Global hypoelliptic estimates for
Landau-type operators with external
potential

Frédéric Hérau and Wei-Xi Li

Abstract In this paper we study a Landau-type operator with an external force. It is a
linear model of the Landau equation near Maxwellian distributions. Making use of mul-
tiplier method, we get the global hypoelliptic estimate under suitable assumptions on
the external potential.

1. Introduction and main results

In this article we are interested in the study of the regularity of solutions of some
kinetic equations. In the linear or linearized equations, the corresponding collision
operator may behave in some cases like a Laplacian—or at least a fractional power
of a Laplacian—and we may hope for some improved smoothness at positive time.
This type of question concerns Fokker—Planck equations, Landau equations, or
Boltzmann equations without angular cut-off.

In the linear homogeneous case these equations have then a parabolic behav-
ior, and the study of the local smoothing properties in the velocity variable is
rather direct. In the nonhomogeneous case, the regularization in space variable
is not so easy, but occurs anyway thanks to the so-called hypoelliptic structure
of the equation. This type of behavior is a subject of intensive recent research in
kinetic theory, coming back to the first results of Héormander [13] concerning the
Kolmogorov equation, and it is also in the core of averaging lemmas (see e.g., [2]).
In this article we are interested in global estimates of the following Landau-type
operator:

P=i(y-D, —9,V(z) Dy)+ Dy -v(y)D,
+ (Y A Dy) - 1(y)(y A Dy) + F(y),

where D, = —id,, D, = —i0, and = € R? is the space variable and y € R? is
the velocity variable, and X - Y stands for the standard dot product on R3.
The real-valued function V(x) of space variable x denotes the potential of the
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macroscopic external force, and the functions v(y), u(y), and F(y) of the variable
y in the diffusion are smooth and real-valued with the properties subsequently
listed below.

(i) There exists a constant ¢ > 0 such that
(2) WYeR’ wv(y)zc(),  pl)zcy),  and  Fy) = cly)*,

with v € [0,1] and (y) = (1 + |y|?)*/2.
(ii) For any a € Z3, there exists a constant C,, such that
5 Yy ER?, (070 (y)| +10n(y)| < Ca(y)™1*l, and
[0 F ()] < Ca(y)* 71,

It is sometimes convenient to rewrite the operator as the form

P=i(y: Dy — 0,V (z) Dy) + (B(y)Dy) - B(y)Dy + F(y),

*

where the matrix B(y) is given by

v(y)  —ysvly) e iuy)
4 B =(Bir®),<;pes = | ~¥3v1Y) vy~ |
—ye/ 1Y) i/ p(y) v(y)

and (B(y)D,)* = D, B(y)", with BT the transpose of B, is the formal adjoint of
B(y)Dy. By (2) and (3) one has, for any y,n € R® and any a € Z3,

(5) 10 Bjie(y)| < Caly)' 1772

[B(y)nl* = v(y)nl® + u(y)ly Anl?
> cly|"(Inf* + [y Anl?).
As a result, observing that i(y - Dy — 0,V (z) - D,) is skew-adjoint, we have
1) 222 + 1) 2 DyullZe + [1(9)*(y A Dy)ull

(7)
< c71||B(y)Dyu||%2 + (Fu,u) 2> < c ' Re(Pu,u) e,

where (-,-)z2 and || - [[> stand for the inner product and norm in L*(RS ).

Denoting by (£,n) the dual variables of (z,y), we notice that the diffusion
only occurs in the variables (y,7n) but not in the other directions, and that the
cross-product term y A D, improves this diffusion in specific directions of the
phase space where the variables y and n are orthogonal. In this work, we aim
to prove that linear Landau-type operators are actually hypoelliptic despite this
lack of diffusion in the spatial derivative D,. More specifically, we shall be con-
cerned with proving global hypoelliptic estimates with weights in both spatial
and velocity derivatives whose structure is exactly related to the anisotropy of
the diffusion. Our main results can be stated as follows.
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THEOREM 1.1
Let V € C*(R%R) satisfy that

(8)  V|a|=2,3C, >0 such that Vx € R, |82V (z)| < Co(0:V ())?/3.
Then there exists a constant C such that for any u € C§°(R®) one has
K2 7010:V (@) P 2 + () > Pl 2
9) + 1D ullze + 1) 21Dy Pull 2 + [y)*ly A Dy ull 2
< C(|[Pull> + [lullz2)-
Moreover if V' satisfies the condition that
Oy Hay™M < (0,V (x)) < Cp(x)™M, and

(10)
Vo] 22, 97V (2)| < Co <0,V (@)'/?,

with M,Cy two positive numbers and C, a constant depending only on «, we
have additionally

|02V A +y A3 ul| L, + || ((0:V AP u
< C([Pullzz + llullL2),
where p* stands for the Weyl quantization of the symbol p.

There is a large class of potentials satisfying (8) and (10), for example the qua-
dratic functions of the form V(x1,zq,23) = Z1§jg3 ajx? with a;’s real coeffi-
cients. More generally the potential V' appearing in this work is related to an
external force F' = —VV (x) acting on the system of particles whose distribution
we want to study. We refer to, for example, the introduction of [11] for a short
presentation of the linearized Landau model (there without external force, see
also [8] or [23]). We mention here following [11] that for operator P defined in (1),
the Cauchy problem

Opu+ Pu=0, wuli=o = uo,
is a linearization of the full inhomogeneous nonlinear Landau equation

(12) Wf +yNVof =VoV(2).Vyf=QL(f.f), [le=o=fo,

where the unknown f(t,z,y) is the density of probability of the presence at
time ¢ in (z,y) of the system of particles, and @, is the Landau collision kernel
(see [11, (8)]). The linearization procedure is f = M + M ?u, where M(x,y) =
e~ (8*/24V(@)) g the so-called Maxwellian (which is a stationary solution of (12)).
Here we are interested in the control of the regularity of u by that of Pu.

Estimates of the type given in Theorem 1.1 can be analyzed through different
view points. At first they give at least local regularity estimates in the velocity
direction, according to the term |D,|? appearing in (9). Now one of the goals
of this article is to give global estimates to identify the good functional spaces
associated to the problems: here we are able to prove that in the elliptic direction
we have an estimate of type
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1) 257 Bl 2 + 1) 21Dy Pull = + 1) 21y A DylPul 2
< C{lIPull 2 + [l }-

A priori it does not seem to be optimal, and indeed when V' =0 a similar inequal-
ity was proven in [11] with an exponent v there instead of 5v/6 and /2 here,
but the study with V' # 0 is harder. Similar to [11], we recover here in (9) some
intrinsic global anisotropy via a term of type y A D, already appearing in the
definition of the original operator.

The second main feature of this result is to reflect the regularizing effect in
the space variable z, thanks to the hypoelliptic structure, which leads to terms
involving, for example, |D,|?/3. Recall that the exponent 2/3 here is optimal,
according to local estimates coming back to [13] (see also [1]). In this direction
(i.e., concerning local optimal subelliptic estimates for kinetic models), we men-
tion also the works [20], [21], and [18] on the Boltzmann operator without cut-off
and the series of works on Gevrey regularity (see [5], [4], [3]).

Now similar to the case of elliptic directions, it may be interesting to get
global weighted estimates in the space direction. In [10] and [9] the authors
studied the Fokker—Planck case, in particular with a potential, following original
ideas from [7] (see also [6]). In this direction the work [11] also gave a first
subelliptic global (optimal) estimate, concerning the Landau-type operator in
the case when there is no potential; the main feature of that work was to show
that subellipticity in space direction occurred with anisotropic weights of type
(y)Yy A D,.. In the present article we recover the same type of behavior, with
additional terms—also involving wedges—linked with the potential V.

To prove the result, we use the same multiplier method as in [11], which
allows us to obtain a global hypoellipticity result with optimal loss of 4/3 deriva-
tives. This method was first introduced in [12] for the Fokker—Planck equation.
It was then extended to more general doubly characteristic quadratic differen-
tial operators by Pravda-Starov [22] to get optimal hypoelliptic estimates. The
present work is a natural continuation of [11], and as was done there, we will make
strong use of pseudodifferential and Wick calculus, following the presentation by
Lerner [17].

The plan of this article is the following. In the second section we introduce
some notations and facts about the symbolic calculus. In the third section we
prove some weighted estimates in space and velocity, without derivatives, needed
later to complete the proof. In Section 4, we essentially work on the velocity side
after a change of operator through a partial Wick quantization in (x,¢). This
allows us to treat the space variable (and its dual) as parameters and to get
optimal velocity estimates with parameters. In the last two sections we go back
to the original operator and complete the proof.

2. Notations and some basic facts on symbolic calculus

We first list some notations used throughout the paper. Denote by (-,-)z2 and



Hypoelliptic estimates for Landau-type operators 537

|| || the inner product and the norm in L?(R™), respectively. For a vector-valued
function U = (uy, ..., u,) the norm ||U]|> stands for (3, Hujﬂiz)l/2

To simplify the notation, by A < B we mean there exists a positive constant
C such that A < CB, and similarly for A 2> B. While the notation A ~ B means
both A < B and B < A hold.

Now we introduce some notation of phase space analysis and recall some basic
properties of symbolic calculus (see [14], [17] for detailed discussions). Through-
out the paper let g be the admissible metric |dz|? + |d¢|?, and let m be an admis-
sible weight for g (see, e.g., [14], [17] for the definitions of admissible metric and
weight). Given a symbol p(z, (), we say p € S(m,g) if

Va, B € Z,¥(2,0) € R, (020 p(2,0)| < Ca,pm(z,C),
with Cy, g a constant depending only on «, 8. For such a symbol p we may define

its Weyl quantization p* by

VueS(R™), p“u(z)= /62”(27”)'4?(2 v

2 Y

)u(v) dvdc(.
The L?-continuity theorem in the class S(1,g), which will be used frequently,
says that if p € S(1,g), then

vue L2, |pPullrz S llul a-

We shall denote by Op(S(m,g)) the set of operators whose symbols are in the
class S(m, g). Finally let us recall some basic properties of the Wick quantization
and refer the reader to the works of Lerner [15]-[17] for thorough and extensive
presentations of this quantization and some of its applications. Using the notation
Z = (2,¢) € R?", the wave-packets transform of a function v € S(R") is defined
by

Wu(Z) = (u,027) L2(rn) 22"/4/ u(v)e 0= im0 /2):C gy,

with
pz(v)= 2"/467“”72'262”(”72/2)'”, veR™
Then one can verify that W is an isometric mapping from L?(R") to L*(R?"):
(13) [Wullp2ren) = |lullL2zn)-
Moreover the operator
Ty =WW*,

with W* the adjoint of W, is an orthogonal projection on a closed space in L?,
whose kernel is given by

(14) K(Z,2)= e*ﬂ/2(|Z75\2+IC*§|2)eiﬂ(zfi)-(CJrf), Z=(2,(),Z=(%,0).
We define the Wick quantization of any L*°-symbol p as
pWiCk — W*pW
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The main property of the Wick quantization is its positivity; that is,
(15) p(Z)>0 for all Z € R?*" implies p™Vik > 0.

According to [17, Proposition 2.4.3], the Wick and Weyl quantizations of a symbol
p are linked by the following identities
(16) pWick — pw + T’w,

with
/ / P (Z +0Y)Y2e 2V P on gy gg.
R2n

We also recall the following composition formula obtained in the proof of [15
Proposition 3.4]

Wick

i i 1 !
Wick ch:[pq__p/.q/—i—r{p»q} +T,
1T

p q ar

with 7' a bounded operator in L?(R?"), when p € L>°(R?") and ¢ is a smooth
symbol whose derivatives of order at least 2 are bounded on R?". The notation
{p,q} denotes the Poisson bracket defined by

(17) =% 7 -5 7 :

3. First part of the proof of Theorem 1.1: Weighted estimates
In this section we are mainly concerned with the estimate in weighted L?-norms,

that is, Proposition 3.1.

PROPOSITION 3.1
Let V(x) € C%(R3;R) satisfy the condition (8). Then
Vue Cg*(R),  [[()7/°10.V (@) 2 ul| o + 1) Cu| 2

(18)
S 1Pullzz + fJull 22

To prove this proposition, we begin with the following lemma.

LEMMA 3.2 ([11, LEMMA 3.7])

Let pe S(1,|dy|? + |dn|?) and B(y) be the matriz given in (4). We have
Vue G (R%),  |(F(y),p*u) .| + |((B(y)Dy)* B(y) Dyu,p*u) .|

(19)
S |(Pu,u) 2]

LEMMA 3.3
For all u € C§°(R3) we have

)27 Cull 2 + 1) 2O Dyl 2 + (1) 277 (y A Dy Y| 2

(20) ~v/6 2/3
S 1) 0:V) ull 12 + | Pul 2.
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In the proof we let u € C§°(R?"). The conclusion will follow if one can prove

1()* 57 ul| 22 + (1) 72 B(y) Dyul 72

(21)
S ) %0V Pul|Za + | PullFe + [lul 7,

since by (6), one has

{y) V2| B(y) Dyul > () 0 Dyul + () (y A Dy Y.

As a preliminary step, let us first show that for any € > 0 there exists
C. > 0 such that

|(P(y) 3, () 50 e |
(22) S ()27 %u)13. + [[(y) 2 B(y) Dyul)32)

a constant

+ CA|[w) 50,V (2) 2/3u||L2 +||PullF2 + JullZ2 ]

In fact, the estimate
{02V (@) (y) 217 < e(y) 5 4 Cly) 20,V (2)) Y

yields

(23) () 2720,V (@)uy ) o < ell(y)* 57/ Oul 2,

Consequently, using (3) we compute
[P, () 7P Tu| S 10:V (@) [(y) "l + (y) 27/°| B(y) Dyul,
and thus

[ <y>1+7/3] <>1+7/3 )rz|

+ Cc|[() /5 (0, () Pul [

< (102 )2 B, + ((9)2B(y) Dyul, (9)* 0 ))

Sell()* ™ %ulfz + el () 2 By) Dyul 72
+ Cel| )50V (1) 20|, + Ces || ()" B(y) Dyul|2
Se(lw)* > %ulfz + ()T ° By) Dyull72)
+C; (H 7/6 (0, V() 2/?’uHL2 + | Pul|?; + ||uHLz)
where the second inequality follows from (23), the third inequality ho
Ve>0, [[{y)"*B(y)Dyullre <&ll(y)" " By) Dyul| 2 + Cell(y) -
and the last inequality follows from (7) since by (5),
I{y) ™ By) Dyull> < |1{y)""* Dyul| 2.

Sel <y>2+5”/6UHLz + Cel[{y)/%40:V () Pull 22 + Cell () B(y) Dyull2

lds because

'B(y) Dyul| 2,
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As a result, observing
|(P(y) 7P, () ) 12|
< |(Pu, ()* ) o] + ([P ()T, () P0) |
and
|(Pu, (9)*"Pu) 12| < el () >+ Ou|| 22 + Cc || PullZ

due to the fact that 2v/3 <5v/6 for v > 0, we obtain the inequality (22).
Now we prove (21). Let us first write

1()* Y Sul|72 + [|(y) 17 B(y) Dyul|7 2
Sy 2 ) Bl Fe + (1 B(y) Dy () Pl 2
+ [ BW)[Dy, (y) 7 Jull
S Pu, (y) ) 2+ | B)[Dys ()7 Tl |72,
the last inequality using (7). For the last term, we have
IB)Dy, () JullZe S 1) 27 0ulFe < el (9)* 57 CullFe + Celfu 22
Then the desired estimate (21) follows from the above inequalities and (22),

completing the proof of Lemma 3.3. O

Proof of Proposition 3.1
Let p € C1(R?") be a real-valued function given by

2(y)"20,V (z) -y

with
B < >2+27/3
o= vy
where x € C3°(R; [0,1]) such that =11in [—-1,1] and supp x C [—2,2]. We have,
using the notation Q@ =y - D, — 0,V (z) - Dy,

Re(Pu, pu) 2 = Re(iQu, pu)p2 + ((B( )Dy)* - B(y)Dyu, pu)  , + (F(y)wpu)Lz,
which along with (19) yields
Re(iQu, pu) 2 S [(Pu,u) 2|+ |(Pu, pu) L2|.

Next we want to give a lower bound for the term on the left side. Direct compu-
tation shows that

. 3
(24) Re(iQu, pu) 2 = ;([ Z (Aju, )

with A; given by
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_ W)10.V (@)
@@y
Az = (0,V ()2 (0:V (2) - y)8:V () - 9, [(y) P b (z, )],
As = =)y 0. ((0V ()" (0:V (2) - yo(.p))).
We will proceed to treat the above three terms. First one has

(y)/?

Ar = ()30, V (2))* P p(w,y) — W‘Jb(%y)
y?

_ <y>7/3<8IV(3;‘)>2/3 _ <y>'y/3<awv(x)>2/3(l - q/)(a?,y)) - W

¢(z,y),
from which it follows that

(25) (Aru,u)z2 > ()02 V (), u)
Here we used the facts that

1o = 1) 2 2

(y)?/?
CATEC

on the support of ¢, and (9, V (z))?/3 < (y)>+27/3 on the support of 1 — ¢. As for
the term Ay we make use of the relation

Vo €R, 9,V (2)0,((y)7) =0 (y)"*0:V (2) -y,

to compute

. ) Y 2+2v/3
Az = <6xV(:l:)>74/‘3|8xV(z) ~y|2 [%@W/‘Fzﬁb + <(32 J‘;Z;)<§Jz>/3 X ( <8<y€/(;)>2/3 )}

02V (2)) 4310,V () - y[*(0:V () 23 (y)?
(y)**7,

the first inequality using the fact that v >0, and hence the term %(y)” 3724 is
nonnegative. As a result we conclude:

(26) (Azu,u) 2 2 —((y)* u, u) e,

z_
Z_

For the term Ajz, using (8) gives
Az 2 =) 2 —(y)* 7,
and thus
(Azu,u)p2 = — (1) Tu,u) 2.
This along with (24), (25), and (26) shows that
() *0:V (@) Pusu) o S Pullfe + [(Pu,u) 2| + |(Pu, pu) 2]

S| (Puyu)pz| + | (Pu, pu) p2].
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Now for any u € C§°(R?"), we use the above estimate to the function
(0,V (2))'/3u; this gives

()72 0.V (@) Puu) 1
S0V ()72 PV (2)) P ul| L [0V (2)) 20| s
which, together with the fact that v > 0, implies
()7 (0aV (@))*Pul| 1o S [[0:V (@) "2 P@:V (@)l
< ||Pullpz + H((%V(x»_l/?’ [P, <3xV(x)>1/3]uHL2.
Moreover in view of (8) we have
[0V ()72 [P (02 V (@) *Ju| 12 S 1 W)ull e S 1 Pull g2 + [lul| 2

Then the desired inequality (18) follows, completing the proof of Proposition 3.1.
O

4. Hypoelliptic estimates for the operator with parameters

In this section we always consider X = (z,£) € RS as parameters, and we study
the operator acting on the velocity variable y:

(27) Py =iQx + (B(y)D,)" - B(y)Dy + F(y),

where Qx =y -§ — 0,V (z) - D, and B(y) is the matrix given in (4).

NOTATIONS

Throughout this section, we will use || - ||z2 and (-,-)r2 to denote, respectively,

the norm and inner product in the space L? (Rg’,) Given a symbol p, we use p*Vick
and p™ to denote the Wick and Weyl quantization of p in the variables (y,n).

The main result of this section is the following proposition.

PROPOSITION 4.1
Let \ be defined by
A= 1410V An+y AP +10:V ()] + ¢
11+ nl° + 0,V () 1)) 2.
Then the following estimate
(02 V (@))% +(€)*) Jull 2
(29) + 1) 21Dy [Pull 2 + [[9) 2Ly A Dy[Pul 2 + [(A/2)ul 2

S 1 Pxullze + [lul 22

(28)

holds for all u e S(R‘;) uniformly with respect to X.
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We will make use of the multiplier method introduced in [11] to show the above
proposition through the following subsections.

4.1. Lemmas
Before the proof of Proposition 4.1, we list some lemmas.

LEMMA 4.2
Let X be defined in (28). Then
(30) Vo eR, A\ €S\, |dy|* +|dn|?)

uniformly with respect to X. Moreover if o <1, then the inequality
(31) Via| + 18] =1, 1850, (A7) < (8:V ()7 + (€)7
holds uniformly with respect to X, and thus

(32) AT)VIK = (A7) + ((0:V ()7 + (€))7,

with r € S(1, |dy|* + |dn|*) uniformly with respect to X .

Proof
By direct verification we see that for all (y,7) € RS and all o, 8 € Zi one has

10505 (My,m)?) | < Ay, m)?,
which implies (30). Moreover note that
Vil + 181 =1, [958, (Ay,m)?)| < ((8:V (2)) + (€)) Ay, m),
and thus
Vo €R, [9507 (My,m)7)| S oA ((0.V (2)) + (€))-

Then we get (31) if 0 <1, and thus (32) in view of (16); we complete the proof
of Lemma 4.2. g

LEMMA 4.3
Let X\ be given in (28). Then for all u € S(R?®) one has
9) 21Dy Pull 2 + ()2 [y A Dy Pul 2
S I Pxcull e + 192 u) 2 + [ (X2)“ul| 2,
where @ is defined by

(33)
(34) O =0(X) = (1+ |0, V(@) +e2)".

Proof
Similar to (7), we have, for any u € S(R?),

(35) [l " 2ullZ + 11(w) 2 DyullZe + 1) (y A Dy)ullzs S Re(Pxu,u)re.
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Using the above inequality for D, u gives

n

Y 1w)2Dy, - Dyullis S Y (P Dy,u, Dy,u) p2]
J,k=1 j=1

N ‘(PXuvDy 'Dyu)LZ‘ + Z|([PX7Dyj]u’ Dyju)L2|?
j=1
which, with the fact that v > 0, implies
(36) > W) Dy, - Dyulliz S |Pxulfa + Y | ([Px, Dy Ju, Dy;u) 2.
J,k=1 j=1

So we only need to handle the last term in the above inequality. Direct verification
shows that

[Px, Dy, =&+ ((Dy, B(y))Dy)" - B(y) D,
+(B(y)Dy)" - (Dy; B(y)) Dy + (Dy, F(y))-

This gives
(37) En]([P, Dy, Ju, Dy, u) 2| < By + By + Bs,
=1
with ]
B, = Zn: |(&5u, Dy, u) 2],
=1
B = 3 (1B )P0y, BID, D) + | (D Dy B)D, Do) ).
iz
B3 = iy ((Dy, F(y))u, Dy, 1) |-
iz

By Parseval’s theorem, we may write, denoting by @ the Fourier transform with
respect to y,

|(&u, Dy;u) 2| = (&5, n0) 2 (R,
and hence
Bi <el|Dy - Dyul[Zz + Ce[|(€)**ul 2,
due to the inequality
[&5mj| < elnl* + Co(6)**.
From (5) and (3) it follows that

3
By+Bs<e Y |(y)* Dy, Dy,ullts + Cell(y) /2 Dyul[Zs.
Gik=1
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Moreover repeating the arguments used in the proof of (21), with P replaced by
Px, gives

1) 2DyulZe < I(y) B(y) Dyulze + lullzs < 140:V)> 2ull 2> + | PullZ..

Combining these inequalities, we have

3
By+B3Se Y y)/2Dy, Dyjull2s + Ce (| Pxul2a + || (0:V (@) ul 7).
j,k=1

Due to the arbitrariness of the number e, the above inequalities along with (36)
and (37) give the desired upper bound for the first term on the left-hand side of
(33).

It remains to treat the second term. In the following discussion we use the
notation

T=(T,T2,T3) =y A Dy, A= (A1, A2, A3) =y NEF 0,V (x) A Dy,

From (35) it follows that

3
> () Ti - Tyull72 + | Dy, - Tyull7z + s - Tyull72)
Jk=1

3
Z (PxTju, Tju)r2| < |(Pxu,T - Tu)pz| + |([Px, T)u, Tu) 2|,

which, with the fact that v > 0, implies

3
> (K Ti - Tyull72 + | Dy, - TyullZz + s - Tyull72)
Jh=1

(38)
< ||Pxul?s + |([PX,T]u7Tu)Lz|.

To handle the last term in the above inequality, we write

[Px, Tj] = =A; + Dy, Ty] - v(y) Dy + Dy - v(y)[Dy, Ty] + Dy - (Tjv(y)) Dy

+ITT5] - w)T +T - (Tip(y)) T+ T p(y)[T, T3] + (T3 F(y)).

This gives
(39) |([P,T)u, Tu) 2| < N1+ No+ N3 + N,
with
N = |(Au, Tu) 2],

Ny = Z| (y)Dyu+ Dy - v(y )[DyaTj]quDy'(Tj’/(y))DyuvTju)L2|’

Ny = Z\ ([T, T3] - () Tu+ T - (Ty(y)) Tu+ T - pu(y) [T, TiJu, Tyw) |, |,

j=1
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3
Ni=>"[((0y, F(y))u, Dy,u) |-
j=1
Next we treat the above four terms. For the term A; one has, with A defined in
(28),

(Au, Tu)z < e (AV2) Tl 72 + Co (AH%)" Aull
< e A3 Tul2a + ol (A3)ul 22,
the last inequality holding because
(A2 ANTE) € Op(S(1, [dyl? + |dnf?)).
On the other hand,
[AY3) Tu)3s S [((A23)"Tu, Tu) |
S (O T T) | 4+ (02", T, T |
S elT - Tull g + Co |3 ull 2 + | ([N, T]u, Tu) .
Observing (30), symbolic calculus gives
[(W22), T] = [(A*/%)",y A Dy] = Dyby + yby + by,

with b;, 1 < j < 3 belonging to S(A\?/3,|dy|? +|dn|?) uniformly with respect to X .
This shows that
3
(023, T, Tu) 1| S e 3 11Dy - Tyull3e + e - TyulZe) + ol O 2) a3
k=1

Combining the above inequalities, we have
3
M Se > ()T Tyulfa +1 Dy, - Tyull 7z + s - Tyullzz) +Cel|(A/2) ul 7.
jik=1
Direct verification shows that

Dy ]=> afD,,, [T1,T»] = iTs, (T3, 1] = i3, [T», T3] = iTh,
with aﬁ)k € {0,—1,41}, and thus

3
No+ N3 Se > ()2 Te - Tyull7z + ()2 Dy, - Tyul3 + 11(w) ?ys - Tyul72)
jk=1

+Ce ()P TullZs + 1) Dyullzs + 1(y)PyullZ2)

3
S ()T - Tyull 72 + 1y) 2Dy, - Tull7z + 1) i - Tyul32)
jk=1

+Ce (| PxullZs + [lullZ2),
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the last inequality using (7). It remains to treat Ny, and by (2) and (7) we have

Na S I 2 ullZe + 1) 2 Dyullze < (1PxullZs + [lullZ2).

~

Combining the above estimates, we conclude that

N+ Ny + Ny + Ny
3
Se > ()2 Te - Tyulliz + (W) 2Dy, - Tyull3z + [(w) 2yn - Tyul3)
j,k=1

+ Ce(I[Pxul gz + 1P2) ul 2 + [lulZ2).

This along with (38) and (39) yields the desired upper bound for ||(y)?/?|y A
Dy |?| 12, with & small enough. The proof of Lemma 4.3 is thus complete. O

LEMMA 4.4
Let p € S(1,|dy|? + |dn|?) uniformly with respect to X, and let \ be defined in
(28). Then for any € >0 there exists a constant C., such that

(PX()\I/S)wu,pw(/\l/S)wu)L2
3\ w 2
Sel A3 w2, + C{ || Pxull3s + 1192 3ul3s + [|(0:V (x) A E)*/ul[, },

where ® is given in (34).

Proof
As a preliminary step we first show that for any ¢, > 0 there exists a constant
C. ¢ such that

Re([PXv ()\I/B)w]u’ a® ()\I/B)wu) L2
(41) < E(PX(/\1/3)“’U, (Al/g)“’u) 19
+ (N3 ul|2a + Ce {12322 + [ 0.V (2) A > Pul|, ),

where a is an arbitrary symbol belonging to S(1,|dy|? + |dn|?) uniformly with
respect to X. Observing (3) and (31), symbolic calculus (see, e.g., [17, Theo-
rem 2.3.8]) shows that the symbols of the commutators

(y), W] and [u(y), (A?)¥)

belong to S(®'/3,|dy|? + |dn|?) uniformly with respect to X. As a result, using
the notation

Z = (Dy : [V(y), (Al/s)w}Dyuvaw()‘l/?))wu)Lw

Zy = ((y ADy) - [uly), N2)“I(y A Dy)u, a® (N3)“u) .,
we have
2y + Zy <el[(Dy)a” (N3) ul3 2 +€ll(y A Dy)a® (A3) ul3

+Ce[(Dy) @ Pul 72 + Cell(y A Dy) @ Pull 72
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< e ((Dy) + () A?) ullZa + ell(y A Dy ) (A?) | 22
+C2%2|(Dy)ull7z + Cc®*/?||(y A Dy )ull7e,
the last inequality holding because
[Dy,a®], [y ADy,a)((1+ (y) +(n) )" € Op(S(L, |dy|* + |dnl*)),

since a € S(1,|dy|* + |dn|?) uniformly with respect to X. Moreover using (35)
gives
(42)  Z1+ 25 < a(PX(/\l/3)wu, ()\1/3)wu)L2 + CA || Pxulli> + H<I>2/3u||2L2}.
Denote that

Zy = ([Dy, AT - v(y) Dyu,a (AV?) )
+ (Dy - v(y)[Dy, N3)"Tu, a® (AY3) ) |,

Zy = ([y A Dy, N3] u(y) (y A Dy)u,a® (A/3) )

+((yADy) - p(y)ly A Dy, (A2)“Ju,a® (A2) )
Observing (31), symbolic calculus gives
[Dy, W) =af,  [(yADy),(\/?)] = a3 Dy + a'y +af,

with a;, 1 < j < 4 belonging to S(®'/3, |dy|? +|dn|?) uniformly with respect to X .
It then follows that

Zs + Z4 < el|(Dy)a® (NP) " ulTo +ell{y) 20 (A?) a7

+el{y) 2 (Dy)a N2) ul Gz + ell(y) 2 {y A Dy)a® (N2) ulf7

+Cc[| )2 () + (D) 230} + Cel[ ()2 (y A D) ul|3.
Using similar arguments as the treatment of Z; and Z,, we conclude that

Zs+ 24 <e(Px(N2)u, (N2)%u) , + C{ | Pxullfs + |92 %ull7: }.
This along with (42) gives
([(Bw)Dy) B(y)Dy, A?)Ju,a®(A2) )

Se(Px(W2) u, W2) ) 1, + Ce{l| PxulZe + |9/ Pul 22},

since

([(Bw)Dy) By)Dy, A3 u,a® N3 u) = > 2.
1<;<4
Moreover we have
([F(y), A*)"Ju, @ (AV?) )
(44)
Se(Px(N2) u, (A3 u) , + Ce (| Pxul7s + 197/ 3ul|72),

which can be deduced similarly as above, since by (3),

[F(y), (A)"] € Op(S({y) @12, |yl + |dnf))
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uniformly with respect to X . Next we treat the commutator [iQy, (A\'/3)"], whose
symbol is
A\L/3-2
6
In view of (30) and (28), one can verify that the above symbol belongs to

S((0,V (x) AEYZ/IAYS 1 @2/3NV3 |dy|? + |dn?)

[2(8.V(x) An+yAnE) - (0:V(x) NE) +3[yl* 0.V () -y + 3In|*E - m)].

uniformly with respect to X. As a result, observing that A3 € S(A'Y/3,|dy|? +
|dn|?) uniformly with respect to X, we have

A3y a [iQx, (A/3)"] € Op(S((9.V (x) A €)Y + @3 |dy|* + |dn|?))
uniformly with respect to X, which implies, with € arbitrarily small that
(liQx, (A2 Ju, a (N2) )
SENO)" 3 + Co(||(0aV (2) A& Pul|7. + [0 ull32).
This along with (43) and (44) gives (41), since
[P, (A9)] = [iQx, (\2)“] + [(B(y) Dy) " B(y) Dy + Fy), A?)"].
Next we prove (40). The relation
Re(PX (Al/g)wu, (/\1/3)wu) ;2 T Re (PX(/\1/3)wu,pw ()\1/3)“’u)
= Re(Pxu, A/?)*(1d+p”)(A/3)"u) ,,

L2

+ Re([PX7 ()\1/3)“’]u, (Id+pw)()\1/3)’“’u)L2
gives, with € > 0 arbitrary,
Re(Px (AV/3ywq, (Al/g)wu) ;2 T Re (PX()\l/g)“’u,pw (/\1/3)wu) L2
SEIO?) 1 2e + Cel| PxulZz + Re([Px, (AV?)“u, (Id+p*) (AV?)"u)

We can apply (41) with a = 1+ p to control the last term in the above inequality;
this gives, with €, > 0 arbitrarily small,

Re(Px (A?) u, (A?)"u) , + Re(Px (A/2)u, p” (AY/?)"“u)

Se(Px(W2) u, (A2) ) L+ E[(A) | 2

L2

+C e (|| Pxul22 + 19%3ul 22 + || (0.V () A &>5ul2,).

Taking e small enough yields the desired estimate (40). The proof is thus com-
plete. O

4.2, Proof of Proposition 4.1
In what follows, let Ay, with IV a large integer, be a symbol defined by

(45) o =y ) = YISO INIIRO LA (.,

N
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where
(46) A= (1+]0:VAn+y A& +10.V (2)]2 + €7+ N0,V () A E)O/7)

and

(47) Un(y,m) = x(

1/2
)

(ly Anl* + ly[* + \WIQ)NQ)
\2/3 ’
N

with x € C§°(R;[0,1]) such that x =1 in [-1,1] and supp x C [-2,2].

LEMMA 4.5

Let Ay be given in (46). Then

(48) Vo eR, AL €S, |dyl* + |dnf?)

uniformly with respect to X. Moreover if 0 <1, then

(49) Via| + 1821, 950, (M%) S (0:V ()7 +(£)°

Proof

The proof is the same as that of Lemma 4.2. O
LEMMA 4.6

The symbol hx given in (45) belongs to S(1, |dy|? + |dn|?) uniformly with respect
to X.

Proof
It is just a straightforward verification by (48). O

LEMMA 4.7
Let Ay and ¥y be given in (46) and (47). Then for any o € R the following two
inequalities

(50) (€8 + 0.V (@) - 9,) A% | S NAGH??
and
(51) [(&- 00+ 0,V (2) - 0y)n| SN (ly Anl* + |y + [nl?)

hold uniformly with respect to (x,§).
Proof
Using the inequality (9,V A ) < N5/6)\?V/3 due to (46), we can verify that
€ 0, |+ 10V (2) - 9, (03| S Aw (0:.V A §) S NAZ™™.
Then for any o € R one has
€ 0,08 410V (@) - 9, (0%)| S NAZAY™.
Thus (50) follows. To show (51), we write
‘(5 “Op + 0,V () - ay)z/JN‘ < (K1 +Ks),
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with
Ky = N2|A;v2/3(s <Oy + 02V () - 0y) [ly Al + [yI* + In°]
X ((ly Al + [yl + 1nP)N2AG?)
Ko =N2|(|ym7l2+ Y2+ [0 [(€ - 0y + 0:V (x) - 9,) A5
X ((fy Al + [yl + 1P )N2AG?)|
Using (50) shows that

Kz SN*(ly Anf® +lyl* + nl?).
Moreover direct computation gives
1/3 —-2/3
Ka < N2ty Al + [l + DX ((fy Al + [yl + ) N2AR)

SNy Anl® + [yl + ),

2/3 -

the last inequality following from the fact that A" < (ly Anl> + |y|> + [n|>)N

on the support of the function
—-2/3
X ((ly A + P + ) N2AG).

Then the above inequalities yield the desired inequality (51). The proof of Lem-
ma 4.7 is thus complete. O

Proof of Proposition 4.1
This will occupy the rest of this section. Since the proof is quite long, we divide
it into three steps.

Step 1. Let N be a large integer to be determined later, and let H = hYy ' be
the Wick quantization of the symbol hy given in (45). To simplify the notation
we will use Cy to denote different suitable constants which depend only on N.
In the following discussion, let u € S(R3). By (16) and Lemma 4.6 we can find
a symbol hy such that H = hY with hy € S(1,|dy|*> + |dn|?) uniformly with
respect to X. Then using (19) gives

|((B(y)Dy)*B(y)Dyu, Hu) ,, + (Fu, Hu) 12| S [(Pxu,u)e|.
This together with the relation
Re(iQxu, Hu) > = Re(Pxu, Hu) > — Re((B(y)Dy)* B(y) Dyu, Hu) |,
—Re(Fu, Hu)
yields
(52) Re(iQxu, Hu)rz S |(Pxu,u)pz| + |(Pxu, Hu) 2|

Next we give a lower bound for the term on the left-hand side. Observe that the
symbol of QQx is a first-order polynomial in y,7n. Then

iQx =iy &=,V (x) - n)" <,
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and hence
, 1 Wick
(53) Re(ZQXuaHu)Lz = E({huyé-_azv(x)n} U7U)L2,
where {-,-} is the Poisson bracket defined in (17). Direct calculus shows that
_0:V(@) A+ yAEP 410V (@) + [€1* +2(0:V A - (y An)

oy
4/3
AN

F (VAN +yAE) - (Y AN(E- 0y +8:V - 8,) A" *9n)]
1+N‘1<8xV(x)Ay>6/5¢ L 20V A9 (yAn)
N

4/3 4/3
AN N

=\ — e

F OV A+ YNE) - (Y AIE- By + 8.V -8,) Ay *vw)]

L+ N"HO,VAES®  2/(0,VAE) - (yAn)
- e - N
@V A+ yAE) - (y AIE- By + 8.V - 8,) Ay vow)|
14+ N9,V NES/

>N =AY (L - ) o

> 223 N2(ly An+ 2 + ) -

ALY/
2[(0V NE) - (yAn)l¢
- IVE N
N

— @V An+yAE) - (Y AN(E - By + 8V - 8,) Ay 0]

the last inequality holding because )\?v/g < N2(lyAn|?+y|>+|n|?) on the support
of 1 — 1. Due to the positivity of the Wick quantization, the above inequalities,
along with (52), (53), and the estimate

(54) (Qy Anl? + 1yl + 1) V¥ 1) o S (Pxw, )z | + [lul 22
due to (35), yield

)

(XY %) oy S (R )2 + (P, )|

-

=1

(55) i
+ |(Pxu, Hu) 2| + ||ul| 72,
where R; are given by

1+ N Y0V NS

Rl )\;1\]/3 ’
20,V AE) - (y A
R, = 2 f/)g (y n)le’
>\N

Ry =|(0.V An+y &) - (g An)(§- 0y + 0.V - 9) (A5 eow)]-
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Step 2. In this step we treat the above terms R;, and we show that there
exists a symbol ¢, belonging to S(1,|dy|? + |dn|?) uniformly with respect to X,
such that

3
Z(R})Vid(u, u)L2 < N—1/3 ((}\?\/(3)\7\/301(”7 ’LL)

Jj=1

(56)

L2

+On{I(Pxu,u) 2| + | (Pxu, ¢V u) 2] + [ 22 -
For this purpose we define ¢ by
02V (2) NE) - (0 V(x) An+y NE)

q(y,n) =ax(y,n) = 0.V (2) A EV5 e(y,n),
with
0.V (x) An+y AEP+10:V (2)* + €7
@(yﬂl) = X( <8IV(.’17) /\€>6/5 )

Then one can verify that g € S(1,|dy|*> + |dn|?) uniformly with respect to (z,&).
Thus similar to (52) we conclude that

(57) Re(iQquWiCku)Lz S|(Pxu,u)pz| + | (Pxu, quCku)Lz |.

On the other hand, it is just a direct computation of the Poisson bracket to see
that

. Re(iQxu,q" *u) 2 = %({q(y,n),y E— 0,V (@) -n} M),
() = %(Rm(:kuvu)m —+ ﬁ(RYYSCkUa u)re,
with
N
i = O e R (60, + 0.V (@) 0ot )]

Moreover we have
Riol S (10.V(@) An+y A& +10,V (@) + [¢?)° < 223
due to the fact that
1/3
0.V () A5 = (10,V () An+y A&+ 0,V ()] + [¢]%) "

on the support of ¢’, and

1
W%’ — {02V (x) NEPP(1— )
_
9,V () NEB/S

<
— 102V (@) An+y A€ +10:V (@) +1612) ",

%RM = (0, V (z) NEY —

> (0. V (&) N —
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where the inequality holds because
(0:V (@) N < 10,V (2) An+y AP +10:V (@) +¢[2)

on the support of 1 — . These inequalities, combining (58) and (57), yield

((<8$V(x) A f>2/5)WiCku,u)L2 5 ((/\?\[/B)Wi(:ku,u)

+ [(Pxu,u)pe| + | (Pxuw, ¢Viu) p2| + [|ul|3..

L2

Consequently, observing that

1+ NHO,V AESP

R N < N3,V (x) A€ +1,
N
and
Ry = OV AO -yAml, NTHOY A& Ny nal

4/3
AN

< N7V20,V (2) NP,

A AP

we get the desired upper bound for the terms R; and Rs.
It remains to handle R3. By virtue of (50) and (51), we compute

1/3 —1,2/3
Ry S NAY lynl+ N2 (ly Al +lyP +[n*) < N7XY*+ On(ly Al + Iyl + [nf)-
As a result, the positivity of Wick quantization gives
ic — 2/3 ic ic
(RY ¥ u,u) 2 < NTHOXHYY¥0) 1, + Cn ((ly Al + [y + ) Vi)

< N7HOPYViku,u) L, + On (P, u)zz| + [lul22 ),

the last inequality using (54). Thus the desired estimate (56) follows.

Step 3. Now we proceed to the proof of Proposition 4.1. From (55) and (56),
it follows that there exists a symbol p € S(1, |dy|* + |dn|?) uniformly with respect
to X such that

((A%3)Wicku7u)L2 < N—1/3(()\§V/3)Wicku’u)L2

+ On{I(Pxu,u) 2|+ [(Pxu, pV'u) 2| + [lul 72 },
which allows us to choose an integer Ny large enough such that

(%)Y ¥ ) o < On {I(Prcus )] + (P p ™) 2| + [ 72}
Consequently, observing that
N3 A+ 1yl + Inl?

with A\ defined in (28), we get, combining (54),
(59) (W)W %)y S |(Pxuyu) 2] + (P, p™V%u) 2] + [ful| 72
Note that (39, V (x))?/3 + (€)2/3 < \?/3; then the above inequality yields

(D (@) +(**)u,u) o S |(Pxu,w)pz] + [(Pxu,p™ o u) 2| + |[ul| 7.
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Since p € S(1,|dy|? + |dn|?) uniformly with respect to X, applying the above
inequality to the function

(0. V (@) + (£)%/3) 20
implies
(60) (0. V (@) + (&)%) |lull 2 S | Pcull 2 + |Jul] 2.

Similarly, since (9,V (z) A €)%/ < X\2/3, by virtue of (59) we have, repeating the
above arguments,

(61) 02V () NP |lull 2 S || Pxcul g2 + [lul] 2.
Now we apply (59) to the function (A/3)%u to get
(()\2/3)Wick()\1/3)wu, (/\1/3)wu)L2
/S |(13X()\1/3)wu7 (Al/S)wu)L2| + |(PX(Al/S)wuvaick()\l/S)wu)L2|
+[AY2) |
< el ulfe + Ce (19%ullge +[[0aV (2) A ully, + [ Pxull?e).
where the last inequality follows from (40). Furthermore, using (32) implies
((WBYWIR N8y, (N3) 0w 2 [(V2) 2 ul T — | @2/l
Combining the above inequalities, we have
I72) ul| 72 S ell(W%2) ull7
. 2
+C(||2%ulf2 + [0V (@) A Pull, + IlullZ2)
S el ull 2 + Co (I Pxullfz + [lullf2),
the last inequality following from (60) and (61). Taking the number & small
enough yields
Iyl g2 S [1Pxull 2 + [ful] 2

This, along with (33) and (60), gives the desired estimate (29), completing the
proof of Proposition 4.1. O

5. Proof of Theorem 1.1: Regularity estimates in all variables

In this section we show the hypoelliptic estimates in spatial and velocity variables
for the original operator P. Throughout this section || - |72 stands for the norm
in L*(RS ).

PROPOSITION 5.1

Let V(z) be a C?-function satisfying the assumption (8). Then for any u €
Cs°(R?™) one has
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©2) D2l 2 + 1) 21 Dy Pull 22 + 11(9) 1y A Dy Pull 2
S Pullze + [lull e

Proof

The proof is quite similar to that of [19, Proposition 4.1]. So we only give a
sketch here and refer to [19] for more detailed discussions. To each fixed z, € R3
we associate an operator

P, =i(y- Dy —8,V(x,)-Dy) + (B(y)Dy)" - B(y)Dy + F(y).
Let Px,, with X, = (2,,£), be the operator defined in (27); that is,
Px, =i(y-€—8:V(x.) Dy) + (B(y)Dy)" - Bly)Dy + F(y).
Observe that
‘Fsz“ = PXMa

where F, stands for the partial Fourier transform in the x variable. Suppose V'
satisfies the condition (8). Then performing the Fourier transform with respect
to z, it follows from (29) that for all u € C§°(RS),

(D) Pull 2 + 1 {y)"2| Dy Pull 2 + [[(w) 2 ly A Dy Pl 2

(63)

S P, ullze + [lullze.
Li [19, Lemma 4.2] showed that the metric
9 = {0,V (2))*?|dz|?, z€R®
is slowly varying; that is, we can find two constants Cy,ro > 0 such that if g, (x —

y) <72, then

col <= <
9y
The main feature of a slowly varying metric is that it allows us to introduce some
partitions of unity related to the metric (see, e.g., [14, Lemma 18.4.4]). Precisely,
we could find a constant » > 0 and a sequence x,, € R", 1 > 1 such that the union
of the balls

Q,u,r = {.T € Rn;gm,‘, (IE - x#) < 7,2}

covers the whole space R™. Moreover there exists a positive integer N,., depending
only on r, such that the intersection of more than N, balls is always empty. One
can choose a family of nonnegative functions {¢,},>1 in S(1,g;) such that

Supp @, C Qups > o =1, and  sup|dup,(z)| < (0. V (2))"/?,
u>1 pn>1
By [19, Lemma 4.6] we see

(64) (D2)*Pull72 Y 1D Pppuliz + [|1Pull32 + [lul3--
u=>1
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Using the notation

Ry =—y-0spou(x) — 0u(0:V (x) — 8,V (z,)) - Oy,

we write
ouPu= P, p u+ Ryu.
Then
Do, uulze <2 (lonPullfa + | Ruuliz) < 2| Pullfs +2 ) || RyullZe.
=1 pu=1 =1

On the other hand, by [19, Lemma 4.9] we have
D Ruulze S I Pulfe + [fulZ-.
pn>1
The above two inequalities yield
Vue C(R™), Y|P, ppullfe SIIPullZe + [lullZe.
p=1
Using (64) and (63), we have
(D2)*ullza S D IKD2)* P ppullfs + [ Pulge + Cllul 72

pn>1

S P ppullze + 1Pul7z + 7z,
pn>1

and
1) 21Dy Pull32 + 1) 2|y A Dy[*ull7

=Y W) ? Dy Peuull iz + D 1) 2y A Dy Poulli

n>1 p>1
S Z HPw#@uuH%? + Z HQPMUHQL%
pn>1 p>1

As a result, combining these inequalities gives (62). The proof is then complete.
O

6. End of the proof of Theorem 1.1: Anisotropic estimates

In this section we prove the anisotropic estimate (11) in Theorem 1.1 under the
condition (10). Starting from the estimates for operators with parameters given
in Section 4, we first establish an estimate in Wick quantization, and then we
come back to the Weyl quantization from the Wick quantization.

NOTATIONS

Throughout this section, || - ||z2 stands for the norm in L*(RS ). Given a sym-
bol p, we use pVick to denote the Wick quantization of p in all variables (z,y,&,7);
we use pWViek(®) and pWVick(®) to denote the Wick quantization of p in (x, &) and in
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(y,m), respectively; similarly we use it for the Weyl quantization p*, p*®) and
p“®) | and for the wave-packets transform W, W, and Wy.

PROPOSITION 6.1 (ESTIMATES IN WICK QUANTIZATION)
Let V satisfy the condition (10). Then

(65)  VueSR],). [(W)Viru|| 2 < || Pullpz + || Pull 2 + [Jul 12,
where X is given in (28) and P is defined by
~ . Wick *
(66) P=i(y-¢~0:V(@)-D,)""" 4+ (B)D,)" By)D, + F(y).
Proof
We prove this proposition in three steps. In what follows let u € S (ngy), and use

the notation X = (z,£).
Step 1. Let A be given in (28). Then for any f € S(Rgf,y), we have, by (32),

NP7V (X, ) L2 o)
5 ||(/\2/3)w(y)f(Xa )HLZ(Rg) + ||<6$V(37)>2/3f(X, )HL2(R§’;)

+IOPF(X, Mr2rs)-
This along with (29) gives for all f € S(R] ),

1002V @) ] gy + 1O gy S 1P ey + 151 2o,

which holds uniformly with respect to (z,€). Integrating both sides of the above
estimate over RY . yields, for all f € S(RY . ),

[0V @) F || o oy + IOZPYVE f oy SUPx Sy + 1122 o)

In particular, for any u € S (Rg’y), applying the above inequality to the function

W,u, with W, the wave-packets transform only in the (x,£) variables, we have

002V @)Wt 2 gy + 1) VSO W]
S IPxWoull e rey + [|[Waull L2 (re)-

Note that the operator myy = W, W, is an orthogonal projection on a closed space
in L?; then from the above inequality it follows that

W W (A2 WEDW | 2oy < (X)W SO W | 2 o)
< || PxWaul g2 ey + [Waul| L2 (ro)-
On the other hand, by (13) we see
W, W (W) WKW ]| 2 gy = [[Wr (W) VO W ]| L2 oy
= | A2V | 2 g,
where the last equality follows from the relation

WiWNY W, W, = W AY3W.
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Then the above inequalities yield

02V (@))* 2 Woul| L2 go) + | (A7) Vi 12 gs)
(67) S PxWaull 2 rey + [[Waul| L2 ro)

Sl Px Waull L2 ro) + [1(1 — m30) Px Waul| 2oy + [[ull L2 (re)-
Using (13) again, we have
|73 Px Waoul| L2 ro) = [Wa Wi Px Waul|p2we) = [[We Px Woul[ L2 (rs)
= || [Wi(iy - € — 0.V (x) - Dy) W,
W (BO)D,) B)Dy + F0)Walu| 2 g

and thus, with P given in (66),
(68) |70 Px Waul| L2 roy = || Pul| 12 (go)
due to the relation

Wi ((B(y)Dy)* B(y)Dy + F(y)) W = (B(y)Dy) " B(y) Dy + F(y),

Y

since W2W, =1d and (B(y)D,)*B(y)
observe

+ F(y) commutes with W,. Moreover

(1= m3) (B(y)Dy)* B(y) Dy + F(y)) Wo =0,
since (1 — )W, =W, (Id—W;:W,) =0. Thus
(1—7y)PxW, = (zy - —1i0,V(x) - Dy)Wz - W, wr (zy <€ —1i0,V(x) ~Dy)W$
=—[WoWg,iy £ —i0,V(x) - Dy]W,.
This along with (67) and (68) gives
| <5'zV($)>2/3WxUHL2(R9) + ||(/\2/3)W1Cku”L2(R6)
S 1Pullzeqee + lullaquo) + |l -€ — eV (@) - Dyl Wt o
Step 2. In this step we deal with the last term in (69), and we show that for
€ > 0 there exists a constant C, such that
(70) I3,y - Waull 2oy S 1 PullL2me) + llull L2 (ro)
and

(T1) |ll2, 00V (@) - DyWau|| o g0y < €l [0V (2))* W] L oy

(72) + Ce(||Pullp2(re) + llull L2 (re))-
Let us first prove (70). In view of (14) we see that the kernel of the commutator
[T,y - €] is given by

(X, X) = Ko (2,6, (7,€)) = e /2T il 649y £ -y ),
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Then
~ ~12 Z12 ~
|1 (X, X)| < em™/2(e=al+1E=€R) e g|y),

and thus
sup [ KX KX+ sup [ KX AX S
XeRre Jre Xere JRO

Consequently using the Schur criterion we have

Imaey - EWau, y)laws ) S lIWeuy)llews ) = [9lluC v)lL2@s),
the last equality following from (13). Integrating both sides with respect to y
gives
2,y - IWaull 2oy S [ (w)ull L2 (ms),

which along with (7) gives the desired estimate (70).
It remains to show (71). In view of (14) we see that the kernel of the com-
mutator [y, 0,V (x) - D,] is given by

Ky(X,X)= > Ky; D

1<5<3

_77

with
Ko ;(X,X) = o~ /2|2 =72 +|E~E]?) yim(a—7)- (§+€) (02, V(&) — 0s, V(1))
Direct computation shows that

sup |I~(2,j(X,)~()|<8mV(x)>_1/3 dX
X€eRS JRS

+ sup |Ko (X, X)[(0,V (x))~Y3dX <O,
X eR6 JRS

since

0.V(@) - 8,V (o >|<|x—w|Z/!6mk (¢ +6(z )| 8

<|ac—x|/ (240 — 2))/3 df
,SCM<1'_£>1+M/3<$>M/3
S Culw — &) M3,V (2))'3,

the second and the last inequalities using (10), and the third inequality holding
because

(z+0(z — )M/ < O\ (0(F — 2))™M/3 () M/3

with Cjs a constant depending only on M. Using again the Schur criterion for
the kernel

K (X, X)(0,V (x)) /3
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implies

3
173402V () - Dy]Wot| L goy S D 1 K25y, Watt] 1229
j=1

2

S H<3wv(m)>l/3<Dy>Ww“HL2(R9)'
On the other hand, for any € > 0, we have
@V @) D W ot oy < ell @V @) Wl e
+ Cc|l(Dy)* Wau 2 oy
and moreover by (13) and (62),
(D) * W] 2oy = [KDy)?ull 2oy S 1Pullzz + [Jull 2.

Then (71) follows from the above inequalities.

Step 3. By virtue of (69), (70), and (71), the desired estimate (65) follows
if we let the number ¢ in (71) be small enough. The proof of Proposition 6.1 is
thus complete. O

End of the proof of Theorem 1.1
Now we are ready to prove the anisotropic estimate (11) in Theorem 1.1. This
will occupy the rest of the section.

Step a. Using the inequality

IO22) g2 < I Wikul| 2 + [[((W22) = YWV
we have, by (65),
73) IOZ2) 22 S I1Pull e + llullzz +Ra + (P = P)ul 2
SPullzz + [lullLz + Ra + Ra,
with
Ry = H (()\2/3)11} _ ()\2/3)Wiok)uHL27
Ro = ||(0:V (2) — (0:.V (2))V'<) - Dy, .
Here we used the fact that
P-P=i(y-D,—9,V(z) D) —i(y-&—,V(x) D)
)Wick(gc)

Wick(x)

=—i0,V () Dy +1i(9,V(x)- D,

9

the last equality holding because y - D, — (y - &) Wik(®) = 0 due to (16) since the
symbol y - £ is a first-order polynomial in (z,&).
Step b. In this step we show that

(74) [(A2) = W)WY | L < || Pullzz + [ful| 2
By (16),
()\Q/S)Wick _ ()\2/3)111 —pw
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with
r(z,y,&,n) =1r(Z) = /01 /]R (1= 0)NY3"(Z +02) 72217125 47 d.
Direct computation shows that if || + |3| + |&| + |3 > 1, then
0500507 (N1) < Cy s 55 ((aV (2) 4 (€ + (u) + ()
As a result we have, with Z = (z,y,£,n) and Z = (2,7, ),
(75) 020203051 (Z)| < O g 4. 5(L1 + Lo+ L3+ La),

EPy Un

where the £;’s are given by

1 o ~
51:/ / 0.V (z + 02))¥/3) Z|2e 271217 96 47 d,
0 JR12
1 _ ~ o ~
czz/ / (€ +06)2/3| 22212126 4.7 ap,
0 RlZ
1 B -, B
53:/ / (y+09)|Z)2e 212125 4.7 ap,
0 R12

1 5 ~
Ly =/ / (n+ 07| Z)2e 2717125 47 4.
0 R12
As for the term L1, we use the condition (10) to compute
1 — ~
L g/ / (z + 0)2M/3| Z|2e 2712196 q 7 dp

0 ]RIZ

</ <w>2M/3<j>2M/3|Z|26—2n\2|226dZ
R12

S (@) S 0,V (@),
Using the inequality
(€ +06)2° S (€))7,
we have

L2590 [ (@02 aZ S (02

Similarly,
Ls+ Ly S (y)+ ()
It follows from (75) and the above estimates that
r (((0:V (@) €)%+ (y) + () )" € Op(S (1, |dee|* +|dy |+ |dE|* +|dn|?)),
and thus
I ullze S [1(@V (@)*%) | o + [ ((€)*%) ] s
+ 1) ull L2 + [[{n) w2
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S 1402V (2))* ull e + [(D2)* *ull 2 + [ y)ull 2 + [{Dy)ull 2
S 1Pullzz +[lullz2,

the last inequality using (18), (62), and (7).
Step c. Supposing V satisfies the assumption (10), we show

(76) 1(0:V (@) = (8:V (@) V™) - Dyul| o SIIPull 2 + [lull 2
In fact, for each 1 < j <3, one has, by (16),

00,V (@) — (8, V () V'
= (02, V(@) = (0, V(@) VIEE)) 4 (8, V() = (0, V() )
=1y +7

with 7#; € S((9,V (x))/3,|dz|? + |d¢|?) due to [17, Theorem 2.3.18], and

1
i\ =T = — . " €T :i i’2€7277|)2‘2 3 % .
i(x,8) =r(X) /0 /RG(l 0)(0x, V)" (x + 01) 2°dX do

Applying (10) we have, for any «, 8 € Z3,,

1 . ~
0500y & 5 [ [ (w05 lape I ax ap
0 RS

~

< <x>M/3/ <j>]ﬂ/3|j|26727r\)~(\223 dX
R6

S 0.V ()7,
It then follows that
7 (0 V (@) 7H%) "y ((0:V (@) 71 %) " € Op(S(1,|dal® + |dg %)),
and thus
I7 Dy, 2 + 175 Dy,ull 2 S {05V (2))/*(Dy)ull 2
S 100V (@)*Pul 2 + [{Dx)?ull 2
S Pullz + [lullze,

the last inequality using (18). The estimate (76) follows.
Step d. Combining (73), (74), and (76), we get the desired estimate (11),
completing the proof of Theorem 1.1. |
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