On mod p nonvanishing of special values of
L-functions associated with cusp forms on
GL- over imaginary quadratic fields

Kenichi Namikawa

Abstract Let f beacusp form on GL2 over an imaginary quadratic field F' of class num-
ber 1, and let p be an odd prime which satisfies some mild conditions. Then we show the
existence of a finite-order Hecke character ¢ of F/X such that the algebraic part of the
special value of L-functions of f ® ¢ at s = 1 is a p-adic unit. This is an analogous result
to theresult of A. Ash and G. Stevens for GL; over the field of rationals obtained in [AS].

1. Introduction

Mod p nonvanishing of special values of automorphic L-functions is an interesting
problem and is studied by various people. The purpose of this paper is to show
the mod p nonvanishing of special values of automorphic L-functions associated
with GLg over an imaginary quadratic field of class number 1 (see Theorem 1.1
below). This result is an analogue of [AS, Theorem 4.5] for GL; over the rational
number field (see also [OP, appendix], [Va, Remark 1.12]).

Our result is stated as follows. Let F' be an imaginary quadratic field of class
number 1, and let 91 be an integral ideal of Op, the ring of integers of F', which
satisfies [Z : 91N Z] > 3. Let T :=T1(MN) be the subgroup of GLy(OF) defined in
Section 2.1. We denote the discriminant of F' by D. We fix an odd prime number
p which is prime to 0N, D, and the order of the group of roots of unity in F.
Moreover, we assume that F' does not contain (j,, the primitive pth root of unity.
We fix an embedding of Q into Qp and an isomorphism Qp =~ C. Let f be a cusp
form of weight (2,2) with respect to I' which is defined in Section 2.1. Suppose
that f is normalized and f is an eigenform with respect to Hecke operators
T(q) for all prime ideals q of Op. We denote by Af(T'(q)) the eigenvalue of f
with respect to T'(q). Let 2y € C be a complex period of f which is introduced
in Section 2.2. It is known that the ratio L(1, f, )/ is an algebraic number
(see [Hi2, Theorem 8.1]), where L(s, f,¢) denotes the automorphic L-function
associated with f which is introduced in Section 2.3. Then we prove the following
theorem.
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THEOREM 1.1

Suppose that there exists a prime element ¢ € Op such that =1 mod N and
A (T(€)) — €0 — 1 is a p-adic unit. Then there exist infinitely many Hecke char-
acters ¢ of finite order of FX such that

FC(l)zL(lv fv @)
Qy

where we define T'c(s) =2(2m)~°T(s) for s€ C.

s a p-adic unit,

Our proof is based on Stevens’s one in [St, Theorem 2.1] (see also [Su, Section 3]).
For the proof of algebraicity of the special values of the automorphic L-function,
we use the Eichler-Shimura-Harder isomorphism (see [Hi2, Proposition 3.1]). By
this isomorphism, we regard a cusp form f as a class [f] in the first cohomology
group of a certain quotient Xr of C x R~ under the natural action of T' (cf.
Section 2.1). The special value L(1, f, ) is expressed as a pairing of [f] and a
certain class in the first homology of Xr. Hence by using Poincaré duality, we
prove our main theorem by investigating the first homology group of Xr.

To be more precise, by reduction modulo p and Poincaré duality, a cusp form
defines a nonzero homomorphism from the first homology group of Xt to Fp,
where F,, denotes the finite field of order p and Fp denotes its algebraic closure.

w mod p are trivial for almost all Hecke char-

If we assume that
acters ¢ of finite order, then we show that this homomorphism must be a zero
map. Thus we get a contradiction.

In the appendix, we generalize Fricke’s lemma [St, Lemma, p. 526] on gen-
erators of a congruence subgroup for GLy over the rational number field to a

congruence subgroup for GLy over arbitrary number fields.

Notation
For z € C, z¢ or Z denotes the complex conjugate of z. Let F' be an imaginary
quadratic field, and let Op be its ring of integers. Let Ir := {id, ¢} be the set of
embeddings F' — C. We denote by D the discriminant of F. We write h as the
class number of F'. Let Fa denote the ring of adeles of F'. We put Op =0 ®g Z.
We denote by ep : Fa/F — C* the usual additive character characterized by
er(To) = exp(2my/—1(2o + Too)), where we denote the infinite component of
T € FA by Too.

We denote by Z[IF] the free Z-module generated by I'r. For n = njq id + n.c €
Z[Ir], we define n* € Z to be n* :=nig + n. + 2. We set t :=id+c € Z[Ir]. For

g=(2 Z) € GLy(C), we set g*:=(? _ab), g = (‘ZC ZZ) For a nonnegative

integer m and a commutative ring A, Wé define L(m; A) to be a set of two-variable
homogeneous polynomials of degree m with coefficients in A. For functions f :
X — L(m; A), where X stands for a certain space, we sometimes denote f(x) for
z € X by f(x, (,:,“’:)), to emphasize the dependence of f on the variables (QS,)

For a commutative ring A and an A-module M, we denote the largest torsion-

free quotient of M by M’'.
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2. Special values of the automorphic L-function

We recall the definition of cusp forms on GLg over an imaginary quadratic field
F in Section 2.1 and recall the definition of complex periods associated with
cusp forms in Section 2.2. In Section 2.3, we recall a certain integral expression
of L-functions associated with cusp forms. Because of some technical difficulties,
Theorem 1.1 is proved only under the assumption that the class number of F'is 1.
However, all statements in Sections 2.1 and 2.2 are given without the assumption
of class number for a future improvement. For most of the basic facts which are
stated in this section, the reader may consult [Hil], [Hi2], and [Ur].

2.1. Definition of cusp forms

We introduce the definition of cusp forms over GLy(Fa). Let n =niqid +n.c be
an element of Z[Ir]. We write k :=n+ 2t. Let x : C* — C* be a character such
that x(z) := 27" := 27 ™dZ 7" For an integral ideal M of F', we define

Ki(M) ={(24) € GL2(OF);c,d — 1 € NOF}.

DEFINITION 2.1
We put n* =niq +n. + 2. A cusp form on GLy(Fa) of weight k and level 9 is a
C°-function f:GLy(Fa)— L(n*; C) satisfying the following conditions:

(1) D (n?’ + ng)f for o € Ir, where we denote the Casimir operator by
D, (cf. [H12 Section 2.3]).

(2) f(72009,8) = X(200) f(g,8) for v € GLa(F), zoo € C* C F . Here we iden-
tify Fx with the center of GLy(Fa ), and we denote a pair of variables (;) by s.
For g € GLy(Fa), we set f(g,8) := 3" fal(g)S™ —oT.

(3) f(gu,s) = f(g,uces), for u=usuy € SU(C)K1(N).

(4) fU (F©U(Fa) ] (09;8) du =0, for g € GLy(Fa), where we define U(F) =

fv=({¥);ueF}and U(Fa)={v=(}});uec Fa}.

Let us denote by Si(91) the space of cusp forms on GLa(Fa).
If f:GLy(Fa) — L(n*;C) is a cusp form, then f has the Fourier expansion. To

describe this, we define the modified Bessel function K, to be the unique solution
of the following equations:

PPK, 1dK, o? [m _
T3 +E - —(1—&—;)]((1:0 and Ko (z) ~ 22¢ T as x — 00.

We define the Whittaker function Wy, : C* — L(n*;C) by

n* n* y netl—a .
Wily) = ( ) ¥ K nosn) (gl 5™~
0;0 a (lely\) (et

Then the Fourier expansion of f is obtained as follows.
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PROPOSITION 2.1 ([Hi2, THEOREM 6.1])
Let . be the group of fractional ideals of F'. For f € Si(MN), there exists a function
a: s x Sp(N) — C such that

(1) the function a vanishes outside the set of integral ideals of F';

(2) we have f((§7)) =1yla Xeerx al&ydr, f)Wi(Eys)er(§z), where op is
the different of F/Q.

In the next subsection, we describe the Eichler-Shimura-Harder isomorphism. For
this purpose, we introduce a definition of cusp forms as a function on GLy(C).
For T', an arithmetic subgroup of GLy(F'), we define cusp forms on GL2(C).

DEFINITION 2.2
A cusp form on GLy(C) of weight k with respect to T' is a C*°-function f :
GL2(C) — L(n*; C) satisfying the following conditions:

(1) D, f=(n2/2+n,)f, for o =id or ¢, where we denote the Casimir oper-
ator by D

(2) (7397 s) =x(2)f(g,s), for yeT',z € C*.
(3) f(gu,s)= f(g,us), for u € SU5(C).
(

4) fg trenu c)\U(C)f(ﬁvg, s)du = 0, for & € SLy(F), where we define
U(C)={v=(41)ueC).

Let us denote by Si(I") the space of cusp forms on GL3(C) of weight k with
respect to I'.

REMARK 1
If nig # ne, Sk(T) is trivial (see [Hi2, Corollary 2.2]).

We recall the relation between cusp forms in the sense of Definition 2.1 and cusp
forms in the sense of Definition 2.2.

=1,...,

that a; is prime to M for ¢ = 1,..., h. We fix finite ideles {a; }i=1,...,
ideal of O associated with a; is a;. Then, by the strong approximation theorem,
we get a disjoint decomposition:

GLa(Fa) ]_[GL2 )t; GLy(C) K1 (M),

where t; = (‘B 1) Throughout this paper, we fix a system of such elements
{ti}1<i<n. Then we define

T4 (M) = GLo(F) Nt; GLoy(C) Ky (M)t L.

For f € Si(M), we define a function f; : GLy(C) — L(n*;C) by fi(g) = f(t:g)-
Then we can see that f; € S (T'4(MN)).

In Section 3, we use the modular symbol method, so we need to interpret
cusp forms as differential forms on a certain quotient of the hyperbolic 3-fold 7
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Jf:{(x __y);a:EC,yER>0}.
Yy

We set the action of SLy(C) on 5 by

v-z= (pla)z + p(b)) (p<c>z +p(d) 7,

where v = (24) € SLy(C),z € #, and p(t) := ( 9) for ¢t € C. Note that this
action is transitive and the stabilizer of € := ( o ) is SU2(C). So we may identify
SL2(C)/SUz(C) to . We recall that we can identify GLQ(C)/CXUQ(C) =
SL2(C)/SU3(C). We define

Y{(9) =7 (M)\ GLz(C)/C*U2(C).

We may identify Y{(9) to ' (91)\ SLa(C)/SU2(C) or 't (IM)\#, where we
denote SLy(C)NT% (M) by T4 (N). Then we have

defined as follows:

0
1

Y1 (M) 1= GLa(F)\ GLy(Fa)/C* Us(C) K1 (M) = [T Y7 ().

2.2, Eichler-Shimura-Harder isomorphism
We fix n =njqid+n.c € Z[Ir] and k:=n + 2t. In this subsection, we describe
briefly the Eichler-Shimura-Harder isomorphism for f € S;(91) and define the
complex period of cusp forms which we use.

We recall the definition of the sheaf .Z(n;A), where A is a certain Op-
algebra. We define the action of GL3(C) on L(niq; C) ® L(n.; C) by

(PO P (). (3) =P((L ) () @ P ((L2) ().

where y = (2 %) € GLy(C), P((§)) € L(niq; C), and P, ((3°)) € L(ne; C). When
we regard L(niq; C) ® L(n.; C) as the GLy(C)-module, we denote the GLy(C)-
module by L(n;C). For an Op-subalgebra A of C or @F, we define the GLa(A)-
module L(n; A) in a similar manner.

Let L;(n; Or) denote the set L(n; F)Nt;- L(n; @F), and regard L;(n; OF) as
the I't (91)-module. For Op-algebra A, we write L;(n; A) = L;(n; Or) ®0,. A. We
give L;(n; A) the discrete topology and denote by .Z;(n; A) the sheaf determined
by continuous section of the following projection:

L3\ (A x Li(n; A)) — Y{ ().
By using .Z;(n; A), since Y1(M) = ]_[7:1 Y{(M), we define the sheaf £ (n; A) on
Yi(M).

PROPOSITION 2.2 ([Ur, LEMME 2.3.1])
If [Z:NNZ] >3, then, for alli=1,...,h, TY(N) is torsion-free.

Hereafter in this article, we assume that [Z : 91N Z] > 3. By Proposition 2.2,
Z(n; A) is a locally constant sheaf, and we have the following isomorphism.
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COROLLARY 2.1
If [Z:NZ] > 3, then
h
H*(Yi(N),.Z(n; A)) = P H* (T5(N), L(n; A)).

i=1

For f € Si(I'7(M)), we define an element dpi (oy)(f) of the parabolic cohomol-
ogy group H!, (Y{(M),.Z(n;C)), where the parabolic cohomology is defined by

par

the image of the compact support cohomology HZ(Y{(M),.%;(n;C)) under the
natural map H2(Y (W), % (n; C)) — H'(Y{ (), .%(n; C)).
To introduce dpi (o) (f), We introduce some notation. For a pair of variables

u:= (g), we define an element Q(u) € L(n*;C)™ *! by the following equation:

Q(u) :t<(’n’.*>(_1)n*iUiVn*i) )
? i=0,1,...,n*

By using Q(u), for variables XY, X. Y., A, B, we define an element ¥ € (L(n;
C) ® L(2;C))™ +! by the following equation:
(XV —YU)" (X U+ Y. V)" (AV — BU)? = 'Q(u)¥(x,x,,a),
where x = (i,(), Xe = (i(,f), a= (g). For ¥, we denote the ith component of ¥
by ¥; € L(n;C) ® L(2;C) for i =0,...,n*, so by definition, we have
U(X,Y, Xc,Ye, A, B) ="(Uo(X,Y, X, Ye, A, B), ..., W, (X, Y, X, Ye, A, B)).

We note that ¥; is homogeneous in each pair of variables (X,Y), (X.,Y.), and
(A, B) of degree niq,n., and 2, respectively. For a pair of variables s = (5?), we

set

*

s"T =4S, 8" T, ..., T ) e L(n*; C)" Y,
and for u € SU3(C), we define an element py,»(u) € My+11(C) by the following
equation:
pn-(0)s™ = (us)™ .
Then, by [Hi2, (2.8b)], we can check that ¥ have the following property:
pn~ (W) ¥ (x,%.,a) = U(ux,ux.,ua) for all ue SUL(C).

Now, we define dpi (o) (f). To restrict f € Sy (T4 (7)) to SLa(C), we get a C>°-
function on SLy(C). We denote this function again by f. Since f is a L(n*; C)-
valued function, we can describe f by the following form:

flg,8)=" D falg)S" 7T =t(g)s" .
0<a<n*

For f and ¥, we write

f'(g:x,%x.,a) =£(9)V(g9'x, (9°)"%c," j(g,€)a),

where for (2 4) € SLy(C), z € #, we define j ((2Y) , 2) = p(c)z+p(d). By replac-
ing the variables (A2, AB, B?) with (dz,—dy,—dZ) in f'(g;x,X%.,a), we define
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Opi o) (f) for f € Sy (T4 (N)). Then Opi (o) (f) gives an element of H] (DL (O)\ 2,
% (n,C)). Furthermore, we get the following isomorphism.

PROPOSITION 2.3 ([Hi2, COROLLARY 2.2])
We have an isomorphism:

Ori () Sk (T1) = Hpe (Ci(\H, Z5(n: ©))..
For f € Sx(M), we define a function f; : GLy(C) — L(n*; C) by fi(g) := f(t:g)-
Thus, by using 6 := 69?:1 Opi (o), we get the Eichler-Shimura-Harder isomor-
phism.

THEOREM 2.1 ([Hi2, PROPOSITION 3.1], [Ur, THEOREME 3.2])

The map 6 : Sp(MN) — HJ, (Y1(N), ZL(n; C)) is an isomorphism of Hecke modules.
We take p, a prime ideal of F', and let f € Sk (D) be a normalized Hecke eigenform;
that is, f is an eigenform for all Hecke operators which satisfies a(Op, f) = 1.
We define K to be the field generated by all Hecke eigenvalues of f over F. We
denote by PB|p the prime ideal of K which is induced by the fixed embedding
Q— Qp. We denote by Kq (resp., Ok q) the completion of K at B (resp., the
ring of integers of Ky).

By [Hi2, Section 8], the dimension over C of H}, (Y1(M), £ (n; C)) equals the
rank over Og g of HL, . (Y1(MN), 2 (n; Ok g)). Moreover, for a Hecke eigenform f,
Hl, (Yi(M), Z(n; Ok,))'[f] is a free Ok p-module of rank 1, where we denote
by H...(Y1(MN),Z(n; Ok y)) the largest torsion-free quotient of Hp, (Y1(M),
Z(n;Okp)) and we denote by HJ. (Y1(MN),ZL(n;Oky))[f] the Hecke
eigenspace with respect to the Hecke algebra homomorphism corresponding to f.

We fix a generator ny of H}, (Y1(MN), £ (n; Ok p))’[f], which is determined
up to multiplication by a unit of Ok g3. We define a complex period 2y € C of
f by 0(f) =Qny, where we regard 1y as an element of H}, (Y1(M), 2 (n; C))[f]

via the natural map

HL (Y1), 2 (n; Ok ) [f] = Hpr (Y1 (), 2 (05 C)) [£]-

par

We note that €2 is determined up to multiplication by a unit of Ok .

2.3. Integral expressions of special values

In this subsection, we show an analogous result to [AS, Proposition 4.4]. For
this purpose, we recall the integral expression of special values of L-functions
according to [Hi2, Section 7].

To introduce the definition of the L-function of f and its twists, we define
the Gaussian sum and the operator R(p). Let ¢ : FX — C* be a Hecke char-
acter of finite order. We denote the conductor of ¢ by ¢=][,_;p;’ and take
w. € O such that ¢cOp = w.OF. For ¢, we denote by (¢71/OFr)* the subset of
(c71/OF) consisting of elements whose annihilator coincides with ¢. We choose
and fix a subset R of F. := ][, F}, which is a representative of Im((¢c71/Op)% —
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D, ¢ /Opp — D, F5/OFp). We fix d € Fi  such that the fractional ideal
of F generated by d € F ¢ is the different of F'/Q. We denote ¢|,x by ¢.. Then
we define the Gaussian sum for ¢ by the following equation:

Glp) = ()" Y pe(@eu)er(d u).
uER

The Gaussian sum G(¢) does not depend on the choice of d (cf. [Hi2, Section 6]).
For u € R, we write a(u) = (3 %) € G(Fa,r). Then, for f € Si(9), we define
(

f|R(<p)( det Z (pc WU (U)) € Sk ‘ﬁc2)

uER
(see [Hi2, Section 6, (6.7)]).
For a cusp form f and a Hecke character ¢, the L-function of f and that of
f twisted by ¢ are defined respectively by

H=Y 2 (T(@)N(a)~,
©)=> A (T(a))p(a)N(a)~*,

where the right-hand sum runs over all integral ideals a of O, we denote by
T'(a) the Hecke operator which is introduced in [Hi2, Section 4], and we denote
by Af(T'(a)) the Hecke eigenvalue of f with respect to T'(a).

We put C! ={z € C;|z| =1}. We write E = C!\C* and define

A;: E— Y (M) =T%(N)\ GLy(C)/C*Uy(C);a +— (|8| 9).
Let A be an Op-algebra. For each j = jigid + j.c € Z[IF] satisfying 0 < jig < niq,
0 < je < ne, and 23 = gfagle =1 for all x € O}, the map
Mid,MNe
L(TL,A) —>A; Z amidvmcXnidfmideingfc*chCmc — a;
midZO,m(gZO
induces the map vj: A% (n; A) — A of local systems on E.

To discuss the integrality of special values of L-functions, we introduce some
notation. We regard dp: o) (fi) as an element of HI(Y{(M), £ (n;C)) via the
section s; of the natural map
which is defined in [Hi3, Section 2.1]:

sitHo (Y (M), Z(n;C)) — HE (YL (M), £(n; C)).

par

Then, we define the map
— . 1 .
5= @sz CHL (Yi(M), Z(n;C)) — HY (Yi(M), Z(n; C)).

We define the cuspidal cohomology group Hl, . (Y1(N),.Z(n; Ok 5)) with coef-

cusp

ficient O g to be ImsN¢(HL(Y1(N), £L(n; Ok,p))), where ¢ is the scalar exten-
sion map H (Y1 (M), L (n; Ok.p)) — HL (Y1(MN),.Z(n; C)). For a Hecke eigenform
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[ € Sk(M), we denote by Hl, (Y1(N),L(n; Ok q))[f] the Hecke eigenspace

cusp
with respect to the Hecke algebra homomorphism corresponding to f. Then

Hlo (YI(N), L (n; Ok p))[f] is a free Ok q-module of rank 1. We fix a gen-

cusp

erator Ny of Hl ., (Y1(M),.Z(n; Ok g))[f]. Then we define a complex number

cusp

Qo€ C by s(0(f)) =Q¢cnsc. At the end of this section, we prove that Q. is
equal to Q¢ up to multiplication by a unit of Og g under the assumption that
the class number of F'is 1 and under some mild conditions. We denote the largest
torsion-free quotient of H} (Y1(M),.Z(n; Ok g)) by HL(Y1(N), L (n; Ok,)) . We
also regard 7y, as an element of H!(Y;(MN), £ (n; Ok ) via the pullback of the
natural map

H (Yi(N), £ (n; Ok ) — HE (Yi(N), £ (n; C)),

which is induced by the scalar extension map ¢.
We denote by 7¢,,; the image of 7y . via the natural map

!

HE(Yi(), 2L (0 Oxp)) — HE (Y (M), Z (15 0k.))
which is induced by the projection

H (Yi(M), £ (n; Oxcp)) — He (Y{(M), £ (n: Oxe ).
For an Op-algebra A, the maps A; and v; induce the natural map

1 Vjx

HY(Yi(), Z(n; A)) 2 HY (B, AL (n; A)) 5 HM(E, A

We denote by AX&(f;) (resp., A;-*n}) the image of s;(dp: () (fi)) (vesp., ny.c.i)
under the above map for A= C (resp., A= Ok ). Then we have the integral
expression of special values of L-functions as follows.

THEOREM 2.2 ([Hi2, THEOREM 8.1])
We denote the different of F/Q by 0p. Let j be an element of Z[Ir] satisfying
0 < jia <niga, 0< 4. <ne, and ad = gliagie =1 for all x € (’);. Then we have

h
S wy(aidr) / LA
i=1 E

= (—1)miatly/ TP e g1 (9 )~Giatie+2)
x L(jia + DI (je + DEOR)G (@) DIL(L, £, pwj),
where wj : Fx — C* is an unramified Hecke character such that wj o (2) =23 for

ze C*.

The goal of the rest of this subsection (see Proposition 2.5) is to rewrite the
left-hand side of the equality of Theorem 2.2. For this purpose, we recall some
basic properties of ¢ and R as follows.

LEMMA 2.1
We denote the conductor of ¢ by c¢. Then the following statements hold.
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(1) If ¢ is montrivial, ), . p¢c(u) =0.
(2) If ¢ is a principal ideal, then we can take R C F, as the image of
t
{—;t € {representative of (OF /c)* }} CcCF
me

via the embedding F' — F., where we denote a generator of ¢ by m, € Op.

Hereafter we assume that the conductor of ¢ is nontrivial. From here on, we
define a map I/%z;) between cohomology groups for our use below.

By the strong approximation theorem, for v € R and ¢; which is introduced
in Section 2.1, we can find j; € {1,...,h},a7(f) € GLy(F), and k) = k:ff)wkff)f €

GL2(C)K1(Mc?) such that
tio(u) = oty kD,

By taking the determinants of both sides, we have j; =i. By the definition of

an ) , we have

o T} (Ne2) ()~ C T (M)
Hence the following map,
H x L(n;C) — A x L(n;C);(z,P) — (aff) -Z,Cu(j) - P),

induces a morphism of local systems

—_~—

R(p)i, : Zi(n;C) vy — Zi(n:C) v (e

Note that this map does not depend on the choice of o' The map R(p)? induces

—_~—

the morphism of cohomology groups, which we denote also by R(y)i. Then we
define

R(p)i = wc(ww)R(9)l - H (Y] (M), £ (n; C)) — H' (Y{(Ne*), £ (n; C))

h
R(p) = Z plai)R(p)' - H' (Y1(M),Z(n; C)) — H' (Y1(Ne?), £ (n; C)),

where a; for i =1,...,h is the finite idele of F\ which is fixed in Section 2.1.
In the same way, for any Z-algebra A which contains all matrix elements of
{ay }uer, we define the map

—

R(p): H' (Y1(M), ZL(n; A)) — H' (Y1(N?), £ (n; A)).

Especially, ]% is defined for A = Ky (pg), where ¢g := <p|@; and we denote
by Ky (o) the subfield of Q, generated by the image of g over Ky. Similarly,

—_

if the conductor of ¢ is prime to p : =P N Op, then R(p) is defined also for
A = Ok plpo], where Ok q3[po] is the subring of C which is generated by the
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e

image of g over Ok q. By abuse of notation, we also denote by R(y) the map
between compact support cohomology groups,

R(p); HE (i(N), L (n; A)) — HL(Yi(Ne?), ZL(n; A)),

which is induced by the morphism of local systems R(¢)i, : -Z;(n;C) vy —
.,iﬂl(?’l, C)/Yf(‘ﬁcz) for i = 1, ceey h.
By the definition of R(y) and I%, we deduce the following proposition.

PROPOSITION 2.4
The following diagram is commutative:

Si(M) B, S (Me?)

5| d
H (K, 2(1;C)) 2L |1 (vi(Re2), Z(n;C)),

where § is the map introduced in Theorem 2.1.
By Theorem 2.2 and Proposition 2.4, we obtain the following corollary.

COROLLARY 2.2
We have the following equations.

(1) We have
h

ij(ﬂﬁF)Af‘Sj(fiN% nE

=1
— (_1)nid+1 /_1j‘d+j“2—1 (QW)_(jidJl‘jc"l‘Q)

X L'(jia + DL (je + DEOF)G(9)| DIL(L, f, ws),
where N denotes the cap product (cf. [Ur, Section 1]) and we identify HS(E, C)
with C via the canonical isomorphism.
(2) By dividing the previous equation by Qy ., we obtain
h

ij(aiép)A;“nﬁ% nEe

i=1
— (_1)nid+11 /_1jid+j62_1(27r)_(jid+jc+2)
x L(jia + DT (e + DHOF)G () [DIL(L, f, pws) /L c.
We have A;‘n}\N NE € H§(E,Kg(po)) = Kg(po). If the conductor of ¢ is

R(p) ]
prime to N, then we have A’{n}\é@/) NE € HS(E, Ok g(po]) = Ok gppo)-

We rewrite the left-hand sides of the equalities of Corollary 2.2 in order to express
special values of the L-function associated with f as a cap product of n;y and a
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twisted cycle in Proposition 2.5. For this purpose, we introduce an element EJI
of Hi(YY(M), Z*(n; Ok,p)), where Z*(n; O ) is the local system on Y7 ()
which is determined by Home o, (L(n; Ok ), Ox ). Note that if [Z : PNZ] > n,
we define a nondegenerate bilinear form:

[, ]n : L(n; OK,%) X L(n; OK’W) — OK,sp;

Mid,Me _1Viatdeq. . ) .
(P(X,Y, X.,Y.),Q(X,Y, X, Yy)) Z (—1)dats azli.j,chmd*]id-,nc*jc ’
7ia=0,5.=0 (ji‘d) (]cc)
where we define
Nid,Ne
P(X,Y,X.,Y.) = Z ajidJanid_jid Y Jid ch_jc}/cjc,
Jia=0,j.=0
nid,Ne
Q(X,Y,X.,Y,) = Z bjid’chnid_jid Y iia ngc_jc}/cjc'
Jia=0,5.=0

We denote by L*(n; O g) the Ok gp3-module which is generated by

{ <T%id) (nc> X“id*jideidXéﬂc*jc ijc}
Jia ) \Je ) 0<jiadesn

over O g Then we identify Home, , (L(n; Ok g), Ok ) with L*(n; O ) via
[l

Hereafter in this article, we assume that the class number of F' is 1. Since
the class number is 1, we denote by I'; (M) the group I'} (M) which is defined in
Section 2.1 for short. We adjoin boundaries to # in the same manner as in [Ur,
Section 2.3], and we denote it by .#7*. (In [Ur, Section 2.3], #* is denoted by Z*.)
We denote the Borel-Serre compactification of Y3 () by Y7 (9)* = I'y(D)\ s>
and its boundary by 0Y;(M)*. We note that Y;(M)* and Y; (M) are homotopy
equivalent.

We introduce an element Ej, of a relative homology group H,(Y7(M)*,
IY1(N)*, L*(n; Ok o)) below. We define E* = EU {0} U {oo} on which we
have a natural topology induced by the isomorphism E* 2 R+, U{0} U{oco}. For
an element of x € F, we define the map A, : F — Y1 (M) by

E—=Yi(M);a (1§17)

and we naturally extend A, to the map E* — Y1(M)*, which we also denote by
the same symbol A,. We obtain a natural sequence:

HY(E*,A;2* (n; O p190)))
= Hy (E*,A;27 (n; Ok 2 [0)))
— Hy (E*,0E*, A2 (n; Ok ¢0]))
— Hy (Y1(9)",0Y1(N)*, . L* (n; O 5[ 0])) -

We define an element Ej, of H;(Y1(M)*,0Y1(MN)*,L*(n; O gplpo])) to be the
image of an element «;, of H(E*, A%.Z*(n; Ok glpo])) under the above map,
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which is defined as follows. Since A% 2 (n; Ok gp[po]) is a constant sheaf on E*,
we define a;, by the following equation:

Qi p = (—1)Jiatie <ﬁ1d> <n0> ( ) (X Madiaydia Xe=deyde),
Js ( ) Jid e 0 1 ( )

Since the class number of F'is 1, we fix a generator m. € Op of the conductor
c of p. Let R C F be a subset of representatives of (¢71/Or)* which is introduced
at the beginning of Section 2.3. Now we define a relative homology class:

Coi= D welmeu)Ej, € Hi(Yi(M),0Y1(N)*, L7 (n; Ox 3 [0]))-
u€RCF
We assume that ¢ is prime to 9. Then, by using c, j, we introduce an element
of Hi(Y1(M)*,Z*(n; Ok plpo])) for ¢. For this purpose, we need the following
lemma.

LEMMA 2.2
Let t/mc,t'/m. be elements of R. Then, if ¢ is prime to N, t/m. and t'/m,

determine the same cusp in T'y (D)\ 2.

Proof

Since ¢ is prime to N, there exists n € N such that nOp is prime to ¢. Since ¢ and
t’ are prime to ¢, ¢ is prime to tn and t'n. Therefore we find a,d’,c, and ¢’ € Of
which satisfy:

ame —cent =1 and ame—cnt’' =1.

We write v = (% ,t ) and 7/ = ( ot ) Then we see that

me cnme
t t’
v-0=— and A -0=—,
M M
and 7'y~ € I';(M). This proves the lemma. O

By Lemma 2.2, ¢, j belongs to the kernel of the boundary map
Hy (Y1(0)",0Y1()*,.2* (: Ok o)) — Ho (Y1 (M), L (1 Ok (o))
Hence, c, j falls in the image of the map
Hy (Yi(M), 2" (n; Ok plo])) /H1 (0Y1 (M), £ (5 O p[00]))
— Hy (Y1(0)",0V1(N)", £ (n; O p[¢0l)).

whose image is equal to the kernel of the boundary map. By abuse of notation,
we also denote by ¢, ; a pullback of ¢, 5 to Hy(Y1(MN)*,Z£*(n; Ok p(vo)))-

Then, since 0(f) is an element of the parabolic cohomology group, the cap
product n¢,cNc, j does not depend on the choice of the pullback. We regard ns N

Cpj € H3(Y1 (M), 2L (n; Ok pl00]) © £ (n, Ok 3[po])) as an element of Ok g0
via the following composition of maps:
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HG (Yi(N), £ (n; O (o)) © ZL7(n; O 5 0]))
— H§ (Y1 (M), Ok gpl0]) = Ox.[0l,

where the first map is induced by the bilinear form [, ],. Then we obtain the
desired expression of special values.

PROPOSITION 2.5
We have

wi(0F)s(3(f)) Nepy
_ (71)md+1\/7—11id+jc271(QW)f(jidJrijrz)
x T(jia + DI'(Je + DHOF)G(9)| DIL(L, f,pwj),
wj((SF)nf,c Ncy
- (_1)n;d+1\/_—1jid+ic2—1(QW)—<jm+jc+2)

X LG + DT (e + DEOR)G(@)IDIL(L, f, ow5) Qe

Proof
Note that, since the conductor ¢ of ¢ is principal, we have

e = 3 dman [+ 1) w
R(y) i e 0 1 ’

[ —

for w e HY(I'1(M)\ ;£ (n; C)). By the definitions of R(¢) and c,, we have
A’{(Sj(f)|§(vw NE =5(6(f)) Ncy,j. This proves the proposition. O
We describe a relation between €2 and €2 . in Proposition 2.6. For this purpose,
we need the following lemma.

LEMMA 2.3

Let ¢ be a prime element of O such that =1 mod M. Then the Hecke operator
T(¢) acts on HO(Y1(M)*, Z(n; Ok ) by the multiplication of ("1 + 1, where
we denote fratl(f)netl py gntl,

Proof
For each cusp s of T'1(91), we denote by I’y the group {v € I'1(N); v(s) = s}.
We compute the action of the double coset T'1(M) (§ 9)T1(N) on H(JY1(MN)*,
ZL(n;0p)) 2@, H(Ts,Z(n; Ok q)) according to the definition of the action
given in [Hil, Section 3].

We take an element g of SLy(Op) such that g(s) = co. By the assumption
=1 mod N, we find a disjoint sum decomposition:

W(é S)WZH(W)QG 2)9‘1FSUW9(§ ?)g‘lFs-
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Similarly, we have disjoint sum decompositions

WQG 2)9_11_‘5:' U WQG) n(j)g‘l,

I'1(M)g (é (1)) g~'Ts =T1(Myg (é ?) 9"

where we denote a generator of 9t by n. We note that g (g 2) g (s) =s and

g(é g)g_l(s) =s. Weput o=y (S ?) g~! and o :g(é "Zj)g_l.
Hence, for vy € Ty, the action of [I'y(M) (é 2)F1(‘ﬁ)] on u =, us €
HO(0Y1(MN)*, L (n; Ok,p)) is calculated as follows:

(U\[m(é g)m])s(%) =0cus(v) + Z ojus(75),
7 mod £OFp
where 7y (resp., v; for j mod ¢Op) is an element of I'y such that oo =~o’ (resp.,
ajv0 =;07;) for some ¢’ (resp., o) € {o} U {0, :j mod LOF}.
By using the above description, we compute the action of the double coset.
We note that H(Ty, 2 (n; O, p)) = (g - YY) 0, .. We have the following
equalities:

O_L (g . Ynid}/cnc) — g . Y'n,id }/Cnc’

7i(g- YY) = (D g Y

This completes the lemma. O

PROPOSITION 2.6

Suppose that there exists a prime element £ € Op such that £ =1 mod M and
Ae(T(0)) — "t —1 is a unit of O . Then Qs.o/Qy is a unit of O .

Proof
We denote by HZ(Y1(M),.Z(n;Ok,q))’ the largest torsion-free quotient of
H! (Y1 (M), Z(n; Ok, p)). Since the map

L HE (Y (N), 2 (0 Ocp)) — Hl (Y1), Z(n; Orp)|

par

is Hecke equivariant, there exists a € O g such that «(ny,c) = ans. To prove the
proposition, it is enough to show that « is a unit of O 5.

Since the map ¢ is surjective, there exists 7y € H; (Y1(M), £ (n; Ok g))" such
that ¢(n}) = ny. Since the boundary exact sequence

H°(0Y1(M)*, Z(n; Ok, p)) — HE (Y1(N), Z(n; Ok 3))
= Hp,, (Y1(N), £ (n; Ok )

par
is Hecke equivariant (see [Hil, Section 1.10]), the kernel of ¢ is annihilated by the

operator (T'(¢) — "1 —1) by Lemma 2.3. Since 1y, — an’ belongs to the kernel
of ¢, we obtain (T'(¢) — £**' —1)(ny.. — anf) =0.
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We denote by (17.c)oy.q the O gp-submodule of H! (Y1(MN), L (n; Ok ;p))’
which is generated by ny.c. Since T(€)(ns.c) = Ap(T(€))nf,c, (T () — T — L)n’
is an element of (nfc)o, - By freeness of H}(Y1(N),Z(n; Ok q))’, T(q) acts
on (T'(¢) — ¢+t — 1)n} by multiplication of the scalar A¢(T(q)) for any prime
ideal q of O. In particular, (T'(¢) — "+t — 1)} belongs to (nf,c)ox - Hence,
there exists 3 € Ok gy such that (T'(¢) — ¢+ — 1)ns = Bny.c. By definition, we
have the following equalities:

L((T(0) - o 1)17}) = (T(¢) - /- 1)ny
= (A (T(0) = 7F1 = 1)y,
L(ﬁnf,c) = aﬁnf-

Thus we obtain (Af(T(£)) — "™ — 1)ns = afns. By assumption, A\¢(T'(£)) —
¢t — 1 is a unit of O g. This implies that « is a unit of O gq. O

3. Proof of Theorem 1.1

In this section, we prove our main theorem, and we always assume that the class
number of F' is 1 and p is prime to §O0; DIN. Moreover, we suppose the condition
of Proposition 2.6 for njq =n. =0.

We define the following homomorphism:

pr:I'(M) — H; (Y1 (‘J‘()*7Fp)/H1 (ayl(m)*,F,,);y — {0,v-0},
where {0,7 -0} denotes the projection of the path from zero to -0 in J#* to
the Y7 (91)*. Then pr is surjective.

REMARK 2

(1) The map pr does not depend on the choice of the cusp. In fact, we have
the same map replacing the cusp zero by another cusp x € F. This follows from
the fact that J¢* is simply connected. Hence we easily see that pr is actually a
homomorphism.

(2) We have pr({parabolic element of I'; (91)}) = {0}. We see this from Re-
mark 2(1) and the definition of parabolic elements.

(3) For an element ~ of T'; (M), an element = of Op, and u =+ -0, we have
u+x= (%) 7-0. By using Remarks 2(1) and 2(2), we have the following
identities:

{0,u+x} :pr<<(1) 1

:pr<<o |

=pr(7) = {0,u}.

Hence we have {0,u + 2} = {0,u} in Hy(Y1(M)*,F,)/H1(9Y1(N)*,F,).

—
8
N——— ~——
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At the moment, we assume the following two lemmas and we complete the proof
of the main theorem.

LEMMA 3.1
There exists a natural homomorphism

H (Y1 (M), Oxclipo]) — Homg (Hy(Y1(N)*,F,),F,),

and the image ®¢ of ny under the homomorphism is not zero. Moreover, @
satisfies the following identity:

I'c(1)2L(1 —
¥(cp) = (1) 205 |- LS o
f.c
where ¢ is a finite-order Hecke character of Fx whose conductor is prime to p

and Tc(s) =2(27)~*T'(s) for s € C.

REMARK 3

We note that (—1)"4T127340%XG(¢)|D| is a p-adic unit by assumption of p and
the conductor of . Since we suppose that there exists a prime element ¢ € Op
such that /=1 mod 9 and Af(T'(¢)) — £€ — 1 is a p-adic unit, we see that the

Cc()?L(,f.¢)
Q5

quantity € Ok, plpo] is a p-adic unit if and only if the quantity

®(c,) € F, is not zero by Proposition 2.6.

We denote the extension of F' obtained by adding a primitive pth root of unity
Cp by F((p). Let M, denote the conductor of the extension of F((p)/F.

LEMMA 3.2

Let b and d € O be elements satisfying that d =1 mod M, and bOF is prime
to dI,. There exist infinitely many prime elements m € O which satisfy the
following conditions:

(1) the integer N(m) — 1 is prime to p;

(2) there exists a v €N such that m=1+v;
(3) {0,b/d} ={0,b/m};

(4) N(m)—1#405.

The proofs of Lemmas 3.1 and 3.2 are given at the end of this section.

Proof of Theorem 1.1
By the identity in Lemma 3.1 and Remark 3, it is enough to show that there
exist infinitely many Hecke characters of finite order ¢ on F such that ®s(c,) #
0. If we suppose ®¢(c,) =0 for almost all ¢, we can prove that q)f is zero.
This contradicts Lemma 3.1. Hence, we show below that ®; o pr(T';(N)) = {0}
assuming that ®;(c,) =0 for almost all .
From Corollary A.2 (see the appendix) and Remark 2(2), to prove &y o
pr(T'1(N)) = {0}, it is enough to show that ®; o pr(T';(9M)) = {0} for a suitable
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integral ideal M of Op such that N|M. We define M := M,MN and take an
arbitrary element (‘Z Z) of T'; (91). We show that Pro pr(( )) =0.

Note that we may assume that bOp is prime to 9,. This is easily checked
as follows. We take ¢t € O such that tOp is prime to 9,. Since

(=0 () =0 ey,
(1 t—b

117%) is a parabolic element of I'y(0M), and b+ a(t —b) =¢ mod M, we may
replace b (resp., d) by b+a(t —b) (resp., d+c(t —b)). Hence, hereafter we assume
that bOp is prime to 9,. Note, moreover, that bOF is prime to d9i,,.

Since b and d satisfy the condition of Lemma 3.2, we take a prime element
m=14v € Of as in Lemma 3.2, where v is an element of 91. We may assume
that 7O is prime to bOp. For such a prime element m € Op, we write

H.={p:F5 — C*;p: finite-order Hecke character, c,, := condy | 71Op},

and we denote fH, by m. Then we have m | N(n) — 1; hence m is invertible
in Fp. Since there exist infinitely many such prime elements m by Lemma 3.2,
we may assume that ®;(c,) =0 for all ¢ € H;\{1}, where 1 denotes the trivial
character. Then, we have ®¢({0,b/d}) = ®;({0,1/7}). In fact, we have

w(fodh) =or({o2)) ={5 T wwmoles(fo))

= 3 Y e (r)E ()R, ({0, )

pEH, uER

The first equality follows from the fact that 7 satisfies condition (3) of Lemma 3.2.
By Remark 2(3), we may assume that b/m € R. The last equality follows from
the following property of characters ¢ for u € R\{b/7}:

1
— § ap%(wu)@%(b)zo.
m

pEH

We note that we have the following identities in Hy (Y7 (M)*,F,) for every non-
trivial character ¢:

{0,u} + {u,00} + {c0,0} =0,
ngc —ru){o0,0} =0,

uER
- Z (ch;(_ﬂ-u){oovu} = Z @cw(—wu){u,oo}.
uER uER

Hence we have

LSS e () ()25 ({0,0))

p€EH, ueER

:% Z Z(pw mu)Pe, ()P s ({0,u}) + Z‘IDf {0,u})

peH\{1}uER uER
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:% > e (1702 (Y pe (~mu){u,oc})

pEH\{1} u€R

+ % > ®s({0,u}).

uER

By the definition of ¢, and by the assumption that ®¢(c,) =0, we have that

% Z Socgp( (P% q)f(z Peo, 77“ {u OO}) + — Zq)f {0 u}

peH\{1} u€ER uER
1
=— > e ()P, (D) (cy) + Z‘I)f {0,u})
weH\{1} uGR
1
= LY as({0.u)).
u€ER

Thus, we have proved the following identity:

2 ({o, b}) Zcbf {0,u}).

By the same manner as in the proof of the above equality, we also obtain
Q;({0,1/7}) = (1/m) > ,cr ®r({0,u}). Therefore we conclude that ®;({0,
b/d}) = @7 ({0,1/7}).

Now we easily show that ®;({0,b/d}) =0. Since (} 9) and (} 1) are parabolic
elements of T'; (M),

v ({ogh)=e({o2})
~o({o55 )

() )

Thus, ®; o pr(T';(9)) = {0}. This completes the proof of Theorem 1.1. O

Proof of Lemma 3.1

We take an element 7 in the inverse image of 7y under the map H} (Y7 (M),
Ok glpo]) = HL(Y1(MN), Ok 3lpo])’. We denote by 1y, the image of 1o under
the natural map H!(Y1(MN), Ok glpo]) — Héar( 1(M), Ok p3[p0]). We note that
the image of nyo under the map HL, (Yi(M),Oxgleo]) — Hl.(Y1(N),
Ok gplpo]) is equal to 1y up to multiplication of a unit of Ok g by Proposi-
tion 2.6.

First we consider the following sequence:

0— Hl.. (Y1(M), Ok spip0]) = H' (Y1(M), Ok s3[00])-
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We denote also the image of the above map by 7,0. Next we consider the following
map:

v HY (Y1), Ok plpol) = H (Y1(N), O pl00]) @0 0o Zo @7, Fp-
Since we assume that p is prime to M, H'(9Y;(M)*, Ok g¢o]) is torsion-free
over Ok q[po] (see [Ur, Proposition 2.4.1]). Thus, the image of 1o by ¢ is not
Z€ero.

Since the image of 1y,o under the map ¢ is not zero, the image of 7y o under
the map

H (Y1(N), Ok plpol) — He (Y1(N), Ok plio0]) @0 wivo] Zo @7, Fp
is not zero. By the universal coefficient theorem, we obtain the following injection:
0— He (Y1(M), Ok [¢0]) ®0y pl00) Zp @7, Fp — He (Yi(N), Fy).

Since H2(Y1(M),F,) is isomorphic to F,, and the cup product is nondegenerate,
we obtain the following injection:

0— H¢ (Y1(M),F,) — Homg (H?(Y1(N),Fy),Fp).
Finally, by using the image of 1y .0 under the above maps, we obtain a map @y
by Poincaré’s duality (see [Ur, Théoreme 1.4,1.6]). By construction, ®; is not
zero. We note that the map ® does not depend on a choice of pullback of 7y .
€ HX(Y1(M), Ok (o)) to HL(Y1(MN), Ok xlpo]). This follows from the fact that
the cup product
H! (Y1(MN),0) ®o H*(Y1(N),0) — O

induces the map

HL(Y;(M),0) @0 H(Y1(MN),0) — 0,

where M’ denotes the largest torsion-free quotient of the O-module M, and that
we have the following commutative diagram:

H(Y1(M),0) ®0 H2(Y1(M),0) —— HE(V1(M),0) ——
F

l l

H (Vi(M), Fp) @, H?(V1(M), Fp) ——— HZ(V1(M),

_@"11|<— Q)

p);’

where we abbreviate O g3[po] to O.
By Proposition 2.5 and the definition of ®, it is obvious to see that ®(c,)
satisfies the identity in the statement of the lemma. O

Proof of Lemma 3.2
We denote the ray class group for 91, of F' by Clg(9M,) and take their represen-
tative Clp(OM,) = {610F,...,BmOF}, where §; € Op for i =1,...,m. Here we
note that we assume the class number of F' to be equal to 1.

Since b1 is prime to d9N,, we take o € N such that bao =1 mod dM,. We
write P; = {d +ba(B; — 14 p); 1 € Mp}. Then there exists an 7; € P; such that
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m;OF is a prime ideal. This follows from Chebotarev’s density theorem, since
baM, and dOp are coprime. We take an p; € M, such that m; =d+ba(F; —1+
), which satisfies N(m;) —1# #O5. Then we show 1;0p ~ 3;0p € Clp(9,).
To show this, it is enough to show that m; = 3; mod M,,:

mj=d+ba(f; — 1+ ;)
=1+1-(8;—14+0) modM,

Eﬁj.

We denote by F'(901,) the ray class field for 901, of F'. Then F(9,) contains F((p).
By assumption, we can take o € Gal(F'(9,)/F') such that o|p(¢,) # idp(,) - From
the class field theory, there exists an isomorphism

ArtF(Sﬁp)/F : Cl(mp) = Gal(F(imp)/F),
where we denote the Artin map by Artp o,y . Hence there exists j € {1,...,m}
such that 3;0p = ArtF(m )/F( o). Since m;Op ~ 3;0p € Clp(M,), we have

Artpeom,)/r(T;OF) =0.

For the above j, we set 7:=m; and ¢:=7Op. Then, since o|p(,) #idr(,),
we have the condition (1).

The conditions (2) and (4) are obvious. We verify the condition (3). This
follows from the equation

(a(ﬁj —11 + 1) (1)> <Z Z) N (: d+ ba(ﬁjb— 1+ Mj))

and the fact that (a(ﬁj —11+M) (1)) is a parabolic element of T'y (7).

The existence of infinitely many such 7 is a consequence of Chebotarev’s
density theorem. O
Appendix

In the proof of the main theorem, we need the following Corollary A.2, known
as Fricke’s lemma for the F' = Q case (see [St, Lemma, p. 526]). We generalize
this to an arbitrary number field F. Let 91 be an integral ideal of Op. We fix

an integral ideal a which is prime to 91. We fix a finite idele ag whose associated
ideal is a. We put ¢t = (% 9). We define F,, = F ®q R. We consider F, as the
set of infinite adeles of Fa. We define

Ki(M) ={(2}%) € GLy(Op);c,d — 1 €MOp },
T§(N) = GLa(F) Nt GLy(Foo) K1 (M)t
={(2}) eGLy(F);a,d € Op,bea,cea M,
d=1 modMN,ad—bce O},
) ={(e¢}) eT{M);beada=1 modN}.
We put T§(0N) = SLQ( ) NTE(M) and T¢(N) = SLy(F) NT(N).
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We note that, for the integral ideal a; and T'} (M) which are introduced in
Section 2.1, we have I'{*(91) = T'{(MN).

LEMMA A1
Let 9 be an integral ideal of Op such that DYIM and M is prime to a. Then
e (N) is generated by T'(IM) and parabolic elements of T*(N).

Proof
Let v := ('; Z) be an element of T'*(M). It suffices to show that we can get an

element of T'*(9M) by multiplying some parabolic elements of T'¢(N) to . We
show this by a four-step argument.

Step 1. First of all, we show that we can assume that aOp is coprime to a9it.
Since v € T'*(MN), aOp is prime to bcOp. By Chebotarev’s density theorem, we
can find o € Op such that (a+ abc)Op is prime to adt. Now we note that (§ 4%)

is a parabolic element of I'*(91). We note that

1 ab) (fa b\ [(a+abc b+abd
0 1 c d) c d ’

a+abe b+abd
d

h ), we may assume that aOp is prime

Hence, by replacing (¢ 4) with (
to ad.

Step 2. Next we show that we can assume b € a9Jt. For this purpose, we show
that there exists an a € 9 such that b+ aa € a9t Since aOF is prime to a9,
we can find a k € Of such that ak =1 mod adll. So we see b — bak € ad)t. Since
be aM, for a := —bk € aN, we have b+ aa € a9. Then, since (§ §) is a parabolic

element of T'*(N),
a b 1 a\ [(a b+aca
¢c d)\0 1) \¢ d+ca)’

we may assume that b € adll.

Step 8. Now we show that we can assume a =1 mod 91. We take an element u of
a such that there exists an ideal b such that «uOp = ab and b is prime to a. Since
a is prime to 9 by the assumption of Lemma A.1, we may assume that b is prime
to M. Since aOp is prime to M, there exists an element ¢ of Op such that at =1
mod M and t =1 mod b by the Chinese remainder theorem. In particular, since
a=1 mod M, we havet =1 mod . For the above t € O, we have u(t—1) € af
and u=1(1—t) € a7 Then it is easy to see that ( ¢ uD)

u”t(1—t) —t+2
element of T'#(91). We note that

(00 (i ") = (oo e,

) is a parabolic
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Since b € ad)t, we have

at+bu"'(1—t)=1 mod M.
at+bu=t (1—t) au(t—1)+b(—t+2)
ct+du~t (1—t) cu(t—1)+d(—t+2)
that a =1 mod 9. However, after this replacement, we might lose the condition
be al.

Hence, by replacing (’é g) with ( ), we may assume

Step 4. By the assumption a =1 mod 9t and
a b 1 —-b\ [(a b—ab
c d)\0 1) \c¢ d—bc)’
1 0\ /[fa b\ _ a b )
— 1/ \c d) \c—ac d—bc)’

we conclude the lemma. O

Since any element of I'(91) is transformed to an element of I'*(N) by multiply-

ing a certain unipotent element of I'$(9), we have the following corollary from
Lemma A.1.

COROLLARY A.2

Notation is the same as in the above lemma. Then T'$(N) is generated by T'*(IN)
and parabolic elements of T'¢(MN).
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