upper bound

(3.2)
dm mis)/ dp
as pis)

g) a.e.

dm
for the left upper derivative -—.—, since pis) is absolutely continuous in 0^s<sn.

If we divide the both sides of (3.2) by mis), and then integrate between s—sθε(θ)
and sn, we obtain

_ ^ _ i _ P(*n) , Γs- ds
mis) pis)

i.e.

pis)

Here we can use [3, Theorem 1, (2.6), p. 74] to show m(sn)^(2/π)tan-1(l/π )
>l/2τr. Consequently, we have

(3.3) ωizit))>mis)>~~^~
Zπ o(s)

4. Let L : z=teιa( ^ it>t0) be the parametric equation of a ^-regular curve.
In this section we show that the point teHact>+Ό (0<\γ\^π) is at a distance

(4.1) d^

from L.
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4.1. Proof of d>2t sin — '(B+l) (=p): If this estimate were not, true,

it would be possible to find u (>t0) and t (^t0) such that

(4.2) \teHa^+Ό-ueιaW\<p.

In particular, this implies

(4.3) \t-u\<p.

By the triangle inequality, the definition of ^-regular curve, (4.2) and (4.3)

sin- — | O < I t e ι a < i t : > — t e ι ( i a ( i t : > + r : > I I t e ι < : a C t : > + r : > — u e t a C u : > \

£ I teιa^-ueιaw \<B\t-u\<Bp.

Hence we have p>2t ,:„ ϊ {B-{-l)—ρ, a contradiction.

5 i n |4.2. Proof of d^:

this estimate follows from

(0<iri^*/2)

2 ύn-~\[/B2: In the case B=l
Li

sin|- 1+sin2!--

Consider next the case 5 > 1 . Choose ί/: ueta(iu:> so that

(4.4) lί^cβco+n-Mg^cu)^^^

If we put T: ^ ι α c ί ) and T r : tel<aW+r\ then we have

(4.5) TU2=TrU
2+TrT

2-2TrU TrT cos ZTTrf7

X[ίcosα(ί)

By the definition of 5-regular curve, (4.4) and (4.5)
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Hence
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4ί«{ y—^

and thus

(4.6) ^ ^ s

since J 3 > 1 . Also from (4.4)

(4.7) u^t-d.

Combining (4.6) and (4.7), we have

m-d) r
d ^ β2 sin - ,

and consequently

2t
3 i n ί

5. From (4.1) we easily deduce that for <e[ΛΊί2, r B ] (ΛΓ1=/ί1(β, c, δ),

(5.1)

From (5.1) and the fact that p(s(z(t))<t we have

(5 2)

Also (5.1) and the fact that Xn is ^-regular imply

(5.3) f S " d s Λ T n B • ' B

«) /ί(s) =Ju ^(S(2(ί)))

Substituting (5.2) and (5.3) into (3.3), we obtain

logί —
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(5.4) ω(z(u))> ~ ( — ) v '2 Δ0) ( I / G L Λ A , r n ] , n^n4).

Hence from (2.4), (5.4) and (1.4) we deduce that for u^\_K1t2, rn~\ ( n ^ n 4

2,

<hlogrn--

As n->oo, the right hand side of (5.5) tends to — oo, by (2.1) or (2.1)'. Therefore

f'(z(u))

for every z(u)=uei(<Xί<:u:>+^ (u>KxU). Thus f\z)/f{z) vanishes identically, which
is only possible if f(z) is a constant. This contradicts (1.1) and hence completes
the proof of Theorem.
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