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MEROMORPHIC FUNCTION OF INFINITE ORDER WITH

MAXIMUM DEFICIENCY SUM*
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Abstract

In this paper we prove the following theorem: Let f ðzÞ be a meromorphic

function of infinite order. If
P

a0y dða; f Þ þ dðy; f Þ ¼ 2, then for each positive

integer k, we have Kð f ðkÞÞ ¼ 2kð1 � dðy; f ÞÞ=ð1 þ k � kdðy; f ÞÞ, where Kð f ðkÞÞ ¼
limr!yðNðr; 1=f ðkÞÞ þNðr; f ðkÞÞÞ=Tðr; f ðkÞÞ exists. This result improves the results by

S. K. Singh and V. N. Kulkarni [1] and Mingliang Fang [2].

1 Introduction and results

In this paper, we assume that f ðzÞ is a nonconstant meromorphic function
in the complex plane C. We shall use the standard notations of the Nevanlinna
theory of meromorphic functions (see [3]).

Tðr; f Þ;mðr; f Þ;Nðr; f Þ;Nðr; f Þ; dða; f Þ;Sðr; f Þ and so on:

We shall also use the following notations (see [4]):

T0ðr; f Þ ¼
ð r

1

Tðt; f Þ
t

dt; N0ðr; f Þ ¼
ð r

1

Nðt; f Þ
t

dt;

m0ðr; f Þ ¼
ð r

1

mðt; f Þ
t

dt; S0ðr; f Þ ¼
ð r

1

Sðt; f Þ
t

dt:

Similarly, we use the notations m0ðr; a; f Þ and N0ðr; a; f Þ. Set

d0ða; f Þ ¼ 1 � lim sup
r!y

N0ðr; a; f Þ
T0ðr; a; f Þ

;

Kð f ðkÞÞ ¼ lim sup
r!y

Nðr; 1=f ðkÞÞ þNðr; f ðkÞÞ
Tðr; f ðkÞÞ ; ðk ¼ 0; 1; 2; . . .Þ:

In 1973, S. K. Singh and V. N. Kulkarni [1] proved the following result:
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Theorem 1.1. Suppose that f is a transcendental meromorphic function of
finite order satisfying X

a0y

dða; f Þ þ dðy; f Þ ¼ 2:

Then

1 � dðy; f Þ
2 � dðy; f Þ aKð f 0Þa 2ð1 � dðy; f ÞÞ

2 � dðy; f Þ :

In 2000, Mingliang Fang [2] proved the following result:

Theorem 1.2. Suppose that f is a transcendental meromorphic function of
finite order satisfying X

a0y

dða; f Þ þ dðy; f Þ ¼ 2:

Then

Kð f ðkÞÞ ¼ 2kð1 � dðy; f ÞÞ
1 þ k � kdðy; f Þ :

In this paper, we shall prove the following theorem:

Theorem 1.3. Suppose that f is a meromorphic function of infinite order. If

X
a0y

dða; f Þ þ dðy; f Þ ¼ 2;

then for each positive integer k,

Kð f ðkÞÞ ¼ 2kð1 � dðy; f ÞÞ
1 þ k � kdðy; f Þ :

2 Lemmas

Lemma 1 ([4]). Suppose that f is a meromorphic function of infinite order.
Then for each complex number a,

0a dða; f Þa d0ða; f Þa 1;
X
a0y

d0ða; f Þ þ d0ðy; f Þa 2:

Lemma 2 ([5]). Suppose that f is a meromorphic function of infinite order
satisfying

P
a0y dða; f Þ þ dðy; f Þ ¼ 2. Then for each k A N,
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T0ðr; f ðkÞÞ ¼ ððk þ 1Þ � kd0ðy; f Þ þ oð1ÞÞT0ðr; f Þ;
as r ! y through all values.

Using Lemma 2, we can prove

Lemma 3 ([5]). Suppose that f is a meromorphic function of infinite order
satisfying

P
a0y dða; f Þ þ dðy; f Þ ¼ 2. Then for each k A N,

Tðr; f ðkÞÞ ¼ ððk þ 1Þ � kdðy; f Þ þ oð1ÞÞTðr; f Þ;

as r ! y through all values.

Proof. Because the paper [5] is written in Chinese, we give here a sketch of
the proof of Lemma 3. Set b ¼ ðk þ 1Þ � kdðy; f Þ, F1ðxÞ ¼ T0ðex; f ðkÞÞ and
G1 ¼ b � T0ðex; f Þ. Then by Lemma 2 and by a similar method to the part (II)
of the proof of Theorem 1.3 below, we see that F1ðxÞ and G1ðxÞ satisfy the
conditions of Lemma 9. Thus we have

lim
x!y

F 0
1ðxÞ

G 0
1ðxÞ

¼ 1:

Hence we obtain the conclusion of Lemma 3.

Lemma 4 ([6]). Suppose that f is a transcendental meromorphic function, and
ai ði ¼ 1; 2; . . . ; pÞ be p distinct complex numbers. Then for each k A N,

Xp
i¼1

mðr; ai; f Þam r;
1

f ðkÞ

� �
þ Sðr; f Þ:

Lemma 5 ([6]). Suppose that f is a transcendental meromorphic function of
infinite order, Sðr; f Þ be any quantity satisfying

Sðr; f ÞaA logþ TðR; f Þ þ B logþ 1

R� r
þ C logþ RþD;

where 0 < r < R, and A;B;C;D are positive constants. Then limr!y S0ðr; f Þ=
T0ðr; f Þ ¼ 0.

Lemma 6 ([7]). Suppose that f is a transcendental meromorphic function.
Then for each positive number e0 and for each k A N,

Nðr; f Þ < 1

k
N r;

1

f ðkÞ

� �
þ 1

k
Nðr; f Þ þ e0Tðr; f Þ þ Sðr; f Þ:

Lemma 7. Suppose that f is a meromorphic function of infinite order. IfP
a0y d0ða; f Þ þ d0ðy; f Þ ¼ 2, then for each positive integer k,
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lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

¼ 2 � d0ðy; f Þ and lim
r!y

N0ðr; f Þ
T0ðr; f Þ

¼ lim
r!y

N0ðr; f Þ
T0ðr; f Þ

:

Proof. Since
P

a0y d0ða; f Þ þ d0ðy; f Þ ¼ 2, then for any positive number
e0, there exist distinct complex numbers ai ði ¼ 1; 2; . . . ; pÞ such that

Xp
i¼1

d0ðai; f Þ þ d0ðy; f Þb 2 � e0: ð1Þ

By Lemma 4, we have

Xp
i¼1

mðr; ai; f Þam r;
1

f ðkÞ

� �
þ Sðr; f Þ: ð2Þ

From (1), (2) and Lemma 5, we have

lim inf
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

b
Xp
i¼1

d0ðai; f Þb 2 � d0ðy; f Þ � e0:

Taking e0 ! 0, we deduce

lim inf
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

b 2 � d0ðy; f Þ: ð3Þ

On the other hand, by Lemma 6, we have

m r;
1

f ðkÞ

� �
aTðr; f ðkÞÞ �N r;

1

f ðkÞ

� �
þ Sðr; f Þ

aTðr; f Þ þ kNðr; f Þ �N r;
1

f ðkÞ

� �
þ Sðr; f Þ

aTðr; f Þ þNðr; f Þ þ ke0Tðr; f Þ þ Sðr; f Þ: ð4Þ

Thus we have

m0 r;
1

f ðkÞ

� �
aT0ðr; f Þ þN0ðr; f Þ þ ke0T0ðr; f Þ þ S0ðr; f Þ:

Hence we obtain

lim sup
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

a 2 � d0ðy; f Þ þ ke0:

Taking e0 ! 0, we deduce

lim sup
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

a 2 � d0ðy; f Þ: ð5Þ
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From (3) and (5), we have

lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

¼ 2 � d0ðy; f Þ:

Choosing k ¼ 1, from (2) and (4) we have

Xp
i¼1

d0ðai; f Þa 1 þ lim inf
r!y

N0ðr; f Þ
T0ðr; f Þ

a 1 þ lim sup
r!y

N0ðr; f Þ
T0ðr; f Þ

¼ 2 � d0ðy; f Þ:

From (1), we have

2 � d0ðy; f Þ � e0 a
Xp
i¼1

d0ðai; f Þ:

Taking e0 ! 0, we obtain

lim inf
r!y

N0ðr; f Þ
T0ðr; f Þ

¼ lim sup
r!y

N0ðr; f Þ
T0ðr; f Þ

;

hence

lim
r!y

N0ðr; f Þ
T0ðr; f Þ

¼ lim
r!y

N0ðr; f Þ
T0ðr; f Þ

:

This completes the proof of Lemma 7.

Lemma 8 ([8]). Suppose that f ðrÞ is a nonnegative and increasing function
with limr!y f ðrÞ=ra ¼ y for each positive number a. We set F ðxÞ ¼

Ð x
0 f ðrÞ dr.

Then

lim
x!y

F ðxÞ
f 2ðxÞ=f 0ðxÞ ¼ 1:

Lemma 9 ([9]). Let f ðxÞ and gðxÞ satisfy the following four conditions for
xb 0:

(i) f 0ðxÞ and g 0ðxÞ are two continuous functions
(ii) f ðxÞ is an increasing convex function
(iii) 1=gðxÞ is a convex function
(iv) limx!y f 0ðxÞ=g 0ðxÞ ¼ 1.

Then limx!y f 0ðxÞ=g 0ðxÞ ¼ 1.

3 Proof of Theorem 1.3

Since
P

a0y dða; f Þ þ dðy; f Þ ¼ 2, by Lemma 1 and Lemma 3, we have
dðy; f Þ ¼ d0ðy; f Þ and

Tðr; f ðkÞÞ ¼ ððk þ 1Þ � kdðy; f Þ þ oð1ÞÞTðr; f Þ; ð6Þ
as r ! y through all values.
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From (6), Lemma 3 and Lemma 7, we have

lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

¼ 2 � d0ðy; f Þ; ð7Þ

lim
r!y

N0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

¼ 1 � lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

lim
r!y

T0ðr; f Þ
T0ðr; f ðkÞÞ

¼ A0; ð8Þ

lim
r!y

N0ðr; f ðkÞÞ
T0ðr; f ðkÞÞ

¼ lim
r!y

N0ðr; f Þ þ kN0ðr; f Þ
T0ðr; f ðkÞÞ

¼ lim
r!y

ðk þ 1ÞN0ðr; f Þ
T0ðr; f Þ

lim
r!y

T0ðr; f Þ
T0ðr; f ðkÞÞ

¼ B0; ð9Þ

where A0 ¼ ðk � 1Þð1 � dðy; f ÞÞ=ð1 þ k � kdðy; f ÞÞ and B0 ¼ ðk þ 1Þ �
ð1 � dðy; f ÞÞ=ð1 þ k � kdðy; f ÞÞ.

(I) We shall first prove that either for any positive number b

lim
r!y

Nðr; 1=f ðkÞÞ
rb

¼ y and lim
r!y

Nðr; f ðkÞÞ
rb

¼ y;

or the conclusion of Theorem 1.3 holds. Since
P

a0y dða; f Þ þ dðy; f Þ ¼ 2,
f ðzÞ is of regular growth [6]. Note that f ðzÞ is a meromorphic function of
infinite order and regular growth. Then for any positive number b, we have
limr!y Tðr; f ðkÞÞ=rb ¼ y. Thus we have

lim
r!y

Tðr; 1=f ðkÞÞ
rb

¼ y: ð10Þ

(i) If

lim inf
r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ B0 0;

then

lim inf
r!y

Nðr; 1=f ðkÞÞ
rb

b lim inf
r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ lim inf

r!y

Tðr; f ðkÞÞ
rb

¼ y:

Thus we have limr!y Nðr; 1=f ðkÞÞ=rb ¼ y.
(ii) If

lim sup
r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ 0;

then

lim
r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ 0 and lim

r!y

mðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ 1:

Thus we have
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lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

¼ 1:

From (6) and (7), we obtain dðy; f Þ ¼ 1. Therefore the conclusion of Theorem
1.3 holds.

(iii) Suppose that

lim sup
r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ B0 0 and lim inf

r!y

Nðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ 0:

Then we have

lim sup
r!y

mðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ 1:

Hence there exists an increasing sequence rn ! y such that limn!y mðrn; 1=f ðkÞÞ=
Tðrn; f ðkÞÞ ¼ 1. By (6), we have

lim
n!y

mðrn; 1=f ðkÞÞ
Tðrn; f Þ

¼ 1 þ k � kdðy; f Þ: ð11Þ

Hence by (7) and (11), we have

2 � dðy; f Þ ¼ lim
r!y

m0ðr; 1=f kÞ
T0ðr; f Þ

¼ lim
n!y

m0ðrn; 1=f kÞ
T0ðrn; f Þ

¼ lim
n!y

mðrn; 1=f kÞ
Tðrn; f Þ

¼ 1 þ k � kdðy; f Þ:

This yields dðy; f Þ ¼ 1. Hence d0ðy; f Þ ¼ 1 by Lemma 1. Thus we have

d0ð0; f ðkÞÞ ¼ lim inf
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

¼ lim inf
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f Þ

lim
r!y

T0ðr; f Þ
T0ðr; f ðkÞÞ

¼ 2 � d0ðy; f Þ
ðk þ 1Þ � kdðy; f Þ ¼ 1

by dðy; f Þ ¼ d0ðy; f Þ ¼ 1. Then

1 ¼ d0ð0; f ðkÞÞ ¼ lim inf
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

a lim sup
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

a 1:

Thus limr!y m0ðr; 1=f ðkÞÞ=T0ðr; f ðkÞÞ exists. Therefore by using l’Hospital’s rule,
we obtain

d0ð0; f ðkÞÞ ¼ lim
r!y

m0ðr; 1=f ðkÞÞ
T0ðr; f ðkÞÞ

¼ lim
r!y

m 0
0ðr; 1=f ðkÞÞ
T 0

0ðr; f ðkÞÞ
¼ lim

r!y

mðr; 1=f ðkÞÞ
Tðr; f ðkÞÞ ¼ dð0; f ðkÞÞ;

that is, dð0; f ðkÞÞ ¼ 1. Hence limr!y Nðr; 1=f ðkÞÞ=Tðr; f ðkÞÞ ¼ 0. This is a con-
tradiction. Therefore we deduce that limr!y Nðr; 1=f ðkÞÞ=rb ¼ y or the con-
clusion of Theorem 1.3 holds in this case.
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Similarly, we have limr!y Nðr; f ðkÞÞ=rb ¼ y or the conclusion of Theorem
1.3 holds.

(II) Let FðxÞ ¼ N0ðex; 1=f ðkÞÞ and GðxÞ ¼ A0T0ðex; f ðkÞÞ. Then we have

FðxÞ ¼
ð ex

1

Nðt; 1=f ðkÞÞ
t

dt ¼
ð x

0

N er;
1

f ðkÞ

� �
dr; ð12Þ

GðxÞ ¼ A0

ð ex
1

Tðt; f ðkÞÞ
t

dt ¼ A0

ð x
0

Tðer; f ðkÞÞ dr: ð13Þ

Since Nðex; 1=f ðkÞÞ is increasing, from the result of (I) and Lemma 8, we get

lim
x!y

FðxÞ
�

Nðex; 1=f ðkÞÞ2

N 0ðex; 1=f ðkÞÞex

 !
¼ 1: ð14Þ

Now we shall show that F ðxÞ and GðxÞ satisfy the conditions of Lemma 9.
(i) From (12) and (13), we get F 0ðxÞ ¼ Nðex; 1=f ðkÞÞ, G 0ðxÞ ¼ A0Tðex; f ðkÞÞ.

Obviously F 0ðxÞ and G 0ðxÞ are continuous fuctions.
(ii) Since Tðr; f ðkÞÞ is a convex function of log r, G 0ðxÞ > 0. Thus GðxÞ is

an increasing convex function.
(iii) Since FðxÞ > 0 and

d 2

dx2

1

F ðxÞ

� �
¼ 1

F 3ðxÞ 2N 2 ex;
1

f ðkÞ

� �
� FðxÞN 0 ex;

1

f ðkÞ

� �
ex

� �
:

From (14), if x is su‰ciently large, we have

d 2

dx2

1

F ðxÞ

� �
> 0:

Thus FðxÞ is a convex function. From the result of (II) and Lemma 9, we
obtain limr!y Nðr; 1=f ðkÞÞ=Tðr; f ðkÞÞ ¼ A0. Similarly, we have limr!y Nðr; f ðkÞÞ=
Tðr; f ðkÞÞ ¼ B0. Thus we obtain

Kð f ðkÞÞ ¼ lim
r!y

Nðr; 1=f ðkÞÞ þNðr; f ðkÞÞ
Tðr; f ðkÞÞ ¼ A0 þ B0 ¼ 2kð1 � dðy; f ÞÞ

1 þ k � kdðy; f Þ :

The proof of Theorem 1.3 is now complete.
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