
J. Math. Kyoto Univ. ( J MKYAZ)
14-3 (1974) 499-532

On the meromorphic differentials with an
infinite number of polar singularities

on open Riemann surfaces

By

Yoshikazu SAINOUCHI

(Communicated by Prof. Kusunoki October 20, 1973)

Introduction

I n  t h e  present paper we shall study the m erom orphic differential
( o r  its  ineg ra l) w ith  a n  infinite num ber o f  p o la r  singularities on  an
open Riemann surface R.

According to H. Behnke and  K . S te in  [4 ] there exist always mero-
m orphic functions w ith given divisor unless its carrier c lusters on  R,
bu t it is also desirable to have the close analogue to  the  classical Abel's
theorem and  in  fact this problem has been investigated by many authors
in  th e  c a s e  o f  f in ite  d iv iso r, tha t is, i t s  carrier consists o f  a  finite
num ber o f  p o in ts  o n  R  (Accola [1], Ahlfors-Sario [2], Kusunoki [7],
Mizumoto [1 0 ] , O ta  [1 2 ] , R odin  [13], Y oshida [22]). W hile, in 1954
R . B ader [3 ] has s tud ied  the Schottky-Ahlfors differentials a n d  o n  R
o f  c la s s  0 " , u n d e r  so m e  restrictions, given a  necessary condition for
the existence of m erom orphic  func tion  w hose  d iv iso r is  exac tly  the
given infinite divisor. In  §  I w e shall deal w ith  the  A bel's theorem  in
the  case  re lated  to  infin ite  d iv isor. There w e discuss the existence of
multiplicative function w th given infinite divisor a n d  som e other pro-
perties, a n d  t r e a t  i t s  expression  in  te rm s o f  n o rm a l in tegra ls. The
expression obtained there m ay be regarded a s  a  generalization o f  that
in  th e  classical theory to  open Riem ann surfaces and th en  th e  Abel's
theorem follows from the condition for single-valuedness.
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O n the  other hand, as for the Riemann-Roch theorem, some similar
formulations to  c la ss ica l o n e  h a v e  been obtained (Kusunoki [6], [7],
M izumoto [10], Ota [12], Rodin [14], Royden [15], Shiba [16], Yoshida
[2 2 ] ) .  In § II  we shall be concerned with the case attached to  the  in-
finite divisor. Under som e restrictions it w ill be shown that a meromor-
ph ic  differential is expressed by the series o f  n o rm a l differentials and
w ith  th e  he lp  o f  th is  expression, w e  c a n  f in d  th a t th e re  is  a  duality
relation between th e  vector space o f  functions a n d  th a t  o f  differentials
which are m ultiples of some divisor, respectively. I f  genus and  divisor
are both finite, then it is seen that this m ay be regarded as an analogue
o f  classical Riemann-Roch theorem.

Throughout this paper, the  method used here is mainly, so-called,
th a t  o f con tour integration a n d  it w ill b e  seen  tha t th e  th ird  k ind  of
norm al integral and R iem ann 's re la tion play  a  fundamental role as in
th e  classical case (Osgood [11], Weyl [21]).

§ I .  Multiplicative functions

1. W e shall consider an open Riem ann surface R  a n d  denote its
g e n u s  b y  g  ( 0  g  +  co) . Let n, n= 1,2,... b e  a  canonical exhaustion
o f  R  a n d  {A i , B i } i = be  a  canonical homology basis with respect
to  { 5 2 }  s u c h  th a t  {A i , fo rm  a  canonical homology basis
o f  52„ (mod 0 0 „) a n d  A i x B i =t5 i i , A i x = B i x =O.' (Ahlfors-Sario
[2]).

O n  R  there exists a  system o f  differentials which is similar to that
o f  t h e  normalized differentials i n  t h e  c lassica l theory  a n d  consists
o f  th e  following three kinds o f  differentials:

(I) T h e  first k i n d  o f  n o rm a l  differentials dw i (i =1, 2,...);
5dw i i s  square integrable analytic semiexact and dw i ---Su .
Aj

(II) T h e  second kind o f  n o rm al differentials dire  (n ; positive
in teger); (i) d Ye  is  h o lo m o rp h ic  e x c e p t  a t  p  an d  d Y p . = (—  n

z"+ '

1) W e  note, throughout this paper, the intersection number o f  tw o  cycles A , B  is
taken such that A x B  has the positive sign when A  crosses B  from  right to left
a s  in  A hlfors-Sario [2]. H en ce it h as  the opposite s ign  to  th a t in  Osgood [11],
Schiffer-Spencer [18 ], and Weyl [21].
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+regular term)dz a t  p .  (ii) th e  no rm  o f  dYp ., is fin ite  ou tside  o f an
arbitrary neighborhood o f  p .  (iii) d Y i s  semiexact o n  R  a n d  A-

periods o f  it vanish.
(III) T h e  th ird  k in d  o f  n o rm a l  differential dl7 p ,q ; ( i )

h a s  a  s im p le  p o le  w ith  residue 1  ( - 1 )  a t  p  (g ) , respectively a n d  is
holomorphic elsewhere. (ii) T h e  n o rm  o f  a i m  is fin ite  ou tside  of an
arbitrary neighborhood o f  p  a n d  g .  (iii) d ll p ,q  i s  semiexact o n  R  with
a  slit joinning p  a n d  g ,  a n d  all A-periods o f  it van ish  (Virtanen [19],
[20], Kusunoki [8], Sainouchi [16]).

I n  general these differentials d o  not alw ays exist uniquely a n d  so
w e shall suppose th a t  R  satisfies a  metrical condition as defined in  2.

2. F o r  our purpose  w e in troduce  a  coordinate o n  R .  W e take
m utually d isjo in t a n n u li Df, (i =1, m (n )) e a c h  o f  which includes

exactly one contour y  o f  Of2„= Ci y „ .  L e t  D„ = .120 , and assum e
i= i=

th a t  D„(n =1, 2 ,.. .)  are  d isjo in t e a c h  o th e r . W e  d e n o te  b y  v„ (resp.
P O  t h e  harmonic modulus o f  M , (resp. A ), nam ely , for instance,

is  de fined  by  27rld„ w here  d„ i s  th e  f lu x  1 *dun (c„=0D„n 52„) of
c„

th e  harmonic function u„ o n  D„ w hich  is  = 0 o n  c„ a n d  = 1  o n  OD„—
1 1

such that

n•- 1
=  E P• -FP n uno n  D„ (n=1, 2,...),

i=1

th e n  u + iv  (v ; conjugate o f  u )  maps C i D „ conformally o n to  a  strip
n= 1

domain; 0<u<R'= 0<v<27r.
n= 1

N o w  w e  s h a ll  suppose th a t  the

then the fo llo w in g  le m m a s  are
Kusunoki-Sainouchi [9]).

se r ie s  ci  m in  v „  is divergent,
n = 1  i

o b ta in e d  (Kobori-Sainouchi [5],

L em m a 1. L e t  (pi  (j =1, 2) be two meromorphic differentials

such that + oo a n d  f o r all sufficiently larg e  n g9;=0

(i=1, m (n )), then there exists a  canonical exhaustion {12„.}

cn . I t  f o l lo w s  th a t  E - - = . D efine  a  func tion  u  o n  
cc,

 Dnvn n =  1
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{Q„}) s u c h  th at  lim Oiyo2 =0, w h e re I  ) , ,  i s  a n  in te g ral o f  cp,

def ined separately  o n  each  contour y!, o f  00„,.

Lemma 2 .  T he Riemann's bilinear relation

(co, *o- ) =  E (1  co1  if- —1 o.)) (a  finite sum)
k Ak Bk Ak B k

holds f o r two co, c re 1- ,,„  hav ing only  a f in ite  num ber o f  non-vanishing
A-periods.

W ith th e  he lp  o f  lemma 1  w e know  tha t i f  E min On i s  divergent,
12 i

th e re  is  o n e  a n d  on ly  o n e  system o f no rm al differentials o n  R.

3. In  th e  classical theory  there  a r e  so m e  re la tions between the
n o rm a l integrals (Osgood [1 1 ] , Schiffer-Spencer [1 8 ]) . I f  R  satisfies

E min v + co , th en  fro m  th e  above  lem m as it is  seen  tha t the fol-

lowing relations are valid o n  R .  Later o n , w e shall use some o f them.

Proposition 1. Let (Tip real), t h e n  the
Bs

m atrix  ( t e )  is  sy m m e tric  an d  f o r  any  positiv e  in teger p
is negative def inite.

P ro o f . S ince  a n  analy tic  d ifferen tia l is orthogonal t o  a n  anti-
analytic differential, we have

(dwi , *dwi ) =0 .

While, th e  lemma 2  yields

(dwi, * J 7 ) = E ( (  dw i 5 dwi)= T 
k Ak Bk Ak

N ext w e p u t dw = complex number), then
i=  1

dwII 2
= E dwi)= E —TO= — 2 •i,J =1 i,J=1

T h u s  w e  s e e  th a t  (eLdi. . . . .  p  is negative definite. q. e. d.
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L et wk  4 f /w k  a n d  wk = °±   1 , w (
k ") ( p ) z "  a t  p , where p  corresponds

n = 0  n:
t o  z  = 0  in  te rm s o f a  lo ca l v ariab le  w hich  m aps a  parameter disk
U  onto Izi<1.

Proposition 2. T he B k -period o f  dY p „ and d [ I p ,q i s  g i v e n  b y  the
form ula, respectively ,

d Y  —  2 n  w ( ii ̀ P In
B pk (n— I)!

and

d ll p  =27r kw (q) 
—  wk(P))=2 1ri dwk,.q

w here th e  in tegral o n  th e  rig h t  is  tak e n  o v e r a  p ath  f ro m  p  to  q
w hich lie s  in  R 0 =R B i} .

P ro o f . From  lem m a 1 w e see that there  is a  canonical exhaustion
{Q„, } such that

lim wkdYp„ =0.
an„.

B y  th e  S to k e s  fo rm u la  a n d  orthogonality  F a (52„, —
we have

0 = (dw k , * dY „n)s2„—u

=  E dwk1 d .w 4  d Y p „) J wkdirp„Ai d3i =1-2„, Ai a , si Ai  

Bk
dY  p „ — )w  dYk p'• •

(1111 ■
Since wkdY „= —2n/  W k , a s  n '  tends t o  c o , w e  o b ta in  the1,au (n— I)!

first formula.
N ext le t  11/ b e  a  simply connected neighborhood containing p and
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g ( Q )  a n d  w e  a p p ly  to  (dwk ,*d17 1,,,),„,_ v  t h e  s a m e  w a y  as
a b o v e , th e n  w e  g e t the second formula. q. e. d.

Proposition 3. ( th e  law  o f  interchange o f  arg u m en t)  L e t Ilf ,1 =

H s a (P)-11 s ,t(g)= P d17,,„ w here t h e  in tegral is  tak en  ov er a  path f rom

g  to  p  w h ich  lies in  R o  w ith  a  s lit jo inn ing  s  an d  t ,  then

=11P,tri

P ro o f .  W e denote by U (resp. V ) a  simply connected neighborhood
containing s  a n d  t (resp. p and g )  (U  n V =0, U , O w ) . Considering
d l l e  a s  a  differential o f  a ,  w e have

0 = ( C ln , d i7 2 1Z)

=.( + 1  — n a ,b ,in a ,b
- " s , t  " p ,qau OV Of2,,,)

k (n)
Since 11a , b r i a , b  i s  single valued in  O n ,  — U —V— {Ai, B i }s,r-- p,q

d(17:,,b17a,b)=0,
e l l P'q

hence

n a,b d  n a ,b  = n pa : bq d r i e  =  2 n i(17 f  pt,,14) =  2 rci //;,,tq •
au au

While,

17 f:Pd171,: b
g = 27C illf: tq .

Joy

As n '— c c , w e  have  the  desired result. q. e. d.

By the application of the sam e w ay a s  b e fo re  to  (d Yp .,*d/7141)0 ”,
- e - w  a n d  (d Yp „, *d Yq „,)(2 ,,,_w _w

, w h e re  W (resp. W') i s  a  neighborhood
o f  p (resp. g ) , w e ob ta in  th e  following

Proposition 4 .  Let Y7,',( Y p „(s)— Yp „(t)=5 t dY p „, then

i = 1
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1 aniims , t   = y = S
( n - 1 ) !

dy
ap" P P

1 dmY
P

 „(g) dn y ln ,(p )
ei(m - 1)! d m ( n - 1 ) ! dp"

4 . Let b e  a  c lass of multiplicative functions o n  R  such that
each function f ( p )  belonging to h a s  th e  following properties :

1) there exists a n  in teger n ,  s u c h  th a t  f o r  a l l  n ( n , )  a n d  i

,dlog 1= 0 ,r„

where y„ (i = 1,..., m (n)) a re  components o f  aon.
2) T he  zeros a n d  poles of f ( p )  are contained in  R— Dn.

n=1
From  1) it is seen that f  has equally many zeros and  poles, counted

with multiplicities, in  On ( n  no ).
N ow  le t  6  b e  a  finite o r  infinite devisor o n  R  whose carrier lies

_
in  R— D„ a n d  6„ its  restriction t o  Q .  W e  assum e that deg 6„ =O.

n=1
H ere  l e t  u s  rem ark that w henever 6  is  g iven , then  ex ists  a lw ays a
single-valued meromorphic function f ( p ) ( e . ,W )  w ith  g iven  d iv iso r 6.

Because let (5 =  a n d  d e n o te  b y  d g o  a  meromorphic differentialIlb i

w h ic h  h a s  sim ple po les  o f  residue 1 ( — 1) a t  ai (b e) - -= 1, 2,...,), res-
pec tive ly . A dd ing  to  d cp  a n  appropriate holomorphic differential, we
can  ge t meromorphic differential di/i such that

ch/f = 2nin i , = 2nim i  a n d  .Li dlP (ni, mi ; integers). SetA,
t// =-1c10 a n d  f= ex p  0 , then  f  i s  t h e  single-valued meromorphic func-

tio n  w ith  g iv en  d iv iso r  a n d  1  d log f = 0 ( c f .  B ehnke a n d  Stein [4]).
However, i f  th e  functions a r e  restricted i n  a  suitable manner we will
show  th a t  i t  i s  possible to  derive a  c lose  analogue of A bel's classcial
theo rem . F o r  th is  pu rpose , a s  a  re s tr ic t io n  o n  f ,  i f  R  satisfies inf
min v >  0 we shall require that

(A) lid log + oo ,

otherwise
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(B) 11d log fil D n <  +  cc.„ min vn

A t first w e have to  p rove  th e  following

Lemma 3 .  L e t  d w  b e  a  m erom orphic d if f e ren tial such  that

I wIdwIL,D„< + oo and d  = 0  f o r  suf f iciently  larg e  n. I f  o r  i s  an

o ther m erornorph ic  d if f e ren tial such  that w  =0  f o r  sufficiently

large  n  an d  sup  11(011D,,  < (or „ < + co whenever inf min v >
n ffliflVn n i

0 ) ,  then

and

0 (n , 0 0 )  ,eon s ,  t

w here th e  latter in tegral conv erges to  z e ro  unif orm ly  w ith respect to
(s, t) o n  ev ery  com pact subse t o f  (R 0 — {g}) x (R 0 — {q})—{(s, t)is=t }.

P ro o f . L et u s  prove that if  sup 
 II IID

? <  +  co, then 17f lop#.0„ min y arr„
(n—> co). The rem aining p a r t  o f  lemma is shown analogously.

W e assume th a t  s  a n d  t  lie  in  Cln i a n d  consider th e  integral

L (r, s, t)=
n - 1 n=

[ E E Pi] (n>ni)i=i i=1

a n d  p u t  L(r„, s , t)= m in L (r, s, t). S in ce  as2„ is h o m o lo g o u s  to  the
rein

level curve { pe /2 I u(p)=r„}  w e have

( Hp,q 0 )

Jan„ s ' t

In

= L (r„, s, t) a n d  L(r„, s, d i / Ui= 1 Y r Y  r

where m = in(n) and y  d e n o te  the  level curves {p e R lu(p)= r}  contained
in  Df,. L e t or=adu+bdv , th e n  b y  th e  Schwarz's inequality
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=  Y,. at; 1y ,ibidu

j)ri /r Ia n P ,q  2r 1/2

a

Sum m ing up from  1 t o  m it follows

I
v  

(C2ir
2 7 r P„ min

arie,q 1 2 y ir _ )1/2
du iblzdv .Ov

By integrating with respect t o  t e I n w e obtain

(1) 2 n  L ( r s , min v„ „d 1 1 "  11 11 CO D •

I f  (s, t)  lie s  o n  co m p ac t subset o f  (Ro — {q}) x (Ro — {q})— {(s, = t} ,
th e n  it  is  possible to  choose  a  n'o s u c h  th a t  fo r  any  positive e

1111/11:,11ID„ <8 (n>_nb),

w here by continuity  o f  Ild/FLIII R _,,„, w ith respect to  (s, t) n'o is  in d e -
pendent o n  (s, t) (cf. proposition 3 and lem m a 1 ).  Hence

. ? 8 (n n'o ) .—  min v„

Thus th e  proof is complete.

Remark. F rom  (1) w e have

1) 2
1

(  min v i   2

L(rn , s, 110)11D: 
)

2 Ildllf:tq l UD„ < + COn=

hence i f  Ec°
m i n  

v in =  0 0 ,  then
n=1( 110 )11D„

lim  L (r s, t) = 0 ,
n-•

a n d  so  th e re  is  a  canonical exhaustion {52n,} {Q„}) such that

111;:?
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IIN co .
n' —*co Of2n .

But in this case {n' } may be depend on (s, t).
a i  •••5 . For the divisor Sp, —  is

a l , „ ,

 l e t  u s  deno te  by ysi a  singular
u 1 •••u i ( n )

Theorem 1. S uppose  t h a t  E min v,= + c o . I n  o rd e r to  e x is t
n

a  single-v alued m e ro m o rp h ic  f u c n tio n  f (p )  (e  .,&) s u c h  t h a t  f (p )

satisf ies (B ) an d  its  d iv iso r is  ex ac tly  5  it is  necessary  an d  sufficient
th at  the follow ing conditions are f illed:

ICk ( n )
1) d w i+ E nfru )=m, (i =1, 2 ,...)

c (n ) j=

w here n;  a n d  m ;  a re  integers.
2) the sequence of functions

1(n) k(n)
F „( S ) =  E H s4 t,,b „ ,+ 2 7 ri n \m=1 i=1

converges unif orm ly  o n  ev ery  com pact subse t o f  R 0  — U y, a n d  its
lim it f unction F ( s )  satisf ies (B ) w here t  (+a k , b k )  is  f ix e d  in  R.

Pro o f . Take a  simply connected neighborhood Um  containing am

and b ,n Wi n U. ; =0 ( i+j) ,  1.1„, ,(2„ (m  =1,..., 1(n ))) and set d log f  =
Ai

2nin f , dlogf=27rim ; ,  then

0= (dw i , *d log f ) Q , _ U r nm=1

=  E  (1 d log f d log f  d w i )— wid log f
Ai ,Bi c a „  Ai A i a, o(s-2„-uu,,,)

k(n)
=27ri(m 1 — E n i ro + (  E- )w id log f

m =1 ou„, 1ou.

By the residue theorem we have

I C I
E wid log f  =2 n i E (wi(a,n)—w i(bm ))--= —27riS dw i .

m=1 oum m=1 c(n)

1(n)
1-chain in  f i n su ch  th a t Oyi  = b i — a;  an d  se t c(n)= E yi .i=1
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Therefore, as  n  tends to infinity, by lemma 3 we have 1).

Next le t  V  b e a  simply connected neighborhood of s  and t  (V c
On ,  V n Ui =0 ) , then

0 = (d17 U , *d logf)0 „ - - u u , n - v

= E  ( 5. D .  A,d 1 7 : :  Bi
d  lo g

A i

d  lo g  f 1
e,d17141)

(  V + mt1 10 o).0,,)11f'ld 1 ° g  f

Since 1 H U dlog f  = log f d ll f .1 = id log f = —27ri log f (s)lf ( t) ,
av  

r i f l d  log f =2,rci 17:7. b ." =  2rci 17;;!,, N . (by proposition 3)
'

and

e, dilf , ,̀=27a 1
tdw i (by proposition 2),

we have

1(n) k (n)P s
1F ( s ) =  E E ni  d w  = log f (s)  f  ( t)+ d log fm•=1 .i=i 2rci atz„ •

On letting n  tend to  co, by lemma 3  we obtain 2).
Conversely, th e  Ai-period of F ( s )  is  e q u a l  to  2nin i , while by

proposition 2  the Bi -period is equal to 27-ci( dw i+ E mu) and dF„
c(n) j= 1 Y!,

= 0 , and s o  b y  1 )  A i a n d  Bi-period o f F(s )  is  e q u a l to  27rin1 and
27rim1, respectively a n d  y  dF =O . Finaly  set f (s)=ex p  F(s), th en  it
is seen that f ( s )  is  a  desired function. q.e.d.

R em ark .

(A) in place
this case the

If R  satisfies inf min vf,> 0 , then for a function satisfying
n

of (B) the corresponding statement is valid, moreover in
desired function is uniquely expressed by exp F(s)=1im exp

( 1(n) k (n)E HL;, b m +.27ri E n • d w  i )  u p  to  a multiplicative constant.
m=1j 1 J I

n
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Indeed, le t  g  b e  a n  o ther meromorphic function with sam e pro-
perties as f ,  then 10g Ifigl is harmonic o n  R  and 10g 1E91 II up„ < + 00,
hence by lemma 1  w e g e t lidlog = 0 a n d  so  g  =C  f  (C ; constant).

T h e  classical Abel's theorem follows from th e  following

Corollary. L e t infmin vin > 0  and (5—  a ' — a s b e  a  f inite div isor

o n  R  w ith f inite genus g. T hen there ex ists a m erom orphic function
f ( e . ,g )  s u c h  th a t  Ildlogf ,,< + oo a n d  its  d iv is o r is  e x ac t ly  6  if

an d  on ly  if

dw i+ E (i=i,..., g),
.1=1

w here n i a n d  m i a r e  integers a n d  c  i s  a  f in i t e  c h a in  E y i (Oh=
i=1

b —  a1).
A s for the existence of a  m ultip licative meromorphic function on

R ,  f ro m  th e  p ro o f  o f  th e o re m  it  is  s e e n  th a t  t h e  following result
holds.

Theorem 1'. S u p p o se  t h a t  infmin vin  >O . I n  o rd e r t o  e x is t  a
i

m ultiplicativ e f u n c tio n  m (p ) (e .,W )  su c h  th at  I )  m ( p )  satisf ies (A)
2 )  its  d iv isor is  ex ac tly  (5  3 )  its  m u ltip licato rs  w ith  respect to  A i

a re  exp2rrixi ,  w here x i  a r e  com p lex  num bers, it is  necessary  and
suf f icient that th e  sequence of  functions

1(11) k(n) 5s
M ( s ) = E M j ' t b  +27ri E x ;  d iv ,

m = i m
j = 1 -

converges uniform ly  o n  every  com pact subset of  R 0  — Uy i a n d  its lim it

f unction M (s) satisf ies < + c o ,  w h e re  t  (+a k , b k) i s  f i x e d .g "
I f  th e  c o n d itio n  is  f i l le d  a  desired  f unction  is ex pressed  by  limexp

W s ) .

6 .  I n  th is  section w e  sha ll de rive  a  condition  fo r uniform con-
vergence of {M(s)}.
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Theorem 2. {M (s)}  converges uniform ly  on  every  com pact subset
o f  I ? ,  U y i i f  a n d  on ly  if  f o r each N  lim

Pro o f . It is easy to show "only if" part, thus we shall prove the
N-1

" if"  p a r t . Take a  r (r e IN  = [ E 0i ,  E yi p  a n d  le t  C2N (r) b e  the
1=1 1=1

relatively compact domain bounded by level curve { plu(p)=r}  and
N-1

ap t  = 2N ( E y1). F o r sufficiently la rge  m  a n d  n, dM,n — dM „ has no
i=

singularities and non-vanishing A-periods in  S2N (r)  and so

11dMm— dMnIli2N(,)=i (Mm—Mn)d(Mm—Mn).
U(p)=r

By the same way as  we did in the proof of lemma 3  we obtain

11dMm— dMnIlil"N-11dM,„ — dMn111.22N (r)

m
i

(14 ,)  (  3 1 1 dM„,—dM,,1) 2

5_27r m i l
l
i  vk  IldM„,— dM,JIL

N  •

Thus we can conclude in  usual way that M a (s) converges uniformly on
every compact subset in Q . q .  e .  d .

Corollary. I f  i  I ld lIs4 b ,n 1ID N  and i 120111dwiliDni are convergentm=1 i=1
f o r each N , then { M (s)}  converges uniformly on every compact subset
in  1?0 —Uy 1. M o re o v e r i f  i IldlIsa:n

t ,b.11,,v,, < + c o  an d  i 14411dwiiluD„i m=1 J=1
G  + C O , then 11dMIlup„<+ 0 0 .

Because, for m >n  we have

1(n) k(m )
E Ildri b1I1D,„+27r EI x  I  Ildw ;11DN,1 j=k(n)+1

and the result follows from theorem 2.

A lso  it  is  s e e n  th a t  i f  l im  E  xi xif iti  co n v erges , th e n  w' =
p-'œ  i,j=1

c i

t
X i  d W i converges uniformly o n  every compact subset in  Ro and

i = 
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Il d W i  <  0 0  .  In fact, put dw 'r, =  E z idw i ,  then
i=t

Mdlq112 ==--2i x ik f e l ;

i.j=1

and the result is again obtained from  theorem  2 and the completeness
of r a s e .

7 .  H ere le t R  b e  an  arbitrary open Riemann surface. In the re-
m aining sections in th is  §  w e  sh a ll g iv e  a formulation of the Abel's
theorem by use of an another system of differentials, so-called, a  system
w ith  real norm alization. In the case of real normalization, according
to  the behavior of differential near ideal boundary, various systems have
been considered (K usunoki [7], M izum oto [10], Shiba [16], Y oshida
[22]) However, for our purpose , it is enough to  use the canonical dif-
ferentials as follows (Kusunoki [7]):

(I) The f irst k ind  of  canonical dif f erentials 9 A , ,  9 19 , ( i  =1, 2,...);

(i) 9
A 1

 an d  9 , ,  are semiexact canonical (ii) Re = S ip  Re 9 B i=
Bi A ,

Re QA , =R e 1  9 , ,= 0 .
Aj B i

(II) T he second k in d  o f  canonical dif f erentials gi p ., p „ (n 1);

(i) Op . (resp. p „ )  has a pole a t  p  such that its singular part is —  n

zn+ 1

d z  (resp. —  z
i
n
n
+ i d z )  (ii) th e y  are  semiexact canonical and A , B-periods

of their real parts all vanish.

(III) T h e  third k i n d  o f  canonical dif f erentials 0 p q ,
i p "  p , q ;

( i )  p , q  (resp ep" p , q )  h a s  tw o  simple p o le s  su c h  th a t  its  s in g u la r  part

is —1 d z  (resp.  d z )  a t  p  an d  —  1   d z  (resp. —  d z )  a t  q  (ii) they

are  semiexact canonical and A , B-periods o f their real part all vanish.
I t  s h o u ld  b e  n o te d  th a t  th e s e  th re e  k in d s  o f  differentials exist

uniquely . A lso  it fo llow s from  defin ition  that they are semiexact and
square integrable outside of a compact subset of R.

There are some relations between their integrals as in the classical
case (Weyl [21]):
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= —27ri  I  Re d n ° ct r /  =  27ri  I  j m  " c  
(n -1 ) ! d p" c  P ( n - 1 ) ! dp"

(2)

c  p ' q

=27ri R e  (p c ,  1
c

epp 'q =  27ri J rn  (pc ,

where C  i s  a  cycle  A i  o r  Bi  a n d  (Pc  i s  th e  integral o f  (pc .

(3) Re OU = Re Osp yq , Jm  -P;:f = Jm Jm cP =  —Re

where I V  = s,t(P) —  s ,t(q )= 1 ),,t, =
s ,t  a n d  in  th e  last equality

th e  p a th  o f  integration from  g  t o  p  dose not intersect th e  path from
t  t o  s.

(4)

1 OnOUa n  rfif.,,q.
Re W,'== — Re , _

(n— 1)! Op" j m V j  P" ( n - 1 ) ! Opn

Re Ts ,  t = Jm , Jm — — 1  a 4 f , 9
P " ( n - 1 ) ! Op" P" (n -1 ) !  j m a p ' ;

w h e r e  Wsp ,,f = Vip .(s)— W p . (t )= 1 i (Pp .  a n d  Tsp ,,f =

(5 )

1 
R e  

d"W „(g)
—

(n -1 ) ! dgn (m -

d n W (g)J m   P  —(n -1 )! dg" (m -

1 )  !  
R e  

c/mW „(p)
dpni

R e  
din q't 

q

n(p)
1)! dpm

1 d " T  „ , ( g )  f  C P T  „(p)Jm P Jrn q
(n dg” (m -1 )!  d p m

These formulas can be obtained easily from  th e  following lemma, with
a  slight modification, b y  th e  sam e w ay a s  in  3  an d  so  w e  sh a ll omit
their proofs.

Lemma 4 .  (Kusunoki [7]) L e t df = du i + idvi  (j =1 , 2) be any  tw o
semiexact canonical d if f erentials such that u  sing le-v alued  and
regular outside o f  a  com pact subset B , then f o r every  div iding curve
C c R — B  w e have



514 Yoshikazu Sainouchi

Jm c f 1clf2 =0 .

8 . Theorem 3. T h e  necessary  a n d  suf f icient condition for the
ex istence of  a single-valued meromorphic function f (p ) (e  s c u h  that
f ( p )  satisf ies (B) an d  its  d iv iso r is  e x ac tly  5  is  th at the following
conditions are filled:

1) lim Re 1 9,1 ,= — ni , lim Re 9B, = — m i( i  = 1 ,  2,...)
n-+ co C (n ) C (n )

where ni a n d  mi a re  integers.
2) The sequence of functions

1(n)
G„(s)=Re E

m=1

converges uniform ly  o n  ev ery  com pact subset o f  R o — Uy i a n d  exp
lim (G„- i*G„) satisf ies (B), w here t (=a k , bk ) is  f ix e d  i n  R .  If  the
n ..co

conditions are  f i l le d  th e  desired f unction is alw ay s ex pressed by
1(n)

C lim exp E Os„, '  b (C ; constant).
n-.œ m = 1 " "

Pro o f . L e t  1 dlogf=27cin i , d lo g f = 2 n im i a n d  tak e  a  simply
A g B

connected neighborhood Um  containing am , b„,(U„, On , Ui n i + j )
1(n)

and set U = Urn , thenm=1

0 = (q) A  „ * d log Pn n -u

= J m  E (p4  d logf — dio8 ./e 1  (PAS)AJ ,B,=fln Ai B Ai Bi

JMO a u - 1 o fj 0  A id logf,

By the residue theorem we have

J m  0A ,c/ logf = — 2nR eS  TA, •
OU C (n )

While, by the same way as in  lemma 3  we are able to prove
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hence

Jm OA idlog 0
Ba n

(n - 4  C°

lim Re 1 tp — ni .
C(n)

Analogously we get

lim Re — mi .
n-.co C(n)

Next le t  V  be a  simply connected neighborhood o f s  and t  (V c
Q„, Vn U i =0 ) ,  then

0 = (d T V , *d logD o n _u _y

= J m  E  0  d 1 1 , 1  d  l o g f j  d log4  dOis'; )Af aj cil A i D i A i B i

+ JM (L - F 10 y
—

 a n . ) 0 1::M  log f .

Jm f:? d log f = — 2n log If(s)/f(t)1ay

1(n) 1(n)
J m  Of Id log f  = 2n Re E b' = 2n Re E b,, ,

OU m=1 m=1

we obtain

1(n)
(6) lo g  I f (s)I f WI =R e E  0 2' t b — J 1 1 1 O f ld  log f

By the same way as we did in the proof of lemma 3 we know that if
n tends to infinity Jm P 1 d lo g f converges to  zero uniformly on

OD.
every compact subset o f Ro —u yi . Thus the uniform convergence of
Ga ( s )  follows from (6) and we have

Since

and
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(7) log If(s)1 =log 1 f (t) 1 + 11m Ga (s).
n—, Do

1 (n )
Conversely, set A ( s ) =  E b a n d  A(s)=Iim A n(s), then  by  (2)

a n d  I)  w e have

1 (n )
d A  =lim A  =27ri iim  E  ReAi n - - - . 0 0  m = 1

=2,7rini

and

yo A ' = —2ni limRe1 A;
b,,, n-,co C(n)

a ,„

dA =2nim i .

W hile  1
c

dA  =0  f o r  any  d iv id ing  cyc le  Cc R—  Uy 1. N o w  se t J(s)=

exp A(s), then f  (s) i s  a  desired function. L e t g (s) b e  a  meromorphic
function with same properties as f  (s), then by (7) we get log If(s)Ig(s)1=
log I f (t)Ig(t)I fo r  arbitrary point s  a n d  so  g(s)=Cf(s). q. e. d.

R e m ark . I) F r o m  t h e  p ro o f  o f  th e o r e m  w e  k n o w  th a t  the
necessary  an d  suf f icient condition for the ex istence of  a m ultiplicativ e
f u n c tio n  n (p ) (e .,1 )  su c h  th at  i)  n (p )  satis f ie s  (B ) i i )  its d iv isor is
ex actly  5 i i i )  t h e  absolute  v alu e s  o f  m ultip licators w ith  respect to
A i  (resp. Bj ) a r e  exp 2/tn ./ (resp. exp 2nz, p  (x A  1,13 : re a l)  i s  t h a t  the,

sequence of  functions

1(n) k ( n )
N „(s)= Re E E (h3,Re (PA,— )(Ai R e  T B )m=1 j=1 I

converges uniform ly  o n  ev ery  com pact subset o f  R 0 — U y, an d  explim
n-co

(N„(s)+ i*N„(s)) satisfies (B).
2) A s  f o r  th e  uniform  convergence of {N ( s ) }  t h e  result corres-

ponding to theorem 2 can be obtained, also.
3) I f  R  satisfies inf min v!, >0, t h e n  f o r  a  function satisfying

(A ) in  p lace  o f  (B ) the corresponding statement is valid , also.
From  the  above remark 3) i t  i s  possible to prove
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Propositonm 5. S uppose th at inf min vin  > 0, then
n i

k (n)
(PA L = E ( (p A i)d w j,

n - .  j  =  1 A j

k (n)
p , q =  dll p , q 27ff E (Re 1 cpA i )dw i

n-tco  j= I

k (n)
d  =Jim E (Re1 dwi)(pAi — (PB,

11- 0 00 i= 1

1(10
d l l

1).9 =yo13,9 +2n lim E Om 1 dvv ; ) 9 A ., .
n -- .c o j= I

P ro o f . exp OA  i a n d  exp 0yq ( t ,  fixed) s a t i s f y  th e  co n d itio n  o f
1theorem I' a n d  h a v e  

L .7 7 /

 . 
A i

 yoit
2iti

and dOso,ta a s  xi , respectively.

H ence by theorem  I' w e  have

k (n)
49 A i(S) =  CPA(t)+ 1i111 E (1 (PA i A d W

n-000 j=-1 A j

Ian)07,y,=177,yq +iim E d41) 0 1
t

d w i.
n-,,,,J=t A;

W hile, by (2)

dOsp
, =27riR e1  9 A  ,

A ,

a n d  s o  the expressions for ( B A ,  a n d  (pp ,,i  a r e  obtained.
N e x t  exp wi a n d  exp 1174 ( t ;  fixed) sa tisfy  th e  c o n d itio n  in  th e

1above remark 1). I t  is  e a sy  to  se e  th a t x A  — .c5 •• x  =   1   Re dwi2rc Bi
1 f o r  exp wi a n d  x A i  = 0 ,  ypt• 2 2 7  Re 1 ), for1 exp /774 . Hence

B j

w e have

k (n)
Re w i(s)— Re wi(0+ lim E (Re1 dw i)Fte (pA i - - R e  (pB ,

n-)oo j 1 Di

k (n)
Re Hs , ' =R e Os , ' + lim E ( R e  d / /7 4 ) R e  PA j .

tn ) co j= 1 B ,

While, by proposition 2
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Re = Re (2ni1 q  dw i) =21r J m  drvi .B,

Thus the  la tte r tw o expressions can be obtained by letting the  operator
a = (  a .   a ) d z  o p e ra te  to  R e  wi a n d  Re // , respectively.2  ax 0y

q. e.d.

( min v!,
F ro m  th e  rem ark  o f  lemma 3 it fo llow s tha t i f  E  

n 1 111 D )

i s  divergent, th e n  th e re  e x is ts  a  canonical exhausion {Q„,} ( 4 .4D
such that

1(
If(s)1 =If(t)1 lim exp (Re E

n' m=1

w here  t (+ a„„ b„,) is  f ix e d  i n  R. Particulary, l e t  u s  s e t  6 = 1 , then
we find

Proposition 6 . L e t R  b e  a n  arb itrary  open R iem ann surface and

f (p )  be a non-constant holomorphic function on R  such that dlogf=0
Yn

and f ( p )  h as  n o  z eros in  R , then f o r any  canonical ex haustion { O n }
th e  series

(

min v!, 1 2

lld l g f D j

is alw ay s convergent.
F rom  th e  above propostition w e  k n o w  a t  once  th a t  if  f ( p )  i s  a

non-constant holomorphic func tion  o n  a n  a rb itra ry  open Riem ann
min i   2

surface R , then  fo r any canonical exhaustion th e  series vn.
n=1 114/. 6 .

is always convergent.

Corollary. L e t  D  b e  a  sim ply  connected dom ain an d  f ( p )  b e  a
non-constant holomorhic f unction  w hich  is def ined  in  D  a n d  h as  no

P„ zeros there, then for any exhaustion { O n }  of  D  the series c±
n=1(lid lO g  f  I1D„)2

is  alw ay s  convergnt, w here w e assum e th at  e ac h  On is  s im p ly  c o n -
nected.
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§ I I .  Additive functions

1. L e t S ' =H a;-  a n d  (5" =HM I- b e  tw o  f in ite  o r  infinite integral
divisors whose supports are disjoint e a c h  o th e r  a n d  a r e  contained in
R  — UD„. L e t  u s  d e n o t e  b y  S'„= (resp. 5 =

the re s tr ic tio n  to  52„ o f  S' (resp. (5") a n d  w e  show  the  following

Theorem 4. S uppose t h a t  infminvi„>0. T h e  necessary  an d  suf-
n i

f ic ie n t c o n d itio n  f o r th e  e x is te n c e  o f  a m erom orphic dif ferential dw
s u c h  t h a t  1 )  d w  i s  a  m u l t i p l e  o f  1/(5" 2 )  its s i n g u l a r  p a r t  is

E  4 d z  a t  b i 3 )  f o r  a l l  n  a n d  i i d w  =0  and dw =w(A ; )  4)b •
k = 1  

Z
7 n A i

<+ o o  i s  t h a t  th e  sequence o f  functions

m( n) m( n) h, k( n)

H „(s)= E bi E  E   , Sb'kt- I E dw i
i=21 = 1  k = 2  — j =  1

converges unif orm ly  o n  ev ery  com pact subse t i n  R o — U{b i }  a n d  its

lim it f unction H (s) satisf ies  +  o o ,  w h e r e  w ( A i )  a re  given
com plex  num bers a n d  t (4 b i ) is  f ix e d . I f  th e  c o n d itio n s  are  filled,
th e  desired dif f erential is uniquely  ex pressed by  dH .

P ro o f . A t first it follows from  3) th a t fo r  each  n

(1)
m( n)
E b. 1 =O.

i=1

N o w  l e t  V  a n d  Ui b e  n e ig h b o rh o o d s o f  s, t a n d  b 1 , b i respectively
(V n Ui =0 ,  V, U 1 = Q,,), then

O = (CM ,P 1 , * d1
0 0 „ — V —  tun  Eh

i=2

d w 1  d IF 4 1 )
=  E

A , B ,

+(1 , „ +1 — ) . 111::NW
L )  1.70 eV 00,,

1=2

S e t W =c1w , then
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flUdw= — 1 W dHU=-2M(W (s)—  W (t)).
OV

While

dHNI = —2M1 w
si

and

dw =2n i (Residue sum  o f  /7f::1 dw (.1;)
acu i 2

1=2

= 2ni
I I I

i= 1

Pi
, b

b "̀„ k

s,t

k = 2 lit. 1 ) ; a p k - 1 (b1 )

= 2 Tri
i= IL

11 4 ';  — bi _  E -ik Y b',5
k =2  1C — 1

( b y  (1 )  a n d  Proposition 4)

. „m b'• s,t=27ri bi ,HVitd ,, -27rt E E , , Y  b k -
i =2 1 = 1  k = 2  —  1

(by  proposition 3)

Thus we have

1W (s)= W (t)+H„(s)—   2 7 r i 1 0 0 , , //,°:? dw

a n d , o n  g o in g  to  the  lim it, by lemma 3  w e ob ta in  th e  desired result.
The converse follows easily from (1) and the expression of dH. q.e.d.

R e m ark . I f  R  satisfies E ming = + oo, th e  statement o f  theorem
IIi

4  is valid whenever the  property 4) o f dw is replaced by sup D . „   <
min v;,

+ co .

Let f (s )  b e  an  add itive  function w hich is a  m u ltip le  o f  1/6'. If
V

the  singular part of f  a t  a l i s  E
al k   , then that o f  df is E  (  k) a

k i : f

k= 1 k=1

d z  a n d  s o  w e  have
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C orollary 1. S uppose th a t  in fm in  vf,>0 . T he necessary  an d  suf-

ficient c o n d itio n  f o r th e  e x is te n c e  o f  an  additiv e f unction such that

1 )  f  i s  a  m u ltip le  o f  1/(5' 2 )  i t s  s in g u lar p a r t  is a ik  a t  ai
Z k

3) df=0 and df=F(A J ) 4)11 is t h a t  t h e  sequence
y n A j

cifILD„< + co at

of  functions
1( 0  s i k ( n ) 1s

An (s1= E  E E R A J ) wii=i k 11

conv erges uniform ly  o n  ev ery  com pact subse t in  R0 —U {ai } a n d  its

lim it f u n c tio n  A (s ) satisf ies 41/111 , n < + co. I f  t h e  conditions are
f illed  A (s ) i s  the  un ique  desired  f unction  up  to  a n  additiv e constant.

H e re  it  is  to  b e  p o in te d  o u t  that there exist always additive func-
tions f  w ith  p ropertie s  1 )-3 ) in  corollary 1, b u t  in  o rder tha t f  has
m o re  o n e  p rope rty  4 ) som e  restrictions must be im posed o n  a ik  a n d
F(A i )  a n d  in  fact such a condition is show n in  co ro lla ry  I. F o r  exam-
p le ,  n o w  le t 1 , , = 1  (i =1, 2 ,. . .) ,  1(n)— n a n d  F(A 1 ) =0 (j =1, 2,...). It

is  possible to  choose  ai , ( i= i ,  2,...) such that laiindY.,11,o„< + co.i=1
W e  s e t  A„(s)= ai i Ys„,,t, then f(s )= C +  lirn A „(s ) (C ; constant) is the

i=1 n—co
un ique  desired  additive  function. A n d  s o  i t  i s  possib le  to restate
corollary I a s  fo llo w s: A n additive  function f  w ith  properties 1)-3)
h a s  th e  finite norm  over  'J D „  i f  a n d  on ly  i f  a l ,  and F (A 1 )  can be
chosen such that A r (s ) converges uniform ly  to  A (s ) with finite norm
over '.JD,, a n d  A (s )= f u p  to  an additive constant.

R e m ark . T he ex istence  cond ition  o f a  single-valued meromorphic
function  w ith  properties 1), 2) a n d  4 )  i s  a s  fo llo w s: i)  th e  uniform

I(s)
conv ergence of  B„(s)= E a ik Ysa ,„' an d  IldB lIuD„‹ 00  (B(s)=Iim B „(s))1=1 k=1 n—oco

on) s. aik
, ww (ai) =0 (:1= 1, 2 , ...)n-, co i=1 1 = 1  (k

1 1

—  •

where w =
k!
1 w ( a 1) z ' a t  ai .

k=0 
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d B  =0 (j =1, 2,...). W h ile ,  f r o m  proposition 2  it i s  s e e n  t h a t
B,

dB„=2)-ci
1

) 2 a i k  w (k)(a .)
B j i=i k=1 ( k - 1 ) !

Corollary 2. S uppose th a t  inflim v > 0, th e n  a n  arbitrary  square
n i

in tegrable  analy tic  sem iex act d if f erential dw  is un iquely  ex pressed
by

dw =lim (1 d W )d W
J

.

A i c f l n A j

w here th e  right hand side conv erges uniform ly  o n  ev ery  com pact sub-

se t in  R .

I f  inf min vn'>. 0, then from corollary 2  i t  is  s e e n  th a t  a  canonical
n i

differntial is uniquely expressed i n  te rm s o f  n o rm a l differentials, for

example

2nid " . Pl im  E (Re )dw ••P( m —  1)! n-,cs 0 Aj c n n d p "

Indeed, since tkprn —  d Yp ,„ E r a „  we obtain

tkp m—dY p m= E [5 ofrp „.- dY p „,)ldw i  .
n—œ A j f l A i -

From  (2 ) in  § I  a n d  1  d Yp „, =0 th e  result follow s at once.
Ai

2. H e re  w e  suppose th a t  inf min yin > 0  a n d  l e t  u s  consider the
n i

following four vector spaces in  th e  complex number field :
M(1/5'); T h e  vector space consisting of additive functions f  such that

1) f  i s  a  m ultiple of V s '  2) 1  d f  =0 =1 , 2,...), df  =0 (n=1, 2,...,
A iJ y , ,

i  = 1 , m(n))
A ccord ing  to  t h e  corollary of theorem 4  s u c h  a  f  is expressed

uniquely by

1 ( n )  v t
f  =lim E E a •k + C (C; constant) ,a i

Indeed, th e  single-valuedness o f  B (s) is equivalent to d B = lim
n—.00

3) Ildf un„< + co.

(2)
n— ■co 1=1 k= 1
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where th e  righ t hand  side  is un iform ly  convergent and its differential
h a s  th e  fin ite  norm  over U D.
M(1/(5); T he  vector space o f  single-valued meromorphic functions g(p)
(e  M O IS T  w hich  a re  m u ltip le s  o f  6".
W(11(5"); T h e  vector space consisting o f  meromorphic differentials dw

such  tha t 1) dw  is  a  m ultip le  o f V(5" 2) i dw =0  3 ) dw ILD„ < + 00.
Y.

From theorem 4  it  is  se e n  th a t su c h  a  dw  is expressed by

(3)
k(n)m(n) m (n ) at h

d w =lim [ E b i l d ll b ,, b , — E  E  ,  d Y b k - 1 ±  E w(A; Vw.d,t
n . c o  i= 2 i= 1 K . —  1 j= 1k=2 

where th e  righ t hand  side  is  un ifo rm ly  convergent and h a s  th e  finite
n o rm  o v e r U D.
W O ); T h e  vec to r space  o f  meromorphic differentials dw ( e W(1W))
which are m ultiples of .5'.

Lemma 5 .  S uppose  t h a t  inf min v„ > 0, then  f o r  f  e ./a(1/6') and
n i

dw e W(11(5")

J im  E  Resfdw =0
H., co aicS2 n  a i

is equivalent to

iimr E  Res fdw  —

1  
. E  w(A i ) d f 1 = 0  .

B i

Pro o f . Let U .  b e  a  neighborhood o f  ai ( U 1 cf2„, Ui n ui =
(i j ) )  a n d  V i a  sim ply connected neighborhood o f  bi , b, (V i cQ„,

n u i =0 ), then

= (cif, *d n . v i
i = i J . ,

=  E  (1 d f  d w d w  d f )
Ai ,v,.12„ A i Bi A i Bi

) f d W
Dq.0(Ji) 13(uY i) OD.
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= — E d f +2 7 ri E  ResfdwA,,Bi co„ Hi ai

+2 7 ri E  Res fdw— fdw .

13, c f 2 ,, 012„

A s n  tends to infinity, th e  equivalence follows from lemma 3. q.e.d.

I f  fe 14(11.5') a n d  dw e W (1/6") are expressed by (2) a n d  (3 )  res-
pectively, then

v,
E a i k  wRes f d w =  E  E ( k ) ( a i )

a i c a „  a i a i . f 2 „  k = 1  ( k -1 ) !
(4)

E  R esfdw  =  E  E
b i . Q „  b i b i . f  k = 1

 f (k- 1 )(b )
( k -1 ) !

m( n)( E b. 1 =O
1=1

Thus from lemma 5 we see that

lim  E a„c  w(k)( a 0 = 0
n-000 a ;  c s 2 „  k = 1  (k —1)!

is equivalent to

E  E
,c o [n - b i c f2 „ k= 1

f ( k- 1 00 —  E  w (A .)B ,d f 1=0(k -1 ) ! 2Tri A  , B i c iL ,

m( n)( E b i 1 =0) .
1=1

N o w  l e t  u s  p u t  <f , dw > E  Res f d w  fo r  f  e M (116') and
n-■co a i c p i ,  a i

d W  E  W(I/S"), th e n  <f , d w > m ay  b e  divergent for some f ,  d w  a n d  so
w e sha ll consider t h e  subspaces o f  M- (1 / 3 ')  and  W (1 /6") a s  follows:

m0(1/6)=U e 1a(1/5)I < f, d w > is  convergent for a l l  dw e W(1W)} ,

W0(1/6 ")={dwe W(1/6")I <f , d w > is  convergent for all f  e /a(1/6')} ,

M0( 1/6 )=M ( 1 /6 ) n

w0(6)= W (t5)  n w0(1/6")•

It follows from the proof o f  lemma 5 that the convergence of <f , dw >
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is  equ iva len t to  tha t of J im  E  Resfdw— . E w(21; ) d f l ,
b1.f2„ b, L I U  Ai ,Bi=0,■ Bi

h en ce  fro m  (2 ) , (3 )  a n d  (4 )  it i s  s e e n  t h a t  a 0 (1/6, )  a n d  W0 (1/6")
contains a n  infinite number of linearly independent elements, respectively.

N ow , according to th e  method due  t o  Kusunoki [6], we can find

Theorem  5. S uppose th at  infmin vL>0, then

dim(117
0 (1 \b") W o (6))=clim()a 0 (1\6')\M 0 (1\6))

w here w e suppose i t  is  g ran te d  th a t  e ac h  o f  both  sides is in f in ite .

P ro o f . A t first w e shall prove that

W0(6 )= Idw e W0 (116")I<f, dw> =0, Vf E 19/0(116'))

M 0 ( 1 16 ) =  f f  e M0( 1/6 ' )1< f, dw > =0, V dw G W0(1 /6 " )} •

Take a  dw e W0 (6), th e n  it  is  a  m ultip le  o f 6 ' and so

wi(a i) —....... —w(vo(a)=0....... a t  a i (i =1, 2,...).

It fo llow s from  (4 )  t h a t  <f , dw > = 0  fo r  all fa  a 0 (1 /6'). Conversely,
i f  dw e W0 (1/6") satisfies <f , d w > =0  f o r  a l l  f e 11-10 (116 '), then w e
choose aikY .': (aik4 0 )  a s  f . F ro m  (4 ) i t  i s  s e e n  t h a t  w(k)(a1) =0  (k =

v i , i =1, 2,...), hence dw E W0 (5).
N ext take a  f a  M0 (1/6), then f  is a  multiple o f  6" a n d  single-valued

function, and  so f (b i) = • • (r■- ' )(k ) = 0  a t  bi (1=1, 2 ,...)  and df =0
e,

(j =1, 2,...), hence from lemma 5  it  fo llo w s  th a t  <f , dw > = 0  f o r  all
dw e W0 (1/6"). Conversely, let f a  A 0 (1/6') sa tisfy  <f , dw > = 0  f o r  all

"' b  •dw e Wo ( l / e ) .  W e take bi l dll b,,h i
—  E Lk dYb k - 1  ( i 0 1 )  a s  dw , then

k=2

by lemma 5  w e have

<f , d w > = E
k=1

b•k -
1

( k  1 ) !  
f 0 3 — bi if(b 1 ) =0

a n d  so f  '(b i) = • • • =f(I1i - ')(b i)=0  f (b i)=f (b i ) (i 01).
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" i   bAt b1 se t dw— E  1 k, then
k=2 1

"i bE  l k   f ( k - 1 0  0 = 0 9
k = 2  (k — 1)!

Hence f '(b i )= • •• =f (iii - 1 )(b i ) = 0 .  W e take  th e  function f— f (b i )  and
denote it by f  again, then f  becomes to a m ultiple of 116. Finally,
take dwi  a s  dw , then Ç d f  = 0 ,  and so it is seen that f  i s  a  single-

Bi

valued function belonging to M0 (1/(5). Thus it follows that the latter
equality is valid . T he remaining p art o f theorem follows from the
well known algebraic fact associated to th e  bilinear form <f , dw >
(cf. for example Yoshida [22]).

R em ark . If R  has finite genus and (5 is finite, then the dimension
o f  W0 (1/45")= W(1/(5") an d  /a0 0/(5, )=M(1/(5, )  are  easily calculated and
we are able to find an analogue of the classical Riemann-Roch theorem.

3 .  Here le t R  b e  an  arbitrary open Riemann surface. We shall
express the meromorphic differentials treated in  preceeding sections in
terms of canonical differentials. Since we make use of the similar way
to that in  theorem 4  we shall don't enter into detail.

Theorem 6. T here ex ists a  m erom orphic dif ferential d v  such that
1) dv  is  a m ultip le  o f  10 "  2 )  its singular p art  is

m(n)

EP i  d t  h (1)'. b "  real E  (b'. 1 +ib71 ) =0)Z a ., ik, ik , 9 1_1 I
k=1

11d.v11D .n  3) R ef  d v =v( A y ,  R e  d v =v (B y  a n d  ,dv  =0 4) sup <
„ mine, n

if  an d  only  if
i) the sequence of functions

m (n)
n (s )  =Re [ E  (b Ie lO sili t,b1 + bY 1 6 , b i )i=2

(nm )  p, 1_  E  E  ( b ik w s , ,  + b y  T s .t  ) 1
=1 k = 2  k —1i k k - tbi
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k(n)
+  E  [v(13 ; )' Re 

(
 T A  Re 1 9 A — v(ii i r Re 1:(pn i l
t t

convergens uniform ly  o n  ev ery  com pact subset in  R o — Utb i }

ii) t h e  lim it  f u n c t io n  P ( s )  s a t is f ie s  sup . ." < + c o . If  the„ min
conditions are f illed , then dv  is ex pressed by  lim (dP„+i*dP).

P ro o f . L et V  an d  U i ( i= 1,m ( n ) )  be simply connected neigh-
borhoods o f s, t  and bi , 1)1 respectively, then

0  = d  O n n _ ! nV —  u,
i= 1

s
= E  (Re .12e1 dv —  Re1 d v  .Re (ps it A,

+ JmOo (u c j i ) + 10 v — o f j O ts',, M v .

By using of (3), (4) in  § I  andb 1 = (1'1 + ) = 0 w e have

moo r
Jrn E ONdv =27cRe b lk + iN k   3k-1 

,g

OU
s 't

i= 1 k. 1 (k —1)! apk— 1 (b 1 )

m(n)
= 2nRe E  (b I110 seit,b1+141'3 fit8,171)

i=2

41,11
—  2 .7 r R e  L  E  (b ik p s , t  + b ilk)

1. 1 1c ,= 2 l r

While, Jrn dv = — 2 n R e  d v , hencev '
Es

R e  d v =P n ( s ) - -
2

1

n  Jm f f/  dv •
it Df2,,

Thus, on going to the lim it, we get the above mentioned result.

Corollary 1. T he necessary and sufficient condition for the existence
o f  an  ad d itiv e  f u n c t io n  s u c h  th a t  1 )  f  is  a m u lt ip le  o f  1 1 3 ' 2) its



528 Yoshikazu Sainouchi

vi
i aik+kidtksingu lar p a r t  s  2.; a t  ai (a 'a , 4 1 ;  re a l )  3) Re f  is single-

k=1

m
Ild

i
f

n

II

V
valued and J m  i df = 0  4 )  s u p

<  C °  
is the uniform  convergence

Yn
of

M n(s)= E (a4Ws4tk+dIkg;sa'itk)r, 

o n  ev ery  com pact subset in  R o —U{a i}  an d  sup <." + cc, where
„ min

M (s)=1imM „(s). I f  th e  c o n d it io n s  are  f ille d , th e n  R e f  is expressed
11- .0 0

b y  M (s )+ C  (C ; re al constant).

R e m ark . 1 )  From (2 ) in  § I  it is seen that
f  is single-v alued if  an d  on ly  if

v, dk0d k 0  , alim E (k -1 ) , [ai k Re  d p k
B i (a i ) a id m dp k u

n-■00 at g2n k= 1

( j =  1, 2,...) .

2 )  I f  R  satisfies inf min v!, >0, the statement of theorem 6 (resp. Corol-

lary) is valid whenever 4 ) is replaced by + co (resp.

<+ co).

Corollary 2. S u p p o se  that inf min v!, > 0, then dw (E Ta„ ) is

uniquely  expressed by

dw = E  [(Re1  dw )q) A , — (R e  d w )S 0 13,1 •
n— Poo AJ,BicO n B i Ai

Proposition 7 .  I f  f  i s  a  single-valued meromorphic function such

f  satisf ies 1 ), 2 ) i n  corollary  1 and  sup C n( f )   <+ c o , then
n

Ref(s)=Ref(t)+ lim M„(s),
n—■co

w here C„(f)=m axf(p ).
p e a »

In fact, from the proof of theorem 6  it follows that



On the merornorphic differentials 529

(5) Re s df = Mn(s)
1

2ir , m L n
 (P sP:ig df

.

B y  th e  sam e w ay a s  in  t h e  p roof o f  (1 ) i n  lem m a 3 , w ith  a  slight

modification, i t  i s  possible t o  show that

(6) ao„ 
OP, q df  2 .-527r C n v( f: 2 11dOsP:tq l1D2 . •

Thus, a s  n  tends to  co , w e  o b ta in  th e  above mentioned result.
q. e. d.

Proposition 8 .  L e t R  be  a n  arbitrary  open R iem ann surface and
f ( p )  b e  a n o n -co n stan t holom orphic f unction o n  R ,  then f o r  any

canonical exhaustion {52„} t h e  series   is  alw ay s  convergent,
n =1 C„(f) 2

where C„(f)=m ax  I f (p)I.
Pe15.1

Pro o f . I f  E 
1 C . f ) 2Z,
 p

i s  divergent, th e n  fro m  (6 )  it  is  s e e n  th a t
n=  

the re  is  a  canonical exhaustion 42„.1( c {Q,}) such that

lim O f ldf  =0,
n ' - o c o

and  so  from  (5) w e have R ef(s) R ef(t), where t  is fixed in  R .  Hence
f ( s )  becomes a constant. q.e.d.

4 .  Finally  w e shall briefly  m en tion  abou t a  fo rm ula tion  o f Rie-
mann-Roch theorem  i n  te rm s o f  canonical differentials a n d  integrals.
L e t R  b e  a n  arbitrary open  R iem ann  surface . If the  series

k -  a l k  • a ik )f  = c +Km E +011
n -o x, a i . f 2 „  k=i5

converges uniformly o n  every compact subset in  Ro  — {ai } and  I df D„

±  C O ,  then  w e  deno te  by  g(116') th e  real vector space consisting of
such functions, w here a4, a7 k a r e  r e a l  a n d  C  is com plex . Clearly
k(1/3') is  non trivial. L e t V(1/S”) be  the  vector space o f  meromorphic
differentials d v  s u c h  t h a t  1) d v  i s  a  m u lt ip le  o f  V P  2 )  1  dv =0

Y .
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(i = 1, . . m(n), n = 1, 2,...) 3 )  sup 
 II d v11 

D

. "  <  CO, From theorem 6  itmin v

follows that dv V (1/S")) is expressed by

m(n) m(n) 1 „
dv= E (b'i b i , b i+ E  , (0 k, i tP br  +  bag  b r

n•-■.00 i =  2 ■= i  k = 2 —

+  E  ((lte1  dv), o A i —(Re1 dv)T B ) 1 ,
A.,,B.,=f2,, Ai

where the right hand side is uniformly convergent on every compact
subset in  R0 — U{bi } an d  N k , 137k a r e  real. H e r e  w e  suppose that

V(1/6")0 {0 } .  If R  satisfies inf min vf,> 0 it is obvious that V (1/S " )  {0}.
n i

Then by the same way as  in  th e  proof o f lemma 5  it is seen that
for f a  ltir(115') and dv e V(1/S")

lim {Re( E  Resfdv + E  Resfdv)
n-oco a i . ( 2 „  a i

+ . 7r-. A  3, B c o n  [(Re1 B idv)(Jm1 A j df)— (Re1 A  jd v)(JmLd f)1} = 0

and so lirn R e  E  Res fdv =0 is equivalent to
n- , co a i . 1 2 , ,  al

iirn{ E  [(Re d v ) (J r n  df)— (R e  d v ) (J m  d i ) ]
n-■co A j,B j Q. B i A i Ai B i

+2n Re ( Res fdv)} = 0 .
bi

While, it is seen that

1 (n )  v i 1 R e E  Resfdv = E E
ata f 1 i= 1  k = i —1)!i „ 

[aik(Re v( k ) (a i ) —a7k (Jm v ( k ) (a i ) ) ]

m(n) iz j
1 R e E  Resfdw = E  E

b 1 .1 2 „  b i 1=1 k = 1  (k —1)!

[bi k (Re f ( k- ' ) (b i ) —  N k(hn f(k -')(b i))].
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Now we put

«f , dv » = lim R e  E Res fdv
n- 'a a i a f d .  a

and define four vector spaces in  the real number field.

Ar'o(1/6")={fe R(1/(5)1« f ,  d v »  is  convergent for a l l  ch) e V(l W)}

1/0 (116")={dv e V(11(5")I« f, dv» is  convergent for all fe R(1W )}

N 0 (11(5)={fE1 0 (116')If is single-valued and is  a m ultiple of 6"}

Vo (S)={dv e Vo (116")Idv is  a multiple of 61.

We make use of «  f ,  d v »  as  a  bilinear functional on R0(1/6 )  X vo (i/a")
and follow up the same process as in  the proof of theorem 5, then we
obtain

dim , (V0 (1/6")/ KO» =dimR(Ro( 116 ')IN 0(110)

where dim, indicates real dimension.
Sim ilarly, i f  w e  rep lace  th e  n o rm  condition IldfILD„ < + c o  in

IIdill Dr th e definition o f  10(11(5) by sup <+ co and that o f V(1/S") by

dV11 u13 ‹  +  0 0  an d  start from them , then we have the corresponding
result,
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