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Introduction

In  1950, I. M. Gerfand defined the generalized "spherical functions"

and stud ied  th e  connection w ith th e  unitary representations in  [4 ].

He studied only the case when the representation of the given  compact

subgroup K  is  k—>1.

A fter that, in  [5 ] ,  R. Godement defined the s till more generalized
spherical functions, and studied the connection with the representations
on Banach spaces. For the given representation -N), Tx }  of the locally
compact unimodular group G , we can define the representation gi),

of the algebra L (G), w hich is the algebra o f all continuous functions on

G  w ith compact supports. T hen  he sa id  th at .R>, Tx }  is algebraically
irreducible when non trivial T1-invariant subspaces of do not exist,

completely irreducible when every continuous linear operator T  on
can be strongly approximated by T f ,  and topologically irreducible when
non trivial closed T1-invariant subspaces of do not exist.

N ow let ) (6 ) be th e  s e t o f vectors in w hich , under k—> Tk,

transform according to S, and E (6 )  the continuous projection on

where 6  is  an irreducible representation of the given compact subgroup
K. For the completely irreducible representation , Tx }  on a Banach
space k.), he defined the spherical function by

958(X)-= TrIE(6) Tr]
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when dim 5.,?(6)< CX3

However, he studied only th e  case  o f completely irreducible repre-

sentations on Banach spaces, and moreover he assumed on G  that

(a )  every is contained at m ost fin ite tim es in  every completely

irreducible representation of G.
This assumption is automatically satisfied for semi-simple Lie groups

with faithful representations and the motion groups where K  are maxi-

m al compact su bgrou ps. B u t I fee l it is  ra ther restrictive for the
general consideration.

The author generalizes the theory for every locally compact unimo-
dular group and its representation on a Hausdorff, complete, locally con-
vex topological vector space which is not completely irreducible in

general but topologically irreducible. W e  s t u d y  th e  topologically irre-
ducible representations with the following property :

/  
there exists at least one pair (K ', 6 ') of a com pact subgroup

(*) K '  of G  a n d  its irreducible representation O' such that 0<

dim ,Ç;)(6')< + cc,

and generalize the propositions of R. Godement for the completely irre-

ducible representations. W e  d e fin e  th e  spherical functions fo r  th e  to-

pologically irreducible representations with th e  property (* ) , and obtain

a  necessary and sufficient condition that a  given continuous function 0
on G  which satisfies xs *0= 0 and  0=0 ° ,  where xs (d im  6)Tr161 and

0°(x )=  0 (kx1c - 1 )d k , is  a  spherical function. In  our case, the condi-

tion (a) on G  is not assumed and the necessary and sufficient condition

on 0  is a s  follows; dim (L(6)/4.))< oc, where 1.1.--  { f  E L(6); f '*0= 0} ,
and there exists a  p-dimensional irreducible representation f — > Uf  of the
algebra L ° (6) such that $ ( f )=  (dim 6) Tr [ U f l. Here, L (6 )= E  L (G );
5.C811-= f* -2.68=  f l  ( 2 8  is  th e  complex conjugate o f  xa) , f i (x )---f (x - 1 ),
L'(6)=-- {f ° ; f  E  L (6 )} and 0( f  )=.1 G q3(x)f ( x )d x .  T h is  is  one of the

principal results o f this paper. T o  show this, we construct a  topolo-

gically irreducible representation which has 0  a s  its spherical function,

and  this process gives th e  connection between spherical functions and
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representations. In the case of (Y-compact G , all spherical functions are

obtained from topologically irreducible representations on F réchet spaces.
Some lemmas in  th is paper are very  s im ilar to  th o se  in  [ 5 ]  but

proved under somewhat weaker assumptions, and for the sake of com-
pleteness the author does not omit them.

In  § 1, w e give som e defin itions and prove some general lemmas
on the irreducibilities.

In  § 2, w e study a  canonical irreducible subspace of and this
is  v e ry  important for the study o f  topologically irreducible representa-
tions with the property (*).

In  § 3, w e  s tu d y  th e  m ultiplicity of in  completely irreducible
representations o r  in  topologically irreducible representations with the

property (*).

In  §  4 , we define spherical functions and prove the necessary and

sufficient condition th at a  given function 0  on G  is a  spherical function.
In  general our resu lts a re  ra th er w eak , but in  the case where G  is
6-compact or the given function 0  is positive-definite, they are satisfac-
tory. For spherical functions o f  height 1 ,  another characterization is

possible.

In  § 5, analyzing the method of the construction of representations

in  § 4 , w e obtain  a  connection between spherical functions and repre-

sentations.
Finally, the author expresses his hearty thanks to D r. N. Tatsuuma

and Prof. T. Hirai for their kind advices.

§ 1. Representations a n d  their irredueibilities

Let G  be a  locally  compact unim odular group, and b e  a  Haus-

dorff, complete, locally convex topological vector space.
A  representation o f G  on i s  a  homomorphism T  o f  G  in a

group o f non-singular continuous linear operators on such that
(a) for a E k), G D T a  E is continuous,
(b) for every compact subset C o f G, { T x ; x E is  equicontinuous.

If i s  " to n n e lé " , (a) im plies (b )  D a  h e n c e  in  th e  case  o f a
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Banach space o r  a  Fréchet space, the condition (13) is not necessary.

And in general, two conditions (a ) and (b ) are equivalent to

(c )  G x (x , a) —±Ta E is continuous.

Let L(G ) b e  th e  algebra o f  all continuous functions on G  with

compact supports (the product is convolution product). For every com-

pact subset F  o f G , denote by LF(G) the space o f  all continuous func-

tions on  G  whose supports are contained in  F ,  w ith  the supremum

n o rm . We shall topologize L(G ) as the inductive lim it o f L F (G ). On

the other hand, we shall denote by L s (k), Ss )  the space o f all continuous

linear operators on topologized b y  the simple convergence, and by

the same space, topologized b y  th e uniform convergence on

every bounded subset of

From the given representation W , T i )- o f  G , let's define the re-

presentation of the algebra L(G ) by

L(G ) D f G T „f(x )dx ,

where d x  is  a  Haar measure on G. Then the following facts are

known [ 3 ] ;  the representation T f} o f L(G ) satisfies

( i ) L(G) D f —
> Tf E L b ( , i s  a  continuous homomorphism,

(ii) {Tfa  ; f  E L(G), a E spans a dense subspace of

(iii) fo r  every compact subset C  o f  G , { T f ;  f  E E lf  is  equicon-
tinuous, where E  If E L(G ); supp ( C, f  y  11. Conversely,

such representation o f  L (G ) is deduced by the above method from a

representation o f G.

In the following definitions, is not necessarily complete.

Definition 1 . L e t A  be an associative algebra over the complex

field C .  The representation W , Tx)- o f  A  on a vector space o v e r  C
is called "algebraically irreducible" i f  its  invariant subspaces are only

{O} and

Definition 2 . Let A  be an associative algebra over C, and a
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locally convex vector space. The representation {S:J, Tx }  o f A  is called
"completely irreducible" i f  { T x ; x  E A)- i s  dense in L 8 ( ,S .?).

Definition 3 .  Under the same situation as in Definition 2 , {g,;?, Tx}
is called "topologically irreducible" i f  its closed invariant subspaces are

only { 0 }  and

In the case of finite-dimensional these three irreducibilities are

equ ivalen t by the Burnside's theorem [8 ].  And u sin g  a  theorem on

the extension of a continuous linear functional [9, p. 108 1 , we know
th a t  the complete irreducibility implies topological irreducibility. If

is  a  Banach space, algebraic irreducibility implies complete irreducibility
[ 5 1 .  W e shall define the irreducibility of a representation of G by that
o f  t h e  corresponding representation o f L(G). T h e  following lemma
plays an important role in th is paper.

Lemma 1. L et A  be an associative algebra over C, and a  local-
ly convex vector space. T he algebraically  irreducible representation fi k),
LI o f  A  is com pletely  irreducible, i f  every  continuous linear operator
w hich commutes w i t h  a l l  T  i s  a  scalar m u ltip le  o f  th e  identity oper-
ator.

P ro o f . Let's show more strong fact that,
(a) for arbitrarily given elements a l , az , • • •, a n E and continuous

linear operator T  on there exists an element x  E A  such that T a i =
Ta i fo r  1 i Z  n.

W e prove th is by induction on n. For n  =1 , th is  is  true. Sup-
pose (a) is true fo r n —1, and le t 's  p ro v e  it for n. C learly w e m ay
assume th a t a l, az, • • • , a„ are linearly independent. B y  the assumption
of induction,

(b) for every n - 1 e lem ents b1, b 2 ,  •  •  • , E there exists some
x E A  such  that Tx a i =b i fo r 1 i 1.

Denote by the subspace of spanned by a l , az, • • •, a„_1. Let's
show the following fact ;
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(c) suppose Tx b = 0 for every x E { x  E A ; L a 1 = 0 , 1 i n

— 1}. Then b E:),  is  in

For every (b 1 , b 2 , • • b n _ i)  E x • • x V - 1 , take  x'E A  such

that T 'a i =- b1 fo r 1  i _ 4  -  1, and define a  linear mapping

P ;

b y ø (b 1 , b 2 , •••, b„_ 1 ) = T x , b (well-defined ! ). L e t  I t b e  the imbedding

from to  the i-component of V' - 1 , and set F 1 =0 1 1 ( i= 1 ,  2, • • • , a — 1).

Then for an y  x E A  and a E
F i L a =  I i ( Tx a)  = L i b ,  a n d  T x  Fi a= T x 0 I 1a= T x  L z b ,  w here x1

and x 2 a r e  elements in  A  su ch  th at T x i ai = L a ,  T x i a; -= 0  (j=/=i) and

Tx z a i =a, T x ,a r= 0  ( j* i)  respectively. H e n c e  Tx x ,a i=  L a = L zai and
Tx x z ai = 0 = L za ;  ( j * i ) .  Therefore xx2 —  xi E h en ce  Tx i b= T x x z b.

Thus Fi Tx = Tx F i  f o r  a l l  x E A .  Hence we have F i  .= A i • 1 (A i E C, 1

i n — 1), and

n-1
T e b b2, • • •, bn-1)= E1=1

n-1 n-1
= E Tx,( E Aia i) .i=1 i=1

n-1
S ince x' E A  in  (b ) can be arbitrarily chosen,  T b  = E Ai a i  is  tru e

1=1
n-1

for a l l  x 'E  A .  Hence b =-  E Ai a i ,  and therefore b E b y  the algebraic
1=1

irreducibility o f {k), L } . T h u s  (c ) is proved.
Since a„ it follows from (c ) that there exists some x E A  such

that

Txa1=0(1_i n, - 1 )  and

Therefore { T a  ;  x E =  .  L e t  x o E A  b e  a n  elem ent such that

T T x 0 a i = T a i , 1 Z  i n - 1. T h en  th e re  ex is ts  so m e  X i  E such that

Tx z an = Tan —  Tx oan.

The element x = x i  x o  satisfies T a i=  T a 1 (1 _4 i Z it). q. e. d.
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Now , let K  be a compact subgroup o f  G , and 6  an (equivalence

class o f  finite-dimensional) irreducible representation o f  K .  We shall

denote by Tr [6 1  the trace of (any element in) à', and put 2 8 =(dim 6)
Tr [ 6 1 .  For every f  E L(G), we define

841(X )=1 K PC - 1 XVL8(k)dk,

f * a ( X ) =  i c f (x lc - 1 )5i8(k)dk,

and put L(6)=- I f  E L(G); i s * f  P i s = f 1.
For a given representation {k), T x }  o f G,

E (6 )= - T h i a (k)dk

is the continuous projection onto the subspace .V 6)=E(6).,, and com-

mutes with all r k ( k E K ) .  A nd  for an  arbitrary f  E L M ,  T1 makes

k)(6) invariant. Put

T f =T 110(8) for f  E L(6).

The following lemma is essentially due to R. Godement.

Lemma 2. I f  t h e  representation { ,  T x }  o f  G  is algebraically ,
completely, o r topologically  irreducible, th e  corresponding representation
M 6 ) ,  1 }  of  L(6) is respectively algebraically, completely, or topological-

ly irreducible too.

§ 2. Maximal ideals in  L (G ) and topologically irreducible repre-

sentations with the property (*)

Let A  be an associative algebra, and In  a  left ideal in  A .  m  is
called "regular" i f  there exists a n  element u E A  such that xu---
x (mod. ni)  for a ll x E A .  Similar definitions apply to right ideals and

two-sided ideals.
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Here we consider the associative algebra over C fo r a  fixed 6  such

that

(a) th e  product o f  every element f  E A  and Tca is defined, and

f  2a, 5.68 f  E A,
(b) 5i8 (f  5Za) = (Tcsf )fi sf o r  all f  E A,
(c) (fTc 8 )g= f(Tc 8 g ) for all f ,  gE A,

(d) 5.63( - 8f , 5-caf , (f 5 -cs) , 8= f j,3 for all f  E A.
Now we can prove the following lemma a s  in  [5].

Lem m a 3 .  L et a  b e  a  regu lar m ax im al le f t  id e al in  t h e  subal-
gebra  A (6 )-= { f E A ; 28 f  =  f  =- j ' }  of  A , and put

n i =  E A ; ia g f)-ca E a, f o r a l l  gE  A l,

then m  is  a  regular m ax im al lef t ideal in  A , ct= m n A (6 ), and we have
f  —= f  (mod. m) f o r all f  E A.

When a  representation {,), T x }  o f  G  is given, fo r  a n  arbitrarily

chosen non zero element a E  ma  = i f  E L (G); T f a= 01 is a  closed left

ideal in  L(G). B ut in  general we don't know whether it is maximal
or not.

T heorem  1 .  L et G  b e  a  locally  compact un im odu la r group, K  a
compact subgroup of  G , {k), T x }  a  topologically irreducible representation
of  G, and 6 an  irreducible representation o f  K . I f  w e have 0 < (a') <

cx), 111.=- E L (G); T f  a =  0}  i s  a  closed regular m ax im al lef t ideal
in  L(G) f o r an  arbitrary  non z ero element a E

P ro o f . From Lemma 2  an d  th e  Burnside's theorem, there exists

an  element u EL(6) such that P„ =  1 .  A s is easily seen, a= m a nL(6)
is  a  closed regular maximal left ideal in  L (6) w ith  th e  right identity

u.
Next, m= I f  EL(G); 5a , i, g*fs< 3 E a  fo r a ll g EL(G)} is  a  regular

maximal left ideal in  L (G) from Lemma 3 , so  w e have only to prove
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C ma . If f  is  in ni ,  w e  have

E(6)T g T f a = T h a= L a= 0 , h =2 8 * g*f*2 8 Ea,

fo r  a l l  g  E L(G). Now, { T fa; f  E nt} i s  an  invarian t subspace of
hence { T f a ; f  E nt} = {0 } s in c e  (6)  I  { 0 } .  Namely f  is  in m a .

q. e. d.

W e shall consider a  topologically irreducible representation {H, T }
of G  w ith the following property :

{
there ex ists at least o n e  p a ir (K ', 6') of a compact subgroup

(*) K ' of G  an d  its irreducible representation 6 ' such  that 0<
d im  (6')< + co .

For an arbitrary non zero element a' E ,( 6 ') ,  we define

ô", a'1= { T  f a' ; f  EL(G)}.

Lemma 4. The sp ace  )(:,[1C', 6 ', a 'l  i s  independent o f  K ', 6' such

th at  0  < d im ( 6 ') <  0 0  and a' & ( 6 ')  (denote it by  The repre-
sentation .N) c,, T1 } o f  L (G) is algebraically irreducible.

P ro o f .  L et (K ", 6") be another pair of com pact subgroup K " of
G  and its irreducible representation 6 "  su ch  th a t 0 < d im  (6 " )  <  co.

Let a" E  (6 " ) .  By the topological irreducibility of { ,  Tx }, both . 0 [1(1 ,
ô", a n d ,.)0[K-", 6", a f t ]  are dense in  I f  we denote by W I ) the
projection w ith  respect t o  (K 1, 6 1) ,  w e  h av e  E(61) , 6", a' 11C
k)oCK" 6 "  a"1- O n  th e  o ther hand , E(6') o [K ", 6", a"]=.(6').
Hence we have , ,DET<I , a'l C 011C", 6", a"1.

Next, m a -= I f  E L(G) ; Tfa = 0} i s  a  c lo sed  regu lar m axim al left
id ea l i n  L (G ) by T heorem  1. B y  th e  closedness o f  ma , w e  have
L (G)*h ma fo r  a n  arbitrary non zero element hE L(G) (w e have only
to consider the "delta-sequence" attached to e ;  e., for every neighbour-
hood U of the un it e  in  G , w e take a non  negative function eu EL(G)
such that eu (x )dx  -=1 and  supp Lea] (  ) ,  and  hence L (G )*h+ m a

G
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= L (G ) . From this fact, w e see easily  { Tg ( Tha); g E L (G)}  k )• T h is

implies the algebraic irreducibility of .{,N , Tf l . q. e. d.

L et (K , 0) b e  a  p a ir  which satisfies 0< dim ,W )<  + c o , and we

put o  =H o rK , 6, al. L et T  b e  a  continuous linear operator on

which commutes w ith  a l l  T f  o n  0 • F r o m  the fact that there exists

u E L(6) such  that Du = T„1 w ) =1 , and t h a t  ,(6)C13, w e have

Tx T b =T x T (T u b)= T x T„Tb=TL .0 Tb -=T T L b -=T T x b,

for an arb itrary  b E , 6 ), where (L x u )( =  u (x  1 y). Noting th e  fact
that T b  E ,W) for every k E K, w e have

E ( 6 ) ( T b ) =  Tk( 77 b ) 3  (k)dk = 1K  T(T k b)2 8 (k)dk

JK
 Tk bi s (k )dk = T (E(6)b)= Tb,

i. e., T b  E .V6). T h u s  T fT b = T T fb  is  va lid  for a l l  f  E L(6), e., T
commutes w ith  every  T f  on , (6). Hence T  i s  a  scalar operator on

(6). Therefore the operator T  i s  a  scalar operator on ,N  too. B y

Lemma 1, { o , Tf }  i s  a  completely irreducible representation of L(G).
Obviously the space i s  invariant u n d e r  a ll Tx ,  so we can consider

th e  "representation" 1, 0, Ti )- of G .  Of course o  is  n o t co m p lete  in
genera l. C learly  w e have the next lemma.

Lemma 5. The algebraically  irreducible representation o f G  with
the property (*) is completely irreducible.

§ 3. The multiplicities o f irreducible representations o f a  com-

pact subgroup

Throughout this section, G i s  a  locally  compact unimodular group,
and K  i s  a com pact subgroup of G. F or an  arbitrary irreducible re-

presentation 6  of K , w e sh a ll say  th a t 6  is contained p  tim es in the
representation {,t „  Tx }  of G if  dim k)(6) =p • dim 6.
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Lemma 6. (See  [5 , p. 503, Lemma 1 1 ) If  an  associativ e  algebra
A  over C has suff iciently  many representations whose dim ensions are not
greater than n , the dim ension of  every completely irreducible representa-
tion o f  A  is  also  no t g reater than  n . (Here, the representation space is
not assum ed apriori to be complete).

L e t  S2 b e  a  s e t  o f  representations o f  G. W e sh a ll say  a fte r
R. Godement th a t S2 is "com plete", if fo r every f  E L(G) w e can  chose

some representation { . ,  Tx } E D such  that Tf*O.

Lemma 7 .  L et D  b e  a  complete s e t  o f  representations o f  G. If
the  irreducible representation 6  o f  K  is  con tained  at m ost p  tim es in
every representation in  D, w e have

( 0  6  is contained at m ost p  tim es in  every completely irreducible
representation of G,

(ii) is contained at m ost p  tim es in  every topologically irreduci-
ble representation o f  G  w ith the property (*),

(iii) 6  is contained at m ost p  tim es o r  inf initely  m any  tim es in
every  topologically  irreducible representation o f  G. In  the  latter case ,
every  irreducible representation o f  every  com pact subgroup o f  G  is con-
tained either no tim es o r infinitely  many times.

P ro o f .  For every representation W , Tx/ 1  in  2 , w e m ak e  the re-
presentation {. '(6 ) , Dif l  o f  L(6). A ll such  represen tations m ake a

family containing sufficiently many representations o f L (6), and always
dim V (6) ./J. d i m  b y  the assumption. So, by Lem m a 6, we know
that every completely irreducible representation o f  L (6) h as  dimension

p•dim S. N o w  (i) is clear by Lem m a 2.
Let's prove (ii). Let T x }  b e  a  topologically irreducible re-

presentation of G  with the property(*). I f  , 0=4-.)0f-r , 6 ', d i ,  Tfl
is  a  completely irreducible representation o f L (G ). Repeating the proof
o f  Lemma 2, w e  c a n  e a s ily  s e e  th a t  {E (6 ) 0 , r j -}  i s  a  completely
irreducible representation o f L(6). Hence dim E(6). 0 d i m  S. But
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E(6), 0 i s  dense in ,,),(6). Therefore dim ._)(6).Zp • dim 6.
(iii) is clear from  ( i )  and (ii). q. e. d.

Lemma 8 .  L et Go b e  the intersection of  the k ernels o f  all f inite-
dimensional representations o f  G. T h e n  the set o f  all f inite-dimensional
representations o f  G is com plete if  an d  only  if  Go ={ e} .

P ro o f . Assume Go * I e l .  T h en  of course Go c o n ta in s  a non

trivial closed abelian subgroup, say Z. I f  z 0 E Z  i s  n o t  the unit e,
there exists a neighbourhood U o f e  in G  such that

Uzo U - =  0.

Now we chose a non zero function ço E L (G ) su ch  th a t s u P P 1 (0 1  U ,
and define

ço(x) for x = U,

f (x ) =  — gxzo ) for x E Uzo,

0 otherwise,

then f  E L(G ), f 0, and we can see

z f (x z)d. z 0 for x E G.

From  this, we have

GO (x) f (x)dx =0

for an arbitrary m atrix elem ent 0 (x ) o f  every finite-dimensional repre-
sentation of G.

The converse is proved in [5 , p. 506, Lemma 51. q. e. d.

Lemma 9 .  L et G  be  a  connected sem i-sim ple L ie group. T he set
o f  all f inite-dim ensional irreducible representations o f  G  is com plete i f



Spherical functions on  locally  compact groups 67

and only  if  G  has a  f inite-dimensional faithful representation.

P ro o f .  Using the notation in Lemma 8, G o = { el is equivalent to
the fact that G  has a  finite-dimensional faithful representation [61. On

the other hand, every finite-dimensional representation of G  is complete-
ly reducible. Therefore this lemma follows from Lemma 8.

q.e. d.

Using this lemma and Lemma 7, we obtain the following

Theorem  2. L et G  be a  connected sem i-sim ple L ie g roup  w ith  a
f inite-dim ensional faithful representation, K  a  com pact subgroup of  G ,
an d  6  a n  irreducible representation o f  K .  I f  6 is contained at m ost
p  tim es i n  every  f inite-dim ensional irreducible representation of  G , 6  is
contained at m ost p  tim es in  every completely irreducible representation
o f  G  and  in  every topologically  irreducible representation o f  G  w ith  the
property (*).

Let N  be a closed subgroup of G, an d  n  c e (n ) a  one-dimensional
representation o f N .  Let b e  the set of all continuous functions f
on G  such  that f (n  x )=  a (n ) f (x ) fo r  n E N , and T ", the operator on

such  that (T ax  f ) (x 1) = f ( x / x ) ,  and deno te by S2N th e  s e t o f all
such representations. I f  G =N K  (not necessarily semi-direct), where K
is  a compact subgroup o f G , we may consider L (K ), and in this
case every irreducible representation 0 o f K  is contained at most dim 0
tim es in every representation in  DN.

I f  th e  closed subgroup N  is connected and solvable, every finite-
dimensional irreducible representation o f  N  is one-dimensional (Lie's
theorem , [5, p. 5 4 9 ] ) .  Now we have the next lemma.

Lemma 10. (R , G odem ent [51) L e t G  b e  a  locally  compact uni-
m odular group, and N  a  connected solvable subgroup o f  G. T h e n  e v e ry
f inite-dim ensional irreducible representation o f  G  is contained i n  some
representation in  DN.
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Let G  be a connected semi-simple Lie group with a  finite-dimension-
al faithful representation. It is well-known that there exists a  connect-
ed solvable subgroup N  such that G -=N K , N r1K ={ e} , where K  i s  a
maximal compact subgroup of G . Therefore we know that S2N is com-
plete from Lemmas 9  and 10, and also we immediately obtain the fol-
lowing theorem from Lemma 7.

T h e o re m  3 .  L et G  be  a  connected semi-simple L ie  group w ith a
faithful representation, K  a m ax im al com pact subgroup o f  G , an d  6  an
irreducible representation o f  K . T hen 6 is contained at m ost dim  6 tim es
in  every completely irreducible representation o f  G  an d  in  every topolo-
gically  irreducible representation o f  G  w ith the property (*).

T h e o re m  4 .  L et G  be a  connected complex semi-simple Lie group,
K  a m ax im al com pact subgroup o f  G , 6  an  irreducible representation of
K , and F a m ax im al abelian subgroup of  K . T hen th e  multiplicity  of
6  in  any completely irreducible representation o f  G  and  that o f  6  in  any
topologically irreducible representation o f  G  w ith the property  (*) are  not
greater than the m ax im um  of  the multiplicities o f  irreducible representa-
tions o f  F  in 6.

The proof o f this theorem is essentially the same as for Theorem
3  in  [ 5 ,  p. 5091

T h e o re m  5 .  L et G  b e  a  locally  com pact unim odular group, and

K  a com pact subgroup of  G .  I f  there ex ists som e abelian subgroup N
such that G= N  K , every irreducible representation 6  o f  K  is contained

at most dim 6  times i n  every completely irreducible representation of  G
an d  in  every topologically irreducible representation o f  G  w ith the proper-

ty (*).

W e have on ly to  show that D N  is complete, bu t th is is done in
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Lemma 1 1 . T he set of  all com pletely  continuous linear operators
on is closed in S:..2).

P ro o f .  L e t To b e  an  elem ent o f th e  closure o f th e  above set.

Assume the subset B  o f .k,) is bounded. For any given neighbourhood U
of zero in k), there  ex ists a  neighbourhood U1 of zero in  such that

U1-1- U1 U. M oreover, th ere  ex ists a  completely continuous linear

operator T  such that

T o b— Tb E Uif o r  every b E B.

On the other hand, there ex ist som e elem ents a i , a 2 , • • • , a„ E k) such
that

T bEO(U1-1-ai).

T h u s ToB C  (  U +  ai).
=

q.e. d.

Using this lem m a, we can show the following theorem in the same

w ay as [5 , p. 515, Theorem 71 .

Theorem 6 .  L et G  be a  locally  compact unimodular group, and K
a com pact subgroup of  G .  I f  every  irreducible representation 6 o f  K  is
contained  at m ost f in ite  tim es in  th e  given representation { .;?, T x }  of
G , T f  is com pletely  continuous for any  f  E L(G).

§ 4. Spherical functions

The notations are same as in the preceding sections. Let { ,  Tx}

be a  topologically irreducible representation of G , and let 0 < dim  )(6)<
±  c.o. T hen  w e define

08 (x) = Tr EE ( à ' )  T x] for x E G.

I f  dim k)(6)= p • dim 6 ,  w e  c a ll qS8 th e  spherical function o f type 6  of

height p . R. Godement treated the spherical functions only for the corn-
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pletely irreducible representations on Banach spaces.

W e denote by L° (G) the space of all functions

f ° (x) -= K  f (k xlc - i )dk for f  E L(G),

and b y  L° (a) the space o f  all functions f  su ch  th a t f  E L(6). I t is

clear that L '(6)= *L ° (G)* 3 . From now on , w e  sh a ll u se  th e  nota-

tion f  / (x)=  f (x - 1 ).
B y  th e  d irect calculations, we have the following functional equa-

tions;

(1) ibs =0g,

(2) x8 *08 çb 3 4,x8 =Oa,

(3) 1 K 06,(xk y)2 8 (k)dk K O a( yk x)fc 8 (k)dk for x , yE  G,

(4) 1K 03 (kx/C y)dk =  1 ( 08 (k yk - l x)dk for x , y E  G,

( 5 )  f q a =08*f for f  E

L e t 0  b e  a  continuous function o n  G  such  th at 0 °  -= 0 an d  xs *0

= 0. A re the following two statements on 0  equivalent o r not ?
(I) 0  is  a  spherical function of type of height p,
(II) dim (L(6)/P) co , w h ere  = { f  E L(6); f ' =  0},

and there exists a  p-dimensional irreducible representation f--÷U f  o f L° (6)
such that q5( f)= (dim 6) T r[ U1 1  where

0( f ) = 1 G O(x) f (x)d x

T he (I) (II) part is proved in  g e n e ra l. T he (II) (I )  part is, in

general, solved in  somewhat a  weaker form  (cf. Proposition 1), but, for

a  6- compact G , it is com pletely so lved  an d  m oreover we know that
every spherical function is obtained from topologically irreducible repre-

sentation on Fréchet space. And for positive-definite 0 , it is also com-

p letely so lved  a n d  w e kn o w  th at every  su ch  sp h erica l fu n ctio n  is
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obtained from irreducible unitary representation o f G. These are the

main results in this paper.

First, we show (I) (II). Let W , L I be a  topologically irreducible

representation o f G  such that 0 < d im  ((7) < 0 0  a n d  -= Os •

Lemma 1 2 .  Considering only o n  (S ), the set of  the linear opera-
tors which commute w ith  all T k  is

IT 1 = T A  (8 ) ;  f  E

Pro o f . For every linear operator A  o n  (6 ), there exists at least

one function f  E L (a) such that Tf =  A  b y  the Burnside's theorem.

I f  A  commutes w ith all T k , we have

T k p fT iV d k - - - 1 TkTxTIV f ( x ) d x d k = r f °.
K G

The converse is clear. q. e. d.

Since the representation { (a), T k} o f K  is equivalent to the p-
times direct sum o f 6, the set { Tf ; f  E L ° (6 )}  is identified with T I(p)
by Lemma 12, where J 1 ( p )  is  th e  set o f all p x p-complex matrices.

And also we may write

T 1=- U f O I ( Uf ETZ(p)),

where /  is the unit matrix o f degree dim O. This representation f - +

U f  o f L ° (6 )  satisfies the condition in (II).  T h e  first part of (II) fol-

lows at once from

Lemma 13. equals to If  E M O ); 1 =0} .

Now let's consider (H) (a  W e need  som e lem m as w h ich  are

essentially same as those in  DJ.

Lemma 1 4 .  T he set {L k f  ; k E K , f  E E V )}  is  total in MO).
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Lem m a 15. Let be a  function on G  su c h  th at 0=0°, xs*O- O.

I f  a  f inite-dimensional irreducible representation f —>U f  o f L '(6 ) satisfies

the relation (14(f ) =  (dim d)TrI/Tfl, w e have

(a) ft*O= 0 1 ' fo r  every f  E L(6),

(b) p =  f  E L(6); f '44= 0}  i s  a  closed regular tw o-sided ideal in

L(6),

(c) L ° (6) np f  E L ° (a); U1= 0}.

The proofs o f these two lemmas a re  essentially same as  those of
Lemmas 11, 12, and 13 in  [51.

Of course we were very happy if we could show (ii) (I) without

any more assumptions. But the author cannot do it.

A .  General case

A t first, we consider without any more assumptions. Let's denote

by a the m ax im al left ideal in  L(6) containing p. a  is regular and
closed since dim (L(6)/p)< + co. The right identity modulo a and the
identity modulo p is the function u E L ° (6) such that U„ -= 1. If we set

E L(G); i s*g*f* i s E a for every gE  L(G)},

in is a  closed regular maximal left ideal in  L(G) by Lemma 3, and the
right identity modulo ni is also u. Considering th e  delta-sequence e u

attached to x , we easily see that Lx m Thus we can consider the
"representation"

0,, L x }, where L(G)/m,

of G .  We induce the quotient topology in from L(G), and therefore

is locally convex and Hausdorff, but we don't know whether • i s

complete o r n o t. Even if is not complete, we can define the repre-

sentation {k), L f }  of L(G) by integration, and we have L 1 =  f * .  More-

over, since nt is invariant under th e operation 54*, we can also define

the projection
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E(6)=1 K L k 5Z6 (k)dk,

and w e have E (6 ) - ( f l  { i s * f }  for every { f}  E k), where { f } = f + m.

Since m is  a m axim al left ideal, the representation { ) ,  L f }  of L(G) is
algebraically irreducible.

From Lemma 3 , w e a lso  have pis — f  E  Ilt for every f  E L(G).
Thus EOM J . } { *f*548 } ,  and therefore we obtain that

(6)= {{f}; f E L(6 )}•

Moreover we have a= mr1L(6) from Lemma 3. Thus

{ { f } ; f  

Since 1.1(  ct, it follows from our assumption dim (L(6) / p)> 00 that
dim k ) (6 )<  co. T herefo re  the finite-dimensional irreducible representa-
tion I t , (6), L1= L 1 1 v 8 ) }  o f  L (6) is equivalent to {L(6)/a, L f }. Now,
if  we se t Os (x )= Tr [E(6)L x ] ,  we have

08(f) = 1G f(x)Tr [E(6)L x ]dx  = Tr [L f] = TrELfl,

for every f  E L(a). From Lemma 15 (c), we can see that U1 =O0 im-
plies L1 =  O, if f  is  in  1 :( 6 ) .  Let d im  (6)=- dim (L(6)/a) be q • dim 6,
then in  th e  proof of (I) (II), w e co n struct a  q-dimensional irreducible
representation f --> V f of L'(13) such that V1=- 0 is equivalent to Lf =
or L1 =  O, and that 03 (f )=  (dim 6) T r  V fl for every f  E L °(6 ). There-
fo re  Uf  = 0 im plies Vf  = O. T h u s  th e  mapping 0 : Uf --q7 f  is well-
defined and 0  is  a  homomorphism from th e  algebra 931(p) onto 931(q).
From this, we have p = q  and 0 m ust be equivalent to the identity 1
[8, p. 4291. Consequently U f is equivalent to V1 and  « f )  08 ( f )  for
every f  E L° (6). This implies 0 -=0 .

Consider a  topologically irreducible representation {k), Tx }  o f  G,
where the space is not necessarily complete. If th e  integrals
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Tf = 1G T x  f(x )dx ( f  E L (G )) ,  E (6 )=  K 1 1, 8 (k)dk

converge in and k)(6)=E(6)k) is of finite-dimension, we set

08 (X ) = Tr r E (6 )  x]

as before. And we shall call this "the spherical function in the gener-

alized sense". Then the above consideration shows

Proposition 1 .  L et G  be a  locally  compact unimodular group, K
a com pact subgroup o f  G , and  6 a n  irreducible representation of  K .  I f
the  continuous function 0  on G  satisf ies 0=0 ° a n d  x2 *0=0 , the follow-
ing tw o statem ents are  equivalent;

(I') Sb i s  a  spherical function in  th e  generalized sence of  ty pe 6
height p,

(II) dim (L(6)/p)< + 00, where 1.1 ={f E L(6); f's4=0}, an d  there
ex ists a  p-dimensional irreducible representation f  U  f  o f  L '(6 ) such

that 0( f ).= (dim 6) T r i Uf ].

B . Case o f a - compact G

Assume that G  is 6-compact, e . ,  G  is  the union of the denombr-

able compact subsets K„ o f G: n K „ .  W e m ay assume that K 1 C

K2 C • • • C K„ • • and that every compact subset o f G  is contained in

some K .  Then,

VII.= sup f10(xy)1 • I f (y )1 d y for n 1 ,  2,
x E K . G

are semi-norms o n  L (G ), and fo r  every n  is equivalent to

f = O. W e shall denote by 2(G ) the Fréchet space which is the com-

pletion o f L(G) by these semi-norms.

Lemma 1 6 .  T he linear operators L x , f*, 2 8 *, *i n,  defined on L(G)
are  continuous w ith respect to  the topology in  2 (G ) .  Moreover {L x ; x E
C I  is  equi-continuous for every  com pact subset C of  G.
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P ro o f . B y a sim ple calculation, we have

g x f  11,1=4-11f (x  E C),

where in i s  an  arbitrary integer such that K „C  Km . For f * ,  w e have

the inequality

n .‘11f II Lill hII. for hE L(G),

w here m i s  a n  arb itra ry  in teger su ch  th at IC„• suPP[f] Km . The

sam e is true f o r  3 , f, a n d  *i 8. q. e. d.

B y  th is  lem m a , w e  can  ex ten d  L„, f*, 5Z8 *, 4c2a o n  th e  whole of

2(G) by continuity. L e t 's  d e n o te  th e m  b y  th e  sam e notations respec-

tively. If we denote by 2(e) the completion of L (0) in  2(G), w e have

28*2(G)*5i s ==2().

Lemma 1 7 .  T he linear operator 0 ( f )  on  L(G) is continuous w ith

respect to  the  topology in  2(G).

This is  clear.

Lemma 1 8 .  L et f) b e  th e  com pletion of i n  2 (G ).  T hen, (a)

W O), (b) i s  L M -invariant, i .e . ,  f*f.;(f ..i f o r  ev ery  f  E L M , (c)
u f.), w here u  i s  a function in  L*(6) such  that Uu =1.

P ro o f .  (a )  If f  E , w e  have g5(f)= Pq5(e)= O. T h u s  95 0 if
is  dense in 2(a ). ( b )  E a s y .  (c ) Since f* u —fE p c f3 for every f  E
L(6), w e have f  E fl i f  u E 11 This means 1.3=2(6), and hence contra-

dicts to (a). q. e. d.

A s  is  e a s ily  se en , f3nL(6)-=.0. Therefore it can be considered
that L(6)/p is densely contained in  2(6)/f). T h u s  b y  the assumption

dim (L(6)/p)< +  0 0 ,  w e have

dim (2 MAI) <  +  0 0 •
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Therefore we can find a  closed maximal LM-invariant subspace n o o f
2(à')  containing .f). a 0 does not contain u.

Lemma 1 9 . S e t mo = I f  E 2(G); *g*f*2 8 E ao f o r e v e ry  g E
L(G)} , then

(a) mo u ,  ao -=mon 2(à'), and pu—  f  E mo f o r  ev ery  f  E L(G),
(b) mo is  c lo se d  an d  is  m ax im al in  th e  s e t o f all closed L (G)

-invariant subspaces of 2(G).

P ro o f .  (a ) I f  u E mo ,  we have ia*g*f*is E ao for every gE L(G),
a n d  also ( 3 *g *2 8 )4, u E ao, since u E L ° M .  Thus L(6) C ao a n d  th e
completion 2(ô) o f  L (0) is contained in  (10 . T h is  i s  a contradiction,
and hence u 1110. Next,

g*(f*u —  f)*ia = (5 .6s*g*P48)*u —(ia* g*f**23) E a0

for every g E L(G) since 1) C ao. Therefore f*u —f E mo. cc o = mon2,(6)
is  a  consequence of the maximality of ao .

(b ) W e have o n ly  to  sh o w  th e  maximality o f  me . Let u  be a
closed L(G)-invariant subspace o f 2(G) such that m o2 ( G ) .  S i n c e
L(G) u  m ust not be contained in  r. Therefore cio ---un2(13), from
the maximality of a0. For arbitrary f  E n, g E L(G),

is* g * Pia-2 s* g * f =(s* g )* ( f ad s— f )E it to (n ,

s in ce  p i s —f E mo . A s Tcs * g  E n, w e have is* g *f*2 8 E  n 2 ( 6 )  ao.
Hence f  E m0 . T his proves that H El m0. q. e. d.

Take the delta-sequence ex u  attached  to  x , then  ex u * f  converges
uniformly to L x  f  on G when U --e  for every fE L ( G ) . Thus, for f  E
L(G), exu*f also converges to L x  f  in  2(G).

Lemma 2 0 . Let x  be  an  arbitrary  elem ent o f  G. W h e n e,
ex u*f  conv erges to L x  f  in  2(G) fo r  every  f  E 2(G). T h e re f o re  mo is
invariant under the operation L .
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P ro o f .  For f  E 2(G), there exists a  sequence f i  E L (G ) such that
f i —>f in 2 ( G ) . In the inequality

Ile xu*f —  L x f Iln xu*(f — fi)1In + II —  Lx

+IIL.ft —  f

we m ay assume that x U  is always contained in  a fixed compact subset
C o f G. T ake i  large enough, and then l e t  U—>e, w e see that the

left hand side of the inequality becomes small enough.  q. e. d.

To see {2(G), L x }  is  a  representation o f  G , it rests  o n ly  to  show

that x--+L x f  is continuous for every f  E 2(G ), since the space 2(G ) is
a  Fréchet space. T ake a  sequence f i in  L (G) which converges to f  in

2 (G ) . W e have

IILf — fH 4-111,(f — PlIn+11Lxfi —f II f  — flln,

w here w e m ay assume th a t x  belongs to a  fixed compact neighbour-
hood C o f e  in G .  I f  m  is  an integer such that C C

IlLx(f —

Take i  large enough at first, and let x—e, then we see I L x f
Therefore {2(G), L x }  is  a  representation o f G.

The representation {2(G), L f  } of L(G) which corresponds to  {2(G),
L x }  is given by L f  = f * .  This can  be seen  by the direct calculation.

T h e  representation {2(G), L x }  o f G is not irreducible in  general.
Now we set k)=2(G)/nt o ,  and denote by T x ,  T f  t h e  continuous linear
operators on k) induced by the natural way from  L x , L f -  respectively.
Then i s  a  Fréchet space [ 2 ,  p. 571,  and the representation {k), Tx}
o f G  is topologically irreducible (Lemma 19 (b)). And as in  general

case A , E (6){ f } ={ i 8 41*2 8 }  for every { f  } E k). Therefore

{ { f } ;  f  E 2 0 »  2 ( 6 ) / n o ,

since no = n t0 n 2,(s). Thus the condition d im  (6) < 0 0  is  of course
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satisfied. H e n c e , b y  the same way as in general case A , we have the

following

T h e o re m  7 .  L et G  be a  locally  compact, 6-compact, and  unimodu-
lar group, K  a  compact subgroup o f  G , and  6 an  irreducible representa-
tion o f  K . I f  th e  continuous function 0 on G satisf ies 0° =0 an d  xs*0=
0, the follow ing tw o statem ents are  equivalent;

(I) 0 is  a  spherical function o f  type 6 of  height p,
(II) dim (L(6)/1)) +  0 0 ,  where p= If E L(6); po--- 01, and there

exists a  p-dimensional irreducible representation f -  U1  o f  L '(6) such

that 0(f ) = (dim 6) Tr iU f l.

C o r o l la r y .  In  the  case  o f  0-compact G , all spherical functions are
obtained from  topologically  irreducible representations o f  G  o n  Fréchet
spaces.

C . C a se  o f positive - defin ite

If the given function ql is positive-definite.

(e) 10(x) —40(e), 0(x - 1 ) =0 (x).

Set f * ( x )=  f ( x ' ) .  Then (f  *)* =f , ( f* g)* = g**f *, (5i 3 *f )* =f**2 8 ,
(b( f*) -=  0 (f ). We define an "inner product" in L(G) by

(f, g)=0(g**f ),

and set =V (f, f). O f course 11f11 =0  does not m ean  f = 0 in

general.

L e m m a  2 1 .  T he inner product is inv ariant under th e  operations

L .  A n d  Ilf*g11-4- 11 gll 115eRfll _4N/dim a V II f o r ev ery  f, gE
L(G).

Proof. The first inequality follows from th e  positive-definiteness
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of the function

G G

(/5(xz y)f *(x)f ( y)dx dy.

The other properties are clear. q. e. d.

Set N = { f  E L(G); II= O}, then N  is  invariant under the opera-
tions L x , f*, 5i s *, and  *28 . Thus we can consider L x , f*, *2s, ( ,),
and H

H'(G) -= L(G)/N.

L e t  H (G ) be the completion o f  I -T (G ) w ith  respect to  th e  norm II•113
and extend L x , f* , i s* ,  an d  2a *  o n  H(G) by continuity. The linear
operators L x a r e  unitary on the H ilbert space H ( G ) .  Since L(6 )nN =
28 *N*28 , the quotient space

H'(6)= L(6)/ L(6)nN

is  iden tified  w ith  23 * Hi(G)*ii s ,  and  the completion H (ô')  o f  H '(6 ) is
28 *H(G)*i a .

Lemma 2 2 .  p= L(S)n N.

P r o o f .  If f  E L(6)nN,

I f'*0 (x ) I = I sb* f (x) I = I qi (Lx f )  I =  I  ( u *Lx f  ) I

= i(Lxf, u * )14 IlLxf

w here u is  a  function in  /:(6) such that LT„ = 1 . Conversely for every
f  E p,

II f i r  =0(f* *f)=Csb*f '*(f* )/1(e)=- Ef'* 0*(f* )f l(e)=-0.

q. e. d.

By Lemma 22, the  space 1/1 (6) is  eq u a l to  L(6)/ p an d  is finite-
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dimensional from our assumption, hence WM coincides with H (6 ). Let

1)0 b e  a maximal LM-invariant proper subspace of H (6 ) .  Of course bo
may be equal to 101. In any case, u b 0 .

Lemma 2 3 .  S e t n o = I f  E H(G); g * f *28 Ebo f o r e v e ry  g E
L(G)} , then (a) u 4Ért 0 , b0 =rt0r1H (6), and  p u — f  E n o f o r e v e ry  f  E
L (G ), (b) It o is  c lo se d  an d  is  m ax im al in  the  se t of  all closed  L(G) -

invariant subspaces of  H(G).

The proof is formally same as that of Lemma 19.

Lemma 2 4 .  W hen (1.— e, e x o l l  converges t o  Lx  f  i n  H (G) for
every f  E H (G ). Hence r i o i s  invariant under the operations L .

P ro o f .  If f  is  in  L(G),

Iiexu*f — Lx f112 -=-0(f**eu**eu*f)—q5(f **eu*f)

—Of **eu*f)+ q5(f **f ).

The right hand side converges to  zero if U—> e. T h ere fo re  for every

f E M G ),  xu* f — Lxf11- 0 ,  when Now, for any f  in  11(G),
there exists a  sequence f i  E Hf(G) such that f i in  H(G), and we
have

Ilexu*f— f II = Ileu*f —fll

=Iletr*f— eu*fill + Ileu*fi —fill + f  II

2 Ilf —fill +

The last two terms become arbitrary small i f  we make i  large enough
and then U  e . q. e. d.

To see {H (G ), Lx }  is  a  representation of G, w e have only to show
that x—+Lx f  is continuous for every f  E H (G ), since H (G ) is  a Hilbert
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sp a c e . Suppose th at a sequence f i E (G ) converges to f .  In the in-

equality

the right hand side can be small enough i f  i  is  large enough and x  is

in a sufficiently small neighbourhood o f e in G .  T h us x --L xf  is con-
tinuous.

The representation {H(G), L x }  is not irreducible in general. H ence
we consider the Hilbert space .t1= nil,. and the operators Tx =L x i t ,, where

is  the orthogonal complement of no . This representation {k), Tx }  is,
by Lem m a 23 (b), an irreducible unitary representation of G .  As be-
fore, E(6) f =- i a * p i a for f E ,  and

k)(8) -= H(6)/bo ,

and therefore dim , (à') < co. B y  the sam e argument as in general
case A , we obtain the following

Theorem 8 .  L e t G  b e  a  locally  com pact unimodular group, K  a
compact subgroup, and  6 an  irreducible representation o f  K .  I f  t h e  con-
tinuous function 0 on  G  satisf ies 0=0 ° a n d  xs *0=0, the following two
statements are  equivalent;

(I") 0 is  a  spherical function of  ty pe 6 o f  height p  obtained from
an  irreducible unitary  representation of G,

(II") is positive-definite and  dim(L(6)/b)<+ 00, w here p=if E
L (S ); f '*0=- 0} , an d  there ex ists a  p-dimensional irreducible representa-
tion j ."- (11 o f  L '(6 ) such that 0(f )= (dim6) Tr rufl.

The following rem ark and corollary are applicable t o  the whole
cases A , B , and C.

Corollary. I f  th e  algebra 1,*(6) i s  commutative, 6 is contained in
every topologically  irreducible representation o f  G  either at m ost once or
infinitely  many times.
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Rem ark. In the case of 6 =1, w e have L° (6)= L(6)= E L(G);
f(k i xk 2 )=  f (x ) for kl , k2 E K I .  Therefore the condition dim(L( 6 )/P )<
+ 0 0  is autom atically satisfied by Lem m a 15 (iii).

The next theorem  in  the case B  is  a lso  verified  in the cases A
and C  with some trivial modifications.

Theorem 9 .  L et G  be a  locally com pact, 6-com pact and unimodu-
lar group, 0 a  continuous function o n  G  such that dim(L(6)/p)< + 00,
where p -

{
fE  L(6); P çb = 0 } . Suppose there exists a com pact subgroup

K  of  G  and  its irreducible representation 6 such that x0 *O *0 , then the
following two statements are  equivalent;

(i) 0 is proportional to a  spherical function o f  height 1,

(ii) 0(e)1 K 0(kxk - i  y)dk =0(x) .0 ( y) f o r every x, yE G.

§ 5. Correspondence between representations a n d  spherical func-
tions

It is well-known that the given two irreducible unitary representa-
tions are unitary equivalent if and  o n ly  if th e  corresponding spherical
functions coincide w ith each other [5]. B ut in  general case, such a
rigid correspondence does not exist.

Assume G  is 6 - compact. Let a and ao b e  the same as in the cases

A  and B  respectively, i. e., a  is  a maximal left ideal in L(6 ) containing

4.1 and ao i s  a maximal L(6)-invariant subspace o f  2 (6 ) containing f.).
D enote by t the set of all such  a, and b y  a o  th e  set o f a ll such  ao.
Then, if a E a, the completion â of a  in  WO) belongs to ao a n d  a= a'
n L ( 6 ) ,  and conversely i f  ac, E s210, a = a 0 n L ( 6 )  b e lo n g s  to  I  and ao is
the completion â of a  in  2 (6 ).  I f  a E W. and d=a o E

nt= E L(G); 51 8 * g*f*2 8 E a for every gE  L(G))-

and

mo = If E 2(G); s*g*f*ga E ao f o r  every g E L(G)}
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are  com bined  by the relation mo r1L(G)=. m .  T h u s w e  k n o w  th a t
2 (G)/m o i s  th e  completion of L (G )/m  b y  th e  "suitable" topology.
Sim ilarly, in the case of positive-definite q5 , w e can  see that H(G)/no is
the completion o f L(G)/m.

Now, t a k e  a  topologically irreducible representation {k), Tx }  o f G
and a corresponding spherical function O s . B y  L e m m a  13, p= If E L(S);
f'*0 8 = 0} = { f  E L (6); ? f

=
0 } .  Moreover we have the following

Lemma 2 5 . F o r every  non  z ero  elem ent a E a = { f  E L(6);
Tf a= 0}  is  a m ax im al lef t ideal in  L (6) containing p. Conversely, for
every m ax im al le f t ideal a  i n  L(6) containing p, there ex ists a unique
non z ero elem ent a E ,W )  u p  to  sc alar m ultiples, s u c h  th at  a= {f E
L (6); 71 a-=0}.

Proof. T h e  first half of the lemma is c lea r. Let's prove the latter
half. Suppose, for ev e ry  non zero element a E , )(6 ), w e can  fin d  an

element f  E a such  that Tf a  0, then the correspondence f  T f  is  an

irreducible representation o n  , ( 6 )  o f th e  algebra a. T h e n ,  b y  the

Burnside's theorem, there exists an elem ent y E a  su ch  th a t P„ = 1 .  It
follows that L(6) ( a ,  but th is  is  impossible. Thus there exists som e
non zero elem ent a E , (6 )  s u c h  th a t  I f  E L(6); 7 1 a = 01 D a. This

im p lies If E L(6); T f a = 0} = a  b y  the maximality o f  a. T h e re  e x is ts
a  f  E L (6) su c h  th a t Tfa =  0  and 'Pf b*  0  provided that a and b  are

linearly independent. Therefore the uniqueness o f such a  is proved.

q. e. d.

Now le t  a  b e  a maximal le ft id ea l in  L (6) containing p, and a

a corresponding element in k) (a), then

m = If E L(G); ii s *g*pv i 8 E a for every  gE  L(G)}

= {  f E L (G); T f a= 0}.

Therefore the mapping v, : T f a lf 1  from k)o=k)0[K, 6, a ]  onto L(G)/n1

is  linear, bijective, and
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9(T,T f a)= v (E (6 )  T f a)=fic a * p i a l.

T h e given spherical function 08 is realized a s  a  spherical function in

th e  generalized sence  o n  ço(W  -=  L (G )/m . T h is realization is exactly

the one used in  th e  proof of (II) ( I )  for the case A .  From this con-

sideration, we obtain the following

Theorem 1 0 . L e t G  be  a  locally compact unimodular group, and
K  a com pact subgroup of  G. Suppose that tw o topologically  irreducible
representations 1k), T x } , {k)1, T }  contain some a t  m o s t  f in i t e  t im e s .
T hen 08=03 i f  a n d  on ly  if  there  ex ists  a bijectiv e linear m apping 9:

o•—  s u c hsuch that

ço Tx = r x 9 f or ev ery  x E G , an d  9E(S )=E 1 (6)9,

where and are  the  spaces given in L em m a 4.

Especially, i f  both of the two representation T x } , {V ,  Tx }  are
algebraically irreducible, ço maps onto k)'.

We may say that two topologically irreducible representations {,%
T x } ,  .{,V , T x }  a re  "equivalent" if  th e  corresponding spherical functions

08 , ç4 coincide with each other fo r  som e O . I n  th e  terminology of
R. G odem ent [51, Oa is said to be "quasi-bounded" i f  there exists a
positive function p on G  such that Os /p is bounded and that

( a )  p is lower semi-continuous, ( b )  p(x  y) p (x )p (  y),
(c ) p  is bounded on every compact subset of G.

A n "equivalence" class o f topologically irreducible representations con-

tains a  representation o n  a  Banach space if  a n d  only if one of (o r all

of) the corresponding 08 is quasi-bounded, and  moreover we can find a
completely irreducible representation o n  a  Banach space a s  a  representa-

tive element (c f . [5 1). And an "equivalence" class contains a  unitary

representation if  an d  only if  o n e  o f (o r all of) the corresponding 08 is
positive-definite. Particularly, if  08 is bounded, the corresponding "equi-

valence" class contains a  representation o n  a  Banach space such that
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the operator norms o f a ll  T z (x E G )  are equal to 1. I f  G  is 6-compact,
we can always find a  representation on a Fréchet space as a representa-
tive element.
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