Boundedness for commutators of fractional
integrals on Herz-Morrey spaces with
variable exponent
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Abstract In this paper, some boundedness for commutators of fractional integrals is
obtained on Herz—Morrey spaces with variable exponent applying some properties of
variable exponent and bounded mean oscillation (BMO) functions.

1. Introduction

Function spaces with variable exponent are being watched with keen interest not
only in real analysis but also in partial differential equations and in applied math-
ematics because they are applicable to the modeling of electrorheological fluids
and image restoration. The theory of function spaces with variable exponent has
rapidly made progress in the past 20 years since some elementary properties
were established by Kovdéik and Rékosnik [17]. One of the main problems in the
theory is the boundedness of the Hardy—Littlewood maximal operator on vari-
able Lebesgue spaces. By virtue of the fine works [4]-[19], [21], [20], [22], [23],
some important conditions on the variable exponent, for example, the log-Holder
conditions, have been obtained.

The class of Herz spaces arose from the study on characterization of multi-
pliers on the classical Hardy spaces. And the homogeneous Herz—Morrey spaces
MK 2A(R™) coordinate with the homogencous Herz space K &P(R™) when A = 0.
One of the important problems on Herz spaces and Herz—Morrey spaces is the
boundedness of sublinear operators. Herndndez and Yang [11], Li and Yang [19],
and Lu and Yang [21] have proved that if a sublinear operator T" is bounded on
LP(R™) and satisfies the size condition
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for all f € L*(R™) with compact support and almost everywhere x ¢ supp f, then
T is bounded on the homogeneous Herz space Kg"p(R"). In 2005, Lu and Xu
[20] established the boundedness for some sublinear operators.

The bounded mean oscillation (BMO) space and the BMO norm are defined,
respectively, as follows:

BMO(R"™) = {b € Li,.(R") : ||b]| smo(rn) < 0},

[bllBMO(RR) = Sup / b(x) — bp|dz.

O AT AL |

The fractional integral I3 is defined by I5(f = [an r - i) (7’2 7 dy, the commuta-
tor for the fractional integral is defined by [b Ig]f( )=0b(x)Is(f)(x) — Ig(bf)(x),
and the mth-order commutator for the fractional integral is defined by

m f(y)(b(x) = b(y))™
Iﬁ,b(f)(l’) - iz — |5 dy,
where 0 < 8 < n,b € BMO(R"),m € N. It is easy to see that, when m =1,
12, () (@) = [b, Is] f(); and when m =0, I7%,(f)(x) = Is(f) (@).

Chanillo [3] initially introduced the commutator [b,Ig] with b € BMO and
proved the boundedness on Lebesgue spaces with constant exponent. In 2010,
Izuki [14] generalized this result to the case of variable exponent and considered
the boundedness on Herz spaces with variable exponent.

In 2010, Izuki [13] proved the boundedness of some sublinear operators on
Herz spaces with variable exponent. And recently Izuki [12], [15] also consid-
ered the boundedness of some operators on Herz—Morrey spaces with variable
exponent.

Motivated by the studies on the Herz spaces and Lebesgue spaces with vari-
able exponent, the main purpose of this paper is to establish some boundedness
for commutators of fractional integrals on Herz—Morrey spaces with variable
exponent. Our main tools are some properties of variable exponent and BMO
function. And we also note that our results are the generalizations of main the-
orems for Izuki [14], [15] on Herz space and Herz—Morrey spaces with variable
exponent.

Throughout this paper, we will denote by |S| the Lebesgue measure and by
X s the characteristic function for a meaburable set S C R™. Given a function f,
we denote the mean value of f on S by fg:= il S‘ Jof s f(x)dx. C denotes a constant
that is independent of the main parameters 1nvolved but whose value may differ
from line to line. For any index 1 < g(z) < 0o, we denote by ¢'(z) its conjugate
index, namely, ¢'(z) = q(qx()m 21 . For A ~ D, we mean that there is a constant C' > 0
such that C"'D < A<CD.

2. Preliminaries and lemmas

In this section, we give the definition of Lebesgue and Herz—Morrey spaces with
variable exponent and state their properties. Let E be a measurable set in R"™
with |E| > 0. We first define Lebesgue spaces with variable exponent.
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DEFINITION 2.1
Let q(-) : E — [1,00) be a measurable function.

(1) The Lebesgue spaces with variable exponent L) (E) are defined by

(M)q(z) dz < oo

L‘I(')(E) — {f is measurable function: / "

E

for some constant n > O}.

(2) The space Lq(')(E) is defined by

loc

Lq(')(E) = {f is measurable function: f € L1O(K)

loc

for all compact subsets K C F }

The Lebesgue space L) (E) is a Banach space with the norm defined by
(z)
£y =it >0 [ (L) a0 <1},
E

Now, we define two classes of exponent functions. Given a function f €

Li (E), the Hardy-Littlewood maximal operator M is defined by

loc
M f(x) zsup'r*"/ fy)|dy (z€EB),
r>0 B(z,r)NE

where B(z,r)={y e R": |z —y| <r}.

DEFINITION 2.2
(1) The set Z(R™) consists of all measurable functions ¢(-) satisfying

1<essinfq(z)=q_, g+ = esssupq(z) < oco.
zER™ CER™

(2) The set B(R™) consists of all measurable functions ¢(-) € Z(R") satis-
fying that the Hardy—-Littlewood maximal operator M is bounded on LQ(')(R").

Next we define the Herz—Morrey spaces with variable exponent. Let B = B(0,
2y ={z € R": x| < 2%}, Ay, = B\ Bi_1, and ¥, =X,, for keZ.

DEFINITION 2.3
Let « e R,0< XA < 00,0 <p<o0, and ¢(-) € Z(R™). The Herz—Morrey space

with variable exponent M K;’;E')(R") is defined by

SO IO n . n
MK (RY) ={f € LE) (R™\{0}) - 1 argcos gy <00}

where

ko 1/p
. . —koA kap p
Flasseg oy = 5 27 ( 30 2l )

k=—o0
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Compare the Herz—Morrey space with variable exponent M KS’QA(A)(R") with the

Herz space with variable exponent K a(’g(R") (see [12]), where

K@) = {7 € IO @O} Y 27 £, [0, gy <0 -

k=—o0

Obviously, MK, (R") = Koh(R™).

When A\ = O we can see that our results below generalize the result in the
setting of the Herz space with variable exponent, which was proved by Izuki in
[14]. So in this paper, we only give the result when A\ > 0.

Almeida and Drihem [1] discussed the boundedness of a wide class of sub-
linear operators, including maximal, potential, and Calderén-Zygmund opera-
tors, on variable Herz spaces K:;((_')) P(R™) and K a(())’p (R™). Meanwhile, they also
establish Hardy—Littlewood—Sobolev theorems for fractional integrals on variable
Herz spaces. In this paper, the author only considers the Herz—Morrey space
MK;‘EI() ;‘(R") with variable exponent ¢(-) but fixed o € R and p € (0, 00). How-
ever, for the case when the exponent «(-) is variable as well, we can refer to
further work of the author.

Next we state some properties of variable exponents. Cruz-Uribe, Fiorenza,
and Neugebauer [6] and Nekvinda [22] proved the following sufficient conditions
independently. Moreover, we note that Diening [7] proved the following propo-
sition in the case when E is bounded, and Nekvinda [22] gave a more general

condition in place of (2).

PROPOSITION 2.1
Suppose that E is an open set. If q(-) € P(E) satisfies the inequality

(1) la(z) — ay)] < ——C

< T iy <12,
S ey Flosy

(2) la(z) — q(y)

<9 izl
= (e + |2 =

where C >0 is a constant independent of x and y, then we have ¢(-) € B(E).

In order to prove our main theorem, we also need the following result, which is the
Hardy—Littlewood—Sobolev theorem on Lebesgue spaces with varible expoonent
due to Capone, Cruz-Uribe, and Fiorenza (see [2, Theorem 1.8]). We remark
that this result was initially proved by Diening [8] provided that ¢, (-) is constant
outside of a large ball.

PROPOSITION 2.2 (SEE [2])
Suppose that q,(-) € P(R™) satisfies conditions (1) and (2) in Proposition 2.1.
Set 0< B8<n/(q,)+, and define g,(-) by
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Then we have
18| Laz> @y < ClIf [l Lar o) @y
for all f € L9 O)(R™).

In addition, the following result for the boundedness of I3’ on the Lebesgue
spaces with variable exponent will be used in the proof of our main theorem.

PROPOSITION 2.3
Suppose that q,(-) € P(R™) satisfies conditions (1) and (2) in Proposition 2.1.
Let me N0 < 8<n/(q,)+. Define the variable exponent q,(-) by

1 1 B

0.(x) g(x) n
Then I3, is bounded from L O(R™) into L92O)(R™) for all f € L% (R™) and
b€ BMO(R™).

The idea of the proof for Proposition 2.3 comes from [14, Theorem 1]. We omit
the details.

The next lemma describes the generalized Holder’s inequality and the duality
of LO)(E). The proof is found in [17].

LEMMA 2.1 (SEE [17])
Suppose that q(-) € Z(E), then the following statements hold.

(1) For all f € L')(E) and all g€ LY ) (E), we have
J @@ de < rall o s llallvo ey

where rg=14+1/q_ —1/q4 (generalized Hélder’s inequality).
(2) For all f € L'O)(E), we have

Iy < sunf [ 7@ o lall oy <1}

LEMMA 2.2 (SEE [15])
If () € B(R™), then there exists a positive constant § € (0,1) and C >0 such
that
sl Lac) rm) - C(ﬂ)é
IxBllLar@ny — N B
holds for all balls B in R™ and all measurable subsets S C B.

LEMMA 2.3 (SEE [15])
If q(-) € B(R™), then there exists a positive constant C >0 such that

_ 1
c'< ®||XB”L‘1<‘>(R") XBllLro@ny <C

for all balls B in R™.
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LEMMA 2.4 (SEE [13])
Let be BMO(R™),m €N, and i,j € Z with i < j. Then we have

-1 m m
c ||b||BMo(Rn)§S‘;p )H(b*bB) 'XBHLq(-)(Rn)

X8l L) (Rn
< ClIblIEmo @y

H(b - bBl)m : XB]- ||Lq(.)(Rn) < C(] - Z)m”b”gMO(R”)HXBJ ||Lq(’)(Rn)'

The above result is proved by Izuki [13]. We remark that Lemma 2.4 is a gener-
alization of well-known properties for BMO spaces.

3. Main theorem and its proof

In this section we prove the boundedness for the higher-order commutator of
fractional integrals on Herz—Morrey spaces with variable exponent under some
conditions.

Let g(-) € Z(R™) satisfy conditions (1) and (2) in Proposition 2.1. Then so
does ¢'(+). In particular, we can see that ¢(-),q¢'(-) € Z(R™) from Proposition 2.1.
Therefore applying Lemma 2.2 when ¢ (-), g2(-) € Z(R™), we can take a constant
51 €(0,1/(¢h)+),02 € (0,1/(q1)+) such that

HXS”LQi(»)(Rn) < (lﬂ)& ||XSHL(12(~)(R”) < (ﬂ)&

®) B B

el ooy Ixalzmo@

for all balls B in R™ and all measurable subsets S C B.
Our main result can be stated as follows.

THEOREM 3.1
Suppose that q,(-) € P(R™) satisfies conditions (1) and (2) in Proposition 2.1.
Define the variable exponent q,(-) by

1 1 B

¢.(r) q(@) 0
Let meN,0<p, <p, <00,A>0,0<B<n/(q)4,A\—nds <a <+ ndy, where
91 €(0,1/(q1)+) and 62 € (0,1/(g2)+) are the constants appearing in (3). Then

Igy, is bounded from MK;‘l’j\ql(,)(R”) into MK;;,A%(.)(R") for all f €

MK®>  (R") and b€ BMO(R").
P1,4, ()
Proof
For all f € MK?/\q (,)(R") and Vb € BMO(R"), if we denote f; := f-x; = f-xa,
1°41
for each j € Z, then we can write

f@)= Y fl@) @)=Y fi.

j=—c0 j=—00
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Because of 0 < p, /p, <1, we apply the inequality

e Py /P s
(Z |ai|> ' ZS Z |ai|p1/1’2’

i=—o00 i=—00
and obtain
P
ngfb(f)‘ I\/IIK;:’AEI (-)(Rn)
242
. ko A P, P1/Py
= sup 2 1 ( Z 27%P2 ||I,3,b(f) 'XkHL(IQ(')(Rn))
kocZ k=—o00

< € sup 2750 Z 2ren | Ig(f X’CHI[),1‘12<‘)(R"))

kocZ k=—oc0
k—2 P,
< C'sup 2~ ko’\pl( Z 21“”71( Z ||Iﬁb fi) XkHL‘lz()(R")> )
kocZ k=—o0 j=—o00
ko k+1 Py
+C sup 2"“”1( > 2kap1< > Hfgfb(fj)'XkHLQz<’>(Rn)> )
ko€Z k=—o00 j=k—1
ko oo Py
+ C sup 2_’“0’\”1( Z Qkam( Z ng,lb(fj) 'Xk||L42<'>(Rn)) )
ko€Z k=—o0 j=k+2

=C(Ey + Ex+ E3).

First we estimate F,. Using Proposition 2.3, we have

k+1

Py
Eo = sup 2~ Wpl( Z Qkapl( > A () XkHqu(Rn)) )
ko€Z k=—o0 j=k—1
ko k+1 P,
< Clblion sup 277 (32 247 (32 Iy xelmogn) )
ko€Z k=—o0 j=k—1
ko
< Olgoqn 5 277 (32 218y el )
0 k=—o00

= OOl oy 11 oy

489

Now we consider E;. Note that when z € Ay,j <k —2, and y € A, then
| — y| <~ |z|,2]y| <|z|. Therefore, using the generalized Holder’s inequality (see

Lemma 2.1(1)), we have

255 (f3) (@) - xi ()]
<C/ i @)llb(z ( ) dy - e ()

Iff*yl”
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c2" /A |5 @)][b(x) = b(y)|™ dy - xu(x)

<2 ")(|b fbBJIm/A_|fj(y)|dy+[4_|fj(y)||b(y)*bBﬂmdy) Xk (@)

k(B—n)

<02 150 a1 © gy () ij!mHlequ;(-)

) Xk ().

Thus, from Lemma 2.4, and noting that ||x;
follows that

(R™)

o= m)"l o,

||L5(')(]Rn) S HXB«;HLS(‘)(Rn)v lt

1755 (£3) - xo || pan © e

k(B—n)

<C2

fj||qu<> R") (H (b— bB Xk||Lq2<~>(Rn)||XjHLq;m(Rn)

+1|(6—bs,)"x; HL“/l(')(Rn) ||Xk||Lq2<->(Rn))

k(8—n)

<02 lfill o g

" ,
< (= " blhoee I8 120 o 60
+ BB 18, 0 g [0 0y

k(B—m)

< 02" (k= )™ elgssoqer 1l g

g 0 g I8 0 g

Note that xp, (v) < C27*15(xg, )(x) (see [15, p. 350]); by Proposition 2.2
and Lemma 2.3, we obtain

1B 020 gy <C2 s 0e || a0

(5) S

— kB
SCQ ||XBk||Lq1() (R")

Using Lemma 2.2, Lemma 2.3, (3), and (5), we have

k(ﬁ n)
HXB ” ) () (R") ||XBk|| ‘12()( n)

k(B n)

<2 x|l LHO 2 ||XBk||Lq1(-)

(R™) (R™)

—kn
<C A e -2
(6) = ||XBJ||L 1<>(Rn)

-1
<Clixs, ||Lq;<-) &) IxB. ||Lq;<->

XBk Hqu ) (R"’)

(R™)

X8, o
_o L @) < Coli—kIné:

EEARTE
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On the other hand, note the following fact:
Hf.j”qu(') (R )

— 9o (om || £, || )1/

‘11()

R™)
J

—Ja (16 l/pl
(7) <2 J (Z 2 lesz ql()(]R")>

1=—00

o Za /pl
_ 9ia— (2 J)\< Z 2P £l ql”(w) )

1=—00

< COOTI|f |l o

0y () B™)

Thus, combining (4), (6), and (7), and using o < A 4 ndy, it follows that
ko k—2 »
- (63 m 1
By = sup 2 i (37 20 (18 xell o))
0 k=—o0 j=—00

< C sup 2~ koAp,

ko€EZ
& kap = A\m m —(k—j)nd1 Py
(32 2 (S0 b= I e 15l g2 )"
k=—oc0 j=—o00

S C”ngLI\P;[lO(]Rn)||fH;;)\;K;X«*q ¢ )(Rn)
1091

ko k—2
<o (30 (3 gyt
ko€Z e —oo =00
ko
< C”ngﬁlo(Rn ||prlKo< >\ )(]R") Sup 2 k(’)‘pl( Z 2k/\p1)
k=—o00
< C[bllLio g I F17: MEs @

Now, let us turn to the estimate for F3. Note that when = € Ay, j >k + 2,
and y € A, then |z —y| « |y|, 2|z| <|y|. Therefore, using the generalized Holder’s
inequality (see Lemma 2.1(1)), we have

255 (f5) () ~><k(z)|

e

<02 () =vo | [ 1 ar+ [ 1500~ e ) - xeta)
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Jj(B—n)

SCQ ||fj||Lq1(.)(R")

X (}b(x) —bp, ’mHXjHLQ’l(') + H(b_ ka)ijHLq’l(J ) : Xk(x)

(R™) (R™)

Using Lemma 2.4, it follows that

1282 (13) - Xkl 02 0 gy

J(8—n)
<O T ill oo gy (10 =08 Xk a0 oy 1610 -

+1|(b—bg,) X]H 1O ||Xk|\Lq2<>(Rn))

3(B—n) m
® <2l 00 oy (B0 X8l 120 gy I 0

+ (5 = B)" bl Bro @ X8, 1| a0 Xkl Loz (gmy)

(R™)

Jj(B—n)

< €27 =k BB 1ol ) g

<xmll o0 g IXBEN 2200 g0y

(
Note that xp,(z) < C279PI5(xp,)(z) (see [15, p. 350]), by Proposition 2.2
and Lemma 2.3, we obtain

—iB
X8 ||L"2(')(Rn) <C2 HI/a(XBj)HLq2<->(Rn)
—iB
<02 gl o g
—3iB J
<C2 HXB ” q ) .
(R™)
Thus, we have
(B-n) _
9 2’ <C :
(9) IxB I ()(R" X8, || 20 gn)

Using Lemma 2.2, Lemma 2.3, (3), and (9), we have

J(B n)
D YR o e

( <O 0 g 008 220

(B™) — C(R™)

(10) <C||XBk||Lq2(')(Rn)
||XB] HL‘12(‘>(Rn)
< CQ(k*j)n%.

Thus, combining (7), (8), and (10), and using A\ — nds < «, it follows that

FEs = Sup2 ko’\p1< Z 2ka1”1( Z HIBZ, f] XkHLqQ()(Rn))pl)

ko€Z j=k+2

< C sup 2 ~koAp,
ko€EZ
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ko oo
. m m —(j—k)n Py
(D2 25 (30 G R I il o0 g, 27 97) )
k=—oc0 Jj=k+2
mp1 p1
< Clgiomnl Wi
k}o o0 p
xsup 2t (30 2 (3 (ke enne )
ko€Z k=—o0 j=k+2
ko
< OBl o 1717, g gy suD 270N (37 2801 )
Pysaq (1) ko€Z ke —oo
<Cllb mpi b1 .
This finishes the proof of Theorem 3.1. O

When A =0, our main result also holds on Herz space with variable exponent,
and generalizes the result of Izuki [14] (see Theorem 3). When m = 0, we also
improve the result of Izuki [15] (see Theorem 2).

Acknowledgments. The author cordially thanks the referees for their valuable
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paper.
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