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§ O. Introduction

I n  this p ap e r, w e  understand  by  a  variety a  p ro jec tive  variety
which is defined over a  fixed algebraically closed field k o f characteristic
p (w hich can be zero).

O u r  m a in  purpose o f  t h e  p re sen t p ap e r is  to  c la ss ify  the type
o f  subvarieties o f  Gr(n, 1) which a re  biregular t o  projective spaces of
dimension n - 1. ')

A s examples o f  such varieties we know followings.

X
° =  5(1 ' °"•"

_ i
E  Gr(n, 1)1 (x o , x 1 ,.

2)
.., x 5 _1 ) E P" - 1 }  .n ' l X o , Xn

x1,1 = Oxn_i) e Gr(n, 1)1 (x o , x 1 ,..., x 5 _1 ) e pn-11 .

17'3,1=03(A- )

--03 (xA, I )

where O n :  Gr(n, 1) - ÷Gr(n, n - 2 ) i s  th e  d u a l  biregular morphism.

1) I n  general G r (n, d )  denotes t h e  Grassman variety which paramerizes d-dimensional
linear subspace o f  n-dimensional projective space 13 4 .

1 0  0 . . .2) B y  „(
, ,  , ,  0

v, x0, we denote the  po in t o f G r (n, 1) which represent th e  line which

passes two p o in ts  (1, 0, 0,..., 0) a n d  (0, x ,, x1 ,..., x„_ 1)  o f  P".
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X,(S)={x e Gr(4, 1)1 th e  lin e  w h ich  is  rep re sen ted  b y  x  is con-
ta in e d  i n  S}, 3 )  w h e r e  S  i s  a  non-singular quadric hypersurface of
P4  a n d  char k =p+2.

The main Theorems are the following theorems.

Theorem 5 . 1 .  L e t  X  b e  a subv arie ty  o f  Gr(n, 1) w hich is biregu-
la r to  P 4 - 1 . Then,

(i) i f  n = 3 , t h e n  X  is projectively  equivalent 4 ) to  s o m e  one
of  X 3, 1 , X A ,,, i 1 , an d

(ii) if  then X  is  projectively  equiv alent to X 5° 1 o r  to X 1 .

Theorem 6 .2 .  A ssum e t h a t  th e  characteristic o f  k  is  n o t e q u al
to  2. L e t  X  b e  a su b v arie ty  o f  Gr (4, 1) w hich is b ire g u lar t o  P 3 .
T hen, X  is projectively  equivalent to som e one of  X 2, 1 , X 1 an d  X q (S),
w here S  i s  a  f ix ed  non-singular quadric  hy persurface o f  P 4 .

W e shall prove these theorem s by num erical m ethod. Let E(n, 1)
(resp. Q(n, 1)) be  the universal subbundle (resp universal quotient bundle)
of G r(n, 1). Assum e t h a t  X  is a subvarie ty  o f G r(n , 1 ) which is
biregular t o  P n - 1 . Let E = É(n, 1)1x  an d  Q=12(n, 1)1x• A n d  le t  c l (E)=
hH  an d  c2 (E)=bH 2 w h e re  H  i s  a hyperplane of X Then, we
shall prove Theorem 5.1  and Theorem 6.2  by com pleting the following
table.

(h, b) Property of X Type of x
3 (1,0) E.:., 1(9x () 9x (1) xg,,

(2, 1) ex (1) 0 0 x (1) v i  ,1

(1, 1) ex Se x(1) x3, 1

(2, 3) Q'&6x(1 ) C-(9x ( l )

3) In  §6 we shall prove that K 5 (S ) is biregular to  P3 .
4) Subvarieties X  an d  Y  o f G r (n, 1) a r e  said  to  be projectively equivalent to each

other i f  there exists a  biregular map a  from  Gr(n, 1) to  Gr(n, 1) which is induced
by an  element of PGL(n, k) such that a (X )=Y .



On projective spaces in the G rassm ann variety 417

4 (1,0) E'&0xC)Ox(1) X1L,

(2, 1) E;•-.,(9x(1)ED0x(1) X4,,

(2, 2) (*) X q(S)

>5 (1 ,0) E ,:,'(9x 8ex (1) X ,1

(2, 1) E--.--ex(1)06x(1) X;,,,

( * ) :  All the lines w hich  are represented by the points of X  are
contained in some hypersurface o f P 4 .

I w ish  to  thank  P rofessor M asayoshi Nagata and Hideyasu Sumi-
hiro for their valuable conversations.

§ 1 .  Notation and preliminary results

A s mentioned in the introduction, w e understand  by  a  variety a
varie ty  defined  over an  algebraically closed field k  o f  characteristic
p .  In §1 , §2 , §3 , §4  and § 5 ,  p  is a r b i t r a r y .  And in § 6 , w e assume
th a t  p+ 2. W e consider the Grassmann vairety G r  (n, d ) parametrizing
d-dimensional linear subspaces o f  n-dimensional projective space  P".
I f  x  i s  a point of Gr(n, d), w e denote  by L .,  the d-dimensional linear
subspace o f P u w hich is represented by x.

Let A0 , A 1 ,..., A d  b e  d + 1  liner spaces o f P" such that

A o A i •  • • A d,

and let a ,  b e  the dim ension o f  A ,  (0 i . _ d ) .  T h e n  the following
subvariety o f Gr (n, d)

12
ao.al ......  ad(AO, A 1 ,..., A d ) = { .X E Gr(n, d)Idim (L x  n i for a ll i}

is c a l l e d  the Schubert varie ty  a ssoc ia ted  w ith  A 0 , A 1 ,..., A d .  Two
Schubert varieties Qao ,a, .... ad(Ao> A 1 ,•.•, Ad) and fl b o ,b , ..... b d (B o , B 1 ,.. . ,  B d )

are rationaly equivalent to  each other if and on ly  i f  a=b, fo r  a l l  i.
The equivalence class containing Quo,at , ..... ad( 4 09  A 1 ,••., A d )  i s  denoted
b y  Qa o ,a , .... a d ,  and is  c a lle d  a Schubert cycle.

S i n c e  Q o A1 . . . . .  A d )  d e p e n d s  o n ly  o n  Ao , we
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a lso  den o te  it b y 120,n-d+ 1,n—d+ 2 ..... n(A0)• Similarly we denote

Qn—d— 1,n —d .. ... „_ 1(A 0 , A 1 ,..., A d ) b y  52— n — d — 1,n — d — d) •

The Schubert cycles — a o ,a i, . .• ,a d  where ac„ a 1 ,..., ad  runs over all
integers which satisfy the relation

<a 1 < ••• <a d ( S c h u b e r t  condition)

form a  free  generator o f  Chow ring A(Gr (n , d )) o f Gr (n, d )  as an
d

additive group. The codimension o f  Ono, a l ...... a a  is E (n — d + i — ai).
i=o

The formula, coiled P ie r i 's  formula, show the multiplicative structure
of Chow ring A(Gr (n, d)).

Q a o ,a  ....... aa. Qn—d —h,n—d+1,n—d+2 ..... n
=

E f  
2

b o ,b 1 ..••■ b d

where the summation is made over all distinct sets bo , b 1 ,..., bd such
that

O bo.. a 0 < b ia i< b 2 .._••••.a,,_,<bd.ad n  and

d dE E a 1 —h.
i=0 i=0

In  order to describe the structure of A(Gr (n, d)) in  simpler way,
w e  set co Then, Schubert cyclesao ,a i,...,aa

=  2
n—d— achn—d+1—al ..... n

—
ad•

{Wao,ai ..... a d }  
where a o , a d  run over all integers which satisfy

the relation

n — d > a o  a  • • • ad   0

form a  free  generators o f Chow ring A(Gr (n, d)), and w e have the
formula

Wh,0 . ..... 0 =  E W b 0 , b 1 , • • • . b a

where the summation is made over all distict sets of integers b o ,  b1 ,...,

bd which satisfy the relation

n—ci.z.b 0 a 0 b 1 . a 1
- b 2 ...•• a d _ i b t i a d 0 a n d
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d dE bi = E ai +h.
i=o 1=0

d
The codimension of M— ao ,ai ...... a d  

i s  Ei=o
L e t d1 , d2 ,..., ds  b e  a  s e t  o f  in te g e rs  w ith  n  d, 0,

then the subvarie ty  {(x 1 , x 2 , ..., xs) 1P" D L x , c  L x 2 • •  •  c  L x s } of

Gr (n, d 1 ) x Gr(n, d 2 ) x • •• x Gr (n, ds ) is  c a lle d  th e  flag  varie ty  of type

(n, d„ d 2 ,..., ds )  a n d  is denoted by D r (n, d1 , d2 ,..., d).

d
Lem m a 1.1. F o r  a  subvariety Z o f  G r(n, d )  with d im  Z  E ai ,i 0

a n d  f o r a  general point (x d , xd _,,...,x o )  o f  Dr (n, n —  ad , n-1— a d _,,...,

n—d—a 0 ) ,  we have

dim (Z n Q n - d - a o , n - d + l - a i , . . . , n - a a (
L x „-  a -  a . ,

 L
X -  a+ 1 - ‘ , 0 1 ' • • 

L
X n -

d
=dim X —  a ,  or — 1 .

1=0

P ro o f. Consider the subvariety X ={(x, (x d , xd _ ,,..., x 0 )) e Gr (n, d) x
Dr (n, n— ad , n— I —  ad _  ,, .  , n —  d— ao )  dim (L x  n Lx i ) i  f o r  all i} of
Gr(n, d) x Dr (n, n —ad , n —  1 —  ad _ I, • •• n—d— a 0 ). L e t  ni ; X Gr (n, d)
a n d  ir 2; X—)Dr(n, n — ad , n - 1 —  ab _,,..., n—d— a 0 ) b e  projections.
Then,

dim X =dim Dr (n, n— ad , n-1— a d _,,..., n— d— a o ) + dim cob b ,b , .... a d •

Since 1rT 1 ( x )  and  n7 1 (y )  a re  b ireg u la r  t o  e a c h  o th e r  f o r  any  tw o
p o in ts  x  an d  y  o f  G r (n , d), w e have

dim nji(x) =dim X — dim Gr(n, d).

T o prove L em m a 1 .1 , it is enough to  show th a t fo r  some point A  of
Dr (n, n —  ad , n —  1 —  ad _ n— d— a0),

dim (7r -2  (A ) n irT '( Z ) )  dim Z —  E ai .
i=o

Assume the contrary . Then for any point A  o f Dr (n, n — a,,, n —  1 — ad _ 1 ,
n— d— ao)
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d
dim (nV (A) n 7ti 1 ( Z ) )  dim Z — E ai + 1 .

i=o

Hence, we have
dim TET 1 ( Z )  dim Dr (n, n — an , n  1  a- — - — - d— 1 , • • •, n— d— ao )+ dim Z

d- E a,+ 1 .
i=o

O n  th e  o ther hand  w e have
dim nT 1 (Z) =dim Z +dim  X —dim Gr (n, d)

=dim Dr (n, n—a d, n-1— a d _,,..., n—d—a o ) +dimZ

d

i=0

This is  a contradiction. q. e. d.

Corollary 1.2. T h e  S chubert cy cles are num erically  non-negative,
i.e. the  in tersec tion  num ber o f  Z  w ith  cod o ,d , .... a d  is non-negativ e ,

f o r  an y  subavriety Z o f  d im ension  E ai o f  G r(n , d).
i=o

L et E(n, d )  b e  th e  universal subbundle o f  Gr(n, d )  a n d  le t  Q(n, d)
b e  t h e  universal quo tien t bund le  o f  Gr(n, d ), T h e n , the re  ex is ts  a
canonical exact seqence o f  vector bundles

n+1
E(n, d) 'CD G r( n ,d ) Q(n, d) O.

Suppose th a t  X  i s  a  variety, E  i s  a  vector bundle o f  ra n k  d +  1  on
X  a n d  that there exists an  exact sequence o f  vector bundles

n+1
0 E 0  x Q  — * 0 .

Then, there is a  canonical morphism

f ; X Gr(n, d)

such  tha t the exact sequence
n+1

0 E 0  ex - - 0 Q 0.
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is isom orphic to th e  p u ll back of
n+ 1

E(n, d) O G r o m Q(n, d) O.

by f .
F o r  a  vector bundle E , w e deno te  by  E  th e  dual vector bundle

o f  E .  The exact sequence o f  vector bundle on G r (n , d)

Q(n, d) G r(n ,d ) — +  E(n, d) O.

(w hich is th e  dua l o f the  exac t sequence

H+ 1
E(n, d) 61-) C- G r(n ,d ) Q(n, d) 0)

induces a  canonical morphism 4); Gr (n, d)--+Gr (n , n -  d  -  1 ) .  It is eaasy

to  s e e  th a t  4 )  is  a  b ire g u la r  m a p . W e deno te  4)(X ) b y  k , f o r  any
subvariety X  of G r (n , d). I t  is  e a s y  to  s e e  th a t  (X - ) -  = X.

F o r  a  vector bundle E  o n  a  variety X ,  w e  d e n o te  b y  c i (E ) the
i- th  C h e rn  c la ss  o f  E  (w h ich  is  a n  elem ent o f  A (X ) o f  degree i).
T hen, the  following lemma is well known.

Lemma 1.3  vi(E(h, d)) = co 1,  1,o  o if ......... + 1  a n d  c i (E(n, d))=...

0  i f  i > d + 1 .  (cf. f o r example [5])•

The tangent bundle  TG , ( „, d )  o f  G r  (n , d )  is  isom orph ic  to  i ( n ,  d)
OQ(n, d). Therefore, we have the  following exact sequence

n610 d)0  E (n , d) i ( n ,  d) T 0 .

L et R  b e  a com m utative ring w ith identity a n d  le t  l [ [ t ] ]  b e  the
form al pow er series r in g  o f  o n e  v a r ia b le  t w ith  coefficient ring R.
F o r  e a c h  positive in teger i, w e d e fin e  a  group hom om orphism  x i ;
R [ [ t ] ] . -q ?  by

x,( a j ti)= a,.
f =o

W h e n  c(t) =1 + c i  t + c 2 t 2  + • • • + c u tn + • • • i s  a n  elem ent o f  R [ [ t ] ] ,  we
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denote

When
denote

H iroshi Tango

Zi(c( — t) -  ' )  b y  O i(c (0 ) . By definition

t)(1 +  01(0 ) t  0 2 (C O M 2 • • + O n (C(1))t n •• * ) =  1  .

c(t) = 1 + c i  t+ c2 t2 + • • • + cn tn is a n  element o f  R [ t ] ,  w e also
P (c (t)) b y  Oi(ci, c2 , . . . ,  CO.

Lex X  b e  a  non-singular variety of dim ension m  a n d  le t  E  b e  a
v e c to r  b u n d le  o n  X .  T h e  elem ent c(E)=1+ c i (E )+c 2 (E)+ • • • +c(E)
o f  C how  r in g  A (X )  is  c a lle d  t h e  Chern character o f  E .  F or the
sim plicity, w e denote 0,(c 1 (E), c2 (E),..., c„,(E)) b y  Oi (c (E )) a n d  w e  de
n o te  1 + 0 1(c(E))+ .0 2(c(E))+ • • • + 0,„(c(E)) b y  0(c(E)). T hen , w e  have
c(E) • 0(c(E))=1.

Lemma 1 .4 .  I n  Gr (n, d),

ci(Q(n, d))= 0 i(c(i(n, d))=wi,o .... o........ (  = 0  if  i >n—d).

P ro o f . A ssum e t h a t  t h e  follow ing sequence o f  vector bundles
o n  a  variety X  is  exact.

n+ 1

E ex Q 0 .

Then, w e have

c(E)c(Q)=1.

Hence we have

c(Q )=0 (c (i)).

I n  Gr (n, d ) , it  is  e a sy  to  s e e  b y  the  d irec t calculation that

0  = 0 )i3O,0.... o — w1 , o ......... 0 •

+ 0 1,1,o ..... o 'co i-2 ,0 ..... 0 — W 1 ,1 ,1 ,0 ....... 0

+ .. . 1 yl+ 1 w i 1 - d -  l , 0  , 0

where w ,0  . = 0  if  j<  0  o r j>n— d.
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This shows that

ci (Q(n, d)) = Oi (c(É(n, d)))=w 1 0 . . . .0  . q. e. d.

§ 2 .  Vector bundles generated by their global sections

Proposition 2 . 1 .  L e t  X  b e ' a  non-singular v ariety  of  dim ension
m  and  le t E  b e  a  vector bundle o f  arbitrary  rank  w hich is generated
b y  its  global sections. T hen,

(i) ci ( E )  a n d  0 ,(c (E )) a r e  num erically  non-negativ e, f o r  all
m.

(ii) c i (E)c,(E)— c 1 ,  , (E ) a n d  c 1 (E)0 1(c (E ))-0 ,, 1 (c (E )) a re  numeri-
c a l ly  non-negaitve, f o r  a l l  i = 1 , 2 ,. . . ,  m -1 . I n  p art ic u lar if  c 1(E)
(resp. O i (c (E ))) is  num erically  equ iv alen t to  z e ro , th e n  so  is  c 1 1 (E)
(resp. 0,,,(c(E))).

P ro o f . Since E  is  g e n e ra te d  b y  its  global sections, w e  have

ri+ 1
Ox E 0,

hence  w e  have

0 0  ex (quotient bundle) —> 0 .

Then, there exists a canonical morphism f; X—>Gr(n, d) such that
E  = f* i(n , d )  w here d + 1 i s  th e  ra n k  o f  E. T h u s  w e  have

c,(E) = f* c,(E(n, d)) =
f *wio. ..... 1,0 .....1 
o

0 if

if

i_d + 1

i >d+1 .

f f*coi 3 O , ,0 if
Oi (c(E))= f * 0,(c(i(n, d)))= I 0 if i >n—d.

ci+
{ f *

W2,1 1 ,0,...,0

c ,(E)c i (E)— ,(E) =
o

, if

if

i .d+1

i >d+1 .



424 Hiroshi Tango

{f*coi,i3O ..... 0 if i n—d
1 (E)(1)1(c(E))— 0,, ,(c(E))=

0 if i >n—d.

H ence  (i)  a n d  ( ii)  fo llow , by  v irtue  o f  C orollary  1 .2  and projection
formula.

Proposition 2 .2 .  L e t  X  b e  a  v arie ty  o f  d im e n sio n  in  and  le t
E  b e  a  v ector bundle  o f  ran k  d + 1 .  S uppose th a t  E  is generated
b y  i t s  global sections, m _ d + 1  an d  cd + 1 (E )= 0 .  Then

(i) T h ere  ex its  a  (m—d)-dimensional subvariety Y  o f  X  such
that El y  =6 ),(DE' w here E ' is som e v ector bundle of  rank  d  on Y .

(ii) S uppose d = 1 .  T hen  e ither E  h as  a  triv ial lin e  b u n d le  as
d irec t sum m and o r  there  ex ists  a  morphism f f ro m  X  t o  a  curve
C  such  that E = f*E "  w ith a  suitable v ector bundle E " on C .

I n  o rder to  p rove  Proposition 2.2, we need some preliminaries.

Lemma 2 .3 .  F o r  a  subuaritety X o f  Gr(n, d ), the follow ing
three conditions are equiv alent to each other.

(i)
(ii) T here ex ists a  hyperplane H  o f  P " s u c h  th at  H  does not

contain L x , f o r an y  p o in t x  of  X .
(iii) F o r a  general hyperplane H  o f  P", th e re  is  n o  p o in t  x  of

X  such  that H  contains L .
I f  there ex ists a  non-singular v ariety  2  a n d  a  morphism f from

2  onto  X ,  t h e  f o llow ing  c o n d itio n s  are  equ iv alen t to  these  three
conditions.

(iv) E(n, d)l x  h a s  a  t r i v ia l  lin e  b u n d le  a s  a  quotient bundle.

P ro o f . (i)<=qii).#>(iii) a r e  o b v io u s  b y  v ir tu e  o f  Lemma 1.1.
(iv) ( i ) :  S i n c e  f *E (n, d) h a s  a  t r iv ia l  lin e  b u n d le  a s  a  a q u o tie n t
bundle,

cd+i(f*i(n, d))=f*c d + ,(Z(n, d ))= f * (0 1,1 ..... 1 = 0

Hence we have X.co i , i ..... 1 =0.
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(ii) (iv) is obvious. q. e. d.

Lemma 2 .4 .  L e t  X  b e  a n  m-diinensional subvariety o f  Gr(n, d)
w hich  satisf ies th e  c o n d itio n s  (i)— (iii) o f  Lemma 2.3, and assum e
t h a t  tri d +I .  T h e n ,  t h e re  e x is t s  a  (m — d)-dimensional subvariety
Y  o f  X  s u c h  th at  E(n, d)l y  h a s  a  triv ial lin e  b u n d le  as  a d ire c t
su m m an d . I f  d =1, th e n  E(n, d )i, h a s  a  t riv ia l  l in e  bnudle a s  a
direct summand.

P ro o f .  L e t x ,  b e  a  p o in t  o f  X ,  a n d  w e consider th e  following
diagram.

Gr(n, n— I) Gr(n, d)D X D

Set Z = orcit (x 0 ) = {h E Gr (n, n — 4,0} a n d  W =7ET 1 (Z) n l (X ) =
{(h, E Dr (n, n— I, d)I X E X , L„m Lx  a n d  Li, Lx .}
F o r  any  po in t h  o f  Z,

dim nT (h) n W=dim (X n w i , i dim X — d .

Hence there exists a n  irreducible component Wo  o f  W such that

dim Wo d im  Z + dim X — d =dim X + n — 2d — 1 .

Hence, fo r  any  po in t x  o f  ni 1 ( WO we have

dim TGI(x) n dim nil(x) n Wo =dim X + n —2d — 1— dim  r2 ( Wo ) .

Since nil (x) n W  {h e Gr (n, n — 1)ILh m Lx  a n d  L ,  Lx o },

dim nil(x) n W= n-1— dim (linear space spaned b y  Lx  a n d  Lxo }

= n — 1 — (2d — dim (L x  n L x o ))

L et n2 ( Wo ) = Yo ,  then  fo r  any  poin t x  o f  Yo w e  have
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(1) dim (L, n 1,,0 ) . dim X — dim Y0 .

W e consider th e  following diagram.

Dr(n, d, 0)

Gr(n, d )  X D  Y0 Gr(n, 0) D L , 0

since

dim (Prï l ( Y 0) n Pri l (L x ( ) )) dim Y0 + dim X — dim Y0  =dim X ,

w e have  fo r some poin t P  o f  pr2 Prï. 1 ( 17o) n L x 0

dim (prT 1 ( 170) n pri'(P))_  dim X — dim Lx 0  = in — d.

T his  show s th a t th e re  e x is ts  an (in— d)-dimensional subvariety Y  of
X  such  tha t fo r  a n y  p o in t x  o f  Y , L x  goes th roguh  a  common point
P  o f  P ". Therefore, E(n, d)l y  h a s  a  t r iv ia l  line  bund le  a s  a  d ire c t
summand.

If d = l ,  the  fo rm ula  (1 ) show s that dim X =dim Y0 , h en ce  X = Y0 .

This show s th a t  f o r  arbitrary  tw o p o in t s  x  a n d  y  o f  X , L„ and  L ) ,

h a v e  a  common point. T h is  a n d  th e  c o n d i t io n  ( i i ) )  o f  Lemma 2.3
show th a t fo r  any  p o in t  x  o f  X , Lx  h a s  a  common p o in t .  Therefore,
E(n, d)l x  h a s  a  tr iv ia l line bundle a s  a  d ire c t summand. q .  e .  d .

Proof o f  Proposition 2.2. S in c e  E  is  g e n e ra te d  b y  its  global sec-
tions, w e have the  following exact sequence.

n+1
E 0 Ox  — > (quotient bundle) — › O.

H en ce  th e re  ex is ts  a  canonical m orphism  f: ,d ) such that
E  * i ( n ,  d). Let m ' = dim f  (X ) .  Since cd , ,(E)= 0 , w e  s e e  th a t  f (X)

satisfies the conditions (i) —(iii) o f  Lemma 2.3.
If d, the assertion is trivial.
Assume that d +  I . B y  v ir tu e  o f  Lemma 2.4, there exists an
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a n  (m'—d)-diemnsional subvariety Y ' o f  f (X ) , s u c h  t h a t  E(n, d)l y ,
h a s  a  t r iv ia l  l in e  b u n d le  a s  a  d i r e c t  su m m a n d . S in c e  dimf - t(Y')

— d ,  there exists a n  (m —d)-dimensional subvariety o f  X  such that
El y  h a s  a  tr iv ia l line bundle a s  a  d ire c t summand.

A ssum e n o w  t h a t  d =1 a n d B y  v ir tu e  o f  Lemma 2.4,
E(n, 1)If ( x )  h a s  a  tr iv ia l line bundle a s  a  d irec t sum m and . This shows
th a t E  h as a  tr iv ia l line bundle as d irec t sumand. q. e. d.

Corollary 2 .5 .  L e t  X  b e  a n  m-dimensional non-singular variety
an d  le t  E  b e  an  am p le  v ector bundle o f  ran k  r. Assume th at  E  is
g e n e rate d  b y  its  g lobal sec tions. T hen , c i(E ) is num erically  positive
i f  III i s  l e s s  t h a n  m + 1  an d  r+ 1 , w here I = (i i , i 2 ,..., i r )  i s  a  s e t  o f
non-negative integers,

(E)= c i (E)'' • c 2 (E) i  2  •  •  •  cr (E)i ,  a n d =ii +2i 2 +••• +ri,. .
(Sumihiro [5])

P ro o f . Since E  is  g e n e ra te d  b y  its  global sections, there exists
an  exac t sequence

n+1
0 E 10 0 x (quotient bundle) —4  O.

T h is  e x a c t sequence define a  morphism f; X —>Gr(n, r- 1 ) ,  su c h  th a t
E = f* i(n ,  r - 1). L e t  r '  b e  a positive integer such that r' {r, m}.
Suppose th a t cr ,(E ) is not numerically positive. S i n c e  c,..(E) is numeri-
cally non-negative (by virtue o f  Proposition 2.1), the re  ex ists  r'-dimen-
sional subvariety Z o f  X ,  su ch  th a t Z • ce (E )= 0 .  Since

Z • cr
, (E)=Zf*co i , i  ..... 1,0 ......  0,

we have

f  ( z ) .  (01,i .. , 1,0 0 =0 .
r•

H ence, there exists a  system (A 0 , A 1 ,..., A r _ i ) o f  linear subspaces
A i o f  I "  such that
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(2) f (Z )  n- on —rH — r 1, .............................................+ 1 , n — r + r ' ..........................0 ,  A 1 ,..., r - 1 )

= 0 •

W e fix  a  (n—r+r')-dimensional linear subspace A  o f  P n , which con-
ta ins A r , _ 1 . F o r  any  p o in t  x  o f  f ( Z ) ,  w e have

dim (L x  n r' — l a n d  dim (Lx  n _ 1)<r' — 1 ( b y  v i r t u e  of (2)).
Hence we have

dim (Lx  n .

T h e re fo re , w e  c a n  d e f in e  a  m o rp h is m  g: f(Z)—>Gr(n—r+r', r' —1),

b y  L ox) =L x  n AOEA ,-.,•Pn - r-Fr' f o r  a n y  p o in t  x  o f  f ( Z ) .  I t  is  e a s y
to  see that

of)(Z). 0 )1,1.... 1 =0........ (in Gr (n — r + r', r' —1)).

H ence, by virtue o f  th e  p roof o f  Lemma 2.4, there exists a  curve  C
i n  Z ,  s u c h  th a t  f o r  a n y  p o in t  y  o f  (g of)(C), L y p a s s e s  through a
com m on p o in t. T h is  sh o w s th a t  f o r  a n y  p o in t  x  o f  f (C ), L x  passes
through a  com m on p o in t, a n d  th is  shows that E l c  h a s  a  tr iv ia l line
bundle  a s  a  d i r e c t  sum m and . B u t th is contradicts t h e  fa c t  th a t  E
is  an  am ple  vector bundle . Thus w e proved that ce (E ) is numerically
positive.

If f l  = r' min {r„  i t  i s  e a s y  to  show  that

l j

o ,,,,, • co i1", 1 

= w i . 1 ,0 ......... 0 + sum  o f  o th e r  Schubert cycles of

non-negative coefficient.

T his show s th a t  cT (E ) is numerically positive  in  th is  case. q. e. d.

§3. Morphisms from projective spaces to Gr(n, d)

I n  th is  section w e are gonig t o  show  that all m orphism s from  Pm
to  G r (n, d )  i s  constant if n + 1 o r  i f  m = n   6  and  d =1 o r  2 .

L e t m  b e  a n  integer w ith in n — d +1 a n d  a ssu m e  th a t  n> 2d >0.
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Let f  b e  a m orphism  from  P' to  G r(n , d )  and le t E  = f * i (n ,  d). Let
ci b e  th e  integer such that

ci(E )= c ih i  w h e re  h  i s  a  h y p e r p la n e  ( 1 . . i_ d + 1 ) .  S in c e  E  is
generated  by its global sectios, ci i s  a  non-negative integer.

Set c= (c i, c2 ,..., c d ." ) ,

F ( t ) = 1 — c 1 1 + c 2 t
2 ___ + (_  l)+ l c d +  ird+1 and

G (t )= 1  +  i (c)t + 0 2 (c)t 2+ 0 _ d ( c ) t n - d

F (t )  a n d  G (t) a re  elements o f  Z [ t ] .  T h e n , w e  have

Lemma 3.1. U nder th e  abov e notation, w e have

fpn-d + 1(C) = n —  d 1- 2(C) = =  m ( C )  =  °  •

P ro o f . Since f*Q (1 , d ) i s  a  v ec to r  b u n d le  o f  r a n k  n— d and
ci(f*Q (n, d ))=0,(c)h 1,  the assersion is obvious.

Corollary 3.2. A ssum e th at  m n + 1  and  f  b e  a  morphism from
Pm to  G r(n, d). Then f ( p m ) o n e  point.

P ro o f . W e  m a y  assum e tha t m  =n + 1 .  W e  u s e  sa m e  notation
a s  above . B y  v irtue  o f  Lemma 3.1. we have

F(t) G (t)=1.

Therefore, we have

ci =c2 - -  =ca+1= 0 .

I n  particular we have c 1 (E )= 0 . T h is  show s that

fOP H +1 )• 0 1,o,..., 0= 0

S in c e  w , .. 0  i s  an am ple divisor, this shows that f ( P 1 )  is  one point.
q.e. d.

Lemma 3 .3 .  I f  m = n  and f ( P )  i s  n o t  o n e  p o in t, then
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(  i )  c1 , c 2 , . . . , c„  0 1 (c), 2 (c), . On _a ( c )  a re  p o s it iv e  integers.
(ii) S e t  r= M .C .D .(i, d + 1 ) an d  se t  p, y  b e  su c h  th at  i = rp  and

d +1 =ry. Then cycd 4, is  a positiv e integer less than ( c  1 ) v  f o r  all

i  with
(iii) W hen nd is ev en, there ex ists a n  integer a  such that

c d + i = a d+1

W hen nd is odd, there ex ists a n  integer a  xuch that

ca+i= as w here  2s=d+1 .

P ro o f . B y virtue o f  Lemma 3 .1 , w e have

(1) F(t). G(t) =1 + -,d+1C d+14 n _ d(C)t n +  1  .

B y th e  sam e way a s  in  th e  proof o f  Corollary 3 .2 , we have

(2) c1>0  a n d  cd + 1 0,,_a (c)+ 0 .

H ence, by virtue of form ula (2 )  and Proposition 2 .1 , w e have (i).

(ii): L et )3  b e  the positive (n + 1)-st roo t o f  cd + i On _d (c).
Set

F(t)=(1 —  a 1131)(1 —  a2fit) (1 —  ad+ifit) ,

By virtue of form ula (1 ) , w e have

(3 ) lad =1, oci +cti  i f  i+j, a ï 1G of2,•••, ad+11

at • tx2 .•. ad+ = 1  a n d  fid+1 — 'd+1 •

( E  1  5  < j i5d+ l ai l
a f 2 • • '  

a i i ) v

< (

Hence, we have
Since cyci! i  i s  a  ra tional num ber a n d  is  in te g ra l o v e r  Z ,  i t  i s  a

rational integer.
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(iii): B y virtue of the  form ula  (3 ) , w e have

F (
1

7 6 7 -)ta+ 1 =  (t— oc 1 )(t—oc,) ••• (t —  ctd+

=(oc, 1 t — 1)(oc2 t  11 ( 1— , ••• ••• ad+

= (a l  t — 1)(a2 t — 1)...(ad  4 i t — 1)

= (_  o d + IF (   f it   ) .

This shows that

(4) fo r  all i  w ith  1

Case 1. W h e n  d  is e v e n .  L e t  d = 2 m ,  th e n  b y  v ir tu e  o f  th e
formula (4 ) , w e have

p— - 1

Since f l  i s  a  rational num ber a n d  is  in tegra l over Z , f i  i s  a  rational
in tege r. Let a = ,6 , th e n  w e  have cd + i =ad+'.

Case. 2. W hen d  i s  o d d  a n d  n  is  e v e n . S in e  n —  d is  odd , w e
can apply sim ilar technic to G(t) as in  the  C ase  1 t o  F(t), and  we see
th a t f i  is  a n  in teg e r. L e t a = ,6 , then  w e have

c d +  = a d+1

Case 3. W hen d  a n d  n  a r e  o d d .  Let d + I =  2 s , then by virtue
o f  th e  formula (4 ) , w e have

102 =C„FiCs _

Hence, [12 i s  a n  in te g e r . L e t  a=,6 2 ,  th e n  w e  have Cd+ 1 
= a s•

q. e. d.

Proposition 3 .4 .  L e t  n .. 6  a n d  le t  f  b e  a  m orphism  f rom  Pn
to  Gr (n, 1 ) , then f (Pn) consists of  one point.

P ro o f .  Suppose tha t f ( P " )  h a s  m ore  th a n  o n e  p o in t .  By virtue
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o f  L em m a 3 .3 , w e  see  tha t c c '  i s  a positive in teger less than  4 .
W hen cicV  =1, w e  have 0 2 ( 0 = 0 .  When cf cV = 2 , w e  have 0 3 (c)=0.
W hen cic -

2
1 = 3 , w e  have 0 5( c ) = 0 .  Since this contradicts (i) of

Lemma 3.3. q. e. d.

Proposition 3 .5 .  L e t  n 6  a n d  le t  f  b e  a  morphism from  P "
to  G r(n, 2), then f(Pn) consists of  one point.

P ro o f. Suppose f ( P " )  h a s  more t h a n  o n e  p o in t. B y  v ir tu e  of
Lemma 3.3, we can write

F(t)=(1— at)(1— bat+ a 2 t 2 ) w here  b  and  a  a r e  in te g e rs . B y  the
sam e w ay as  in  th e  proof of Lemma 3.3, we see that b 2  is  le ss  th a n
4 . W h e n  b= —1, we have F(t)=1—a 3 t3 . This contradict (i) of Lemma
3.3. W hen  b = 0 ,  w e have F (t)=1— at+a 2 t 2 - - a3 t 3 . H e n c e ,  w e  have
0 2 ( c ) = 0 .  T h is c o n tra d ic t ( i)  o f  L em m a 3.3 . W hen b = 1 ,  w e  have
F(t)=1-2at +2a 2 t 2 -  a3  t 3 . H ence , w e  have 0 4 ( c ) = 0 .  This contradict
( i)  of Lemma 3.3. q .  e .  d .

§ 4. Numerically property o f  (n — 1)-dimensional projective space
in  Gr(n, 1)

L et X  b e  a  subvraiety of G r  (n , 1 ) w h ich  is  b iregu la r to  p n - 1 ,

H  a  hyperplane of X P " '  a n d  E = i(n , 1)1x . Set

cl (E)= X • co,, 0 =hH

c2 (E)=X•cu 1 ,1 = bH 2 ( a s  cycles in X P ' ' ) .

Then, w e  c a ll  th a t  the trip le (h, b, n ) an d  th e  vector bundle  E  are
associated with X.

In  th e  se q u e l w e  sh a ll sa y  th a t a  tr ip le  (h, b, n) i s  admissible
if and only if the triple (h. b, n) is associated with X , for some suitable
subvariety X  o f G r(n, 1), w hich is biregular to P" -  .

The a im  of th is  section is  to  p ro v e  the following theorem.

Theorem 4 . 1 .  A ssum e that a  t r i p l e  (h , b, n ) is adm issible and
b+0 , then
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( i ) w hen n = 3 , (h , b )= (I, 1 ) o r (2.1) o r (2,3)

(ii)) w hen n= 4, (h , b)= (2 , 1) o r (2, 2)

(iii) w hen n (h, b)=(2, 1).

I n  order to prove Theorem 4.1, we need some prerilinaries.

Lemma 4.2. I n  G r(n, 1 ), w e have

( j )
 

(ow • 1  ,  =  toi + 1,j+

(ii) let n - 1 .1(•_m _ O  a n d  i+ j+ k+m---2n —  2,

then,

i f  i+ m = j+ k = n -1
i , j a ) k,m =

0o t h e r w i s e .

P ro o f .  Since co
1  = 0 1,02  — (0 2,o a n d = o n e  point, t h e

assertion is proved by easy calculation.

Lemma 4.3. L et X  be  a  su b va r ie ty  of  G r(n, 1) w hich is b iregu la r
to  1" - ' an d  le t  N  b e  the  norm al bundle o f  X  in  G r(n , 1 ) . Assume
th at (h, b , n ) i s  th e  trip le  assoc iated  w ith  X . Then,

Un-1)/21c_ 1 (N )=  E  (on- b)bi)2 •
1=0

w here [(n — 1)/2] i s  th e  integer p art  o f  (n — 1)/2.

P ro o f . By virtue o f  Lemma 4.2, we have X  is rationally equivalent
[( n-1)/ 2]

to E  (x - 1 - Wn- 1 - i,i• B y  v ir tu e  o f  [ 1 ] ,  [ 9 ] ,  w e  havei=o
[(n-1)/2]

c n _ ,(N)= X • X = E  (x • n - 1 -  i , i ) 2  •
i=0

O n  th e  other hand w e obtain

X • Ctin - 1 -  = X • on- (by virtue o f  Lemma 4.2)
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=X • 1 ) n-1-21(C°1,05 W1,1)W1,1 i

b)bi. q. e. d.

[ (n -0 / 2 1
S e t  c„_ 1 (h, b)= E  (on - 1-20 , b)b i ) 2 a n d

i=o
f„(h, b, t)=(1+ht+bt 2 ) 1 1(1+(4b— h 2 )t 2 ) (1 +  t )"  e Z [W ]. Then, we have
th e  following lemma. q. e. d.

Lemma 4 .4 .  A ssum e t h a t  a  t r i p l e  (h , b , n ) i s  adm issible and
b + 0 , then

(i) h  an d  b  are positiv e integers w ith h2 b .

(ii) Zi(f.( 11, b, n))> 0 if —1.

(iii) xn-i(fn(h , b, t))=c„_ 1 (h, b).

(iv) Oi(h, b)_.0 i f  0 n —1.

P ro o f . (i): Since co1 ,0
2  — W1 , 1 =CO2 , 0 ,  w e have

(h 2 —b)H 2 ( c o= , i,o 2 — (0 1,0' X — (0 2,o•X O  a n d  h2 . b.

Since b+0, h  a n d  b  are positive integers by virtue of Proposition 2.1.
(ii) a n d  (iii): L e t X  b e  a  subvariety o f  Gr (n, 1) with which the

triple (h, b, n) is  assoc ia ted . A n d  le t T x  (resp. TG ,.( „,, ) )  b e  the tangent
bund le  o f  X  (resp. Gr (n, 1)). Then, th e re  e x is t  t h e  following exact
sequences o f  vector bundles,

O - - ) •  Tx T G r (n ,1 )1 X N - - ) .

n+1 v
0 E(n, 1)0 E(n, 1) E(n, 1) 

Hence, we have

c(N)=c(E)"+ 1 1 c (E  i)c (T w h e re  E = i(n , 1 )1x •

Since c(E)= X + hH + bH 2 , c(E0i)= X +(4b— h 2 )H 2 a n d  c(T x )=(X +H)n,
w e have
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c(N )=(X  +hH +bH 2 )n+1 1(X  +(4b h 2 )H 2 )(X  +H)" .

B y  v ir tu e  o f  Lemma 4 .3 , w e  h a v e  (iii). I t  i s  e a s y  t o  s e e  t h a t

X t(fn(h, b, t))> 0  a n d  X. - i (f„(h, b, t))>0. S ince  i ( n ,  1 )  is generated
b y  i t s  globalsections, so  is  N .  B y the  descending induction  on  i  and
by virtue of Proposition 2.1 , w e can prove (ii). (iv): S ince E  is gene-
ra ted  by  its  global sections, we have (iv) by  v irtue  of Proposition 2.1.

q. e. d.

Lem m a 4.5. L e t  a an d  1 3  b e  the  cm plex  num ber such that 1—

ht + bt 2 =(1—  N/ b t)(1—OE N/  0 .  Then,

(i) 0.(h, b)=(am +am +ifi+ ••• +43m- 1  + .N/Wm

(ii) 0,„(h, b) = ((Œm+ 1 — PH + 1 )1(a /3)) N/T) m

= (sin (m + 1)0(h, b)/sin 0(h, b)) \ / - h- m if b _ h 2 <4b

w here 0<  O(h, b) =cos - 1 (11P b )  n13.

Proof. m(h, b)=x„,(11(1— ht+ bt 2 ))

= Xm(1 1 (1 —c /7t)(1t)(1 f l t))

(ot m m - 113 ±  ±  00 m-1 ±fpr)V b m.

(ii) is confirmed by easy calculation, q. e. d.

Lem m a 4.6. A ssum e t h a t  a  t rip le  ( h ,  b ,  n )  is adm issible and
h2 <4b. A nd set n(h , b)=[m IO (h, b)], th en  w e  have

n(h,

P ro o f . B y  v ir tu e  o f  ( iv )  o f  Lemma 4 .4  a n d  (ii) o f  Lemma 4.5,
w e  h a v e  th e  result. q. e. d.

Lem m a 4.7. A ssume th at a triple (h, b, n) is adm isseble, and  b+0.
I f  n = 3 ,  then (h , b )=(1 , 1 ) or (2, 1) o r (2, 3).
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P ro o f . Since x2 (f
3
(h, b, 0)=7h 2 - 12h +5 a n d  since

c 2 (h, b)=(h 2 — b) 2 + b 2 ,

w e have
14h 2 — 24h + 12 /1 4 , b y  v ir tu e  o f  ( i i i )  o f  Lem m a 4.4. T h en , we

have h =2 o r  1 ,  which implies our assersion. q.e. d.

Lemma 4 .8 .  A ssum e t h a t  a  t r i p l e  (h , b , n ) is adm issible, and
b + 0  I f  n=4 , then (h, b)=(2, 1) o r (2, 2).

P ro o f . S ince  z 3 ( f4 (h, b, t))= 15h 3 - 44h 2 + 50h — 20— 4b..5 15h 3 a n d
since

c3(h, b)=(h 3 2h  b ) 2 + (//b) 2 h 6 /5

w e  h a v e  7 5  h 3 a n d  4  h. T h ere fo re , it  is  e a sy  to  see  th a t (h, b)=
(2, 1) or (2, 2). q. e. d.

Lemma 4.9. A s s u m e  th a t  a  t rip le  (h , b , n ) is adm issible, and
b + 0 .  I f  n=5 , then  (h, b)=(2, 1).

P ro o f . Since

Z4(f5(1/, b, 0)=310—  2h 2 b + 7b 2 — 5(26h 3 +6hb)+15(16h 2 +2b)

— 210h+ 70 — 2h2 b + 7b 2  . 36h 4  a n d  since

c4 (h, b)=(h 4  3 h  2 b  b 2 ) 2
 +  (17 2 b )  2 b  2  +  b  4  ,

w e have 36h 4  b 4  a n d  6 h 2 > b 2 .
W hen h 2 4 b ,  w e  have  c4 (h, b)_>_ h8 / 1 6 .  T hus w e  have 36.16 h 4

a n d  4  h. H ence, i n  th is  c a s e  9  b.
A ssum e now  tha t h 2 <4b. S in c e  6 h 2 b 2 , w e  have  9 and

24 b .  T h e re fo re , it  is  e a sy  to  se e  th a t  (h, b)=(2, 1) q. e. d.

Lemma 4 .1 0 . A ssum e t h a t  a  t rip le  ( h ,  b , n ) is adm issib le . If
then  12 div ides hb(h 2

 — b+3).
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P ro o f . L e t  Y  ( P 5 ) b e  a  linear subspace  o f  d im e n s io n  5  o f
X P " - 1 ,  th e n  b y  Riemann-Roch Theorem, we have

17 15 1371X(Ely)=X5(( 1 + 3 t+ t 2 + t3 0+ t4+t5)(1  + ht +-
2

(h 2 -2 b ) t 2

4 4 6

+ - 1
6 - (h3 —3hb)t 3 +14 (h4  —4h2 b+26 2 )t 4  +  12

1
 o (h 5 —5h3 b+5hb 2 )t 5 ) )

1 + x(e(h))-4b-2hb— h2 b — f b(b +1) +  2
1
4   hb(h2 — b+ 3)1 .

Since x(Ely) a n d  )0 (1 ) )  a re  integers, 12 has to  divides hb(h 2 — b +3).
q.e.d.

Lemma 4 .1 1 .  I f 6  a n d  h2 <4b, then  there  ex ists  n o  admis-
sib le  trip le  (h, b, n).

P ro o f . Since n a n d  h 2 < 4 6 ,  w e  have n(h, b) Hence, we
have

(1) 3 b ./ / 2 <4b.

W e also  have

(2) c„_ ,(h, 6 b " - ',  by virtue o f  Lemma 4.5 (ii).

O n  th e  o ther hand  w e have

(3) L-1((1+ h t +  bt2 )" + 1 )=4.- i(L(h, b, t)(1+ t)"(1+ (4b— h 2 )t 2 )

> i(f.( 11,

=c„_ i (h, b) by virtue o f  Lemma 4.4.

and

(4) x„_,((1 ht +bt 2 s n + I s

» < X n - 1 ( ( l+ V T 0 2 " + 2 )

= (2 n + 2
n - 1  ) v
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Since (2n+ 4
)—  4

( 2n+ 2 ) (when n >6), w e haven n - 1

(5)
(  2 n +  2

n -1

Therefore, by (2), (3), (4) and  (5), w e  have

(6) 15 b  a n d  7 - h.

T h e  following ta b le  is  th a t  o f  n(h, b) w ith  th e  p a ir  (h, b )  which
satisfies the condition (1) and (6).

(h, b) n(h, b) (h, b) n(h, b)

(3, 3) 6 (6, 11) 7
(4, 5) 6 (6, 12) L 

P 
6_

(5, 7) 9 (7, 13) 12
(5, 8) 6 (7, 14) 8

(6, 10) 9 (7, 15) 7

I n  th e  p a ir s  (h, b )  w hich  appear in  th e  ta b le  ( 7 ) ,  only (6, 10),
(6, 11) and (6, 12) satisfy the condition of Lemma 4.11.

T h e  following tab le  show s th a t th e re  e x is ts  no admissible triple
(h, b , n) with n and h 2 <4b.

W hen h =6.

b n x„-,((1 + ht + bt 2 )"+1 ) c„_,(h, b)

10 6 52, 8696 6.105
10 7 650, 3168 10.106
10 8 7950, 8736 10.107
10 9 9, 6855, 3120 10.108
11 6 57, 2166 __ 6.11 5

11 7 720, 2104 .- 6.11 6

12 6 61,6896 .. 6.125

(7)

(cf. Lemma 4.5. (ii)) q. e. d.
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Lemma 4 .1 2 .  I f  n a n d  112t h e n  (2, 1, n )  is t h e  only
adm issible triple w ith  b+0.

P ro o f . L et a  b e  a positive number such that

1+ ht + bt 2 = (1 + ŒVT) 0( 1
 - F- j-srh" w ith  ot 1.

Then by virtue of Lemma 4 .5 , w e have

(8) c n _ i (h, b)> _ i (h, b) 2 > (oin -
1 + ci" -

3 ) 2 bn -
1 (1+  04

1
2 ) 2 (oz2 b)" -

1 .

O n the other hand  w e have

(9) L-10 + ht + bt
2

)

n +  1

1(1 +(4b — h 2 )t 2 ))

= L -1 (f.(h ,  b ,  0 ( 1 + On
)

> Zn _ i ( f„ (h ,  b, t))

= c„_ ,(h , b ) by virtue of Lemma 4.4

and

(10) zn_ i ((1+ ht+ bt 2 )"+11(1+(4b— h 2 )t 2 ))

= Xn- 1(1 1 + c( N/Tt)" 1-1 (1 b  t ) ' + 1  (1  —(oc - 1

(n + 1 )(n + l o c i _i ( cc _  1 Vkb „_,
i A a

2

(1
i

nEAn t l )a- 2 (  E n+ 1 ))} (0 0 7 )„_ i
i=o J i+2k= n— 1 — j

1 )n+ 1
+  co2 " ( a V T ) n - 1  .

B y (8 ), (9 ) and (10), w e have

n—i
2"(1+

1

—E -
)
> ( Œ J 7 ) 1) 11- 1  •

S in c e  n - 1 5 . \ , /  2  < 1 . 1 5 ,  w e have
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12.3(1+ ) > i .

Since (1 1
2  )0C,

\ / b  - , / h 2 - 4 b  ,  w e havea

12 .3 > 2 .3 (1 - -
Œ 4

) > N/h 2 - 4b .

Therefore, w e have h 2 -4 b  = 0  o r  1 o r  4  o r  5. In the case when
h 2 -4 b  =5 , (h , b) does not satisfy  the condition of Lemma 4 .1 0 . Only
(h, b)=(6, 9), (4, 4), (2, 1), (7, 12), (5, 6), (3, 2) and (4 , 3 ) satisfy (11) and
h 2 -4b  = 0  or 1  or 4.

Case 1. W hen (h, b)=(3, 2). We have

A-1(fn( 3 , 2, t))=Xn-iql + 2 0 11+ 1 ( 1 -  t) - 1 )<3 1 a n d

c„_ 1 (3, 2)> On _ ,(3, 2) 2 > (2 ,1- 1  + 2 , 2 + 2,3)2 > 3 32,2

Hence, a triple (3, 2, n )  is  n o t  admissible if
Case 2. W hen (h, b)=(4, 3). We have

Zn-i(f,,( 4 , 3, t))=Xn-i ((I + 3 0 ' 1 (1 +t)(1 4 t 2 ) - 1 ) < 41-. .6 1 +1a n d

3)>O n _ 1(4, 3) 2 > (3n - 1 
+ 

3 n - 2  +  3 n - 3 ) 2 >  2 . 9 n - 1

Hence, a triple (4, 3, n )  is  n o t  admissible if 6.
Case 3. W hen (h, b)=(7, 12). W e have

i(fn(7 , 12, t))<Xn-14 1 + 7 t+ 1 2 t2 ) 1( 1 -  t 2 )- 1 )

<L1-1((i + 4 0 2 " + 2 (1 -  t 2 ) 1 )

< 4 „ _ , z \  2n+ 2
i=0 n -  1 -2i

< 4 1 1 1 . 1 .22,1+2 _42n-1

On the other hand  w e have

) 2 ) 2
c_1(7, 12)>GP„_ 1 (7, 12) 2 = (4n -3n) 2 = 4"(1  -( > 4 "  1 .
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Hence, a  tr ip le  (7, 12, n ) is  n o t  admissible if
Case 4. W hen (h, b) = (5 , 6 ) . W e have

Z„-1(fn(6 , 5 , 0)=Z„-1(0 + 2 0 11+1 ( 1 + 3 0 71+1 ( 1 —  t2)- 1 ( i+ t) n)

= zu_i( i + i
n

_1 (1-Fty- i ( n- 1 ) (n-y ) x

(I + 0 " , -
1 - i- i2iti+ i )

‹ .1 .1 (n +i
 1  )2,,+i 4_./2 ( n  --II- 1 )(n +i  1 ) 2 „

E
 ( n + l ) ( n +i j ) 2 n - i .E  (n + 1  V n + 1

is n - 3 \  2  A n— 2  A

< 4 11+1 +(n+ 1 ) 2 2 1 + 1z +11(n-1)22" +2 3 " .

O n  th e  o ther hand  w e have

c11 _ 1(5, 6)> 0„_,(5, 6) 2 + (1) „ _ 3(5, 6) 2 62

= ( 3 n _  2n)2  (3 1 - 2  2 n -2 )2 6 2

7 . 32 n + 2  .32u-4 6 2
— 3

H ence, it is easy  to  see  that

Z11- 1 ( f n (
5 ,  6, t))< C,, _ 1(5, 6).

Therefore, a  tr ip le  (5, 6, n ) is  n o t  admissible if
Case 5. W hen (h, b)=(2, 1). W e have

xn- 1( f1 1 ( 2  I ,
1))=L -1((i +t)"+ 2 ) = + 1)(n+ 2) .

O n  th e  o ther hand  w e have

[( n-1)121
C11_1(2, 1 )= E 1)2

i=0

[(,,-1)/2]
=  E  (n— 20 2  = -

1
n(r7 + 1)(n + 2) .

i=o 6

)2 " - 2
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H ence , a  tr ip le  (2 , 1 , n )  satisfies th e  c o n d it io n  ( i i i )  o f  Lemma 4.4
fo r  a n y  n. I t  is  e a sy  to  se e  th a t  a  triple (2, 1 , n ) satisfies other con-
ditions o f  Lemma 4.4.

C ase  6 . W h e n  (h, b )= (4 , 4 )  o r  ( 6 ,  9 ) .  L e t  h =2(a + 1 )  a n d  b=
(a+ 1) 2 w h e re  a = 1  o r  2 .  T h e n , w e have

i(fn (h , b, 0)= X n-14 1 + (a +  00 2  "+ 2  (1 + t)

"- 1 ( 2n + 2E • )=Xn-i (I + t) 2 - 1 a 1t 1)
i=o

"- 1 (2 n + 2
E n— i— i)i=0

O n  th e  o ther hand  w e have

c _  1 ( h ,  b)= 13"- 1  cn-1( 2 ,  1 )

= (a  + 1) 2 i t -  2 (  n +3 2 )

(l + a ) 2 i ( n - 13-2

n-1
=  E  + 0 - 1 ( 1  + a 2,,-1-2i )a i( 2n — I ) ( n + 2 )

1=0 i 3

: ( 2 7  1  )( 2 +3 2 ) a i

Since (2n_  1 ) 2) _ (2 n i+ 2 ) (nn  + (  = 0  if  a n d  only i f  i =0),

c _  1 (h , b)> X n-i(fn (h ,
 b ,  0 ) .

Hence, triples (4, 4, n )  and  (6 , 9 , n )  a re  n o t  adm issible if n
q. e. d.

B y  v i r tu e  o f  Lemma 4.7, Lemma 4.8, Lemma 4.9, Lemma 4.11
a n d  Lemma 4.12, Theorem 4.1 is proved.



fL,d((xo, x n - d ) ) =

1, o, o,
0, 1, ..., 0,

n—i

0, 0, ..., 1,

i + 1

x o , x i , ...,
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§ 5. (n — 1)-dimensional projective spaces in  Gr(n, 1)

L e t (x 0 , x 1 ,..., x „ ) b e  a  system  o f  homogeneous coordinates in
P " When

ao,o, a1,1,•••, ao,n

a 1 ,0 , a " , . . . ,  a "„

A =

ad , 0 , a d , 1 ,..., a d , f l  ,

is  a  (d+1 , n + 1 )  m atrix o f ran k  d + 1 , w e  d en o te  b y  the same symbol
A the element of Gr (n, d )  which represents the d-space in P" spanned
b y  (d+ 1)-points (a 0 ,0 , a o ,„..., a 0 ), (a 1 ,0 ,a 1 ,1 , . . . ,a 1 ) ,... ,(a d ,0 ,a d , , , . . . ,a d ,„).

For a n y  i  with we define a  morphism f ! "  f ro m  P n - d

to  G r(n , d )  by the follow ing way.
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L et X f,,d =ff,, d (P" - d). It is  easy  to  see  tha t X d is  b ire g u la r  to  1" - d

a n d  that X L ,
'  a n d  X  are projectively eq u iv a len t to  each  o th e r  if

a n d  only i f  i=j.

A s mentioned in  § 1 ,  there exists a  canonical dual biregular mor-
ph ism  4 : G r (n, d)--> Gr (n, n — d — 1). W e  d e n o t e  4)(Xf,, d) b y  iL d •
T h e  a im  o f  th is  section i s  t o  p r o v e  t h e  following M a in  Theorem.

Theorem 5 . 1 .  L e t  X  b e  a  subvariety  o f  G r(n, 1) w hich  is  bire-
gu lar to  P" - '. Then,

(i) W hen n = 3 ,  X  is projectively  e q u iv ale n t to  so m e  o n e  o f
X3, 1 , XA, 1 , i 1 a n d

(ii) When 5 ,  X  is projectively equiv alent to  either X 1 o r

I n  order to prove Theorem 5.1, we need some preliminaries.

Lemma 5 .2 .  L e t  X  b e  a  subvariety o f  G r(n , 1 )  w h ic h  is  bire-
g u lar t o  P"- 1  ( n 3 ) .  A ssum e th at a  t rip le  ( h ,  0 ,  n )  is associated
w i t h  X .  T hen, X  i s  promecitvely equiv alen t to  X 0 . Consequently
h =1.

P ro o f . S e t  E =i(n , 
1 ) I x .  S i n c e  c2 (E)=X .c) 1,1 = 0 ,  w e  h a v e , by

virtue o f  Lemma 2.4

E ( 9 x (:) (line bundle).

Hence, there exists a  p o in t  P  in  P" such that

X  S -20 ,„(P)= {x e Gr(n, 1)IL„ e PI

Therefore, X =C20 ,„(P) an d  t h i s  i s  projectively equ ivalen t to  X'„, 1 .
q. e. d.

Lemma 5 .3 .  L et X  be  a  subvariety of  Gr (n, 1) w hich is biregular
t o  P " '  a n d  l e t  E=E(n, 

1 ) I x .  A s s u m e  th at  th e  trip le  (2, 1, n)
is associated w ith X . T hen
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E =e x (1 )Q0,(1 ) .

In  order to  proof L em m a 5.3 , we need following lemmas.

Lemma 5.4. L et E  be  a  v ector bundle o f  ran k  2  o n  P 2 . Assume
th a t  E  is n o t  s im p le  5 ) a n d  u n if o rm  v e c to r b u n d le . T h e n , E  is
decom posable. (cf. [11], T heorem  4.10 o r [7 ])

Lemma 5 .5 .  L e t  E  b e  a n  indecomposable an d  alm ost decom po-
sable 5 )  v ector bundle o f  rank  2  o n  a  v arie ty  Y  w ith  dim Y . 2 .  Then
there exists a  line bundle L  such that

(i) le(EOL)=1

(ii) h°( h°(det( ®L))>  O.

(Schwarzenberger [7]).

Pro o f  o f  Lemma 5.3. W hen  n = 3 .  Since E  is  genera ted  by  its
g lo b a l se c tio n s , fo r  a n y  l i n e  /  i n  X  P 2 , Eli =O ( 1 ) CD O(1) or
El,=0 4(2 )Q 0 , .  Suppose th a t  f o r  a n y  lin e  /  i n  X , Elf = 0 1(2 )C  , ,
i .e .  E  i s  u n ifo rm . Since c 1(E) 2 —4c2 (E )= 0 , E  i s  n o t  sim ple (cf [7]).
Hence, E  is decom posable by virtue o f  Lemma 5.4. Hence, E  x (2)

0 6 x. This contradict th e  fa c t  th a t  c2 (E )= 1 . Therefore, there exists
som e line /  in  X , such that Eli —(9 1(1)C 10 ,( 1).

W e now  assum e that B y  induction  on  n  a n d  b y  th e  fact
w e proved  in  th e  a b o v e , w e  m a y  assum e th a t th e re  ex is ts  a  hyper-
plane H  o f  X such that

ELI= O11 (1) 0 „ ( 1 ) .  Since, f o r  any integer m ,  t h e  sequence

0 E(m — 1) E(m) H(rn + 1) S H (m + 1) 0

is exact, it is easy to see that h° (E(m)) hl (E(m)) =0 if — 2 . Hence,
w e  have  h0 (E ( - 1 ) )= 2 .  Since (E(— 1)-) =E(—  1) Odet(E(— 1 )')=E (  — 1),
E  i s  a n  alm ost decom posable vector bundle. Since h ° (E (-1 ))= 2  and

5) Avector bundle E  is said to be almost decomposable or not simple if and only if
dim H °(X , E ® i)> 1.
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h ° (E (-2 ))=0 , it  is  e a sy  to  see  th a t E  is  a  decomposable vector bundle
by virtue o f  Lemma 5.4. Therefore,

E=O x ( 1 ) P e x (1) . q. e. d.

Lemma 5 .6 .  L e t  X  be  a subv ariety  of  G r(n, 1) w hich is biregular
to P" - 1 (n 3). A ssum e t h a t  t h e  t rip le  (2, 1, n )  is assoc iated  w ith
X . T hen  X  is pro jectiv e ly  equiv alen t to  X 1 .

P ro o f . S e t E =É (n , 1 ) I x .  B y  v i r t u e  o f  Lemma 5.3, w e  have E =
9 x(1) ,0 0 x (1 ) , whence X  is g iven  by  the exact sequence

n+1
0 —4 Ox ( — 1) 0 Ox ( — 1)`!' > C) ex - *  (quotient bundle) —> 0

n
T h is  e x a c t  seq u en ce  is  factered through C : 0 — > e x ( — U ' 10 ex
(i =1, 2) such  tha t 9 =9 1 + 9 2 ,  where

O X ( 1 )  @ el(
1

n+1
0 6 2 X ( -1 )0 0 X ( -1 ) • ex

J ,p2

0

These (pi g ives a  linear map

11/ X P  P" (i =1, 2).

Since cp is  injective, tfr ,(P)+ t//2(P ) fo r  any  point P  o f  X , and
X  = {x E Gr(n, 1)IP e X , L x  i s  a  line passing through

t/J1(P ) and tfr2 (P)) .

Therefore, in  o rd e r  to  cmoplete th e  proof, w e have only  to  prove the
following lemma.

Lemma 5.7. L e t  A  a n d  B  be hy perplanes o f  P "  an d  IP : A-413
b e  a  linear m ap  such  that P * t1 /(P) f o r  an y  p o in t  P  o f  A . T h e n ,
w e can choose suitable coordinate sy stem  o f  P " such that
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(i) A ={ points w ith  x = 0 }  an d  B ={ points w ith  x 0 =0}

(ii) 1/4(x0 , x 1 ,..., x n _ 0))=(0, xo , x1,..., x„_ i ).

In  order to  p rove  L em m a 5 .7 , w e  n e e d  the following definition
of 4-system  an d  Lemma 5.8.

D efin ition . (I):  A  sy stem  o f  s ix  p o in ts  o f  P "  ex pressed in  the

formP j  P l is  c alle d  a 4-sy stem  o f  s iz e  2 i f  an d  o n ly  if
P 8  P ?  1 3 9

( i )  P 8 ,  P ?  an d  P 9  sp an  a  linear space  of  dim ension 2.
(ii) e P8 P ?  w h ere  P 8  P ? is t h e  lin e  p ass in g  th ro u g h  P8

an d  P ?  and P6 + P8 an d  P 6  P ?: sim ilarly  Pl e  P ? 1 1  an d  P1 +P?
an d  PI +1=19.

(iii) P6 =PI) P8 n PI P8 .

(II) : When 3, sy stem  of

P ie

P 7 '1 p  T -

the form

m + 2 )
2 points o f  P "  ex pressed in

P j  P}
P8  P? • P,?,

o r in  th e  f o rm  {1) 10 i, j, is  c alle d  a 4-sy stem  o f  s iz e  m
i f  an d  o n ly  if

(i)  P8 , P?,..., P,?, sp an  a  linear space o f  dim ension m.

P r !

p r 2  P T -2

and

p T- 1

p T -2  p s t -2

are

11 PI
P 8  P ?  •

P l  P 1  •
P ?  PS)

p .1

4-systems o f  s iz e  ni —1.
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P r
(iii) P r -  P r '  i s  a  d-system  o f  s iz e  2.

P S  P T - 2  P 3

Lemma 5.8. (I): L e t  P8, P?,..., P; P ,  PI,..., b e  2m+1
p o in ts  o f  P" such that

(i) PS, P,), sp an  a  linear space of  dim ension in.

(ii) FI e P?P?4. 1 , + P ?  a n d  P1 4 11 +1  f o r  a n y  i w ith  0 <

T h en , th e re  e x is ts  a  com pletely  determ ined o n e  A-system
j, i+ m }  o f  s iz e  m  su c h  th at  PS , P?,..., 13,?2 ; are
its bottom  row  an d  its  second bottom  row , respectively.

(II): I f j, i+ j... n }  is a  d-sy stem  o f  s i z e  n  in P".
Then

(i) PS , 1 1 ,— , P „  P 8  a re  i n  general position, i.e . an y  su b se t of
n +1  po in ts  o f  {PS, P?,..., P ,  P g } spans P".

(ii) i f  w e choose coordinate sy stem  o f  P" su c h  th at P8=(1,
0), P?= (0, 1, 0,..., 0), ..., 11, =(0, 0, 1) and Pg I,..., I), then
P8-1-(1, 1,..., 1,0)  a n d  P7- 1  =(0, 1,..., 1)

(III): L e t  A  a n d  B  b e  lin e ar sp ac e s  o f  P "  and A— B  be
a  lin e ar m ap . L e t j, b e  a  d-system  o f  s iz e  in  in
A . T h e n , th e  d-system  o f  s iz e  m  i n  B  determ ined by  2m x 1 points

Q8 =0(P8), Q? =0(P?), •.., (n ) ; Q =  (Pi), 126=0(PD,—, .2,- -1 =
0(1)1-1) i s  {12ii =kk(P)1 0 i, j, i+

P ro o f . It is easy. q. e. d.

P ro o f  o f  Lemma 5.7. L e t  A 0  = A  a n d  B0 = B ,  a n d  we define
inductively A i =B i _  n A i _ i  a n d  B = 0 ( A )  S ince  tfr has
n o  fixed point, A i + B i . Hence,

dim A i =dim13,= n-1—  i.

S e t I I = B n _ i ( w h ic h  i s  a  p o in t  o f  P"). We define inductively
PP= tif- ' (P 4 , ) .  T h e n , it i s  e a s y  t o  s e e  t h a t  P?, ..... P
B i _ l ,  th a t  P8, sp a n  A0 a n d  th a t  P8, , n span 'P".
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F ix  a  p o in t  P 8  o n  th e  lin e  P8 P ?  s u c h  th a t  .11 +  P 8  a n d  /3 1) =P?,
a n d  we define inductively

Pi =11/(P1-1) where

T h e n , b y  v ir tu e  o f  Lemma 5 .8 , there
+ j  n} o f  size n. S ince  1/4/1) = P?„.

(0.5.j<n — 2), w e  h a v e  0 (Pri)=P7 - ',
W e  c h o o se  a  sy s te m  o f  coordinate
P? = (0, 1, 0,..., 0),..., P =( 0 , 0,..., 0, 1)
h a v e  OW, 1,..., 1, 0)) =(0, 1, 1,..., 1),
Therefore, we have

—1 .

ex ists a  A-system {P;10< 1, 1,
( 0  j  n — 1) a n d  kJi(P)=P) + 1

b y  v ir tu e  o f  Lemma 5.8 (III).
P n s u c h  t h a t  P8 =(1, 0 ) ,

a n d  Pi; = (1 , 1 ,..., 1 ). T h e n , we
b y  v i r t u e  o f  Lemma 5.8 (II).

ik((x0 , x 1 ,..., x n _ 1 , 0)=(0, x o , x 1,..., x _ 1) . q. e. d.

Lemma 5 .9 .  L et X  be a  subvariety o f  Gr (3, 1) which is biregular
to  pn .

A ssum e th at  th e  trip le  (1, 1 , 3 ) is associated  w ith  X . Then,
X  is projectively  equivalent to X 3, 1 .

(ii) A ssum e th at  th e  trip le  (2 , 3 , 3) is associated w ith X . T hen,
X  is projectively  equivalent to X A , 1 .

P ro o f . ( i) : S e t  E =P(3, 1)1x . There exists a n  e x a c t  sequence of
vector bundles

50 E — > ( e x — > 0

where Q=Q(3, 1 ) I .  T h e n ,  X  i s  th e  d u a l sp a c e  to  th e  space
b y  the exact sequence

4

defined

Since c2 (Q)=0 2 (E )=0 , w e  h a v e  th e  re su lt  b y  v ir tu e  of
(ii): B y th e  sam e w ay a s  in  ( i) ,  w e can  p rove  (ii)

Lemma 5.2.
q. e. d.

B y virtue  o f  Theorem 4.1, Lemma 5 .2 , Lemma 5 .6  and
Theorem 5 .1  is proved.

Lemma 5.9,



450 H iroshi Tango

§ 6 .  On the family o f  lines lying o n  a  non-singular quadric
three fold

In  th is  section w e  assume th a t  the characteristic p  o f k  is  no t
e q u a l  to  2. L et S  b e  a  non-singular quadric hypersurface o f  P 4 ,
and let

Xq(S)= {X E Gr (4, 1)IS= Lx } OE Gr (4, 1).

In th is  section w e shall show the following two theorems.

Theorem 6 . 1 .  (i) X q( S )  i s  biregular t o  P 3 .
(ii) X ,(S ) a n d  X q (S ')  a re  projectively equiv alent to  each other,

f o r  an y  tw o  n o n -s in g u lar q u ad ric  hy persurf ace S  a n d  S '  o f  P 4 .

Theorem 6 . 2 .  L et X  be a  subvariety of  Gr (4, 1) w hich is biregular
to  P 3 . T hen, X  i s  projectively equiv alent to som e one of
an d  X q(S )  w here S  i s  a  non-singular quadric  hypeersurface o f  P 4 .

In order to prove Theorem  6.1, w e need the following lemmas.

Lemma 6 .3 .  L e t  S  b e  a  non-singu lar quadric  hypersurface of
P4  a n d  l e t  L 1 , L 2  an d  L 3  b e  th re e  d istinc t lines  w h ich  lie  o n  S .
Then,

(i) S  contains n o  linear spaces of  dim ension 2.
(ii) N o  linear spaces of  dim ension 2  contain L 1 U L2 U L3.

(iii) A ssum e th at L I, L 2  an d  L 3  span P 4  a n d  L 1 n L 2 + 4 ) .  Then,

L i  n =  an d  L2 n L 3  4 ) .

( iv )  A ssum e th at  L 1 n L 2 = 0 , then f o r an y  po in t P  o n  L 1 ,  there

ex is ts  o n ly  o n e  p o in t Q  o n  L 2  s u c h  th at  P Q c S  w here P Q  i s  the
line w hich passes through P  an d  Q.

(y )  A ssu m e  th at  L 1  L 2  an d  L 3  span  P 4 ,  then there ex ists only
one  line w hich lie s  o n  S  an d  h as  a  com m on po in t w ith ev ery  one of

L I , L 2  an d  L3.

( v i )  F o r an y  lin e  Lo w h ic h  lie s  o n  S ,  there  ex ist three  distinct
lin e s  L I , L 2  a n d  L 3  w h ic h  satis f y  th e  f o llo w in g  th ree  conditions
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(a), (b ) a n d  (c). (a ): L 1 , L 2  an d  L 3  l ie  o n  S. (b): Le , L I , L 2  and
L 3  sp a n  P 4 . (c ) :  L o n L 1 +0, Li n L2 = 0, L2 n L3 +0, Lo n L2= 0, L0 n
L3 = 0 and L, n L3 =

P roo f. (i): I f  S  contains a  linear space of dimension 2, S  must
have a singular point, w hich  is  no t the case.

(ii): Since degree S=2, the proof is easy  by  v irtue  of (i).
(iii): It is obvious.
(iv): Let H(L,, L2 )  b e  the hyperplane spanned by L , and L2.

I t  is  e a sy  to  see  th a t  S n H(L i , L2 ) a  cone  and  S n H(Li , L2 ) two
p lanes. Hence, S n H(L 1 , Pi x P ' .  A nd th e re  ex is ts  a n  isomor-
phism f : -+ S n H(L i , L2 ) h w ich  satisfies t h e  follow ing con-
ditions:

( a ) :  L, =f(P x (1, 0)) a n d  L2 =f (P i x (O. I)) ,

(fi): {fines lying on S n H(L i, L2)}

= tf(P i E P 1 } 1 - 1 ( f ( 2  x  P 1 )1QeP i l.

Hence, (iv) is obvious.
(v): Since L 1 , L2 and L3 span P 4 , w e m ay assume th a t  L, n L2=

4). Let f ;  PI x P 1 S  H ( L i , L2 ) b e  a s  a b o v e . Since L3 (# H(Li , L2),
L3 n (H(L i , L2 ) n s ) =L , n H(Li , L2 )  i s  one point, sa y  f ( (Pi, P z)), then
L =  f(P , x V -) i s  unique line which satisfies (y).

(vi): There exists a  general hyperplane H  su c h  th a t H 1)Lo and
S n H  is a  non-singular quadric surface. H e n c e , s  n  H  P' x
Since Lo n (Sn H)=L o n H  i s  one po int, w e  c a n  ta k e  tw o  lin e s  L,
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a n d  L 3  such  tha t L , a n d  L 3  lie  o n  S n H, L , n L 3  = 0  and Lo n L, +0.
There exists a  line  L 2  which lies on S n H  a n d  L, n L2 * 0, L2 n L3

a n d  Lo n L 2  = 0 ,  b y  v ir tu e  o f  t h e  p ro o f  o f  ( iv ) .  I t  is  e a s y  to  s e e
th a t  th e  three  distinct lines L,, L 2  a n d  L 3  satisfy the conditions (a),
(b) a n d  (c). q. e. d.

Lemma 6 .4 .  L e t  S  a n d  S ' be tw o non-singular quadric hy per-
su rf aces  o f  P 4  a n d  l e t  Lo , L I , L2, an d  L 3  (resp. L '2  an d  LS)
be f o u r d is tin c t lines w hich l ie  o n  S  (resp . S '). A ssum e th at  Lo , L ,,
L 2  an d  L 3  (resp. L i2  an d  L S ) sp an  P 4  a n d  th at  L o n 1, 1 +0.
L, n L 2  0, L2 n L 3  0 , L o  n L2 =0, Lo n L3 =4) a n d  L , n L3 = (resp.

n L i +0, n D2 +0, n +  0 ,  Lb n L '2 = 0, n Ls = 0  a n d  L n

L'2 =4)). T h e n ,
(i) T here  ex is ts  a  l in e ar m ap  0 . : 134 _+134 s u c h  th a t  u(S)=S '

an d  a(L1) =L4 f o r all i= 0 ,  1, 2, 3.
(ii) I n  p art ic u lar X ,(S ) a n d  X ,(S )  a re  projectively eauivalent

to each other.

P ro o f . S e t  P? =L0 n L i , =L , n L 2  a n d  P3 =L2 n L3

T a k e  P3 t h e  p o i n t  o n  Lo s u c h  t h a t  P8 P c S  a n d  t a k e  P2
th e  p o in t  o n  L 3  s u c h  th a t  P? P2 cS (cf. Lemma 6.3. (iv)). Choose
a  p o in t  P,!, o n  Lo s u c h  th a t  P,A +P S  a n d  1 1  +P?. Then, there exist

three points PI, PA  a n d  P A  su c h  th a t P I E L 1 , P  e L2, PA e L 3 , PI, P1
cS , P  P l c S  a n d  PI PA cS.

..... ..
...„ ••••,

• ...„, ,
••,•••
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It is easy  to  see  that 9 points P8, P?, P9, P9, P2; P6, Pl, PA, PA satisfy
th e  c o n d it io n s  o f  Lemma 5.8 (I). H e n c e , th e re  e x is ts  a  d-system

j, i+  j_._41 o f  s iz e  4  s u c h  t h a t  P8, P?, P9, P8, P2 form
its b o t t o m  r o w  a n d  P6, PI, PA , PA  f o r m  i t s  se c o n d  b o tto m  row.
Similary w e  c a n  d e f in e  a  d-system o f  s iz e  4 {P110..i, j, i +
su c h  th a t P?' =Lb n =L 't n P9' = L'2 n P8' G LP, P8' P IP

S ', P2 ' e LS, P?' P2' c 5" , P6' P A ' S' , P6' P ' S '  a n d  P i '  P4'c S '.

P 8 ',

P ',A

P?'

Since P8, P?, P9, P9 , P2  a n d  Pt, (resp. P8', P?'  P9',,  P 2 ' )  and Pt'
a r e  i n  genera l position , there  exists a  lin e a r  m a p  o- : P 4  -3 13 4  su c h
that a (P ) = P '  a n d  a (P ? )= P ? ' fo r  a l l  i =0, 1, 2, 3, 4. Therefore,
o-(Pif ) = Pi./  for all j, j  w ith 0 j , j, 4. Since a (L 0 ) =Lb, o-(L ,)=L 'i ,

a(L 2 )=L '2, u(P8 P9)= P8' p p  a n d  u(P4 P1)= P6' Pi', u(S n H(L o , L2 ))
n (s' n H(Lb, L'2 )) contains 5 sidtinct lines where H(L o , L2 ) (resp. H (L ,
L'2 ) )  i s  t h e  hyperplane s p a n n e d  b y  Lo  a n d  L 2  (resp. Lb a n d  L'2 ).
Since degree o- (S n 111(L o , L 2 )) =degreeS' n H(Lb, L'2 ) =2, th is shows that

a(s n H(L o , L2 )) =--S' n H(L'o, 1 2).

Similarly we have

0-(s n H(L o , L3 )) =S' n H(Lb, L'3 ) and

u(S n H(L t , L 3 )) =S ' n LS).

Since degree u(S)=degree S' = 2  a n d  since a ( S )  S ' conta ins three  dis-



454 H iroshi Tango

tin c t quadric  surfaces, w e  h a v e  u(S )=S '. q. e. d.

Corollary 6.5. X,(S) i s  a  com plete non-singular v ariety  o f  dimen-
sion 3.

P ro o f . Since S  is com plete variety , so is X q (S). F o r  any general
hyperplane H  o f  P 4 ,  s n x  is non-singu la r quadric  surface. Hence,
dim X ,(S) n 522 ,3 (H )= I  . Since codim f22,3(H) =2, w e  h a v e  dim X q (S )=3
by virtue o f  Lemma 1.1. F o r  any  tw o points x  a n d  y  o f  X q(S ), there
exists a  biregular m a p  Gr (4, 1).—Gr (4, 1) su c h  th a t o- (X q (S ))=X q (S)
a n d  o- (x )= y , by  v irtue  o f  Lemma 6.3 (vi) a n d  Lemma 6 .4 .  This shows
th a t  X q( S )  is non-singular a n d  that every irreducible component has
sam e dim ension. Assum e th a t  X ,(S ) is reducible, and let X 1 a n d  X2

b e  tw o  distinct irreducible components o f  X q (S). Since X q (S)— mw 2 ,,
fo r  some suitable m  a s  a  c y c le  o f  Gr (4, 1), w e have X 1 — m,w 2 ,, and
X2 m 2w2 ,1 w h e r e  i n ,  a n d  m2 a r e  som e su itab le  positive integers.
S ince (X i .X2) = m 1 . m 2  >0 , w e  have X 1 n X 2  +  0 . B u t  this contradict
th e  f a c t  th a t  X q ( S )  is non-singular. Therefore, X q (S )  i s  a  complete
non-singular variety o f  dimension 3. q .  e .  d .

Lemma 6.6. L e t  S  b e  a  non-singular quadric hy persurf ace of
P4 . Then, (X  q(S)-(o 2 ,1) = 4.

P ro o f . L e t  So  b e  t h e  non-singular quadric hypersurface o f  P 4

defined by th e  homogeneous equation

X0 X2 + X,X 3 + Xi =0 .

L et A i b e  th e  hyperplane o f  P 4  de fined  by  X 4 =0 a n d  le t  Ao b e  the
line  o f  P 4  w h ic h  passes through tw o points (1, 0, 0, 0, 0) a n d  (0, 0, 1,

4 01: 01 : 00 :  00 :  00) ,  x 2  = ( 01:  00 :  00 : 01 , 00 ) ,  x 3  4 00 :  01: 01: 00 : 00 )0, 0). A n d  l e t  x i

0 0 1 0 11',and x4 4 0 : 0 : 0 : 0 )  b e  the four points of Gr (4, 1). Then, we have

x,(so) n AO= {x i , X2, X3, X4} .
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H ence, there  exists four positive  integers cl , c2 , c3 a n d  c4  su c h  th a t

X q (S0 ).52 1 ,3
,̂ CI XI +C2 X2 +C 3 X3 + C4X4 •

N ow  w e shall show th a t  c1 =c 2 =c 3 =c 4 = 1 .  Set

1, 0 , U 2 , 14 3 , U 4 ) G  Gr(4,U0,1 4 0 , 1 , y 2 , y 3 , y 4

b e  the  affine  open  se t o f Gr(4, 1). U 0 1  i s  biregular to

A 6 = {(U 2 , U 3 , U 4 , V 2 , V 3 , V 4 )} •

T hen, the  defining ideal o f  X g (S0 )n u o ,, i n  U0 ,1 i s

(U 2 + Uzi,  v 3  + v , V 2  +  U 3  + 2 U 4 V 4 )R

w here R =k [u 2 , u 3, U4, V2, 1/3, V4]. A n d  th e  defining ideal o f  ‘21 ,3 (A0 ,

Ao n U0 ,1 i n  U0 ,1 i s

(U 3 ,  U4, V 4)R .

Therefore, it is easy to see that c, = 1 .  Similarly we have c2 =c 3 =c 4 =1.
Since 01 , 3 =0 )2 ,1 , th is  shows that

(X g (So )•co2 ,1 ) =4.

Since X g (So) a n d  X q (S ) a re  projectively equivalent to each other,

(X,1(S)•(02,1)= 4 . q. e. d.

Lemma 6 .7 .  L e t  S  b e  a  non-singu lar quadric  hypersurface of
P 4 . D e n o te  b y  Hx  t h e  s u b s e t  {y e X,(S)1Lx  n Ly + 0 }  o f  X g (S )  for
any  poin t x  o f  X q (S). T hen, we have

(i) Hx  i s  a n  am ple div isor.

(ii) Hx  a n d  H y a r e  linearly  equ iv alen t to  each  o ther f o r  any
tw o points x  an d  y  o f  X q(S).

(iii) H  =1.
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(iv) dim H°(X q (S ), e(H x ))_  4.

Pro o f . I t  i s  e a s y  to  s e e  th a t  Hx  i s  a  d iv iso r . F ix  tw o  points
x  a n d  y  o f  X q ( S )  s u c h  th a t  Lx n Ly + 0 .  N o w  w e  sh a ll show  that

X,,,(S)• Hx+ Hy .

S e t  x  =x ,,, a n d  y = x1 ,2 ' W e  c a n  c h o o se  four poin ts x2 ,1 , x 2 ,2 , x 3 ,1

a n d  X3 , 2 o f  X q ( S )  usch t h a t  L 2 L 2 2 +4, L x 3 . 1  n Lx 3 ,2 + 49 and

L 2 2 a n d  L x 3 3 s p a n  P 4 f o r  a l l  1 i2, Since

X 4(S) n z)= H xi, 2} for a l l  j=1, 2 ,3

    

w here Lx .,.,L x .,., i s  th e  linear space of dimension 2  which is spanned
b y  Lx ., . ,  a n d  L x , ,  2 , w e have

X q (S)• 4, (.L X j, 1
L

X j .  2) Cj, i t i
,X j ,  I  +  C1,2 11

X J ,  2

where a n d  ci ,2  a r e  p o s i t i v e  in tegers. S ince Q2,4 
=

CL
)
I,0> ( DLO =

2 0 2,1+ W 3,0 a n d  (X,1(S) • co3 ,0 ) =0, w e have

( I ) 8 =(X ,(S )• 2 (0 2,1) — (X q (S)• coi,o)

= (C1,1141, 1 + c„, 2 H x ,, 2) • (c 2,,H
X 2

+
 C 2 , 2

1
4 2 , 2 )

.

•(c 3 ,1 11x 3  +c 3 ,2 Hx 3 ,2 ) i n  X q (S)

i2 ,

Since Lx , „  L 2 , 2 a n d  L  x 3 , ,3
 s p a n  P 4 ,  w e have

by virtue o f  Lemma 6.3 (v). This and the form ula (1 ) show  that

c1,1=c1,2 = 1  and

(2) Hx,.,• Hx 2 . ,• Hx =  I .
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N ow  w e shall show  ( i i ) .  F o r  any  points x  a n d  y  o f  X q (S), there
exists another p o in t z  o f  X,i (S ) su c h  th a t 1,, n 1, * 4  and  L y  n Lz *O.
Hence, we have

Hx+Hz—X,(S)•wi,o—Hy+Hz.

Therefore, w e h av e  th a t  Hx  a n d  Hy  a r e  linearly equivalent. ( i )  and
(iii) follow easily from (ii) a n d  (2) and  the  fac t th a t co,,, is  an ample
divisor o f  G,.(4, 1).

N ext w e shall show (iv).
W e  c a n  c h o o se  fo u r  p o in ts  x, y, z  a n d  w o f  X g (S )  such  that

Lx  n Ly = 0 , L n  L , y = 0 , L x n Lz +0, n L *  0 , nL + 0  a n d  L y n
L *  0 .  Then, Hx  n H  n H z  n H ,=  0 . Since
Hx  i s  a n  a m p le  d iv iso r , This show s that

dim H°(X q (S), e(H x ) ) .  4. q. e. d.

Lemma 6 .8 .  L e t X  b e  a  com plete non-singular v ariety  o f  dimen-
sion  n .  A ssum e that there  ex ists  a n  am ple div isor D  such  that Dn =

1 a n d  dim H° (X , (9(D)) n+ I .  T h e n ,  X  i s  biregular t o  P" (cf.
R . Goren [2 ] Theorem 1).

Theorem 6.1 is  p r o v e d  b y  v ir tu e  o f  Lemma 6.4 (ii), Lemma 6.7
a n d  Lemma 6.8.

Proof  o f  Theorem 6.2. L e t X  b e  a  subvariety o f  Gr(4, 1) which
is  biregular t o  P 3 . Assume th a t (h, b, 4) i s  th e  tr ip le  associated with
X .  T hen , b y  v ir tu e  o f  Theorem 4.1, Lemma 5.2 a n d  Lemma 5.6, we
have

( i ) b = 0  ( in  th is  c a s e  X  i s  projectively equivalent to X2, 1 ) or
(ii) (h, b)=(2, 1) ( in  t h i s  c a s e  X  is projectively equivalent to

Xi., 1 )  or
(iii) (h, b)=(2, 2).

T h e n , w e  n e e d  o n ly  to  sh o w  th a t  X  is projectively equivalent to
X,i (S) i f  (h, b)=(2, 2).

L e t u s  consider th e  following diagram.

L x Ly
L,
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Gr(4, 1)= X P4  S = p r 2 . pri'l (X )

w h e re  S  p r,o p rT i( X ) .  T h en , S  is a n  irreducible variety. Since

X •r2 0,4 =X-w 3 ,0 =X.(co1, 0  — = 0 ,  t h e r e  e x i s t s  a  p o in t P  o f P 4

such  tha t L x  P ,  fo r  any  e lem en t x  o f X .  This shows th a t  S * P 4 .
I t  i s  e a s y  t o  show that d im  S  3. T h e re fo re , S  i s  a  hypersurface.
In  order to  com plete the proof, it is suffic ient to  prove the following
lemma.

L em m a 6 .9 . U n d e r t h e  sam e  n o tatio n  as  a b o v e ,  S  i s  a  non-
singular quadric hy persurface.

P ro o f .  Let d  b e  the degree o f S .  Since X.0 1 3 =X -o) 2 ,1 = X.co i . o •
(0 ,,, =4 , w e have d  4.

Case I . Su p p o se  th a t  d =3 o r  4. Let P  b e  a po in t o f S .  Since
d im  { x  e  X IL  P I 1 , w e  have

dim pr 2 oprT 1 (X  n Pr clir 2 1 ( P ) )  2.

W e deno te  pr,oprV  (X  n p ro p rii(P ) ) , b y  C .  C p  is  f in ite  union of
c o n e s . A n d  fo r a  general point P  o f  S ,  dim Cp = 2 ,  and contains a
l in e a r  s p a c e  of dimension 2  because X.S2 1 3 = 4 .  H e n c e ,  f o r  three
general points P 1 ,  P ,  and P 3  of S , there exist linear spaces of dimen-
sion  2  A 1 , A 2  an d  A 3  su c h  th a t C p , A i P i f o r  all i = 1, 2 , 3 . W e
m a y  assume th a t  A i A i  i f  i + j  and  th a t  A 1 , A 2  an d  A 3  span  P 4 .
We denote {lines contained in A .  pass through P i } by A. F o r  any
point x  o f X ,  w e have dim pr i o pril(L x ).. 2. W e denote pr i o pril (L x )
b y  H .  S i n c e  d i m  = 1  and  X  is b iregular to  P 3 , A i n Hx + 0 . This
shows th a t L x  n A 1 + 0  for a n y  x  and i, hence dim A.  A ;  1 .  S i n c e
A 1 , A 2  an d  A 3  sp an  P 4 , w e  have A 3  A 1  n A2. This shows that
{x e Gr (4, OIL ) ; e P  an d  1,, n A 1 n A 2  + 4 ) }  X ,  for a n y  po in t P  o f  S.
In  particular {x e Gr (4, 1)1L x  c A i }  is conta ined  in  X ,  we denote this
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b y  Di . Since dim D i =2 and dim D I n D 2  = 0 ,  X  is  n o t  biregular t o  P 3 .

Therefore, d + 3 and d  4.
Case 2 .  Suppose that d = 1 . T hen  X  can  be  regarded  a s  a  sub-

variety o f  Gr (3, 1). B ut th is  is  impossible b y  v ir tu e  o f  Lemma 4.7.
Case 3 . Suppose t h a t  (1= 2  a n d  S  h a s  a  singu lar point. Let

W= {w e Gr (4, 2)IL,„ c S I  a n d  le t  D  = {x  e Gr (4, OIL., c  4 , }  f o r  any

point w of W . T hen , it is  easy  to  see  tha t

(a) dim W =1  a n d  dim D =  2 .

(b) dim D, = 3 .
weW

(C) Dw X .
weW

These show th a t  1# {w e WID„, c XI = co . H ence , there  ex ists tw o  points
w1 a n d  w2 ,  such  tha t D ,  u D ,c  X .  Since dim D , =2  and dim D„, n
D 2 = 0 , X  is  n o t  biregular t o  P 3 .

Therefore, S  must be non-singular quadric hypersurface. q. e.d.
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