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ON CONVERGENCE OF CONDITIONAL
PROBABILITY MEASURES

By AKIHIRO SUGAWARA

1. Introduction.

In this paper we are concerned with a relation between convergence of
conditional probability measures given sample means and minimization of I-
divergence (Kullback-Leibler information quantity) under some constraint. For
statistical and information-theoretical meanings of this problem, we refer to
Vincze [15]. Similar problem was investigated by Bartfai [3] and Vasicek [14],
but our approach is slightly different from theirs. We apply Sanov-type theo-
rems which were obtained by Groeneboom, Oosterhoff and Ruymgaart [6]. They
were working in the intrest of rates of convergence for probabilities of large
deviations given sample means. We recognize their result as a limit of average
information quantity gained by measurement of sample means.

The basic definitions and results which will be used in the sequal are
provided in Section 2. The result of Section 3 is not so difficult, but it would
be helpful for understanding the following work. Section 4 is our main one.
At first we rewrite a large deviation theorem obtained in Groeneboom, QOosterhoff
and Ruymgaart [6] employing I-divergence of conditional probability measures
given sample means. From this point of view we can show convergence of
conditional probability measures in the total variation metric. We also consider
a problem of convergence in z-topology.

2. Preliminaries.

The purpose of this section is to state the basic definitions and the principal
results which will be used in what follows.

Let X be a Hausdorff space of points x, $ the o-field of Borel subsets of
X. Let II be the set of all probability measures on (X, @), which is considered
as a convex set in the usual sense: (aA+(1—a)p)(-)=ai(*)+(1—a)u(-), 0=a=1,
2, pell. The I-divergence or Kullback-Leibler information quantity I(2]p) for 2,
o in I is defined by

[(Zly):jlog%dl if 1<y,

=400 otherwise.
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The information quantity I(2]p) is always non-negative and vanishes only for
A=p. If A is a subset of II, we define for g in II

I(A| wy=inf {I(A| p) : 2= 4}.

If A is empty, we put I(A]|p)=+oco.

A topology on II, which we will consider in this paper, is defined by setwise
convergence on all Borel sets. In Groeneboom et al. [6], this topology is called
z-topology. A sequence of probability measures {4,} in II converges to a pro-
bability measure A<l in z-topology, if and only if,

Li_rggg dl,,=§g da

for any bounded measurable function g: X—R. For a fixed g in /I, the func-
tion 2—I(A|y), 2€1l, is lower r-semicontinuous.

Let p<ll be fixed. For each positive integer n, let (X", 8" p™ be the
n-th product of a probability space (X, 8, p). We define the empirical prob-
ability measure 0,(-|x;, -*-, x,) on (X, B) for a sample (x;, ---, x,)EX™ by
1 n

> 1p(xy), Be 4.

n =1

5n(B] Xy oty Xa)=

For a subset 4 of II, g,[A] which means the probability that the empirical
probability measure belongs to A is defined by

ﬁn[A:‘:,Un{(xh v, Xp) t 5n(’|x1: Tty xn)e-/l}'

If A is an arbitrary subset of I, the event {(x,)€X™ : 0,(:|xy, -+, xn)E A} is
not necessarily @"-measurable. Henceforth it will be assumed without explicit
reference that 4,[A] is well defined for all positive integer n (c.f. Remark 3.1
in Groeneboom et al. [6]).

We are now in position to describe a few theorems which play a very
important role in the sequel. They were all obtained in Groeneboom et al. [6].

THEOREM A. Let plIl and A be a nonempty t-closed subset in II. Then
there exists a probability measure p*< A such that

I g)=I(Al ).

We remark that if 4 is also a convex subset in II and I(4]|p)<-oo, then
¢* is unique since I(2|p) is strictly convex in A.

THEOREM B. Let psll and A be a t-closed subset in II. Then
lim sup %]ogﬁn[/ljg—l(/lly). —

Let p<ll, let V be a real Hausdorff topological vector space and let
{B,:i=1, 2, 3, ---} be an increasing sequence of Borel subsets of X such that
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limpwpt(Bn)=1. Let Il,,={2€ll : A(B,)=1} for any positive integer m and
let [[*=\J3_,Il,.. Let T:II*-~V be a transformation whose restriction T |1/, is
affine and z-continuous at each A</, such that (2| p)<+oco, for each positive
integer m. Then the following theorem holds.

THEOREM C. For a convex subset C of V with nonempty interior C° satis-
fying I(T-Y(C°)| p)<H-o0, then

lim—log /[ T-HC)]=—I(T(C)] 9.

3. Conditional Probabilities.

Let p=ll and let A be an event in 9 such that p(4)+0. The conditional
probability measure p4(-) is defined as

#(BNA)
u4)
Under this notion we have the following result. It is not so difficult, but it

seems worthwhile to us for understanding intuitively a relation between I-diver-
gence and conditional probability measures.

/,lA(B): Bea.

THEOREM 3.1. Let p<lIl and let A be an event in B satisfying p(A)+0.
Let I ;= {A<Il : 2(A)=1}. Then,

Hpa p)y=IU 4] p) .

Proof. We first recall I(uu|p)=—log p(A)<+co. Therefore we may assume
that A€l and I(2] p)<4-co. Denote by f the Radon-Nikodym derivative di/dp.
We also write g to denote du,/dp=1,4/p(A). Then,

|72 10g g(x) )= log g(x) Adx)=—log p(4)

=Sg(x) log g(x) p(dx) .
Therefore

() 10g gx) )= £x) log () petdn)

—{ £y 108 £ i

< r(£5 ~1)adn=0,

where we use the inequality log a<a—1, ¢=0. Thus we obtain the following,
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Hpd m=IQlp), 2elly.

This completes the proof.

We can afford another proof of this theorem employing Theorem 2.1 1n
Csiszar [5]. However we have a preference for a proof which does not re-
quire an extra knowledge.

4. Convergences.

Throughout this section we fix a probability measure gl and a bounded
measurable function f: X—R*, where R* is k-dimensional Euclidean space.
We consider a transformation T :I/—R*, defined by

T(Z):Sf d, el
Clearly T(-) is rz-continuous. Hereafter we write
1,[C1={r<11: Sf d2eCh=TC),
for a measurable subset C of R*. We note that the empirical probability measure
84|21, -+, xx) belongs to II,[C] if and only if % i}l f(x)eC. Thus

plIT (O =pr{ede X7t — 3 fe)ec).

1=1

. 1z .
For convention, we put f,(x;, -, xn):—n— > f(x.). Then we write pl ()
12=1

to denote the conditional probability measure p*(:|f,€C).
Now we can rewrite Theorem C employing conditional probability measures
in the above case.

THEOREM 4.1. Let p<lIl and f be a bounded measurable function with values
mm RE. If C s a measurable convex subset of R* with nonempty interior C° such
that I(II ;[C°]| p)<+co, then

.1
Ll_filo—n‘[(/l?fnea]/ﬂ):[(ﬂf[cj|:u)'

For :=1,2, .-, n, the ¢th marginal measure of uf; e is denoted by
1P cc). By the symmetry of the event {(x,)eX": f,&(},
lll(_)i’)nec»:ll((})nec» , 1#7.

Hence we simply write g;,ccr to denote the i-th marginal measure. If C is a
closed convex set and I(/I,[C]|p)<-oco, then there exists the unique probability
measure p*<Il,[C] such that
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I(p*| p=IUI,[C]I ),
by Theorem A.
Then it seems that Theorem 4.1 suggests some relation between g cc
and p*. Really we obtain the following theorems.

THEOREM 4.2. Let p<lIl and f be a bounded measurable function with values
in R®. Let C be a measurable convex subset of R* with interior C° such that

SfdyeCﬂ Then,
Pipear—p (n09)
in the total variation metric.
Proof. 1t is easy to see that
(gl peor | M)=1(pls e | QFsptis o) (s oo | 1) -

The assumption Sf dpeC’ implies I(IT;[C]|p)=0. Then, by Theorem 4.1,

lim - (el e | 17)=0.
Henceforth it follows that
lim I(isc00| 1£)=0 .
Now we recall the inequality,
I2—nll=@IAI)"",
for all 2, p<Il. This completes the proof.

LEMMA 4.1. Let {a,: n=1,2, -~-} be a sequence of real numbers. If

lim sup%an<0, then lim a,=—co.
n—o0

n-00

THEOREM 4.3. Let p<ll and f be a bounded measurable function with values
in R®. Let C be a closed convex subset of R* with nonempty interior C° such
that I(I1,[C°]| ) <+co. Then

ﬂ(fneC;—’#* (n—c0)
in t-topology, where p*<Il ;[C] satisfies
I(pe* | )=IUI;[C]| ) .

Proof. Let g be a real-valued bounded measurable function. To prove this
theorem, we observe
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}jg{ljg dﬂlfneC):Sg dp*,
We use the following notations :

1 =
g*:Sg d{‘l*! gn(xlr Ty xn):; 2g(x7') *

=1
For an arbitrary ¢>0, we write
14.0[C, 1={2ell : 2e11,[C], )jg dZ-—g*'ge}.
Since p* does not belong to I s, ,»[C, €], it is easy to see that

](”f[cj I.U)<l(”<f, g)[C, e] [,U) .
By Theorem 4.1,

lim—-log (= C) =—IUT,LCI ).
From r-closedness of 11, ,[C, €], it follows by Theorem B that
lim sup —1og ¢ {2, | ga— ¥ Ze) S—1UT 1, G, €1l 1)
Therefore we obtain
lim sup —-log ¢ (€ C, | g~ g¥ 2} <lim-log g {f,€C).

This implies
e if2€C, |gn—8*=¢}

4 {fneC) <0.

lim su —l——lo
n-s00 p n g
By Lemma 4.1, it follows that
lim g {| gu—g*| =¢| f2€C} =0.
Then it is easily verified that
)Sgnd#(nfnea—g*l =2,
for all sufficiently large n. Here we note that

1 =
Sgndﬂ?fnem:';l‘ > Sg(xt)dp?fnGC)(xh e, Xa)

=1

:Sg d,u(fne(}) .

Since ¢ is arbitrary, we obtain
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Li_rggg d#(fnec;:§*~

This completes the proof.
In the previous proof, the following corollary is already shown. A similar
result is proved in Vasisek [15], where he required that X was a finite set.

COROLLARY 4.1. Let g be a real-valued bounded measurable function. Then
for an arbitrary >0

Prob{ k Sg d5n—gg dp*

<e|dnel,[C1}—1
as n—oo,

Next we consider a condition such that I(/1,[C]|p)<--oc for an open set
C. In Bahadur and Zabell [2], they provide a condition on which

lim%logy”{fneC}

exists and is finite for an open convex set C. Inspired by their result we
obtain the following proposition.

PROPOSITION 4.1. Let pll and f be a bounded measurable function with
values in R*.  Let S(pf™?) be the support of a probability measure pf~' on RE.
If C is an open subset of R*, then CNcoS(ufH)#@ if and only if I [C]{p
< H-co.

Proof. 1f CNco S(uf~Y)+@, we can choose an element v in Cco S(pf ™).
Then there exists an open neighborhood U of v such that

velUclUccC.

Since v is also belonging to co S(uf~?), there exist non-negative numbers a,, -,
a, and open convex sets Uy, ---, U, in R* which satisfy that

éalzl, ;:“_1 aU,CU

and UNS(ufH+o (¢=1, -, m).

Since pf NU,)#0 (=1, -+, m), we can define a probability measure 2 as
20)= a1 /71U

Then it follows that

|7 a=3 afrpax

- azgw pf Wdw|U,)e glaia.

=1
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From X;a;0,cU, it is clear that A II,[C]. And it is easy to see that I(2]z)

<400,
Conversely if I(II;[C]|p)<-+oco, then there exists a probability measure

211 ,[C] such that I(A]g)<-+oco. Hence it follows that
CNCo SAfH# @
and SQAfHcSpf.

This completes the proof.
Our next object is to give additional information about the probability

measure p*e Il [C] assuming that f is real-valued. For convention we write
II;[a] instead of I7,[{a}] for a real number a.

LEMMA 4.2. Let p<ll and f be a real-valued measurable function. Assume
that fzgf dp exists. If f<a<b or f>a>b, then
IUT Lad | ) =TT 0] ) .

Proof. We may assume that I(JI,[b]|p)<4oc. Then, for A€l [b], it
follows that (1—1)p+tA€ll ;[a], where ¢ is the positive constant satisfying that
a=(1—1t)f+tb (0<t<1). Therefore we obtain that

U [a]| =T —t)p+12] ) <TQ )

for all 21 ,[b]. This completes the proof.
As an easy consequence of this lemma, we can see the following proposition,

ProposiTiON 4.2. Let pell and f be a real-valued bounded measurable
function. Let f:Sf dp and C=[a, b]. If f=a (resp., f=b), then there exists
p*ell[a] (resp., p*Il;[b]) which satisfies that

I(p* | ) =IUI [C]| p) .

We remark that if p*eIl [a] satisfies that I(p*|pg)=I(I] ;[a]|p)<+co, then
the Radon-Nikodym derivative dp*/dy is of form

£1£i(x):a exp Bf(x) if x&EN,
dp
=0 if xeN,

where N has A(N)=0 for every Al [a] such that I(2]|g)<+oo (c.f. Theorem
3.1 in Csiszar [5]).
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