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Abstract On a general filtered probability space (22, F, (Ft,t € [0,1]), P), for a given
signal Uy = Bt + jot us ds, where (B¢, t € [0,1]) is a Brownian motion and % is adapted
and in L?(dt x dP), we prove that the filtration of U, denoted (U, t € [0,1]), is equal to
the filtration of its innovation process Z, which is defined as Z; = U — f(; Eplus |Us]ds,
t € 10,1], if and only if

H(Z(u)m):%EU[/Ol |Eplits |us]|2ds]

where dv = exp(— fol Eplis |Us)dZs — % fol |Ep[is | Us]|? ds) dP in the case in which
the density has expectation 1; otherwise, we give a localized version of the same strength
with a sequence of stopping times of the filtration of U.

1. Introduction

Let (Q, F, (Fi,t €]0,1]), P) be a probability space satisfying the usual conditions,
and denote by (W, H, 1) the classical Wiener space, that is, W = Cy([0,1],R%)
and H is the corresponding Cameron-Martin space consisting of R%-valued abso-
lutely continuous functions on [0, 1] with square integrable derivatives, which is a
Hilbert space under the norm |h|%, = fol |h(s)|2ds, where h denotes the Radon—
Nikodym derivative of the absolutely continuous function ¢ — h(t) with respect
to the Lebesgue measure on [0, 1]. Denote by (By,t € [0,1]) the filtration of the
canonical Wiener process, completed with respect to p-negligible sets. The ques-
tion that we address in this paper is the following. Assume that U : Q — W is a
map of the following form:

t
U(w)(t) =U(w) = Be(w) + / Us(w)ds,
0
where B = (By,t € [0,1]) is a Brownian motion on © and (s,w) — ts(w) is an
R<-valued map belonging to the space L2(P; H), which consists of the elements
of L2([0,1] x Q,B([0,1]) ® F,dt x dP) that are (F;, s € [0, 1])-adapted for almost
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all s € [0,1]. Let us define the innovation process Z associated to U as

t
Zt:Utf/ Ep[us|us}d87
0

where (Uy,t € [0,1]) is the filtration generated by U. It is well known that Z is a
P-Brownian motion with respect to (U, t € [0,1]), and Z is naturally adapted to
(Up,t €10,1]). This means that the information obtained via Z is included in the
information obtained from U. P. Frost [4] and T. Kailath [5] have conjectured that
in practical situations the converse of this observation is also true. V. A. Benes
[2] has remarked that this conjecture holds if and only if there is a hidden process
which is a strong solution of a certain stochastic differential equation from which
one can construct the initial system. This conjecture has also been proved under
a restrictive supplementary hypothesis (cf. [1]) where 4 is independent of the
Brownian motion B. The main objection to these works lies in the fact that the
condition of [2] is unverifiable from the observed data; hence, numerically it is
not useful. The second objection is that it uses a hypothesis of independence
which is too strong to be encountered in engineering applications. In this paper
we give a necessary and sufficient condition in the most general case using the
entropic characterization of the almost sure invertibility of adapted perturbations
of identity (APIs). Let us explain the idea and the difference from the other works.
For simplicity, assume that

1y B [exp(—/olEp[us 14,4z, - %/ [Enli | )] ds)] =1

and denote by p(—dzu) the Girsanov exponential inside the above expectation.
Here we use the notation §z to denote the It6 integral of the Lebesgue density
of the vector field which is defined as (t,w) — 4(t,w) = fot Eplis |Us)(w) ds with
respect to Z. Define a new measure v by dv = p(—dzu)dP. Then the observation
process U is adapted to the filtration of the innovation process Z up to negligible
sets if and only if we have

1
H(Z(v)|p) = %Ey[hlﬁi] (: %El,/o |Eplis \Us]|2 ds),

where Z(v) denotes the pushforward of the measure v under Z, and H(Z(v) | u)
is the relative entropy of Z(v) with respect to the Wiener measure p, that is,

dZ(v) dZ(v)
H(Z(v) | 1) = /W Wlogwd,u.

Clearly, the verification of this condition, namely, the equality of the entropy to
the total kinetic energy of 4, requires only the knowledge about the observa-
tion process U. However, the calculation of the relative entropy may be time-
consuming. In fact, as it follows from Theorem 3, all these results are valid when
one works causally with time; in other words, they hold also when one works on
the time interval [0,¢] for ¢t > 0, since they are restrictable even to the random
time intervals. The final result says that we can also suppress the hypothesis
(1.1) by using a sequence of (U, t € [0, 1])-stopping times.
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2. Characterization of the invertible shifts on the canonical space

We begin with the definition of the notion of almost sure invertibility with respect
to a measure. This notion is extremely important since it makes things work. Let
us note that in this section all the expectations and conditional expectations are
taken with respect to the Wiener measure pu.

DEFINITION 1
Let T: W — W be a measurable map.

- T is called (p-)almost surely left invertible if there exists a measurable map
S: W — W such that S oT = Iy p-almost surely.

- Moreover, in this case it is trivial to see that 70 .S = Iy T'u-almost surely,
where T'u denotes the image of the measure p under the map 7.

- If Ty is equivalent to p, then we say in short that 7' is p-almost surely
invertible.

- Otherwise, we may say that T is (u,Tp)-invertible in the case when preci-
sion is required or just p-almost surely left invertible, and S is called the p-left
inverse of T'.

Let L2(u, H) be the p-square integrable equivalence classes of Cameron—Martin
space (denoted by H) valued functions; hence, ¢t — (w — u(w)) is an absolutely
continuous function of ¢t € [0,1] with a ds-square integrable Lebesgue density
denoted as 7s(w). Moreover, we assume that w — @s(w) is Bs-measurable for
ds-almost all s € [0, 1], which is a Hilbert space. For short we call them adapted
vector fields of class L?. Similarly, L?(u, H) denotes the set of adapted vector
fields whose Cameron—Martin norm is p-almost surely finite. Under the topology
of convergence in probability, LY (i, H) is a nonlocally convex Fréchet space. For
the reader’s convenience, let us note that L% (u, H) is the completion of L2 (u, H)
under the topology of convergence in probability.

Although the following theorem has been proved in [6], for the reader’s con-
venience we give a short and different proof.

THEOREM 1
For any u € L2(u, H), we have the following inequality:

1 1
HUn|w < 3E [ Jiufds
0

where H(Up | p) is the relative entropy of the measure Up with respect to .

Proof
Let L be the Radon-Nikodym density of Uy with respect to p. For any 0 < g €
Cy (W), using the Girsanov theorem, we have

ElgoU]=E[gL] > E[goULoUp(—du)];
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hence,
LoUE|[p(—du) |U] <1
p-almost surely. Consequently, using the Jensen inequality, we have
H(Up|p) = E[Llog L] = Ellog Lo U]
< —E|log E[p(—6u) ‘ Ul]
< —E[log p(—éu)]

—lE/l|u|2ds
=5E | sl ds O

THEOREM 2

Assume that U = Iy +u is an API, that is, u € L2(u, H) such that s — (s, w)
is Bs-measurable for almost all s. Then U is almost surely left invertible with a
left inverse V' if and only if

1 1t
a0 = 5Eluf] = 55 [ s ds,

that is, if and only if the entropy of Un is equal to the energy of the drift u.

Proof

Due to Theorem 1, the relative entropy is finite as soon as u € L2(u, H). Let us
suppose now that the equality holds, and let us denote by L the Radon—Nikodym
derivative of Uy with respect to u. Using the It6 representation theorem, we can

write
1 1 1
L:exp(—/ odeS——/ |1}S|2ds)
0 2 0

Up-almost surely. Let V = Iy + v, as described in [3]. From the It6 formula and
Paul Lévy’s theorem, it is immediate that V' is a Uu-Wiener process; hence,

(21) BlLlogI] = S B[Livf}).
Now, for any f € Cp(W), we have from the Girsanov theorem that
E[foU]=E[fL] > E[foULoUp(—6éu)|.
Consequently,
LoUE|[p(—du) |U] <1

p-almost surely. Let us denote E[p(—du) | U] by p. We then have log L o U +
logp < 0 p-almost surely. Taking the expectation with respect to p and the
Jensen inequality gives

H(Up|p) = E[Llog L] < —E[log ]

< —E[log p(—bu)| = %E“uﬁﬁl]
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Since log is a strictly concave function, the equality E[logp] = E[log p(—du)]
implies that p(—du) = p p-almost surely. Hence we obtain

E|[Llog L +log p(—du)| = E[log(L o Up(—du))] =0,
and since L o Up(—du) <1 p-almost surely, we should have that
(2.2) LoUp(—6u) =1

p-almost surely. Combining the exponential representation of L with (2.2) implies
v 1 ) 1,
0= (/ vdeS) oU+ §|UOU|H+5U+ §|u|H
0
1
(2.3) =d(wol) +bu+(vol,u)m + 5 (Julfy + [vo Ul)

1
:5(voU+u)+§\voU+u\%

p-almost surely. From (2.1) it follows that vo U € L2(u, H); hence taking the
expectations on both sides of (2.3) with respect to p is licit, and this implies that
voU +u =0 p-almost surely, which means that V = Iy + v is the p-left inverse
of U.

To show the necessity, let us denote by (L, t € [0,1]) the martingale

LtZE[L|Bt]:E{d§l]—ﬂu ‘Bt}
and let
n:m(a@<l)
n
Since U o V = Iy (Up)-almost surely, V' can be written as V = Iy +v (Up)-
almost surely, and v € LY(Upu, H), that is, v(t,w) = fot vs(w)ds, 0 is adapted

to the filtration (B;) completed with respect to Uy, and fol |o5|2ds < 00 (Up)-
almost surely. Noting that {t <T,} C {L > 0} and that ; and Up are equivalent

on {L >0}, we conclude that
Tn
/ |1'JS|2 ds < 0o
0

pu-almost surely. Consequently, the inequality
E,[p(=0v™)] <1

holds true for any n > 1, where v"(t,w) = fot Lo, 1,1 (8, w)0s(w) ds. By positivity
we also have

EM [p(—év”)l{L>0}] <1.

Since lim,, o, T, = 00 (Up)-almost surely, we also have that lim,, ., T}, = 0o
p-almost surely on the set {L > 0}, and the Fatou lemma implies that
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E, [P(_5U)I{L>O}} =k, [lierrlp(—5v")1{L>0}]
(2.4)
< liminf B, [p(—6v"™)1{150y] <1

From the identity U o V = Iy (Up)-almost surely, we have that v +uoV =0
(Up)-almost surely; hence, voU +u = 0 p-almost surely. An algebraic calculation
gives immediately that

(2.5) p(—=ov)oUp(—du)=1

p-almost surely. Now applying the Girsanov theorem to API U and using the
relation (2.5), we obtain

ElgoU] = E[gL] = E[go U (p(—0v)1{1>0}) o Up(—6u)]

]=
< Elgp(—6v)1i501],
for any positive g € Cp(W). (Note that, on the set {L > 0}, p(—dv) is perfectly
well defined with respect to p.) Therefore,
L < p(=6v)11>0)
p-almost surely. Now, this last inequality combined with (2.4) gives that

L =p(=6v)1{1>0}
p-almost surely; hence,
LoUp(—du)=1
p-almost surely. To complete the proof it suffices to remark that
H(Up|p)=E[Llog L] = Ellog Lo U]

= E[—log p(—du)]

1
= §E[|U|%r]- O

The following result comes almost for free.

THEOREM 3
Assume that U = Iy + u is an API which is p-almost surely left invertible, and
let T be any stopping time such that, for u™ defined as u™ (t,w) = u(t A 7(w),w),

E[p(—éum)] =1
Then UT = Iy + u” is p-almost surely invertible; in other words, there exists
some API, say, V' such that V' o U™ =U" o V' = Iyy p-almost surely.

Proof
Since E[p(—du™)] =1, UTp is equivalent to the Wiener measure p; hence its
Radon-Nikodym density can be written as

alu
m = p(—0¢).
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From the Girsanov theorem it follows that
(2.6) p(=0€) o UTE[p(—bu™) | UT] =1

u almost surely Let z be the innovation process of U”, which is defined as

fo 4l |UT]ds, where (U7, s € [0,1]) denotes the filtration correspond-
ing to U T Applylng the Girsanov theorem again, this time using the Brownian
motion z (cf. [6] for the details), we find that

1 1 1
E[p(—6u) | U] :exp(—/o Elal |UT) dzy — 5/0 | Efi] |u;]|2ds).

This relation combined with (2.6) gives the relation
&oU™ +Elalp(t) | U] =0
(dt x dp)-almost surely. Besides, for any A € L*(u), we have that
E[AE[ljo(t) |UT]] = B[E[A| U] Jinlo,r(1)]

= B[E[A Uiy (1))

_ B[ABL | 4]

— B[4,
where the last equality follows from the left invertibility of U. Hence, we obtain

§oUT +ulp(t) =& oUT +u] =0

(dt x dp)-almost surely, which is equivalent to the p-almost sure invertibility
of UT. (Il

3. The case of a general probability space

The following result is essential for the proof of the conjecture. We use the nota-
tions explained in the introduction, and we differentiate carefully between the
Wiener measure p and the probability P as well as the respective expectations
and conditional expectations to avoid any ambiguity. In particular, we denote by
L2 (P, H) the space of adapted, P-square integrable vector fields; this is exactly
the same space as L2(u, H), where the Wiener space is replaced by a general
probability space 2, u is replaced by a probability P defined on (2, F), and
the canonical filtration (B, € [0,1]) of the Wiener space is replaced by a gen-
eral filtration (F,t € [0,1]) of (Q,F). Similarly, LY (P, H) denotes the version of
LO(u, H) on this general probability space; we remark that it is the completion
of L2(P, H) with respect to the convergence in probability P

THEOREM 4
Let U=B+u=B+ fdusds be an API mapping Q0 to W with u € L*(P,H).
Then

H(U(P) | p) = 3 B [lul}]
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if and only if there exists some v: W — H (of the form v = fo Vs ds) with ©
adapted ds-almost surely to the filtration (By(W)) such that
U(w) =B(w) —voU(w),

which implies in particular that B = Z, where Z 1is the innovation process associ-
ated to U. In other words, U is a solution of the following stochastic differential
equation:

dU; = —v, o U dt + dBy.

Proof

Note first that U is not necessarily a strong solution. Let us now prove the
necessity. Since U is an API, U(P) is absolutely continuous with respect to the
Wiener measure u. Let [ be the corresponding Radon—Nikodym derivative. We
can represent it as a Girsanov exponential U(P)-almost surely; that is, we have

l= —d[iiitp) = p(—dv)

1 1 1
:exp(—/ vdeS—i/ |1‘1S|2ds),
0 0

U (P)-almost surely, where (IW}) is the canonical Wiener process. For any positive
f € Cy(W), it follows from the Girsanov theorem that

Ep[foU]=E,[fl] > Ep[foUloUp(-dpu)|,

1 1 1
p(ngu) = exp(—/ UsdBs — 5/ |u€|2d5)
0 0

This inequality, which is valid for any positive, measurable f, implies that

loUEp[p(—dpu) | U] <1

where

P-almost surely. Therefore,
H(U(P) | ) = Ey[llogl] = Ep[loglo U]
1
< —Epllog Ep[p(—bpu) | Ul] < §Ep[|u\fq]

The equality hypothesis H(U(P) | 1) = 2 Ep[|u|%] and the strict convexity of the
function x — —logx imply that

lo Up(—(SB’U,) =1
P-almost surely. Therefore,

1=p(=dév)oUp(—dB)

1 1
:exp—{(&})oU—F §|UOU|%{+5BU+ §|u|%4

1 1
:eXp—{(SB(UOU)-I-(’UOU,u)H-i-§|’UOU|%I+(5BU+ §|u|?q},
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which implies that
1
6B(u+v0U)+§\UOU+u|%{:O
P-almost surely. Since Ep[|lvoU|%] = E,[l|lv]%] =2E,[llogl], it follows that v o
U +u=0 P-almost surely. Note that we can write

U=B+u=27+1, ﬁ:/Ep[us|us]ds,
0

since u = —v o U, w is adapted to the filtration of U, and therefore B = Z.

Sufficiency. f U=B —voU, then Z =B and voU + u=0. Let [ again
denote the Radon-Nikodym derivative of U(P) with respect to p. As before
we can write | = p(—3d§) U(P)-almost surely, for some & : W — H such that
€= [, & ds, fol 5|2 ds < oo U(P)-almost surely, and &, is By(W)-measurable
ds-almost surely. Using the Girsanov theorem as above, we find that

lOUEp[p(—5Bu) ’ U] <1
but the hypothesis implies that p(—dpu) is U-measurable. It then follows that

1
5B(U+EOU)+§\§OU+U|%(SO

P-almost surely. Since Ep[|oU|%]=2H(U(P) | p) < oo, it follows that o U =
volU P-almost surely. Consequently

H(U(P) | p) = Ey[llogl] = Eplloglo U] = —Ep [log p(—dpu)] = %EP [ul#],

and this completes the proof. (|
Theorem 4 says that U = B + u with u € LY(P, H) is the weak solution of the
stochastic differential equation

dUy=dBy — 00 U dt

if and only if we have equality between the entropy H(U(P) | u) and the total
kinetic energy of u with respect to the probability P. A natural question is: When
is this solution strong? The following theorem gives the answer.

THEOREM 5
Assume that U is a weak solution of the stochastic differential equation

dUt = dBt — i)t 9] []dt7
with the hypothesis that vo U € LY(P,H). Define the sequence of stopping times

(tn,m>1) as
t
tn:inf(t:/ |1}S|2ds>n).
0

Up (t,w) = =0 o U(w)ljo,4, 007 (1),

Let



564 Ali Stileyman Ustiinel

and let U™ = B 4 u,, where u,(t,w) = fot Un(s,w)ds. Define a new probability Q,,
by dQ,, = p(—dp(un))dP. Then

H(B(Qn) | 1) = _EQn[lun‘H]

for any n > 1 if and only if U is a strong solution.

Proof

Necessity. Since, under @, U, is a Brownian motion, since the hypothesis com-
bined with Theorem 4 implies that v, o U is measurable with respect to the
filtration of B up to @,-negligible sets, and since @Q,, is equivalent to P, it fol-
lows that v, o U is adapted to the same filtration completed with P-negligible
sets. Since lim,, ,o, v, o U =vo U, U is also adapted to the P-completion of the
filtration of B; hence U is a strong solution of the above stochastic differential
equation.

Sufficiency. If U is a strong solution, then it is of the form U = U(B) =
B—-wvo U(B) and U: W — W has a p-almost surely left inverse V = Iy + v.
Since @, is equivalent to P, we also have that U = U (B) Qn-almost surely.
Moreover, B =U,, + v, oU and v, o U is adapted to the filtration of B up to
Q@ -negligible sets for any n > 1. Due to Theorem 4 this is equivalent to the
equality

( (@Qn) |H) _EQn[|un|H]

for any n > 1. O

4. Proof of the innovation conjecture

We are now at a position to give the proof of the conjecture. We shall do it in
two steps by using the notation explained in the introduction. The first step is
with a supplementary hypothesis to explain clearly the idea; the second one is in
full generality.

We have the relation

U=B+u=Z+1,

and we shall denote by (Z,t € [0,1]) the filtration generated by the innovation
process Z. We use also the notation

p(5zﬁ)exp(/01EP[us|u dZ, — / | Eplis | Us)[* ds)

First we give a proof with a supplementary hypothesis which will be suppressed
in the final proof.

PROPOSITION 1
Assume that
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Denote by v the probability defined by dv = p(dz4)dP. Then Uy = Z; for any
t >0 up to negligible sets and @ =v o Z, with v € L°(u, H) and with v, being
Bs(W)-measurable ds-almost surely, if and only if

1

H(Z(0) | 1) = 5 [laf%].

Proof

By Paul Lévy’s theorem, U is a Brownian motion under the measure v and
Z =U — 4. Then Theorem 4 says that (replacing B by U and P by v), @ is a
functional of Z and that s — Ep[is | Us] is adapted to the filtration (24, s € [0,1])
ds-almost surely. Hence, U is Z-measurable. Moreover, the same theorem implies
the existence of some v € LY(u, H) which is defined as

dZ(v)
W = p(6v)

such that 4 =vo Z. (]
Now we are ready to give the full proof.
THEOREM 6
Let T,, = inf(¢: fot |Eplis |Us]|>ds > n). Define
Uy (t,w) = Wt A Ty,w),
Up =2+ ty.

Then Zy =U; for any t >0 up to negligible sets, and hence u should be of the
form o Z with some @€ L% (u, H) if and only if we have

1 .
(4-1) H(Z(Vn) | M) = EEVTL [ unl%[]
for any n > 1, where dv,, = p(—dz4,) dP and
T, 1 [T )
p(—5zﬁn):exp<—/ Eplis | Us)dZs — 5/ | Eplity | Uy]] ds).
0 0

Proof
Sufficiency. Under the measure v,, U, is a Brownian motion and Z = U, — 4. It
follows from Theorem 4 that i, is ((Z:),v,)-adapted if and only if the relation
(4.1) holds true. Since v, is equivalent to P, U, is also ((Z;), P)-adapted for
any n > 1; since U,, — U in L°(P,W) (i.e., P-equivalence classes of W-valued
measurable functions under the topology of convergence in probability P), U is
also ((Z:), P)-adapted.

Necessity. Assume that U is ((2:), P)-adapted; then it is also ((Z),vy)-
adapted since v, ~ P for any n > 1. Hence U, is also ((Z:),vy)-adapted for any
n > 1 and this is equivalent to (4.1) for any n > 1. O
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