A simple proof of the existence of
tangent bicharacteristics for
noneffectively hyperbolic operators

Tatsuo Nishitani

Abstract The behavior of orbits of the Hamilton vector field H), of the principal symbol
p of a second-order hyperbolic differential operator is discussed. In our previous paper,
assuming that pis noneffectively hyperbolic on the doubly characteristic manifold ¥ of p,
we have proved that if H3p = 0 on ¥ with the Hamilton vector field Hg of some spec-
ified S, then there exists a bicharacteristic landing on ¥ tangentially. The aim of this
paper is to provide a much more simple proof of this result since the previous proof was
fairly long and rather complicated.

1. Introduction
Let
P(z,D)=-Dj+ Y ao(z)D"

|a|<2,00<2

be a second-order differential operator defined in a neighborhood of the origin of
R+ with principal symbol p(z,§), where z = (z9,2') = (79,21, . ..,2y) is a sys-
tem of local coordinates near the origin of R"*! with & = (&y,¢') = (&0, &1, .+, &n)
and D = (—i0/0xg)* - - - (—i0/0xy,)*, an(z) € C°°. We assume that p(z,§) is
hyperbolic with respect to the xg-direction so that p(x,&p,&’) =0 has only real
zeros for any real (z,£’) with  near the origin. On integral curves of the Hamilton
vector field H,, = Eyzo(ap/agj 0/0x; —0p/0x;0/0¢;) of p, that is, the solutions
of the Hamilton equations

(1.1)

daj _ Op
ds_aﬁj

in local coordinates, p is constant on such a curve. If p vanishes on the curve,
then the curve is called a bicharacteristic of p (e.g., see [3, p. 154]). Let p = (%, &)
be a double characteristic of p, that is, p vanishes at p of order 2. Since p is a
singular (stationary) point of the Hamilton equations (1.1), to take a closer look

at the behavior of bicharacteristics near p we linearize the Hamilton equations

dg;  Op
(xvf)’ d_sj__a—xj(x’g)
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at p, which yields d(z,€)/ds = F,(p)(x,§), where F,(p) is given by
9? 9’
= (£ )
d o
_ngw(p) _ngz(p)
in local coordinates and is called the Hamilton map (or the fundamental matrix)

of p at p (see [7], [2]). About the spectral properties of F,(p) the following result
is well known.

LEMMA 1.1 ([7, P. 15], [2, LEMMA 1.4.4])

All eigenvalues of F,(p) are pure imaginary except possibly for a pair of nonzero
real eigenvalues £\, A > 0.

When F,(p) has nonzero real eigenvalues, p is called effectively hyperbolic at p.
Otherwise p is called noneffectively hyperbolic at p.

We now assume that p is effectively hyperbolic at p and we consider bichar-
acteristics of p tending to p as s T+o00 or s —oo. Then we have the following.

THEOREM 1.1 ([8, THEOREM 2.1], [11, LEMMA 3.2], [9, THEOREM 1])

There are exactly four such bicharacteristics and there is a hypersurface contain-
ing the doubly characteristic set of p near p to which these four bicharacteristics
are transversal. Two of them are incoming toward p with respect to the param-
eter s, and the other two are outgoing. Fach one of the incoming (resp., outgo-
ing) bicharacteristics is naturally continued to the other one, and the resulting
two curves are regular, C°°, or analytic corresponding to the assumption on the
principal symbol.

Here we note that the tangents of the resulting two smooth curves at p are
parallel to the eigenvectors corresponding to the nonzero real eigenvalues +\ of
F,(p), respectively.

We turn to consider the case in which p is noneffectively hyperbolic. We
assume that the doubly characteristic set ¥ of p is a C*°-manifold and

p(x, &) vanishes exactly of order 2 on X,
(1.2) F,, has no nonzero real eigenvalues on X,
rank(3_7_, d€; A daj|s) = constant on X.

According to the spectral structure of F},, two different possible cases may arise:
(1.3) Ker F; NImF) = {0} on %,
(1.4) Ker F2 NIm F} # {0} on X.

In the case (1.3) there is no bicharacteristic landing to ¥ as s 1 +o0 or s | —oco.
Indeed, we have the following result.
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PROPOSITION 1.1 ([6, PROPOSITION 0.3])
Assume (1.2) and (1.3). Then there are no bicharacteristics emanating from a
stmple characteristic which has a limit point in 3.

We give a sketch of the proof. Without restrictions we can assume that p(z,£)
can be written in the form p(x,&) = —€2 + q(x,&’), where g(x,¢") > 0. Under the
assumptions (1.2) and (1.3) one can find a real-valued symbol A\(x,&’) defined
near the origin and homogeneous of degree 1 such that in writing

p(a,€) = —(& + N (& — A) + (a(2,&) — N(2,€))

we have

Qz,&) =q(z,&) — N(x,¢) >0,
(1.5) {6 — A, Q} < CQ,
{&o + X6 — A < C(HVQ +IA)

with some C' > 0 near the origin (see [5] and also [13, Proposition 3.2.1]), where
{f,g} denotes the Poisson bracket

{f.9y =) _(01/0¢;09/0x; — Of |0x; 09/ ;).
§=0
Let v(s) be a bicharacteristic of p which lies outside X. Since dzo(s)/ds =
—2&0(7(s)) and €2(v(s)) = q(v(s)) # 0 outside ¥ one can take zg as a new param-
eter. Thanks to (1.5) we have with A=¢§; — A

(16) |2 A(r(e0))| = | (A} (0 6)) o | < ClA (o))

From this we conclude that A(y(zg)) =0 for all xq if y(zo) touches ¥ at some
point. This shows that Q(v(x¢)) =0 for all 2. Since @ is nonnegative it follows
that {Q, M}(y(xg)) =0 with M =&, + A. This proves the same inequality (1.6)
for M and hence ~y(zg) € ¥ for any zq if y(zg) € ¥ at some z(, which is a
contradiction.

In the case (1.4) the situation is completely different. Indeed, there could
exist bicharacteristics of p having a limit point in 3. We give examples. Let
1<k<n-1andgq;, r,i=1,2,...,k, be positive constants. Consider

k k k
p(@,€) ==+ ailwia —x)’G+ > rikl + Y €&l
=1 =1 i=1

= _58 + q(.’l?,é-/),

where Zle r; ' =1, which is equivalent to the condition (1.4), and the double
characteristic manifold of p is given by ¥ ={§ =0,0<i < k,x; =x;41,0<i <
k—1}. In [10] it is proved that, by choosing {e;} suitably, there exists a bicharac-
teristic (x(s),&(s)) of p such that &,(s) =1 and &;(s) =0, x;(s) > 0for 0 <i<k
as s — —oo. Note that |Z§:1 €&i(s)Ex(s)| < Zle ri&2(s) for large |s| so that
q(x(s),&'(s)) 2 0.
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The spectral property (1.4) itself is not enough to determine completely the
behavior of bicharacteristics and we need to look at the third-order term of the
Taylor expansion of p around double characteristics to obtain a complete picture
of the behavior of bicharacteristics. Let S(z,£) be a smooth function vanishing
on X such that

(1.7) Hs€KerF;NImF., F,Hs#0, onX.

Using such a Hamilton vector field Hg of S one can characterize when there is a
bicharacteristic emanating from a simple characteristic which has a limit point
in X.

THEOREM 1.2 ([12, THEOREM 1.1])
Assume (1.2) and (1.4). Then the following assertions are equivalent.

(a) H3p=0 on ¥ for any smooth S vanishing on ¥ and satisfying (1.7).
(b) There is no bicharacteristic of p emanating from a simple characteristic
and having a limit point in 3.

It is enough to check Theorem 1.2(a) for one S because of the following result.

LEMMA 1.2 ([1, PROPOSITION 2.3])

Let S;, 1 =1,2, be smooth functions vanishing on ¥ and verifying (1.7). Then
we have that

H3 pls = cH pls

with some nonvanishing function c.

The proof of Theorem 1.2 goes as follows. If ng =0 on ¥ for some such S,
then p admits a (microlocal) decomposition (1.5), which has been proved in [11]
under some restrictions and in [1] in full generality, removing these restrictions.
Then repeating the same arguments proving Proposition 1.1 we conclude that
(a) implies (b). Thus to prove Theorem 1.2 it suffices to show that there is a
bicharacteristic of p with a limit point in ¥ if the condition (a) fails at some
point on . Actually in the previous paper [12], assuming that the condition (a)
fails we look for a bicharacteristic (z(s),£&(s)) such that

. 2 _
Jim 5 (2(s),£(s)) = v £0,
veKerF,NImF;,  0#FueKerF,NImF,.

To put the above conditions in evidence, we have proved that one can choose a
system of local symplectic coordinates so that the line spanned by z(p) verifying

z2(p) €Ker Fy (p) NIm F(p), 07 Fy(p)2(p) € Ker F,(p) N Tm F, (p)

(note that z(p) is unique up to a multiple factor and hence proportional to
v) is given by m;(z,£) =0 on ¥ and the representation of p, in these coor-
dinates, contains the sum of m3. Then our desired bicharacteristic (x(s),&(s))
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could be expected to satisfy m;(z(s),{(s)) =0 approximately. We write down
our Hamilton equations supposing that the m;’s were unknowns. We look for a
solution (z(s),&(s),m(s)) of the resulting “equations” such that £(s) = O(s™2),
2'(s) = 0(s73) (x = (z0,2")), and m;(x(s),&(s)) = O(s™4), that is, m;(s) goes to
zero faster than both z(s) and £'(s) as s = 0o or s = —o0.

This proof was fairly long and rather complicated. The aim of this paper is
to provide a much simpler proof without introducing such new unknowns m;.

2. Lemmas

From the assumption (1.2), for any p € ¥, one can find ¢;(z,&’), j=1,...,r such
that we have

{pngFZ;:léf’?(%f')a Ez{gbj:O,j:O,...,r},

rank({¢;, ¢, })o<i,j<r = constant on X

in a conic neighborhood of p with linearly independent {d¢;(p)} where we have
set §o = ¢o.

In this section we write f = O(|¢|) in some open set U if f is a linear combi-
nation of ¢1,...,¢, in U. It is also understood that every open set has nonempty
intersection with ¥. To simplify notations we often denote by {¢,}1<;<, some
other {¢;}1<;<, which is related to {¢;} by a smooth orthogonal transformation
if which one {¢;} means is clear in context.

DEFINITION 2.1

Let Iy, k=1,...,t be subsets of a finite-index set I which are mutually dis-
joint. We say that {¢;};cr, (k=1,...,t) are symplectically independent in U if
{i,0;} =0(|¢|) in U for any i € Ip,, j € I, p#q.

Let A = (a;;) be an (m x m)-antisymmetric matrix of the special form

{améo if [ — j| =1,

(2.1) e
a;; =0 if [i—j|#1.

Then the next lemma is easily examined.

LEMMA 2.1
Let A be an (m x m)-antisymmetric matriz satisfying (2.1). Then det A#0 if m
is even while rank A =m — 1 if m is odd.

Let us consider
.
2
=1

where it is assumed that ¢;(z,&) are defined in U and {d¢,} are linearly inde-
pendent there. Then we have the following.
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LEMMA 2.2

Assume that there existi,j € I = {1,...,7} and p € UNY such that {¢;,$;}(p) #0.
Then there are an open set V. .C U and {¢;}icr, {¢;}jes which are symplectically
independent, I=1uU J, such that we can write

(2.2) Q=Y ¢+Y ¢

i€l jed
and
23 det({qﬁz‘, ¢j})i7jel 70
n V.
Proof

We first prove that one can find an open set V C U and {¢;}ier, {¢;};cs which
are symplectically independent and satisfy (2.2) and

{00} =0(¢l) ifli—jl#1,i,j€l
in V. Without restrictions, we may assume that {¢1,¢;}(p1) # 0 with some j
and p; € UNX. Consider a smooth orthogonal transformation of {¢s,...,é,} to

{(527' . '>ér};

(2.4)

éz:ZOzk(bkv i:23"'7T'
k=2

Noting

{61, 0uan b =3 Oulor,on} +0(I9)
k=2 k=2

we choose O;, so that
ZOQk{(bl?d)k}?é(L ZOik{¢17¢k}:0a ’L.:3,...7’I"7
k=2 k=2

in some open set U; C U. Switching the notation from {¢; T_o to {¢j}_o we
may assume that Q = gb? and

{¢13¢2}#07 {d)h(bg}zo('(b‘), j:?),...,’l“,
in Uy. Consider {¢2,¢,}, j > 3. If {¢p2,¢;} =0in U3 NX for all j > 3, then it is
enough to take
I1={1,2}, J={3,...,r}.

If not, then there exist p2 € U1 N'Y and j2 > 3 such that {¢a, ¢, }(p1) #0. Con-
tinuing this procedure we can conclude that there exist an open set V C U and
{¢i}ier, {¢;}es which are symplectically independent and verify (2.2) and (2.4)
in V.
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We turn to the next step. Take p € VNX. If |I] is even, then from Lemma 2.1
and (2.4) it follows that ({¢;, ¢;}(p))i,jer is nonsingular and hence is near p. If |1|
is odd, then from Lemma 2.1 and (2.4) it follows that rank({¢;, ®;}(p))i jer =
|I] — 1. Note that rank({¢;,¢;})ijer < |I| — 1 because ({¢;,¢;})i jer is an anti-
symmetric matrix of odd order; then we have

(2.5) vank ({61, ¢,}), ., = 11— 1

in some neighborhood V' of p. Let I = {i,ia,...,i¢}. From (2.5) we have
dimKer({¢;,¢;})i jer =1, and hence we can choose smooth ¢;(z,€), i € I, such

that 37, ; ¢t =1and

Z{¢Z?¢]}C]:07 ’LEI,

jerI
holds in V. Choosing a smooth orthogonal matrix (O;;):jer such that O;,; =¢;
and considering

¢i=> Oid;, i€l
jeI
we may assume that {éj,qgil} = O(|¢|) in V' for all j € I. Since rank({¢;,
®j})ijer =rank({¢;, ¢;})i jer it follows from (2.5) that

det({(z;ia J)j})id'e]/ 7£ Oa

where I' = I'\ {i1}. Thus {¢; }icrr and {¢;}jesr, J' = JU{i1}, verify the desired
assertion. ]

LEMMA 2.3
There exist an open set V. C U and {¢;}icr, {¢j}jex which are symplectically
independent, I =1 U K, such that we can write

Q=) ¢I+> ¢,
il jeK
where det({¢i,d;})i,jer # 0 while we have

{¢i,0;} =0(|9|) foralli,je K
mV.

Proof

From Lemma 2.2 there are an open set V4 C U and {¢; }jer,, {¢j}jes,, symplec-
tically independent in V4, which verify (2.2) and (2.3). If {¢;,¢;} =01in V1 NX
for all 7,5 € Jy, then it is enough to choose I =1, and K = J;. Otherwise we
apply Lemma 2.2 to Q1 =3, ¢7 to find an open set Vo C Vi and {¢;}jer,
{¢;}jen, J1 =12 U Js, which are symplectically independent in V5 and verify

Q=Y &3+ > ¢f,  det({1,05}), o1, #0-

j€EIs JE€J2
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Repeating this argument at most [r/2] times we conclude that there are an
open set V .C U and {¢;};er, (k=1,...,t), {¢;}jer, which are symplectically

independent in V' and satisfy @ = 22:1 djer qﬁ? +> ek gb? and
dCt({djiad)j})i’jeIp?éO) pzla"'7t7 {¢l7¢]}:0a VZ,]EK,

in V. Let us set I =J!_, I;; then it is obvious that {¢;},cr, {};}jex are sym-
plectically independent in V. Note that ({¢s,¢;}(p))ijer is the direct sum of

({bis 0 H(p))ijer, (k=1,...,t) if pe VNE and hence det({¢;,¢;})ijer #0 in
some open set, which proves the assertion. (|

PROPOSITION 2.1

Assume (1.2) and (1.]). Let p € 3, and let U be any neighborhood of p. Then
there exist an open set V.C U and {$;}jcr,, {0j}tjen, {¢;}jex which are sym-
plectically independent in V', where {0,1,...,r} =IhULL UK, I ={0,1,...,1}
with even I (>2), such that one can write

l
p=—(S+o)(o—d)+ D T+ D> ¢+ > 6
k=2

Jjeh JEK
and we have in 'V
{&o— 61,0,y =0(l9]), §=0,...,m,
{p1,02} #0 ifl=2,
rank({¢i, ¢;})e<ijci =1—2 if 1 >4,
det({¢s,9;})ijen, #0,
{¢i,0;} =0(¢]), Vi,jeK.

Proof
As the first step we prove that one can write
1
(2.6) P=—E+> G+ Y ¢+ ¢,
Jj=1 JEIL JEK

where {¢;}er,, {0 }jen {¢;} ek are symplectically independent, {0,1,...,r} =
ILyuL UK, Iy ={0,...,l} with even [ (> or equal to 2), and

dimKer({¢, ¢ })o<ij<i = 1,
(2.7) det({¢i, #;})ijer, # 0,

Recall that one can write
T
p=—E+Y ¢
j=1

near p. Let us write ¢g = § as before. Suppose that {¢o, ¢;}(p) =0 for all j. Then
with ¢ = Z;=1 d)? we see easily that Ker 7 (p) NIm F2(p) = Ker F} (p) NIm F}(p),
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which is {0} because ¢ is nonnegative. This contradicts (1.4). Thus we have
{¢0,%;}(p) # 0 with some j > 1. Now repeating the same arguments employed
in the proof of Lemma 2.2 we conclude that there exist an open set V' C U and
{¢j}ieqo,...0y» 195}ieqi+1,....ry, symplectically independent in V' and satisfying
(2.2) and (2.4) with I ={0,...,1}, 1> 1.

We now show that [ is even by contradiction. Suppose that [ is odd. Let us
denote by p, the second-order term of the Taylor expansion of p at p, which is a
quadratic form in (x,&) of homogeneous of degree 2, called the localization of p
at p. Then we have

pp(X) =0 (X, Fy(p)X), X =(z,6) eR*"Y,

where o = Z?:o d€; A dz; is the symplectic 2-form and o((x,£), (y, 1)) = (£, y) —
(z,m) in local coordinates and (z,y) = > "_;x;y; (see [1]). Let us consider ¢ =
Zlg2j+1SlC2j+1¢2j+1 with 2541 € R. We note that (see, e.g., [13])

po(Hy) = —{¢0, ¥} (p) + Z{%’J/)}Z(P)

= —{d0,c16: () + Y {210} (p).
2<2i<l

Since ! is odd, thanks to (2.4) we can choose c¢zj+1 so that {¢2;, ¥} (p) =0
for 2 <2i <[ and ¢; = 1. This implies that p,(Hy) = —{¢o,1}%(p) <0 and
hence F,(p) has nonzero real eigenvalues (see [2, Corollary 1.4.7]), which contra-
dicts the assumption (1.2). Thus we have proved that [ is even. Since [ is even
dimKer({¢;, ¢;})o<i j<i =1 follows from (2.4) easily. If { =r, then the proof is
complete. Otherwise to end the proof it suffices to apply Lemma 2.3 to Y, 41 gb?.

We turn to the second step. Let us write p = —£3 + 22:1 e > st 3.
We remark that

(2.8) Ker F2(p) NIm F2 (p) # {0}

for p € ¥. Indeed, since {¢;}o<;j<; and {¢;}i+1<j<, are symplectically indepen-
dent, Fj,(p) = Fjy(p) @ F;(p) (direct sum) in a suitable symplectic basis in R2("+1).
Since Ker F7(p) NIm F7(p) = {0} we obtain the assertion by (1.4).

Since {¢; }o<j<i satisfies (2.4), we see that ({¢s,¢;})1<s j<i is nonsingular in

some open set from Lemma 2.1, and then there are smooth ¢;, j=1,...,l, such
that
l
(2.9) > {ordite; ={brd0}, k=1,...,1
j=1
Write ¢; = C;(¢/,0), where 0 = (6,41, ...,02,42) is chosen so that (¢o, ¢',0), ¢’ =
(¢1,-..,¢r) is a system of local coordinates, and define
¢; =C;(0,0)
so that cj = Ej(G) + O(I(ﬁl) Thus (1, —Cly..., —El) is in Ker({qbi, ¢j})0§i,j§l mod-

ulo O(|¢]); then noting (2.7) we see that Ker({¢:,®;}(p))o<i,j<i is spanned
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by (1,—¢1(0),...,—¢(0)) for p=(0,0) € . From (2.8) there exists 0 # X €
Ker FZ(p) NIm F(p) such that F;(p)X € Ker Fp(p). Since X € Im F(p) we can
put

X =Hsp), f= Zaﬂﬁj

with some a = (aq,...,a;) € R and note that Fj(p)X € Ker Fj(p) implies that

(={@o, f}(p),{b1, f}(p),....,{é1, f}(p)) is proportional to (1,—¢c1(0),...,—¢(0)).
With A= ({¢:,¢;}(p))o<i,j<i this shows that

Alg = kt(LEl(G),.. . 751(9))

with some k € R. Such a € R!*! exists if and only if
1

(2.10) "Av=0, v=(vp,...,0) ER™ =09+ v;¢;(0) =0.
j=1
Since 'Av = —Av =0, v is proportional to (1,—¢1(h),...,—¢/(8)) if "YAv = 0. Thus

(2.10) gives

l
(2.11) 1= ¢(0)* =

Let us set
!
Zé (2,60 (x,€), &(x,&)=¢(0(x,8)).

Noting (2.11) we take a smooth orthogonal matrix O = (O;;)1<i,j<; of which the
first row is (¢1,...,¢) and put b = 22:1 Op;j¢; so that we have

—& +Z¢2 — (& + ¢1) (& — 1) +Z¢2

j=2
It is clear that
(2.12) {fo—<7317€5j}20(|¢|), j=0,...,m
because

!
{on,00= 3 0 =0(l6l), k=0,....1
j=1

which follows from (2.9), proves the assertion for j =0,...,l, and the assertion
for j =141,...,r is obvious since {¢; }o<j<i and {@;}111<;<, are symplectically

independent. Wlth b = & — 1 it is clear that
rank({¢ia ¢j})0§i,j§l = rank({(bi: ¢j})ogi7jgl =1

and hence rank({¢;,$;})1<ij<i =1 by (2.12). When [ = 2 this shows that
{¢1,¢92} #0. Let 1 > 4. Note that rank({¢;,d;})2<ij<i <1 —2 since | — 1 is
odd. Suppose that rank({¢;,®;}(p))2<i,j<i <1 —3 at some p. Then it is easy to
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see that rank({¢;, ng}( M g i< <l—1 and a contradiction. Thus switching the
j =

notation from ¢, to ¢; (j . ,1) we get the desired assertion. O

3. A simple proof of Theorem 1.2

Assume that
Hip#0

in some open set U with some smooth S vanishing on ¥ and satisfying (1.7).
We choose an open set V C U, V NX # (), where Proposition 2.1 holds. We fix a
p € VN and work near p. Since the case [ =2 is a little bit easier than the case
I >4 we assume [ > 4. Choose a system of symplectic coordinates (X,Z) such
that Xo =0 and Zg = &y — ¢1. Switching the notation from (X, =) to (z,&) one
can write

p=—&— 2§o¢1+2¢ + Z 7 + Z ¢3.

j=l+1 j=L+1

Here we recall

(3.1) rank ({64, ¢;}) o<, 1<) =1 ®0 = &o,

near p. Since dimKer({¢;,¢;})2<i j<i =1 from Proposition 2.1 one can choose
a smooth ¢= (ca,...,¢) with 3¢5 =1 so that ¢ spans Ker({¢;,¢;})a<i j<i- We
make a smooth orthogonal transformation from {¢;}a<j<; to {®;}a<j<i such
that ¢ = 3 ¢j¢; and switching the notation from {¢;} to {¢;} again we obtain
the following result.

PROPOSITION 3.1

By choosing a suitable system of symplectic coordinates, p can be written in the
form

l r
p=—E -2t + B+ > 2+ D

j=3 j=l+1

i some open set 'V, where

{€0,6;} =0, 0<j<r,
{d2.0;}=0, j#1,  {¢2,01} #0,
{¢i,0;} =0, 0<i<rl+1<j<r,
det({¢i, ¢;})3<ij<e 70

holds in VN X.

Proof

The first assertion follows from (2.12). It is clear that {¢2,¢;} =0 in VNXE
for j =2,...,0 by the definition of ¢. The assertion {¢o,¢;} =0 for j =1+
1,...,ris clear because the original {¢; }2<;<; and {¢;};41<j<, are symplectically
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independent and the new ¢ is a linear combination of the original {¢; }a<;<;. If
{¢2,¢1}(p) =0, then it is obvious that rank({¢;, ®;}(p))o<i j<t <!—1, whichis a
contradiction, and hence the second assertion follows. The third assertion is clear.
Since {¢o,¢;} =0, 0<j <r, and {¢2,¢,;} =0 unless j =1 we see easily that
rank({¢;, ¢;})o<ij<i <1 —1, which contradicts (3.1) if rank({;, ¢;})s<i j<i <
[ — 3. This proves that det({¢;,¢;})s<ij<i # 0. Since ({¢i,d;}(p))3<i j<e is the
direct sum of ({¢s, ;}(p))s<ij<t and ({i, d;}(p))it1<i<e for pe VNI, we
have the last assertion. ]

We proceed to the proof of Theorem 1.2. Let us take
507x07¢17"'7¢7‘7w17"'uwk ('f‘+k:2’l’l,)

to be a system of local coordinates around p. Note that we can assume that the
1;’s are independent of zg, taking 1;(0,2’,&’) as the new ;. Moreover, we can
assume that {¢2,1;} =0 and {¢1,9;} =0 on V N3, taking

Vi —{j, b2} 01 /{1, b2} — {0, b1} b2 /{2, 1}
as the new ;. Thus it can be assumed that
{&0. 95} =0, {d2,4;} =0, {1,951 =0, 1<j<k,
hold in V' N ¥. Thanks to Jacobi’s identity one can assume that
(3.2) {¢2,{0j,60}} =0, j=0+1,....m,

in V:NY since we have {¢;,{€o,d2}} = O(|¢]) and {&o,{¢2,¢;}} = O(|¢]) for
£+1<j<r by Proposition 3.1.
Let v(s) = (x(s),&(s)) be a solution to the Hamilton equations (1.1); then

%f(v(S)) =1{p, f}(7(s)).
Let us change the parameter from s to t:
t= 871,
so that we have

d/ds=—tD, D =t(d/dt)

and hence
%(th) = —t"*(DF + pF).

We now introduce new unknowns

50(8) = t450 (t), o (S) = th(t),

o1(v(s) =201 (),  Pa((s)) =13 Do(t),
(3.3) ¢i(v(s)) =t1®;(t), 3<j<{,

¢j(y(s) =t3®;, L+1<j<r,

Pi(v(s)) =t2,(t), 1<j<k,
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and denote
w = (EQ,Xo,(I)l,...,(I)T,\Ill,...,\lfk).

Let us put
{0560y =) _Cloi,  w;=Cl{(p),  5={61,02}();
i=1

then from (3.2) we get
(3.4) kj=0, j=L0+1,...,m
Thanks to Proposition 3.1 and (3.4) the Hamilton equations (1.1) are reduced to

DZy = —4Z2 — 2k2P1 D5 + tG(t, w),
DXo=—Xo+ 2%, +tG(t,w),
Do) = 28, +25®, +tG(t,w),
D®y = —30y — 2k2®2 + 202 + tG (¢, w),
tD®; = —4t®; — 2,03
— 23 ks 8,1 (P) Bk + Gt w), 3<j<L,
D®; = —3%; +tG(t,w), (+1<j<r,
DU;=-20; 237, {bk, U;}(P) Pk +1G(t,w), 1<5<k,

where G(t,w), which may change from line to line, denotes a smooth function in
(t,w) defined near (0,0) such that G(¢,0) =0.

LEMMA 3.1
We have

Hg,(p) € Ker F (p) NIm F(p),  Fy(p)Hg, (p) # 0.

Proof
From Proposition 3.1 it is easy to check that F},(p)Hy, = 0He, and F,(p)He, =0
so that F(p)Hg,(p) = 0. Thanks to det({¢;,¢;}(p))s<ij<i 7# 0 we can choose

=01+ 2323 ¢;¢; so that
Hy(p)Hy(p) = Hg, (),
which proves Hy, (p) € Im F2(p) since Im Fy,(p) is spanned by {Hy, (p)}. O

From Lemma 3.1 we can take S = ¢5, and hence

v — 02(5) = 1022 (0261 (0) _ —HE.p(P)

{¢2,91}(p) 20
Let us define some classes of formal power series in ¢ and logt in which we look
for our formal solutions to the reduced Hamilton equations (3.5):

£0.
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E = { Z ti(logt)jwij W;j; € CN},
0<j<i
E* = { Z t'(log t) w;; | wij € (CN}.
1<4,0<5<i

LEMMA 3.2
Assume that w € € satisfies (3.5) formally and ®3(0) # 0. Then necessarily
®5(0) = —1/k20% and w(0) is uniquely determined. In particular Xo(0) # 0.

Proof
By taking det({¢;, ¢;}(p))s<i j<¢ # 0 into account, the assertion follows from the
special form (3.5). O

Let @ be the uniquely determined w(0) given by Lemma 3.2 and look for a formal
solution to (3.5) of the form W + w with w € £#. To simplify notations we set

w' = (Xo, @2, Z0, 1), wl = (®3,...,9y),
wIH:(q)Z-i-lv"w@T)v wIV:(‘lll,...7\I/k);

then w = *(w!, w', wM, w!V) satisfies

A O O 0
Bn An O 0
O O -3E O
O O Bw -2F

with H=F ® O ® E ® E, where E is the identity matrix and O is the zero
matrix. Moreover F' is a constant vector and

Glt.w)= > Git'(logt)!, Gij=Gij(wyy|g<p<i-1).

(3.6) HDw=Aw+tF 4+ G(t,w), A=

2<4,0<5 <4
Noting that
-1 0 0 2
A — 0 -3 26 74/432&)1
= 0 72%32&)1 —4 72%32(1)2
0 20 0 -2
and taking into account rpd2®s = —1, kod®; = —1, which follows from (3.6), we

have the following.

LEMMA 3.3

The eigenvalues of Ay are {—6,—4,—1,1} while Ay is the antisymmetric nonsin-
gular matriz ({¢;, ;1 (p))s<i,j<e so that An is diagonalizable with nonzero pure
imaginary eigenvalues.

Repeating the same proof of [12, Theorem 5.1], we get the following.
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PROPOSITION 3.2
There exists a formal solution w € € to (3.5) with ®2(0) # 0, X(0) # 0.

Note that this formal solution is uniquely determined up to a term wvt, v €
Ker(E — A). Since At = ({04, 0;}(p))3<i,j<i is diagonalizable, choosing a nonsin-
gular constant matrix S one can assume that

ST ApS =iA,

where A is a diagonal matrix with nonzero real diagonal entries. Here we set
u=S8"tw v=(w,w w"V); then (3.5) becomes

(3.7) {tDu—tK1u+iAu+Q1(v)—|—tG1(t,u,v),

Dv = Kov+ Q2(v) + tGa(t, u,v),

where the K’s are constant matrices, Q;(v) are quadratic forms in v, and
G,(t,u,v) are smooth functions such that G;(¢,0,0) = 0. Let

(3.8) u= Y ugt'(logl/t)), wv= Y v;t'(logl/t)

0<j<i 0<j<i
be a formal solution obtained in Proposition 3.2. Denote by uy, vy the sums
obtained from (3.8). By dropping the terms t‘(logt)’ with i > N + 1, for any
given m € N there is a N = N(m) such that uy, vy satisfy (3.7) modulo O(t™*1).
We look for a solution to (3.7) in the form (up,vy)+t"(u,v). Then the equations
satisfied by (u,v) are (after dividing by ™)

(3.9) (24 — iN)u=—t(ml — Ki)u+ L (t)v + tRy (t,u,v) + tF1 (1),
' tLy = —(ml — Ky)v + La(t)v + tRa(t, u,v) + tFa(t),

where R;(t,u,v) are C'-functions defined near (0,0,0) € R x CN1 x CN2 satisfying
| R;(t,u,v)| < By ([ul + |v])

and L;(t), Fj(t) € C*((0,T]) with some T > 0 such that L;(t), tL(t) and Fj(t),
tF}(t) are bounded in (0,7]. The equations in (3.9) comprise a coupled system
which has ¢t =0 as a singular point of the first and the second kind, respectively.
Repeating the same arguments proving [12, Theorem 6.1] we get the following.

PROPOSITION 3.3
If m € N is sufficiently large, then (3.9) has a solution (u,v) with u(0) =0,
v(0) =0.

This proves that there exists w satisfying (3.5). Switching to the original coordi-
nates, we find that the Hamilton equations (1.1) have a solution (z(s),£(s)) such
that

lim (z(s),£(s)) € .

§—00
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From (3.3) we have

9,
d:to

o™ (RS E ea™

and hence the curve (z(s),£(s)) is actually tangent to X.
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