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AN EXTREMAL PROBLEM ON THE CLASSICAL

CARTAN DOMAINS, II

BY YOSHIHISA KUBOTA

1. Let D be a bounded domain in Cn and denote by %(D) the family of
holomorphic mappings from D into the unit hyperball Bn in Cn. For a mapping
/ in 3(D) we denote by (βf/dz) the Jacobian matrix of / ;

dz

dzn

/=(/!,-,/»).

In [3] we were concerned with the problem of maximizing | det (df/dz)z=ZQ \
for /e£F(.D), where z0 is a fixed point in D, and we found the precise value

M(0, D)= supdetf-^-

for classical Cartan domains. In this paper we shall find the value M(0, D) for
products of classical Cartan domains.

By a classical Cartan domain we understand a domain of one of the follow-
ing four types:

Ri(r> s)— {Z-(zιj): /--ZZ'>0, where Z is an rXs matrix}, (r^s),

Rn(p)=z{Z=(zιj): I-ZZ'>0, where Z is a symmetric

matrix of order p},

Rm(q)= {Z—(ztj): / — Z Z ' > 0 , where Z is a skew-symmetric

matrix of order q},

Rjw(rn)={z=(zllf -,zin): l + | ^ | 2 - 2 ^ > 0 , l - | * * Ί > 0 } .

Instead of Rjι(P) we consider the following modified domain:

where X=(xιj)^Rn(p)}.
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Let D be a classical Cartan domain. We set

(Ts , if D=R1(χ, s),

nD-\

^ψ-, ifD=RniP),

—.£—, MD=Rm(q),

if D=Rn(m),m
and

λD=(

2 if D=Rκ(P),

if D=Rm(q) and q is even,

if D — Rm{q) and q is odd,

if D—R,v(m).

Further we denote by ID the set {λz\
We shall prove the following theorem.

T H E O R E M . // D1} •••, DN are classical Cartan domains and D=λDlD1X

XλDNDN, then

M(0, D)=n-n'\

where n — nΌlΛr ••• JmDN.

2. Proof of Theorem.

We represent the points z in D in the form of vectors in Cn

where
( y ) . . .

n >
-00 ...

n

Let / be a mapping in £F(Z)). We set

where

, if Dv=Rτ{r, s):

£ ? l g ) , if Dv=Rm(q),

, if Dv=RIV(m).
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- , fiμp\ - , fΐi) , if Dμ = Rn(p),

, - , flp, fi£>, - , f%\ - , fi%), if Dμ = Rln{q),

\ - , fl%) , if Dμ=Rlv(m).

As we noted in [33, we may assume that /(0)=0. Then fip has the expansion

flΐ\z)= Σ alf{μ; k, /)zί;>+(higher powers)

in a neighborhood of the origin z=0. Further we may assume that (df/oz)2=0

is a triangular matrix of order n, namely, aί?(μ; k, 0=0, if v<μ, if v—μ and
i<k, or if v—μ, ι = k and j<L Hence we have

d e t ( - f ^ ) = Π \ai?(v;t,j)\.
\ OZ / 2 = 0 v,ι,j

In the following we prove the inequality

(1) Σ \al?(v;i,j)\^V"n.

Firstly we consider the modified mapping / = ( / c υ , ••• ,/ ( i V ) ) which is defined in
the following mannner:

If D^R^r, s), then we define fw=f<»\

If Dv=Rn(p), then we define f^=(fίϊ\ - , / # , - , / # , - , / # ) ,
where

If Dv=Rm(g), then we define / w = (/ίϊ>, - , / # , - ,/ff, - ,/ ί?) ,
where

./ ^̂  —•/ n — / n J i] \L ^J)> J u — υ

If Dv=RlY{m), then we define fw=f<»\
T h e m a p p i n g / m a p s D into t h e u n i t h y p e r b a l l Bn in Cn, w h e r e n = ήDl+ •••

ί r s , if Z>y=i?i(r, s),

L a , if Dv=Rn(p),

U a , if Dv=Rm(q),

[ m , if Dv=RIY(m).

Next we consider mappings σv defined as follows:
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If Dv—Rι(r, s), σv i s a one-to-one m a p p i n g f r o m {1, •••, r} i n t o {1, •••, s}.

If Dv—Rn{p) a n d p is e v e n , σv is a one-to-one m a p p i n g f r o m {1, •••, p} o n t o

itself s u c h t h a t

or
σv(i)=i (? = 1, '- , p).

If Dv=Rn(p) and /> is odd, σp is a one-to-one mapping from {1,

itself such that

σv{io)=io', σv(i)Φi, (i) = ΐ (tΦi0} l^i^

for s o m e i0, o r

onto

If Dv=Rm(q) and ^ is even, σv is a one-to-one mapping from {1, ••• , q) onto

itself such that

σu°σv(i)=ι (/=1, •••,#).

If Dv—Rm(g) and ^ is odd, 0^ is a one-to-one mapping from {1, ••• , q) onto

itself such that

for some z0.

If Dv—RlY{m)} σv is a mapping from {1} into {1, ••• , m}.

Further we consider a unitary matrix V = (vaβ) of order w such that vlβ =

pμei^ for /3= Σ ί = i » D v + ( * - l ) ? 7 ; U + σ j U ( ^ ) and otherwise z ̂ ^ O , where ε ^ } = 0 ,

if Dμ = Rm(q) (q is odd) and σμ(k) = k, and otherwise

numbers defined as follows:

if Dμ = Rτ(r, s ) ,

if Dμ = Ru(p),

= l , and are

IP+I
V 2n2n '

In '
if Dμ = Rm(q) and # is even,

s— , if Dμ = Rm(q) and q is odd,
In

— , if Dμ = RιW(m),
n

s , if Dμ = Rι(r, s),

p , if Dμ = RR(p),

q , if Dμ = Rm(q),

m, if Dμ — Rjy(m).
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Denote by φ the automorphism of B^ defined by φ(w)=wV'f w^Cn. The map-
ping

g = Φ°f=(gl, ••• , gn)

maps D into Bn Since

we have the expansion

gi(z) = Σ biγzl?+(higher powers),

(2) ftίϊ^

where
?iP(z)= Σ β^(i"; *, /)zίj)+(higher powers).

V, I, J

Let ζ be a complex number with | ζ | <1. We take a point ^=(z α > , •••, zcN))
in C71 such that z}? = δϊvh(Dv, i)ζ for j=σv(i) and otherwise ^ = 0 , where I δ ^ l
= 1 and τ(ίΛ, f ) < V l ^ if Dv^R^{p) and t<σv(i), and otherwise r(Z)v, ϊ)=λDv.
Here we note that we consider only z" such that i^σjj) in the case Dv—Ru{p)
and z<σv(ϊ) in the case Dυ—Rm{q). Obviously * belongs to D. Hence the func-
tion

λ ( O = £ i ( * ) = { Σ Σ ^ ^ c o δ ^ T C ^ O Ϊ ζ + C h i g h e Γ powers)

is holomorphic in | ζ | < l and satisfies the conditions |/ι(ζ) |<l, /ι(0)=0. There-
fore, by Schwarz lemma we have

(3) I Σ Έb?\vwδpτ{Dv,i)\^l.

Since ε(

k

μ) and oίP) are arbitrary, we obtain, by (2) and (3),

(4) ΈAv£Vn,
v=l

where Aυ is the number determined as follows:
If Dv=R1(r, s), then

If Dv=Rn(p) and σv(i)=i (/=1, •••, />), then
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If Dv—Ru{p) a n d p i s e v e n a n d if σv(i)Φι, σv^σv{j)—i (z = l , •••, p), t h e n

w h e r e / > = 2 ί a n d l = / i < ••• <it<p, ia<σv(ia) ( α = l , ••• , O
If Dυ—Rγi{p) and £ is odd and if 0Ί,(/o)=Zo; GJJ)ΦI, σv°σv{i) — ι (iΦΐ0, l^i^-p),

then

w h e r e p=2t+l a n d l ^ / i < ••• <ιt<p, ia<ov{i^) {a—I, ••• , O
If Dv=Rm(g) a n d # is e v e n a n d if σv(i)Φi, σv°σv(i)—i (i—l, ••• , <7), t h e n

where q=2t and l = *i< ••• <it<q, ia<σv{ia) ( α = l , ••• , O
If Dv=Rm(g) and g is odd and if σ»(io) = 2o', σv{i)Φι, σv°σv(i)-

then

Av—gΫ^ \a[vK (ίa){y'} ιa, σv(ιa))\,
a — l

w h e r e g—2t+l a n d l ^ Z i < ••• <ιt<q, ta<σv{ιa) ( α = l , ••• , O
If Dv-=Rιγ{m), then

Now, from this inequality we can prove (1). Indeed, for instance, if D1—
Rn(P) and p is odd, by taking appropriate p mappings σ from {1, •••, p} onto
itself such that σ(io)=io for some z0 and σ(i)Φι, σ°σ{ϊ)—i for the other i's as
σi in (4), we have

Σ Iβίί'd; », O I + ( ί + l ) Σ |α«>(l; t, /)|+/) Σ A^ίVn".
Z 2 = 1 ι<J v=2

Further, by taking the identity mapping as σλ in (4), we have

Hence, from these two inequalities, we obtain

By a similar argument, in general, we obtain

(5) \ l \ A
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Similarly, from (5) we have the inequality

ΣI α«>(i h j)I+ΣI alf (2 /, j)I + Σ A,g Vn ,

and so on we obtain (1). Immediately inequality (1) implies that

M(0, D)^n-nί\

On the other hand, we showed in [3] that

B*, (fe=rs); Rn(p)ClVp Bk> (k =

Hence

Thus we complete the proof of theorem.
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