Special values of the Riemann zeta function
via arcsine random variables

Takahiko Fujita

Abstract Inthis paper, using arcsine variables, we get anew elementary proofof ¢(2) =
72 /6, known as the Basel problem, and the Euler formula. Using exponential variables,
we get an Euler-like formula. We can also solve the Basel problem by using Wigner’s
semicircle law and the Legendre generating function.

1. Introduction

Let ((s) =32, 1/j° be the Riemann zeta function for Res > 1. Many authors
have written elementary proofs of ((2) =72/6 (see [3], [6]-9]). The problem of
finding this value is known as the Basel problem (see [2]). In our previous papers
[1] and [4], using two independent Cauchy variables, we gave a probabilistic
solution of this problem, and obtained the Euler formula of the Riemann zeta
function (cf. Theorem 1.1 below).

Let us review these in the new manner of this paper. We start with the
following lemma. This is a fundamental lemma, and the proof is easy.

LEMMA 1.1
Consider two independent random wvariables X, Y such that P(X > 0) =
P(Y >0) =1 and with density functions fx(z), fy(x). Then the density function

Jy/x(x) of Y/X is given by

Jy/x(x) = /0'00 fx () fy (ux)udu.

Proof
For x > 0,
Y
P(Y < l’) B //v/u<ac fY(U)fX (U) duudv
:/ fx(u) du/ fy (v) dv.
0 0
Then differentiating both sides with respect to x gives the result. O
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REMARK 1.1
The lemma in [1] was on the density function of the product of two independent
random variables. In this paper, we consider the ratio of them.

Let C; and C, be independent Cauchy variables; that is, C; and C, are inde-
pendent random variables with fc, (z) = fc,(z) = (1/7)(1/(1 + 2?)). Applying
Lemma 1.1 for X = |Cy| and Y = |Cy|, where fic,|(z) = fic,|(z) = (2/7)(1/(1 +
22)) 1,0, we get that for x >0,

4/~ 1 1
ficalyea(@) = ﬁ/o T+ @+ ()

_l/m 1 LI
), Orw) Qrur) ™

_2/00( 1 x? ) du
a2y 4w TH+ur?/1— a2

. 2 (A 1 x? du
= lim — ( — )
Ascon? fJo \14+u  14wuz?/1—2?
4 logw
Com2x2—1°

Since [;° fic,|/c,| (%) do =1, we have that

2 /OO log © p
— = x.
4 0 z2-—1

Here, the right-hand side (RHS) is computed as
1 o0
logx log x
d d
/Ox2—1 x+/1 21"

' —logx ' o~ 2k
:2/0 1_x2dx:2/0 (—logx)Za: dx

k=0
e} 1 o0 [e'e]
:22/ (—logm)x%dx:22/ ue” e dy,
k=070 k=070
) ) [e'S)
Y _., dy 1
=2 Y =2I'(2 —_.
kz_o/o % +1° 2k +1 ”;)(%H)z

Thus Y, 1/(2k +1)? = n2/8. Noting that ((2) = po 1/k* =Y 7o 1/(2k +
1)2 + (1/2%)¢(2), we obtain the desired result, that is,

4 1 472 72
2 = = —_— = = — = —,
<@ 3;0(2k+1)2 38 6

This is a probabilistic solution of the Basel problem.
Considering moments of even order of log|Cs|/|Cy|, we can prove the Euler
formula of the Riemann zeta function.
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LEMMA 1.2
We have that

E{(loglgj:)%} - %F(2n+2)(1 . Qm%)g(mw), n=0,1,2,....

Proof
We have that the left-hand side (LHS) is given as

LHS:/ (log )" fic,|/|cy) () da
0

4 (1 2n+1
L[ o,
0

w2 x?—1
8 ! (logz)*t!
=) 2oy
0
8 [ 2 2k 8 < 2n+1, 2k
=— [ (~logz) ”JFIZI dmfﬁz/ (—logz)*" 1z dx
7™ Jo —

k=0

8 w— [
— — E / u2n+16—2kue—u du
™
k=070

8 o= [/ u N\l . du
_szzo/o (2k+1) © okt1
8 — 1
~rent+)S
—h@n+ )Z(2k+1)2n+2
k=0
=RHS. O

From this lemma, the Euler formula follows.

THEOREM 1.1 (EULER FORMULA)
We have that

1 2n+2 1 A
(f) — n n=0,1,2,...,

2n+2)=—
c@n+2)=353 L Tn+2)

where the numbers A,, are determined by the series development

o0

1 An on T
(1.1) cos20 nZ:o (Qn)!a2 <|9| < 5)

Proof
We only have to prove that E[|Ci|*] = 1/(cos §a) (|af < 1), because by this,
we can easily see that E[e®'8(C2l/ICD] = 1/(cos? Za), which is equivalent to

E|(log|Cal/IC1[)*"] = (5)*" Ap.
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Noting that C; ~ N/N’, that is, the distribution of C; agrees with that
of N/N', where N and N’ are two independent standard normal random vari-
ables, we get that (C1)? ~ N?/(N")? ~71/2/7} 5, Where 71/ and 71, are two
independent gamma variables with parameter 1/2, that is, its density f,, ,(z) =
(z7/2/\/m)e™® (x> 0). Then we have that

E[|Cy|*] = E[(’Yl/Q)a/z]E[(71/2)70(/2]
_TGE+3)TG-%)

2
I3 T()

where we used the fact that I'(s)I'(1 — s) = n/(sin7ws) and f,, (z) = (2°7!/
L(a))e ™ (x> 0), E[(ya)’] =T(a+b)/T(a). 0

REMARK 1.2
Since 1/|C4| ~ |Cy], the calculation above is indeed the same as that of [1].

REMARK 1.3
The number A, is called the tangent number. This name “tangent” comes from
(3.1) below. It is known that, for n >0, A, is a positive integer and

22n+2(22n+2 o 1)
2n 42

Here B,,, n >0, are the Bernoulli numbers, which are determined by the series
development

An - (_1)n82n+2

Substituting the expression of A, into the RHS of the Euler formula in Theo-
rem 1.1, we have
(_l)nfl (27T)2n

(12) C(Qn):T(?—n)!BQn, TL:1,2,....

As the Euler formula of ((2n), this form is more familiar than ours.

The above is a review of our previous papers [1] and [4].

In this paper, instead of Cauchy, we use arcsine random variables, that is,
random variables with density function 2/(7v/1 — 22) (0 < < 1). Then the Basel
problem is solved in Section 2, and the Euler formula is derived in Section 3.
In Section 4, by using exponential random variables, an Euler-like formula is
obtained. The Basel problem is also solved by using Wigner’s semicircle random
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variables in Section 5 and the Legendre generating function in Section 6. We note
that, in [5], related results about the Hurwitz zeta function are discussed.

2. Basel problem via arcsine

Let X7 and X5 be independent arcsine random variables. For 0 < z < 1,

fX2/X1 / \/17“12\/1 w22 71'2 7T2/ \/m
1

7T2/ \/xQ _1+x2 _(@)2)

212

du

21:2 du
71'21‘ l+:r 2 2 1=g? 2
z 1 7T T u — (a: 71)2
2x2 212

2 22 — 112 1;;22 2 14z
Tz{bg(u—i_ U2_< 212 ))}%:@bglfz'
)

Noting that, for © > 1, P(X3/X1 <z)=1-P(X1/X2< =
1y 71y 1y 1 2 z+1
Ixarx, () = = fxax, (—) <—) = fx2/x: (—)— = ——log (x>1).

z/\x R z—1

, we get that

Putting these together, we have the following proposition.

PROPOSITION 2.1
We have that

S log L (0<z<1),
2 logiH  (1<z<+4o0).

Since

it follows that

72 11( z2+x3 x4+ ( x? oz 2t ))d
R — - — - e — - - — - — — ... €T
1 ), = 2 73 1 2 3 1
1 2 4
2
— 142 )d
/O<+3+5+ o
> 1

R
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Therefore 3 7% 1/(2j + 1)? =72 /8 gives that ((2) =72/6.

REMARK 2.1
For p,q > 0, we denote by 3, , a random variable with density (1/B(p,q))z?~!(1—
x)?71 (0 <z < 1). This is called a beta random variable with parameters p and q.

Then /31 /2,1/2 is arcsine distributed.

3. Euler formula via arcsine

In this section, we derive the Euler formula for ¢(2n) by using arcsine variables.
Let X; and X5 be independent arcsine random variables. Then, for o > —1,

92 ! x¢
Elxo == L4
X¢] W/O i

2 owur 1

= | miu 2 du
1 (Y e

:7/ w2 (1—u)"2du
™ Jo

1 l1+a 1

T (Ti)

For |a| <1,

1 1sin£a_tan—

Here we note that

tanz o= Ap n ™
(3:-1) r 2:% (2n + 1)!x2 <|x| < 5)

by integrating (1.1) from 0 to x.

LEMMA 3.1
We have that

E[(log X> —log X1)*"]

8 1
— pr(2n+1)(1f W)g(znw), n=0,1,2,....
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Proof
We have that

LHS = E [(bg %)zn}
1+

oo 1
n n 2
:/O (log:r)2 sz/Xl(x)d:v:2/0 (log:r)2 %logl_xdx
271 _
7r2/ 22k+1 log )" dx = WQZ / logx "dx
8 = 1 o oku, 2n —
— u n ud
w?,;)—%ﬂ/o ey e dy
8 o= [ _,/ u \? du
_sz_%/o ¢ <2k;+1) (2 + 1)

8 = 1
=—I'(2 1 —_
2 (2n + )’;) (2k + 1)2n+2

=RHS. ]

Comparing (3.1) for z =7a/2 with

E K&)a} _ E[enos Xa—log X))

X1
(oo}
=2

because E[(log X5 —log Xl)"’dd} = 0],

2n

10gX2 - logXl)Q"]

we get that
8 1 A, /m\2n

Thus, the Euler formula is again derived by using arcsine variables.

4. Euler-like formula via exponential random variables

In this section, using exponential random variables, we can get an Euler-like
formula for special values of the Riemann zeta function.

Let ¢; and ey be independent exponential random variables, that is, ¢; and
¢o are independent random variables with f., () = fe,(x) =€~ (2 > 0). Then,

for o> -1, Efe?] = [ 2% " dz =T(a+1). For |a| <1,
(4] yiyer’
E[(—)]:F DI (—a+1) = al(@)T(1 — a) = —<
2)"] =Ta+ M(-a-+ 1) =al@P(1 - a) = 72



680 Takahiko Fujita

Here we put

(4.1) ’ :Z Cn.xQ” (Jo] < ).

LEMMA 4.1
We have that

1
2n
E[(logm—logq) ] :21—‘(2”4‘1)(1—%)4.(27’1)7 7’7,21727....
Proof

Noting that fe, /¢, (z) = (1/(1 4 x)?)1;50 (the density of the Pareto distribution),
we have that, for n > 1,

LHS= E ng %)%}

= /OOO(logac)%fw/e1 (z)dx
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Comparing (4.1) for z = ma with
E|:<e_2)a:| :E[ea(logez—logm)]
€1

n

— Z gn)!E[(log ¢g — log 21)2"]

n=0

because E [(log ¢x — log el)"dd] = 0],

we get that

1
22n—1 )C(Qn) =Cpm®, n>1.

Thus an Euler-like formula is obtained.

oT(2n + 1)(1 -

THEOREM 4.1
We have that

On7T2n
o) = —1,2,....
)= e a1y "ThE

REMARK 4.1
We remark that C,, = (—=1)"71 By, (22" — 2), n > 0. Hence, the formula above is
the same as (1.2), so this formula is indeed not ‘Euler-like’ but ‘Euler’.

REMARK 4.2
A decomposition

1 :tan9. 0 (|g|<ﬁ)
cosf 0  siné 2
is interesting for our discussion. From tan /6, we have the Euler formula. From
0/sinf, we also have the Euler formula. From 1/cos#, we can get special values
Ly,(2n+1) of Ly,(s), where Ly, (s) =372, (=1)7/(2j +1)° (Res >0) is an L-
function associated with the quadratic character x4. This was already discussed
in [1].

REMARK 4.3

Let X1, X5, ¢1, and ¢s be independent random variables such that X; is arcsine
distributed and e; is exponential distributed. Then Xge;/Q/(Xl 61/2) ~|Cy|, and

E iAlog iQV%Z E iXlog|Cq| 1
e 1¢q — e 1 = s
[ ] [ ) cosh ZA
) x tanh T\ . . A
BleMosxi] = 2220 preihles(@) o 22
ZA sinh 5 A

for —oo < A < o0o. This tells us that a decomposition
1 _ tanh §A TA

_ : 00 < A
coshZA - ZA smhIx (X0 <A<)
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follows from that of log(Xgel/ 2 /(X1 el/ %)) in two independent random variables:
log(Xaey/?/(X1e)/%)) = log(Xa/X1) + log(ea/e1) /2.

We also have a similar interpretation by means of Brownian motion. Let
B, be 1-dimensional Brownian motion, let g, = sup{s <t; By =0}, and let T\ =
inf{t;|B;| = a} (a>0). Then g7+ and T — g+ are independent, and

Ele ] = L Ele 971 = tanh v2Aa V2)‘“7
cosh NIV V2\a
. V2
Ble Ta—or)] = (>0

sinh v2\a

Thus a decomposition

1 _ tanhv2X\a V2Xa
coshv2\a V2\a sinh v2\a
comes from that of 77 in two independent random variables: T = gr- + (T —
gT;)«

(A>0)

5. Basel problem via Wigner’s semicircle law

A random variable with density function (4/7)v1—2? (0 <z <1) is called a
Wigner’s semicircle random variable. Let W7 and W5 be independent Wigner’s
semicircle random variables. For 0 <z <1,

116
fivin@) = [ g VT— V1= Puludu= > / V=0 = 2%0) du.

Then

1
P(W2§W1):§

Wy 8
Pl—<1)=—= 1— )1 — 22
<W1 < ) = //0<u,z<1 V(1 —u)(1 — 22%u) dudz,
and thus

:// VI—u(l—(1-V1—us?) dudz
0<u,xz<1
2
:__// V1—u(l—+1—ua?)dudx
3 0<u,xz<1
2 > 1 2k
= _ 1—u 4< ) 2kyk du da
VT e

2 & 2k\ 1 3
37 Z 2k—1(k>2k+lB<k+l’§)
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2 1 2K\ 1 T(k+1)I(2)
25_,;22k(2k1)<k>2k+1 T(k+3)

2 & 1 (2k)! 1 2%F2E(k 4+ 1))
_22%(

37 A2k 1) KK 2k+1 (2 +3)!
§2§(2k—1)(2k—1|—1)2(2k+3)
=§—%§1(2k11_2k1+1)<2k1+1_2k1+3)
1S o) 43 e )
SR OWCTRERs D)

where we used that 1 — I —z =332 (1/(22%(2k — 1)))(3F)2* (|2| < 1). This
solves the Basel problem.

REMARK 5.1
We remark that E[W{] = (2/7)B((a+1)/2,3/2) (o> —1). From this, it follows
that

E[(‘%)j _ ﬁ# (la| < 1)

Wl a juxe 2

and

Wi~y /B1/2,3/2 and Wy ~UY2X,

where /232 is a beta random variable with parameters % and % (cf. Remark
2.1), and U and X are independent random variables such that U is uniformly
distributed on (0,1) and X is arcsine distributed.

6. Two simple derivations of the Basel problem

In this section, using some double integrals, the first of which is related to the
Legendre polynomials, we get other ways to the Basel problem.
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THEOREM 6.1
We have that

1 1 1 1 1 1
/dt/ —dx:/ dm/ S S
-1 _11—21‘t—|—t2 1 _11_2$t+t2

makes
2
T
2)=—.
Proof
For —1<t<1,
1
1 1 1
—d :{—l 1—2xt tQ}
/_1172xt+t2 = | gy losll =2zt + 27|
1
== (log(1 —t)* —log(1+t)?)
(6.1)
1
;(log(l—i-t) log(1 —t))
Sy
= 27+1

Then [ = f dtf 1/(1 =2zt +t*)de =477 ,1/(2k + 1)?. Because each term
is positive, the 1nterchange of sum and integral is clear. By the Fubini theorem,

d d dt
/x/ 1—2xt+t2 /x/ t—22t1l_a2

= arctan }

- [ | arctan =
/ /1

/ arctan + arctan + x

m 1-— x
1
[arcsm r)t, =
1vV1— x2 T2 2

where we used the fact that 0 <a < 3, 0 <3< 3, and tanatan8 =1 give
a+ =7, because 0 < o+ 3 <7 and cos(a + 3) = cosacos 3 — sinasinf =
cosacos 3(1 — tanatan 3) = 0 imply that o + 8= 5. Thus, > 2, 1/(2k +1)? =
72 /8. This solves the Basel problem. |

REMARK 6.1

We can interpret (6.1) the Parseval formula for the Legendre generating func-
tion g(t,2) = 1/vV1 =22t +12 =300 | Po(x)t", where Py, (z) = (1/2"n!) L5 (22 -
1)™ are the Legendre polynomials, because \/n+ 1/2P,(z) (n=0,1,2,...) are
C.O.N.S. in Lo[-1,1].
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THEOREM 6.2
We have that

1 o o 1
1 1
dt dx = d dt
/_1 / (1+22)+t(1—22) " / "””/_1<1+x2>+t<1—x2>

makes

Proof

m
=

€(2)=

For —1<t<1,

° 1 v
¢ | =t—
/0 (T+1) +22(1—1) 1—t\/7[arcan\/>t0 2Vi-22
t

dr =

Then LHS = f (7/2)(1/V/1—12)dt =m2/2. For x>0, v # 1,

log 22

! 1 1 1
=|——=1 1—a? 241 = .
/,1 (1+t)+m2(1—t)dt [1—3@2 og|(1 —a®)t +(a* + )H—l x?—1

So RHS = [“(loga?/(2? —1))dx =2 [ (logz/(x? — 1)) =43 77, 1/(2k +1)2.
Therefore LHS = RHS gives > ;- 1/(2k + 1)* = 7?/8, and hence ¢((2) = 72 /6.

d
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