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AN EXTREMAL PROBLEM ON THE CLASSICAL
CARTAN DOMAINS, II

By YosHIHISA KUBOTA

1. Let D be a bounded domain in C™ and denote by (D) the family of
holomorphic mappings from D into the unit hyperball B, in C*. For a mapping
f in F(D) we denote by (0f/0z) the Jacobian matrix of f:

of . Ofs
0z, 0zn
(,gjzi): ............ C o f=(fy s fa)-
Ofn  0fn
0z, 0z,

In [3] we were concerned with the problem of maximizing |det (3f/02),-,,]
for feF(D), where z, is a fixed point in D, and we found the precise value

det (%{;)N

for classical Cartan domains. In this paper we shall find the value M(0, D) for
products of classical Cartan domains.
By a classical Cartan domain we understand a domain of one of the follow-

ing four types:

MO, D)= ; sup

EF D)

Ri(r, s)={Z=(z;): [—ZZ'>0, where Z is an rXs matrix}, (r<s),
Ruy(p)=1{Z=(z,,): I-ZZ'>0, where Z is a symmetric
matrix of order p},
Ruy@)={Z=(z,: I —ZZ7Z'>0, where Z is a skew-symmetric
matrix of order ¢},
Rym)={z=(zy, -, z1m): 1+|22"|?—222" >0, 1—|zz’| >0}.
Instead of Ry(p) we consider the following modified domain:
Ru(p)={Z=(2.): 2,=+/2 %, G#]), 26=%s,
where X=(x,;)€ Ry(p)}.
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Let D be a classical Cartan domain. We set

rs R if D=R(r, s),
1 . N
POED it p=Rup),
) gg—1 .
HGZD it D=Rule),
m , if D=Ry(m),
and
\/? ’ If D:Rl(ry S))
DAL, it D=Rup),
A={+q—1 , if D=Ry(¢q) and ¢ is even,
Vg , if D=Rylg) and ¢ is odd,
var, if D=Ry(m).

Further we denote by 2D the set {iz:z<Dj}.
We shall prove the following theorem.

THEOREM. If D, ---, Dy are classical Cartan domains and D=2p D;X -
X/zDNDN, then

M(©, Dy=n""'?,
where n=np,+ - +npy.

2. Proof of Theorem.

We represent the points z in D in the form of vectors in C™®

z=(2®, -, 2, z®e€ip, D, (v=1, -, N),
where
(2, e, 2, e 28, e 2 , if D,=R(r,s),
Z<v>:J(ZH)’ e, 20, 2, e, 2, e 28y, if D»ZRH(P),
(219, =y 2l 288, 0, 25, v, 2¢h o), i Dy=Ry(q),
(&P, -, 20 , if D,=Rw(m).

Let f be a mapping in F(D). We set

f:(fm’ . f<N>)’

where
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(fl({l), e l(g), e 1{{0’ TN _;él)) , if D#ZRIO’, S),
f(m:J(ffi”, L F e S8 e S8 i Dy=Ra(p),
(FS22, s [0, 150, -, [82, -+, [é9), if Dy=Ru(q),
(fi0, -, i) , if Dy=Ry(m).
As we noted in [3], we may assume that f(0)=0. Then f§” has the expansion

@)= a®(u; kb, Dz® +(higher powers)
v,1,70

in a neighborhood of the origin z=0. Further we may assume that (0f/0z),o
is a triangular matrix of order n, namely, a(u; k, D=0, if v<pg, if v=p and
i<k, or if y=p, 1=Fk and ;<I. Hence we have

‘det( of

0z /im0

=1IIlay@; 1, DI
v, 1,7

In the following we prove the inequality
M v?}la%)(v; L D=V 1.

Firstly we consider the modified mapping f=(f®, ---, ) which is defined in
the following mannner :

If D,=R;(r, s), then we define f®=f®,

If D,=Ru(p), then we define 7 =(Fp, -, 79, =, 72, -, 75D,
where

o " 1 . 5
w=fio=_ory  G<p  Fo=rw.
If Dy:RIII(q>) then we deﬁne f(y):(fl(l{)y Ty ff;), Tty Né’{): Tty fl%)))

where

~ ~ 1 . »
=f =t G<p,  Fw=o0.

If D,=R(m), then we define f®=f®,
The mapping f maps D into the unit hyperball By in C%, where #i=7fip,+ -
+iipy,
Irs, it D,=R:(@, s),

pz’ lf Duzéﬂ(p)f

nDy: .
142 ’ if D,=Ru(q),
m, if Dy=Rp(m).

Next we consider mappings o, defined as follows:



EXTREMAL PROBLEM ON THE CLASSICAL CARTAN DOMAINS 221

If D,=R(r, s), o, is a one-to-one mapping from {1, ---, 7} into {1, ---, s}.
If D,=Ry(p) and p is even, o, is a one-to-one mapping from {1, ---, p} onto
itself such that
o.)#i, o,0@)=1 (=1, -, p),
or
g,()=i  (@=1, -, p).

If D,=Ru(p) and p is odd, ¢, is a one-to-one mapping from {I, ---, p} onto
itself such that
o,(i0=1s; 0.()Fi, 0,00,0)=1 ((Fiy, 1=1=)p)
for some 7,, or

o.()=:  (G=1,-,p).

If D,=Ry(g) and ¢ is even, o, is a one-to-one mapping from {1, ---, ¢} onto
itself such that
o(D)#Fi, oy,eo@=1 (G=1,-,9).

If D,=Ry(g) and ¢ is odd, o, is a one-to-one mapping from {1, ---, ¢} onto
itself such that

a,(i)=1o; 0, O)Ft, 0,00,0)=1 (@Fi, 1=1=¢)
for some 7,.

If D,=Ry(m), o, is a mapping from {1} into {1, ---, m}.

Further we consider a unitary matrix V=(v.g) of order # such that v,3=
pues? for B= 34Zidip +(k—1p,+o,(k) and otherwise v,5=0, where &{*’=0,
if D,=Ru(g) (¢ is odd) and o.(k)=Fk, and otherwise |ef*’|=1, and p,, 7, are
numbers defined as follows:

s .
\/7{ s if D,u:RI(r) S),

1 . .
pZ_: »if Dy=Ru(p),
= |
Pr=\A"g, » i D,=Rm(g) and ¢ is even,
2};]—1_ , if D,=Ry(g) and ¢ is odd,
m

‘n‘ s if D;t:RIV(m>:

s, if D,=Ry(r,s),
p, if Dy=Ru(p),
q, if D,=Ru(g),
m, if D,=Ry(m).

Ne=
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Denote by ¢ the automorphism of By defined by ¢(w)=wV’, weC% The map-
ping

g:¢°f:(g1) Ty g;{)
maps D into By. Since

g1=F§ pyelg#)fl(e#)v#(k) ,

we have the expansion

gi(2)= Z‘, b&z& +(higher powers),

@) biy= E.o e aiP(p; k, ou(k)

=3 0ulSea(u; b, 0,0},

where
@)= a®(u; k, Dz%+(higher powers).
v,1,J
Let  be a complex number with [{|<1. We take a point z=(z®, -+, zM)

in C™ such that z»=06*7(D,, 1) for j=0,() and otherwise z=0, Where |08
=1 and z(D,, )<~/ 2 2p,, if D, Rn(p) and :<0,(?), and otherwise 7(D,, 1)=2p,.
Here we note that we consider only 7 such that i<¢,() in the case D,=Ry(p)
and :<¢,() in the case D,=Ry;(¢g). Obviously z belongs to D. Hence the func-
tion

MO=0:@= % Tb0,0002(D,, D}{+(higher powers)

is holomorphic in |{|<1 and satisfies the conditions |A({)| <1, h(0)=0. There-
fore, by Schwarz lemma we have

N
3) | 21 20,0 t(D,, D=1
Since ¢ and §¢ are arbitrary, we obtain, by (2) and (3),
N
4) ZlAyé«/h_,

where A, is the number determined as follows:
If D,=R;(r, s), then

.
=s 21 laPo,w; 1, a,@)]-
=

If D,=Ru(p) and o,()=i (i=1, ---, p), then

P-i—l

P . o
A= 2 lafpv; 1,9
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If D,=I?n(p) and p is even and if ¢,()#1, 0,°0,(0)=7 ¢=1, ---, p), then
14
A=p+D B 188 0,005 1ar i),

where p=2t and 1=7,< -+ <i; <P, 1,<0,() (@=1, -+, 1).
If D,=Ry(p) and p is odd and if ¢,(is)=10; 0,()#1, 0,°0,()=1 (1., 1Z1= D),
then
p+1
2

where p=2¢+1 and 1=4,< -+ <0, <p, 1,<0,(Fs) (@=1, -+, 1).
If D,=Ry(g) and ¢ is even and if ¢,()#4, 0,°0,(0)=7 (=1, -+, ¢), then

¢
Av: l a‘fg)to(v; Zo, ZO)I +(p+l) az___l | (lff,)a,,(ia)(”; ia; Uv(ia)) | ’

t
A=@g-D X a8 6,5 tay 0,0a))],

where ¢=2¢ and 1=1,< -+ <7, <q, 1,<0,{q) (@=1, -+, D).
If D,=Ru(g) and ¢ is odd and if ¢,(o)=1,; 0.,()#1, 0,°0,0)=1 @ F#1,, 1=1=¢),
then

¢
Ay:q Eli al(z)zr,,(ia)(v; la, av<la))l;
where ¢=2t+1 and 1=4,< - <1,<q, 1.<0,() (@=1, -, D).
If D,=R(m), then

Ay=mlae,wv; 1, o (D).

Now, from this inequality we can prove (1). Indeed, for instance, if D,=
Ry(p) and p is odd, by taking appropriate p mappings ¢ from {l, ---, p} onto
itself such that ¢(7,)=7, for some 1z, and o(?)#:, o°0()=7 for the other 7’s as
o, in (4), we have

PEL S 104, 01 +0+D S 1e@; 0, pl+p 5 Ao

2 =

Further, by taking the identity mapping as ¢, in (4), we have

PEL B s, I+ FASVE.

1=1
Hence, from these two inequalities, we obtain
. - N _
2 1ePA, i, DI+ X A=SVn.
15) v=2
By a similar argument, in general, we obtain

®) Sla; i, D+ T AZVT
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Similarly, from (5) we have the inequality
N
Zlapd 4 NI+Z1aP @54, N+ A=vr,
and so on we obtain (1). Immediately inequality (1) implies that
MO, D)ysn—"'2,

On the other hand, we showed in [3] that

Ry(r, YO/ 7 By, (k=7s); Ru(p)Cv/P By, (k:ﬁ__@;l));

Ru@C[§]B0 (k=01 RiyemcB.

Hence
Dc+/n B,.

Thus we complete the proof of theorem.
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