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§ O. Introduction

This paper has two aims. One of them is to obtain existence
theorems for hyperbolic mixed problems in  a  quadrant :

{  

Au =  f in t> 0 , x> 0 , y E R '" ,
(Po) B ; lc = g j ( j = 1 ,  2, •••, p.) on x=0, 1 >0, y E R " - ',

, D u  =  0 (j=0, 1, •••, m - 1 )  on 1 =0, x > 0 , ye R" - '.
The other is to obtain energy inequalities for

(  Au =  f in 1 > 0 , x )'0 , y eR " - ',
( P )  I  B j u  = g j ( j = 1 ,  2, •••, A )  on x=0, 1 >0, yeRn - ',

I  M u = u 1( j = 0 , 1 , • • • , m - 1 )  on 1 =0 , x>0 , yeR n - i.

The assumption (A ) stated in part I is also assumed throughout
in this paper.

Our main results are as follows:

Theorem 1. T here ex ists a  positive number •yo  a s  f o llow s. Let
f e .51 0 . .,((0, 00)x 1?!:), 0 0 ) x R " - ' )  ( 7 > 7 0)  be given,
then there ex ists a unique solution u  o f  (PO, which belongs to
..41„,_,,,,((0, 00)x R).

Theorem 2. T here ex ist positiv e num bers C  and 70 ,  such that
it holds f or 7 ->- 70

nt - 1

71 u I L-,, +E <D111›..2i=o

c{I  f i  Y J• • + [1 1 / 3 1 -1 - i ,y )
7, ) . 1  p . 0
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for ue.gt„,..v ((0, 00)x R!), satisfy ing (P).
Notations will be explained in the following sections.

§ 1. Existence theorems with zero initial datas

1. 1. Adjoint systems.
Let us denote

x = (to , 0. y o  7 , 77)

X (to. 0, yo; ' j ) .

Let

CA) = j= p,±1, •••, m  ,

where fr i l is  the complement o f  Irk ; i n  {0, 1, •••,
in -1 } , then

{ B ;(x  0} {CA)}
becomes a Dirichlet set, since {B i (X : is a normal set.

Lemma 1 .1 .  There exist differential operators

{C' (t, D„ Dx , DA 1/3/(t, y ; D„ Dx ,

w ith constant coefficients outside o f K o , satisfy ing

(Au, v)—(u, A*v) = < 1 3 ; u, C'i v>+ <C i u, IPA>
:=1 - j=1,—, I

for u e 91m. 1) and vecgt„,,_.,,(Rr ').

Remark. Let us denote the principal part of {A*, B'j , Cij }  by
{A :, B 0, C 0} (A: = A ). Then [{C ; 0(X; {B'ici(X;
is a Dirichlet set, and

A(X ; Dx )u(x)v(x)dx —V° u (x )A (X  D x )v(x)dx

= Bi (X ; Dx )u(0)C 0(X ; Dx )v(0)+ C J (4)140)13 0 (X  D x )v(0)
i I j= 1 . . ,  I

for u, 00).

W e say that {A *, {B } is  an adjoint system for
{A, { B 1} 1 ...} .
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Proof. Since the statement is well known for u, cE gART47 1.) , w e

only remark that 2(/?"4" )  is  dense in ...4i„,..,(t? 4 1 )  a s  w ell a s  in
„Wm . —,,(12!").

Let us denote
Â* = A*(—t, x, y; —D e , Dx , Dy)

13;(—t, y; —D„ D x ,

then we have

Lemma 1. 2. Let {A, IN . ; s l  satisfy the assumption (A), then
{At, {8,0} satisfies also (A).

P roo f. Let

= 77) T  = 7 > 0 , 0 R1 ,  n e l ? " - ', 0 -
2 + 7 2 4- 17712 1 }  .

T h e re  e x is t s  ID", (X  ; ) 1 w h ich  is  eq u iv a len t to
113 0 (X  : E)} an d  Lop IA_(X; IN...,(X; D (X ; 011
>d ). 0  in Rn x (c.f. proposition 3. 2, chapter I , [6]), therefore
we have 1 Lop {A _ (X  ) ; •-• , 13',,0(X > d,>0 in R" X L'
(c.f. lemma 3. 3, chapter I , [6 ] ) .  Since A_(X : A ( X ; ) ,  w e
have

I Lop {A ,(X : •••• B:„(X I> d,> 0 in R x L .

Here we have

Corollary.

I  . 0

1< C i -7 1A*v g._i+ "±

for v ,41„ 1 ,

Proof. From the theorem in I, we have

71u1I-i, Y +

C {  7
1 I ii*ulg . i +

fo r  ue 70. W e on ly rem ark  that y E
u(t, x, v(— t, x , y )e.gl„,,, and that

means
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(A*u)(t, x, y) = (A*v)( — t, x, y) ,
I. ( k .,u)(t, x , y ) = (B 'j v)(—t, x, y) .

1. 2. Existence theorems without initial conditions.
We consider the problem

Au = f in  x >0 , ( t, y )e le ,
B i u = j=1, 2, o n  x=0, (t, y)ER".

Let us denote for vE,qt.,._,,(R")

A'(7, Dt , = 72)916fivDeSis_,._.,(R") .

Then we have from the corollary of Lemma 1. 2, for A"vE,gt„,._,,
and

71A"v1Z,_,.._,+.g </X v>,

< I A"A*v1Z._.,+ <13/jv>L_„j+,._71
7

Let be a Hilbert space defined by the completion of

{v ; A "V E

with the norm

1 v11, =1A"A*vIZ . _,+

then we have
--1

71A , s v11-1.-1+ •

Proposition 1 .  1 .  Let f e i l k .41?".» ) ,  and g J E J 1 , . . , - r 1 - k , 1 ( R " ) ,  then
there exists a solution u of (P') in .9i.-1.k,l(R".» ) ,  where 7?--yk  and
k=0, 1, 2, •••.

Proof. Let us denote for simplicity.
1) Since

1(f, 01= I(A kf , <
I <gi , C'j v>I = „ V - (m -1 - r i 'k )C j i l >  I

" - I

< C < g j> m -i -r j■ k ,Y
i o

there exists 11, E k )  such that

(P')
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(w, v)* =  ( f , qv>

for a ll V E  , where
( w ,=  ( A t - C M  - 1-1-k)A* u„,

,j,=0., 1

Let
u  =  A  - (rn - + k) e2 i t A / -  -  14 / O A  *w

then we have Am - i 'k u e S t c,.., and Au= f  in distribution sense.
2 )  Let us denote

Au =  A A - ('± k ) e " A ' - '"' - '±k) A*v =  E D1,11"'") - 1  at v

= * '" D r  { A - ("1 - ) fk) - '  't  Am-  D a , „ ,v ).
1=0

+  h + 2 E  A " - 1 -  'D; a
1-41

= 2- mpa,m 47, +  A - h i - 2  ,

where

and
I arvls,,, < C I (a21=e27`)

1P1, 1010.y<C1vIkr

Therefore we have from the interpolation theorem

.

Since

=
1

= A - (m- i+k) - 1 X c x ,v + ,
1-0

we have

then

Moreover, since

f=  A u  =  D 7 u $ J a ,D u ,
1=0

we have
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ue.gi

3) H ere w e assume k 2 , th e n  w e  h a v e  ue..91„,.., a n d  A u =f .
Now we have from lemma 1.1,

0 = (f , v)— <g,, A* v)

= <gi, Cv >

for satisfying B 1) I =O. Since C ;v  l are arbitrary, we
have

gi j=1 , . . . , .

4) I f  f  e‘glk..,(R7 - 1 ), (k =0, 1 ), there exist
f l e 9(1?", -" ) , g f i e  2 (R ")  such that

f f i n  31k.i(R14 ') ,
i n  A m - ,  i f k .y ( R " ) ,gift g i

and then there exists the  so lu tion  u , of

J A u , = f , ,
13j u l lo =gio ( j =  1, 2, ••.,

where From t h e  corollary 2 o f  t h e  theorem in
p a r t  I , we have

i n  S t„,, , k.'1,

and  u  becomes the  so lu tion  of (P').

1. 3. Uniqueness theorems without initial conditions.
We say that u is a  weak solution of ( P ')  in if  a n d  only

if  u e S i o , f  EJ10,7, gi.44,y (R ") an d  it holds

(f , v)— (u, A *v) = C',v>

fo r  all y  belonging to

f v e,41„,.,; B 'j v  =  0 j = p. +2, — , .

Proposition 1 . 2 .  W e ak  solution of  (P ')  is unique in Sip ,7 -->" 7 0)•

Pro o f . F o r  given cpeg(R 1 4 1 ) , there exists y in such that
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f  A *v = w  ,
1 B 'j v  I = 0 (j =A ± 1 , p ,+2 ,• • • ,M ) ,

from proposition 1.1. Now le t  u  be a  weak solution of (P')  in
<gto ,i  with zero da tas , then we have

(u, 99) = 0 f o r  yoe2(Rr f ),
therefore u= 0.

We a re  going to show the uniqueness in  a  larger class cgto . y , yi

(7/ >7) than J t , ,  where

=  f u e H t o c . , ,

where u ( u )  is the  restric tion  o f u  in 1 <0(1>0) and

= { u: e"' u e 11*((— 00, 0) x ,
= {14 C Y ' ueHk ((0, 00)x R )}  .

In  th e  similar way to th e  above, we say that u is a weak solution
o f  (p )  in if and only if
and  it holds

(f , v)— (u, A *v) = <gi , C;v>

fo r  all v belonging to

B'j v  I =0 , j 11+2 , •«,m }.—0
Proposition 1. 3. L et 8 be positive, then there exists 11 such that
weak solution o f  (P')  is unique in

P ro o f. Let
q (t)  = a( t)e ' (1 —  a( t) )

where
a(t) = 0 i n  t.40,
0<a(t)<1 i n  0< 1<1,
a(t)  = 1 in

then

9'6(1) = 1 i n  t<0,
e '<q ) 8 (t)< 1 i n  0 <1 <
cp8 (t) = e 1 t in t 1 .
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Since

p a(t)D: u(t) +1998'(t))k(p u)

and
995(t)

we have

D k ( " ' ( t ) )
\PAO

<CE.k (k=0, 1, 2,

p aAu = A" ) (923u)

where the principal part of A " ) is  A  and coefficients of lower
order terms in A ") belong to g r .  Then proposition 1. 3 follows
from proposition 1. 2.

1. 4. Existence theorems with zero initial datas.

Proposition 1. 4. There exists 7'k '  as follow s: Let

t E  n Jik .7(R !1'1), g 1( 1  A m _ i _ r , - , k , ( R " ) ,
r>rk" r>rh"

then there exists a unique solution u o f  (P ')  in n

Proof. Let 7,' be given in proposition 1. 3, by taking 8 = 1 . From
proposition 1. 1, there exists u,,e,g1„,_1 1 , a solution of (P ') ,  for
every 7  eYk . Here we denote =m ax  (7k, 7 3  Now let 7..>-7'k '
and 0<8<1, t h e n  — u.„_ra E -3+k,i ,7 ac Am-1+k.), 1 , therefore we
have from proposition 1. 3 that

= U•y-8 •

Hence it follows that u.„ is independent o f 7 for

Lemma 1.3. L e t  f e . g l k , , o ( R V ) ( 7 . > 0 )
 a n d  supP [f]c [0, 00) x ,

then

t E  (1 Aki(R"-.."),y>7„,
ii) Iflk,,<chryklflk.-4 •

The converse is also true.

Proof. Let us prove the converse, only in the case when k=0.
Let us denote f= f ( I ) ,

II f (O r  L ?„. I f(t, x, y)rdxdy, ,
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1(0- - i7) = f (t)dt

then

f - =  C r . ile- 1 1(t)112dt

=  Cif 1 C'If IgNo •

Hence we have supp [f(t)]c [0 , co).

Now we have, from proposition 1. 4 and lemma 1. 3,

Theorem 1. Let fE91k ..,,(R1.4  I
) ,  g i e il,,,,_ , J - k „,(R") 

and supp[f], supp [g f ] c  [O. oc), then there exists ueSl„,_,,„ ..,(1?:-"),

which satisfies

(P ')
f  Au = f ,
t. 13J u I = g i ( 1 = 1 ,  2, • • • , iL).-0

and supp [id c [0 , co).

§ 2 .  Energy inequalities with initial datas

2 . 1 .  Green's formulas.
A t first we consider quadrants

104 x = {t>0, (x, ,
and

Let us denote
= <0, (x, Y)ERI-} •

= ,
= Rn+) ,

A, = A0(7, Dy ) , (Aou)(Y ) = 9 - 1 k/ ±1771 2 9 1u(Y)](vn ,

=  E 171:414u(x, y)I'dx dyi 1?7,

Lemma 2 . 1 .  Let (k, y, y') satisfy

0.<k<m-1
0<y in (m - 1 - r  fe) (j=1, 2, ••-, m),

k (1=1, 2, • • • , ni).
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Then for and v E S I . , , „  we have

(A u, A T ' *D :v ),— (A r"14 u, A *v ),

= E A ôrv iD C "I v>,

+
v), v>+,

where

IG"' v ]I<C  E [D! u ]„,_,_,,, E
i - 0

I lir " i (u,v )+I<C lul.-1,1 0 -1v1.-,,-v ,
IRV<u, 0+1 <C<Ii>.-2.y.+<v>.-1.y.÷ •

Proof. We only remark that

<Dru, A ô v > , _ — < A u ,  D:v>

= {[A4- D it- A L M -  11)] -  [ALM -  I  A lr  M -  Dz id} .

In  fact, both sides become the sam e integral o n  It =0, x=0,
y ER " - '1 , using integral by parts.

Next we consider a  time interval
I  = T2)

Let us denote
T2

0 ,•■ = e-21‘ u(t , x, y)v(t, x , y)dx dy)dt

= .r2  e- 2 1 1 [u(tx, y), v(t, x , y )]dt ,

0 y . 1 iu(t, 0, y)v(t, 0, y )dy ))dt

T2
 2

i er- 2 Y1 ((u(t, 0, y), v(t, 0, y)»dt

Lemma 2. 2. L et AV, x , y ; T, f, A(t, x, y  ; T, n). Then we
have

(A u, A'u),,.."— (A 'u, Au)„ ."
= iG x<u, u]0„,.. 7-2 ±
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where

r T2

Gy <u, u>0 .1 ,1  = e - 2 1 t E y )D'u(t, 0, y), D 'u(t, 0, y)))dt
T i 1 1 1 . 1 w 1 G .  - 1

G,[u, u] o "  =  e t E  [g„,/(t, x , y )D'u(t, x , y), D''u(t, x , y )]

Ge (u, =  
5 T

,

R(u, =  V . 2  er'it E  [r,„, (t, x ,y)D 'u(t, x, y), D 'u(t, x , y )]dt
T, 1, 1.1714m-I

(D = (D „ Di , Dy ), 

Moreover since
„L.4

Re G,[u, x, ;,7

— C e t E  ((IX u (t , 0,

where c  and C  are Positive constants independent o f t  and 7 , we
have

-,.7,1+

< C  {-1- A u l  . 1  + t C 'T i[u ]L , (7 -->-70).
7 j=0

Pro o f . This lemma is a modified form o f lemma 1. 5 in I, using
the property o f G , stated in the remark 2  in I.

Corollary.
i) Let ueS t,„,,,,, ,  then

ta-1 ra-1
‹C  f-1 I A U  t3.1 ,7.- +E +E j . )7

ii) Let u ,  then

71141.1._ i y +E
Of -  I 111 -

'Y

2. 2. Energy inequalities in 1 <0.
Let 7  7 , ,  then

I Au= fE.54,..,(R1").
Bi t.€1 0 = g i e,41,„ 1 _r 1 .1 (R")(P') (j = 1, 2,

has a unique solution ue.gt,„_,..„ from proposition 1. 1.
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Now let us decompose 
{ f , to { fo ± f ,  g i o +g i ,}  as follows :

If. I o..,<C If
supPEAlc If 10,,<C Ifl

i . y  C <gl>rn - - ri ,1. -

supp[gA c[0 , o0), <gh>._,-,,<C<gi>.-i-r j .i •
Let uo ,

A u o = fo,
B j uo l = g ; „—0

then

such that

A u, = f „
( j=1 ,...,  A), 1 13,111,1 0 = gp ( j = 1 ,

=

From theorem 1, we have

u1(t) = 0 for 1 <0,
that is

u(t) =  u0(t) for 1 <0.

Hence applying the theorem in I to  uo ,  we have
_

7  u  I -  +E <DI j ,Y ,  -
j=0

114011-1,v +g<Muo>1-1-;,, ,

C L 1f01 ô,v± < g io N s - i- r » , /}
j l

<CI+, Iflg,y.-+

From this inequality and corollary of lemma 2.2, it follows

Proposition 2. 1.
N I  - 1

.. f • -71 u I L i.y .- + t <DI u> l • + E  [D i u12

.1----0f  . . . 0
t tri - l - j,•1

‹C  {1 1 Au I ky ._+ Ê Oki  u>1_,-..0 .-}
f or uE,41,„.7 ,_, 7 ->-70.

2. 3. Energy inequalities with initial datas.
Let us consider energy inequalities for
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(P)
l

A u = f  ,
.f3J u  I = gi, ( j= 1, 2, •--, i i ) ,

.—o

,  a j u  I = u 1 ( j = 0 ,  1 ,  • • • ,  i n - 1 ) ,,-0

where
A t first we remark that, for every given cpE..0(RV 1), there

exists veSt„,,_,, such that

{ A *v = O,
B", v I = 99 ,c. _ .
B;v I = 0 (j* i0),.-0

and
- -

71 _V I -4-E  <Dz. ' V>2+ E  [DI; Vit_ i _i .y<C<99>„,2 y.m -1- j + i=o io

C<P>2,:i

for 70 •
In  fact, w e only apply proposition 1. 1 and proposition 2. 1 to
{A*, B",}, remarking lemma 1. 2.

Let us apply lemma 2. 1 to u and v in the above, then we have
for every (y4 , u%), satisfying 0..< - 0<11J0<r10,

AP0 - i joIXJ099>+

{  If' 0 , y , +  VI ±r n - 1 - y + IÉ‘ < g j> tn  -  —  r J• "/,-■- " 1 .  <DI V>m-l-
= 0

rm -1 -1

E[ui].-i-J.;>2[Eq -  j . 7 +
I - 0

rt. - 2 n t  - 1

+ .52 J.., E v>,n _,
j .„-0

C {F+ u m--1.-",4}<0 , 4 ,--,..+

where
1F 2 =—  I f l + + ". 1 Eu.,11,- ; ., •
'Y

On the other hand, we have
k h

sup I <At - k ' Dru, h 'D'r!'■:P>, 1 <u>k . „, E 
k' =0 _ y .  , <99>h, -1.

(k , h : non-negative integers).
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In fact, since there exists pEA„,_.,._ for vE,4/0 ,-, •,. such that

(D,+ A o)h =  elt v
and

we have

</i>k ,,,= -E  <Dr kiDru>o,v,

'<Ark 'u ,  v >  I sup
e-o <0'0_

I <Aft-  */ Dr u, e - '1 (D ,+ A o )h  ( p >  I< E  sup
<(D,+iA0)he'l(p>,

k h <A r D rU , A r '/ Drço>_._ I < C E  E  sup
h'■-0 .4. < O h  •y1 1

Therefore we have

<C <CIF + 1u1.-1.1.+1

Since {13 }1 , 1 .2 ,...,„ is  a  normal set, we have

t <DIU% -t- j,V,+ C{E
Hence we have

E
1
<C.; u>.—t -ri  .1.

Lemma 2. 3.

<D1U>Fn-i- j ,̂ 1.+<C1
il  f i  ii , ,,,, ± E  <gi >m2 1 . . . t . i  ..,/.... 4 _ E  [ u i ll_ i _ J . ,

.i. 7 ».-.1 i o

}

+  I u IL_,../.- .

From lemma 2 .3  and corollary (i) of lemma 2 .2 , we have

Theorem 2.

<CI f  1
 &

i.+  +12<g j>1-1-r [u AL-1-;:y}i-o

for ueSt„,,,,.,+ ,
Making use of lemma 2 .2 , in the same way as in the proof

of proposition 2 .1 , we have
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C orollary . Let u H '"((0 , T )xR ), then

1u12+  E T.)+1 [D? u],2 _1_, t=
j=0

C {  1 ,
2.

0  to, + E <gif>m2 —)_„. co, T)+
r ,  1E - I -  1} •

j 1j O
< T

2

Finally we rem ark that the statements o f theorem 2  and its
corollary are extended to the corresponding ones, in case when
u e9 1 „ , , k o o,+ (k=-- 0, 1, 2, • • •).
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