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Let (V, Q ) be a  quadratic space over a field k , namely V is
a finite dimensional vector space over k supplied with a  quadratic
form Q: V - 4 .  Let c13(x, y)=Q(x+y)— Q(x)— Q(y) denote the as-
sociated bilinear fo rm . F o r any subspace W of V ,  w e  set
WI= {x E  V ; cip(x, w)= 0  fo r a n y  W E  W } .  A  vector x in  V  is
called singular if  Q(x)= 0, and the set of all the singular vectors
in  VI make up a  subspace V' called the radical o f (V, Q ) .  A
quadratic space (V, Q) is called non-degenerate [resp. strongly  non-
degenerate] if  V ' [resp . V i] consists of the single vector O.

A  linear automorphism uEGL( V) of V is called a (orthogonal)
similitude of ( V, Q), if there exists a  scalar th  called the multipli-
cator o f u, such that Q(u(x))= AQ(x) for any xE V . L et GO(V, Q)
denote the subgroup of GL( V) consisting of all the similitudes of
(V, Q).

A similitude with the multiplicator 1 is called a rotation (some
authors restrict the name rotation for the one with the determinant
1), and the rotations make up a  subgroup 0(V, Q ) called the
orthorgonal group of (V, Q).

If the multiplicator ,u, of u is a square ( = e2 )  in  k, then we
can find a rotation 0- such that cru is a  homothecy k, i.e. h,(x)— ex
for any x E V . I f  I L  is not a square, u can not be a  homothecy
modulo 0 (V , Q ). I t  is  the purpose of this note to prove the
following theorem which gives a normal form modulo 0(V, Q) for
a similitude with a non-square multiplicator.

T h eo rem . Let (V , Q ) be a non-degenerate quadratic space over
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k  of dimension n .  If a similitude u E G O (V ,Q ) has a non-square
m ultiplicator th, then n  is even ( - 2 m ) ,  and there ex ists a rotation
o- and a base {e„ •••, ern , eÇ , ••• ,e }  o f  V  satisfy ing the following:
o- u(e i ) =e ; and o-u(e;)=1Le i fo r  i=1, ••-,

This result is obtained by the second named author o f  this
note under the assumption that (V, Q ) is strongly non-degenerate,
and its special case when k  is o f  characteristic two has been
published in her previous paper, Structure du groupe des simili-
tudes orthogonales, Nagoya Math. J. 1970. The generalization to
the present form and a simplification of the proof due to the first
named author.

The assumption o f non-degeneracy of (V, Q) is nothing essen-
tial for this problem. Indeed, consider a (V, Q ) with a non-trivial
radical V', dim V '= r> 0 . Let V , be an arbitrarily chosen com-
plement of V ', V= V,+ V', V 1 fl r = IC and 7t 1 V „  :  V — > V'
be the projections according to the decomposition.

I f  uEG O (V , Q ), then u(V)c V' hence

= 0  .............. (1 )

I f  w is a linear endomorphism o f V  such that w(V)c V', then
1 + w e 0( V, Q ), in particular

1 — lu 'E O (V  , Q ) ............... ( 2 )

By (1) and the identity 1= 7r, + 71f , we have,

u  = n 1 t7r1 +niu7V l +eu71-'

Set u' =(1-71itor i u ') u ,  then u'=n- 1u7V1 + rt'un•' i.e. u ' stabilizes
both V, and V '. Since GO(V / QIN T ')=0(r , Q 1v

, ) =GL(170, we apply
our theorem to u' I v i  and get the following.

C o ro lla ry . In the assum ptions of  the above theorem, drop the
non-degeneracy  of  ( V, Q ) .  L e t {el°,  •••, e r

0}  b e  an arbitrary  base
of the radical V', then it can be ex tended by  { e„ •••,e„„e 1 ',- - ,4 „) .
to  a base of V  which together with some  0 -E 0 (V ,Q )  satisf ies the
following:

cru(e i ) = e i ', o -u (e i ') = p.e i =1, ••• , m , 0-u(e7) = 4, fo r  i =1, •••, r .
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N ow  w e start to th e  proof o f  Theorem with a  series of
elementary lemmas, where the second one is quite obvious.

L em m a 1. I f  k  has at least three elem ents, an d  if  c13 is not
identically zero on V x  V, then w e can f ind a p air o f  vectors x  and
y  in  V , such that

Q(x)Q(y)(13(x, y) *0 .

P roo f. Since ci) is not identically 0 , we can find x, yE V such
(13(x, y)-= O. If Q(x)Q(y) O, we have nothing to prove. Suppose
Q(y)= O. T h e n , fo r  any 72 E  k ,  w e have Q (x +& )=Q (x )+a,
Q (x +riy )=Q (x )+72a an d  cI)(x+y, x+7 iy )= 2Q(x)+ (+ 72)a. Let
b =a'Q (x ) , c  and d  be three distinct elements of k. If c +d * 2 b ,
we choose a n d  72 as =d. I f  c + d=2b, then 2d= (d + c)
— (c— d)*2b and we choose a s  = 71=  d .  Then replace the pair
x, y  by x +y , x +7 1 y , and the latter has the required properties.

Lemma 2. L et (V , Q ) be a  quadratic space [non-degenerate
or no t], and  W  be a  subspace of  V . If  the  restric tion (1 31w „w  o f
ct, o n  W  is non-degenerate, i.e. ( W, Q 1 w) is strongly non-degenerate,
then

V  W + W - L a n d  W n W - L  {O}.

Lemma 3. Suppose (T) is not identically  0 on V x  V , and there
ex ists a similitude 1,1E  GO( V, Q ) w ith a non-square m ultiplicator
then w e can f ind a  vector e  o f  V  an d  a  symmetry  o- such that
ci)(e, cru(e)) * O.

Furthermore le t  W  be a  subspace o f  V spanned by thus chosen
e  and 0-u(e), then ( W ,Q 1w )  is  storongly  non-degenerate.

P roo f. Suppose our first statement is false, i.e. ci3(x, o-u(x))=0
fo r an y  xE  V  and  any sym m etry o - . Then fo r a n y  x, yE V,
0 = c1) (o-u (x) + y, cru (au (x) + y)) c13 (cru (x), o-u (y)) + « y ,  (o-u) 2 x)
=(y , ! ix  + (o.u) 2 x), i.e. A x+(o-u) 2 x E  V-L. In other words, denoting
by h, the homothecy, Image (h„+(o-u) 2 )c  V I .  In particular, Image
(h„+ re)c  V 1 . Hence, Image ((o-u)2 —7,12 )c  VI, or equivalently,

Image (o-u — uo- - 1 )c  V ' ( 1 )

Since the existence of non-square tt eliminates the possibility that



436 H iroak i H ijik ata and A kiko Y oshioka

k  has only two elements, we can take x  and y as in Lemma 1.
By the definition, the symmetry w i t h  respect to y  is given by
0- ,(z )=z— Q(y) - '4)(z, y)y for any zE V .  Hence we have (o -

 .3,14 — Uo-

Q(y)'cl) (x, y)(u(Y ) - 1 2 1 3 (x, Y) - 1 4 3 (u(x), Y).Y). P uttin g  c = 43(x, y)'
x c13(u(x), y), the above (1 ) implies

u(y)—  cyE V I , (  2 )

Now, AcI)(x , y)=43(u(x ), u(y )) is equal to c13(u(x), cy) by (2), we get
1 ec13(x, y )=c0(u(x ), y)-= cz(1D(x, y ) i.e. IL --=c2 , a contradiction.

To prove the second statement, the matrix of cl) with respect
to  the base {e, cru(e)}  should be computed, and it is equal to
(2Q(e)) 2 ,EL—(G1)(e, o-u(e)) 2 which never vanish since is not a square.

Lemma 4.
tically  z ero i.e.
m ultiplicator
adm its a base
dim  V =2m .

SflPPose (V, Q ) be non-degenerate, and (1) be iden-
V =V I . .  L et u  be a sim ilitude w ith a non-square
then u 2 (x )=A x  f o r  an y  x E V .  Furtherm ore V

S  o f  th e  f o rm  S  le„u(e,), •••, e„„ u(e„,)} , thus

P r o o f .  Our assumptions on (V, Q) implies that the charac-
teristic of k  is  tw o  and V  has no singular vector other than O.
Since Q(u2 (x)— pt(X )=  Q(u 2 (x))— p, 2 Q(x)= 0 , we get u2 (x)= / IX  for any
x e  V.

Let S= {e„ u(e,), •••, e,„, u(e„„)}  be a  se t o f vectors with the
following two properties. ( i)  S  is linearly independent. ( ii)  S  is
maximal among such sets, namely {x, u(x)} n s is not linearly
independent fo r an y xE V . Such  a set S  certainly exists, and
what we need to prove is that S  spans V.

For any xE  V, we have a non-trivial relation x +iiu (x )=2

x ( 1 ei +n,u(e,)) with or 77 to be non-zero. Setting t' =  + 7 7 V  ,

= + \ / L  for i =1, •••, m  and applying Q  to the both sides of

the above equation, we get - 2 Q(e) 1Q(e 1), hence Q (e )=2
,=1

x Q ( e i ). Set = 77'iN/ ,  then Q (e )=2i (Q(V,e 1 ) +Q(72;u(e,))),

hence e =522,(Eei+n'iu(ei)).

Proof o f  Theorem . W e proceed by the induction on d(V )
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= dim V — dim V ' . When d (V )= O, the situation is  th at o f Lemma
4, w e can take 0-= 1  and u ( e 1)  of lemma as e l of the theorem for
i =1, • •• , m.

Suppose d(V)>O, i.e . (13 is not identically zero, and let e,
and W be that we have got in Lemma 3. By Lemma 2, we have
V= W± W - L, Wn W '=  {0 } .  Let u , denote the composite cru, it is a
similitude with the sam e multiplicator ,u, as u. Let c3- : 741( W ) — > W

b e  a  linear isomorphism defined by a- : p,e, u i (e)i—qc i (e).
S in c e  Q(u 1

2 (e))= Q(p,e), (213(u 1 2 (e), u,(e))= c13(p,e, u i (e)) an d  since
u1 ( W) n vi—u,(Wn V -L)= 101, by Witt theorem et can be extended
to a rotation OE1 E 0 (V , Q ).

Since c r,u,(e)= u JO , ( 4 1 (u  i(e ))  [te, 0 - 1u1 stabilizes W hence WI.
I f  d im W  i->0 , the restriction cri Ul l w i  of cry ,  to W-L is  a similitude
of the quadratic space ( W I ) ,  w d.) with the same multiplicator ,u,.
Hence, by the induction assumption, dim W -'- is even  ( =2(m -1))

and W-L admits a base {e„ •• • , •  • • ,  e.'„} such that o- i u i (e i ) e ; ,
lui(e;)= Ae i  fo r  i = 2 ,  •••, m .  BY putting e ,= e  and el= cry ,(e ), we

have completed the proof.

KYOTO UNIVERSITY
UNIVERSITY OF OSAKA PREFECTURE


