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Introduction. The principal purpose of this paper is to give
supplements and corrections to  th e  prev ious paper [ 6 ] .  To this
end and also for la te r  uses, we remark some extentions of Harish-
Chandra's results in [5] on invariant eigendistributions and invariant
integral on reductive Lie groups.

L e t G  b e  a  co n n ected  rea l semisimple L ie  gro up  w ith  Lie
algebra g. L e t  0  b e  a Cartan involution of g, and g= f +1) the
corresponding decomposition. Take a  parabolic subgroup P  of G.
Let N ' b e the unipotent radical of P , and put s .P n O (P ),  where
0  denotes the automorphism of G  extending 0  o n  g . T hen P=S N '
is  a direct product. (N ote that we considered in [6] the standard
parabolic subgroups in  the sense of [1 , (5 . 12)], bu t this does not
affect the generality.)

Let S , b e  a  subgroup of S  such that S°(D (IZG )c S ic  S, where
S° is  the connected component of the unit element e in  S, ZG the
center of G  a n d  D  th e  analytic subgroup corresponding to  the
cen te r  o f  f .  T a k e  a  representation L  of S 1 .  U n d e r  a certain
condition, we can construct a  representation 7 ' of G  by extending
L  from S , to S ,N ' in  su c h  a  w ay that (n E N ') a n d  next
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inducing it from  S,A 7 to G . In [6 ], w e have studied the condition
that th e  characters r  and  7C of L  and  V  both ex ist, and  obtained
a form ula which expresses 7C by m eans o f  r  as distributions on G
and on S , respectively (Th. 1 in  [6, §4]), and more explicit formula
as locally summable functions o n  G  an d  S, respectively (Th. 2 in
[6 , §5 ]). To deduce Th. 2 from Th. 1, we assumed some additional
conditions on S, and L  as summalized in Note at the end of [6, §5].
W e wish in  th is  p ap er to  w eaken  a n d  s im p lify  th ese  conditions.
Also some mistakes in  [6 ] on the treatm ent of trace class operators
a re  corrected.

In  §1, w e summalize elementary properties o f a  not necessarily
connected reductive L ie  groups which satisfy a certain condition.
In  §2, w e  e x te n d  Harish-Chandra's resu lts in  [5 ]  o n  connected
reductive L ie  groups to th e  non-connected case. T h is is applied to
guarantee that th e  character 7  of L is essentially a locally summable
function on S ,  (the requ irem ent (I I )  in  N o te  a t  th e  e n d  o f  [6,
§ 5 ] ) .  I n  §3, w e estab lish  an  in te g ra l form ula analogous to the
Weyl's o n e (the requirem ent (I) in  N ote mentioned above). Then
in  §4, Th. 2 in  [6 ] is established under a sim ple condition . In  §5,
we make some corrections for [ 6 ] .  In  Appendix, the other results
on invariant eigendistributions in  [5 ] and  on  invarian t integral in
[4 and 5] are extended to non-connected c a se . It seems convenient
for la ter uses (e. g . fo r  [7 ] )  to  mention them  here together w ith
the results in  §§1-3.

NOTATIONS. For a group H , w e d en o te  b y  H °  a n d  H o the
connected component of e  in  H  an d  th e  center o f H  respectively.
I f  K  is  a  subgroup o f  a  L ie  group G  with L ie  algebra g  a n d  F  a
subset of G  or g , then  t h e  centralizer o f  F  i n  K  is d en o ted  b y
Z ,( F )  and  the centralizer o f F  in  g  is denoted by 5(F).

§1. Elementary properties o f a  reductive Lie group.

Let G  be a  not necessarily connected real reductive L ie  group
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with L ie  algebra g. L e t  u s  a s s u m e  th a t G  satisfies th e  following
condition.

CONDITION A. The adjoint group Ad(G ) can be canonically
imbedded into Ad(G,), where G, is  a  connected Lie group with Lie
algebra g„ the complexification of g.

U nder th is condition, the group G  has the following properties.
(1°) Let g=g, +c, w here g, = [g , g ] and c is  the center o f g .  Then

Ad(G) acts on C triv ially , and the analy tic  subgroup  C  o f  G  corres-
ponding to c is a  closed subgroup of the center ZG o f  G.

Every elem ent X  o f th e  en ve lo p p in g  a lg eb ra  U (g ,)  o f  g , is
considered canonically as a le ft invariant differential operator on G.

(2° ) The algebras o f all lef t inv ariant dif f erential operators on

G  w hich are also  right inv ariant under G  or G ° respectively , are both
equal to the center 8 o f  U(g,).

P ut Z o =Z G (G ° ) , then ZGc Z'G and G/ Ad (G).
( 3 ° )  Let f and F  be subsets o f g and G respectively, and p u t S =

Z0 (f) and S ',Z G ( F ) . T hen both S / Z , and S7 S' rIZ'o have only  f inite

number o f connected components.
I n  f a c t ,  w e  se e  f ro m  (1 ° ) th a t  G/ Z', A d(G ) can  be con-

sidered as  an  o p en  subgroup o f th e  real a lgebraic group  A ut(g i)
o f all automorphisms o f  g ,. O n  th e  o th er h a n d , a  real algebraic
g ro u p  h as  o n ly  a  fin ite num ber o f  connected components (see
e . g . [1 , § 1 4 ]) . T h is  proves the assertion for f =0 or F = 95. T he
o th e r c a se s  can be proved analogously considering appropriate
algebraic subgroups of Aut(g1).

A  C artan  subgroup H  of G  is by defin ition th e  centralizer of
a  C artan  sub a lgeb ra  o f g . T h en , as fo r (3°), it fo llow s from  the
property o f A u t(g i) th e  following assertion.

( 4 ° )  Let H  be a Cartan subgroup o f G. T hen H /  is abelian and
H/11°Z'G is f inite. A n y  semisimple elem ent in  G  is  c o n tain e d  in  a
Cartan subgroup. The centralizer b ( a)  o f any  regular elem ent a G  is
a Cartan subalgebra o f g .  Furthermore there exists only  a  f inite number
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o f  conjugate classes of Cartan subgroups o f  G.
L et K , b e a  m ax im al co m p act subgroup o f  Ad (G) c  Aut (gi)

and fi th e  L ie  algebra o f K , .  There exists a  C artan  decomposition
g = f+ p  fo r which f =f1-1-c and pc gi. L et K  b e  the inverse image
of K , under th e  natural homomorphism of G  onto Ad ( G ) .  Then
KDZ'GDC and K/ Z', is  compact.

(5 ° )  The m ap p in g  : (k , X ) k exp X  (kE  K , X E p) is  an
analy tic d iffeom orph ism  o f Kx1,1 onto G. M oreover L em m a 26 and its
Corollaries 1, 2, 3 and 4 in  [5, §13] are true i f  Z = Z , is replaced by
Z', (see[1] an d  [511).

If G  satisfies th e  following condition B, it c learly  sa tisfies the
condition A but th e  converse is not necessarily true.

CONDITION B .  There exist a  connected complex L ie  group
G,,, with L ie  algebra gi = (gi), and  an  isomorphism w of G/Z, into
G,,, such that w induces canonically the natural injection of Ad (G)
into Ad (G,,,).

U n d er the condition B, Z'0/Z0 is t h e  center of G /Z , an d  is
finite, because the kernel in  G/Z, of the homomorphism Ad is  Z/ZG
and  the center of G,,, is finite. Thus, in  th is case, K/ Z, is  compact
and  moreover (3 ° ), (4 °) a n d  (5 ° ) rem ain  true even  w hen  Z,'  is
rep laced  by Z , .  For th e  purpose to consider the invariant integral
on G  a s  in  [4  and  5], it is convenient to assum e the condition B
rather than  A  (see §3 and Appendix below).

(6°) I f  f is a subset of a  C artan subalgebra o f g, then S = Z ,(f)
satisf ies the condition A or B along with G.

In fact, let G , and G,,, b e th e  connected complex L ie  groups
appeared in the condition A  and B respectively. Then by Lem . 27
in  [5], we see that Z0 (f) and Z01(f) a re  connected. The assertion
follows immediately from this fact.

§2. In varian t eigendistributions.

W e assume in this section that G  satisfies th e  condition A . Let



Characters o f semisimple Lie groups 241

H  b e a subgroup and Q a subset of G . W e say that Q  is completely
inv arian t with respect to H  if  fo r  a n y  compact subset F  of Q the
closure Cl(FN ) of = { hg11-1 ; gEF, heH }  is contained i n  Q . As
usual, a n  element g E G  is called semisimple if  A d (g ) is semisimple.
Then there holds th e  following analogy o f Lem. 7 in  [5 ] .

Lemma 2. 1. Let U  be a  subset of G , com pletely  invariant w ith
respect to  G °, and V  a  G '-inv ariant subse t o f  U  w h ich  is  c lo sed  in
U . Then, if V  contains no semisimple element o f  U , V  is empty.

P ro o f .  D efine th e  subgroup X , of G  a s  in  [5 , § 3 ] , then ./rc
c G °  and  Lem. 6 in  [ 5 ]  h o ld s . I ts  co ro lla ry  is  rew ritten  as " hE
Cl (x °), w here h is  the semisimple component of x E G " .  Thus we get
the lemma. Q .  E .  D .

Depending on this lemma and  following th e  proof of Harish-
C handra step by step, w e get a  generalization o f Th. 2 in  [5 , §15]
in  th e  following form.

Theorem 2. 2. Let Q be an open subset o f G  which is completely
inv ariant w ith respect to  G  ,  and T  a distribution on Q .  Assume that

(1) T  is inv ariant under G ° (through inner autom orphism s),
(2) there exists a n  ideal U c 8  s u c h  t h a t  dim 8/11< + 09 and
uT  =0  for a l l  u  U.

T hen T  is a  locally  sum m able function on Q w hich is analy tic on Q' =
Q f l G', where G ' denotes the set of  all regular elem ents in G.

A distribution T  on G  is  ca lled  invariant eigendistribution i f  (1 )
it is  invariant under G  a n d  (2 )  there exists a homomorphism v of
8  into C  such  that Z T =v (Z )T  (Z E B ) .

C oro lla ry . A ny inv ariant eigendistribution o n  G  i s  a  locally
sum m able function on G w hich is analy tic on G'.

T h e  above theorem  says that w e can  treat every connected
com ponent independently. T he proof itself o f this theorem, com-
p lete ly  ana logous to  t h e  connected case, treats in  e ssen ce  every
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connected component independently.
Here, in addition to  §1, we remark some changes in translating

Harish-Chandra's proof under th e  co n d itio n  A . T h e  numbers of
sections and lemmas below are  those in  [5 ] and  the sam e notations
a s  th e re  a r e  em ployed w ithout n o t ic e  i f  th e r e  is  n o  f e a r  of
misunderstanding.

In  §3, Lem's 5, 6 an d  7 hold also under the condition A, but
we apply Lem. 2. 1 above instead o f Lem. 7.

In  §5, note th at i f  a  differential operator D  on U, is invariant
under G°, then z 1(D ) =3 ,(D ) is invariant under 4 0 (a) .

In  §6, note that Lem . 13 holds also . In  fac t, its proof can be
reduced from  G  to  the subgroup Ad (G) G/ Z', o f Ad (G,) because
o f  (1 ° )  a n d  (2 °) in  th e  preceeding section.

In  §7, Lem 's 14, 15 an d  16 hold also . Furtherm ore th e  follo-
w ing analogies of Lem . 15 and its corollary hold.

Lemma 2.3. L et D ° =0 (G ° x U )=(aU )G ° and T  a distribution
on D° invariant under G ° . T hen there ex ists unique distribution ar on
U such that T(fer) =a, (P ) ( a E G r (G ° x U )), w here f rECr (S2°) and
13„E Cr (U) f o r a are  def ined analogously  as f or L em m a 15 i n  [5].

Coro llary . L e t  D  b e  a  dif f erential operator o n  D °  invariant
under G ° . T hen C D TDT -  Zia r, where d = 3 (D) .

In  §9, Th. 1 holds also, b u t w e  ap p ly  th e  following generali-
zation of it.

Theorem 2. 4. L et Q  be an open subset o f  G  completely invariant
under G°, and D an analy tic dif ferential operator on Q .  Assume that

(1) D  is invariant under G°,
(2) 6,,(D) =0 for every regular element aE  Q.

T hen D T =0  f or every distribution T on D inv ariant under G°.
Its proof can  be carried  out quite analogously a s  fo r T h . 1 by

induction on the dimension of G .  In  fac t, le t a  b e  a  semisimple
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element in  Q .  I f  a E Z', = ZG(C), then d im  E < dim  G, w here E=
ZG(a)°. Applying Lem. 2 .3  and its corollary just above, we get a  E-
invariant distribution a , on Q5=a-1Q n s' such that Sr, = 0 . As in §9,
since Q3 is completely invariant with respect to E, w e com e to the
induction hypothesis. I f  a E Z '„  then a  commutes with all elements
in  G°. Therefore th is case is reduced to  the discussions on g as in
§§10 an d  11 in  [5].

I n  §13, th e  an a lo g ie s  o f  Lem 's 22 an d  23 hold  also  under
the assumption that UG is only G°-invariant.

In  §14, Lem. 24 a n d  its corollary hold, w here in  th e  la t te r  it
is sufficient to assume th a t U  is com pletely invarian t w ith  respect
to G° and  T  is invariant under G°.

A t last in  §15, w e get the generalization o f T h . 2 given above
as Th. 2. 2.

§3. An  in te g r a l formula.

I n  th is  section, w e  assum e that G  satisfies the condition B .
L et b b e th e  C a rtan  subalgebra o f g  in varian t under the C artan
involution g iven  in  §1, a n d  le t  H  b e  th e  C a r ta n  subgroup o f  G
corresponding to  b . Let f /  and  f i x  b e  th e  normalizers of i n  G
and  in  K  respective ly . T hen  f1=11, exp (I) no by (50) i n  §1, and

1--/K/Z, is compact because so  is K /ZG . L e t  Ho b e  th e  c en te r  of
H  and put W3 =- f i/ H , .  Then since Ho DH° and  H  =H G  exp  n
where Hx=HnK, W3171x/(HG)0 an d  WH is finite.

A s  in  [5, §20], WH operates o n  th e  le f t  o n  G=Ho\G an d  H
as follows. P u t g=H og for g E G . For wE Wil, take  y E w  and put

w g ,(y g ) (g E G ),  = y h y - i ( h E H ) .  H en ce  W H operates on the
left on  C x H  as co(g, h) =  (u )g , h '). Quite analogously as in  [5 and
6], w e  s e e  th a t  t h e  m apping 0 : (g, h) - - -> g -ih g = h g  o f  G x H '
onto GH is everyw h ere  regu lar, w h ere  H '= H C IG ' and GH denotes
th e  union of e r g '  over all g E G . Furthermore, analogously as for
[5, Lem. 41] and [6, Lem. 3. 2], the following lemma holds. For any
gE G , l e t  D (g )  b e  th e  co effic ien t o f t ' in  th e  p o lyn o m ia l o f t :
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det (Ad (g) —  I, —H ), w h e r e  /= rank g, an d  1,1 denotes th e  identity
mapping on g.

Lemma 3. 1. Assume th at G  satisf ies the condition B. Let dg,
dg and d h  be invariant m easures on G, G and H norm alized as

S ( g )  d g  =S (hg) dh d g  ( 0  Co (G)) ,0  Ho

w here Co(G) denotes the set o f  all c o n tin u o u s  f u n c tio n s  on  G  with
cornppact supports. Then

w „S  f  (g) dg =S (h ) !  
o
f (hg) d g  d h  ( f  Co (GH)),

CH

w here w „ denotes the order of  W  H. M oreov er i f  ça is  a  f unction  on
H ' such that f  (hg)ço(h) is integrable on G x H ', then

oS  ,f  (hi) ça (h) dh dg =SG,/ (g) .; f ig) (h;)}

w here h; = (hg)°' and h ,  i s  an elem ent o f  H ' such that g=g0h,V ,.1 for
some g0EG.

In  th is connection, see also [8, Th. 7. 2].

§ 4 .  Supplements to th e  paper [6].

In  this an d  th e  next sections, w e assum e as in  [6 ] that G  is a
real connected semisimple L ie group . A s in  the in troduction , le t
P  b e  a  parabolic subgroup of G, assumed a s  in  [6 ] to be standard
in  th e  sense o f  [1, (5. 12)]. P u t S= P n e(P ) a n d  le t  S ,  b e  a
subgroup o f S  such that

(4. 1) S° (D n c sic S.
Then it follows from  (6° ) in  §1 that S , is  a  reductive  L ie  group
which satisfies the conditions A  and B.

Let L  b e  a  representation of S , o n  a  separable H ilbert space
E .  A s in  [6 ], p u t 17,=S n K, =8 r1 Si. L et co b e  th e  s e t  o f  all
equivalent c lasses o f finite-dimensional irreducible representations
o f E1. For JE co, denote by d (ô ) i t s  dimension and let E (ô )  b e  the
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subspace of E  consisting of all vectors transformed under L, (e E  Si)
according to a .  L et E—  b e the algebraic sum  o f  a l l  E (6 )  (8 E co ) .
Denote by ,3, th e  center o f  U ( , ) ,  w h e r e  i s  th e  L ie  a lg eb ra  of
S . Let us assum e that L  satisfies the following three conditions.

(1) For any z Dfl ZG, L . is  a  sca la r m ultip le of the identity
operator.
(2) dim E (6 )< N  d (a )2  (3 E ce)), w here N  i s  a constant inde-
pendent o f a.
( 3 )  L z a = a (Z )a  (a E E -, Z E 8 ,) , w here a  is  a homomorphism
of 8, into C.

Then th e  character 7  of L  exists [6, §2] and  is an invariant eigen-
distribution on S1. A pplying C or. o f Th. 2. 2, we get th e  following
lemma which guarantees th e  requirem ent (II) in  N o te  in  [6 , §5 ].

Lemma 4. 1. I f  a  representation L  o f  S , satisf ies the above
conditions (1 ) ,  (2) and ( 3 ) .  Then its character r  is essentially a  locally
sum m ab le function on S ,  w hich is analy tic on the set o f  all re g u lar
elements in Si.

In  th is connection, see also  [8 , Th 's 4 . 2 and 4. 6].
Now le t A  b e  a C artan  subgroup o f S , and A° its center. Since

S1 satisfies the condition B, w e can  app ly L em . 3 . 1  to  S ,  and A .
Put a n d  S ' = A os (sE S ,). Define wA, SLA and D ( s )  analo-
gously as w il, G ll and  D (g ) .

Lemma 4. 2. Suppose th at  the invariant m easures ds, d .  and

da on S i, S , and A are normalized as

S,10(s) ds Ao0 (as) da d's' ( O E  (S ,))

Then,

wA f (s)ds = S f ( s - la s )d . d a ( fE  C o  ( S i ,  A )  ) •
S l•  A A

This lemma shows that the requirement (I) in  N ote in  [6 , §5 ]
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is also satisfied, Thus, by th e  above tw o lem m as, w e get Th. 2  in
[6 , § 5 ]  under th e  weaker condition as follows.

Theorem 4. 3. Let S , be a  subgroup o f  S  w hich satisf ies (4. 1).
Assume th at  a representation L  o f  S , o n  a  separable Hilbert space E
f u l f i l ls  the conditions (1 ) , (2 )  and ( 3 ) .  T hen there holds the formula
in  [6 , Th. 2 ]  which expresses the character of the induced representation
TL  by  m eans o f  that o f  L.

§5. Corrections to the paper [6].

1. A  bounded operator A  o n  a  separable H ilbert space .ye is
ca lled  sum m able i f  f o r  a  com plete orthonorm al system  fv,}1 <0.„
of Ye, I (Ave, y 3)1 <-F co, w here ( • ,  • )  denotes th e  inner pro-
duct in ,re . A  is called  of trace class if  fo r any complete orthonor-
m a l  system  {v,), v , )  is abso lutely c o n v e rg e n t . I f  A  is
summable, th en  it is  of trace class, but the converce is not tru e . A
is o f  t r a c e  class i f  a n d  only i f  there exist two H ilbert-Schm idt
operators B  an d  C  such that A =B C  [2 , p. 123].

L et T  b e a  representation of G  on Denote by Q the set of
all finite-dimensional irreducible representations o f  K  a n d  define

fo r g  (2 the subspace ,Y ea(.9) of Y e analogously as E ( 5 ) .  In  [3],
H arish-C handra p ro v ed  th a t i f  T  i s  quasi-simple irreducible, the
operator

T ,,S  x (g )T g d g
G

corresponding to  z E  CT° ( G ) ,  is su m m a b le  w h e n  t h e  subspaces
Y e ( g )  ( g Q )  a re  mutually orthogonal, but in general T , is only of
trace c lass. In  th is connection, Lem. 2. 1 in  [6 ]  must be corrected
"T , is sum m able i f  .Ye( g ) 's  are m utually  orthogonal, but in general
of trace class." As consequences of this, the assertion "sum m able" for
the operators L ,  and  T ,`, in  Prop. 1  in  [ 6 ,  § 2 ] ,  is  t ru e  u n d e r  the
assumption that the subspaces E (3 )  OE co) a re  mutually orthogonal,
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b u t  in  gen era l m u st b e  r e p la c e d  b y  "of trace class". Similar

correction must b e  m ade for Lem. 2. 3 in  [6 , §  2 ].
2. To prove Th. 2 in  [6 ] ,  w e  n e e d  n o t to  use the summa-

b ility of the operator Z .  U sing only th e  fa c t  th a t  it  is  of trace
class, w e can  easily  repair the whole proof.

I n  th a t p ro o f, w e  can ce ll L em 's  4 . 2  an d  4 . 3  an d  rep lace
them  by th e  following one.

Lemma 5. 1. Let .te =L2 (0, d ,u) be as in  [6, Lem . 4. 2]. Assume

t h a t  T  i s  a  tra c e  class operator def ined by  a  continuous kernel
K(m , m ') as

T 0(m) ,S.K(m, m') (m) c ict(m') (S D E ,Y e )•

T hen its trace Sp (T )  is  g iv en  by  the followinvg absolutely convergent
integral:

Sp (T) ,S.K (m , m )dp(m ).

In  turn , this lem m a is a n  immediate consequence of Cor. 10. 2
o f Th. 10. 1 in  [2 , p . 151].

Appendix. L e t  u s  rem ark here som e extentions of Harish-
C handra 's resu lts o n  in varian t e igen d istrib u tio n s in  [5 ] an d  o n
invarian t in teg ra l i n  [ 4  a n d  5 ] ,  to  n o t n ecessarily  co n n ected
reductive L ie  groups. T hey w ill be necessary later (see e. g . [7 ]) .

1. Invariant eigendistributions. Let the notations be as in

§1. W e say that G  is acceptable i f  it satisfies the condition  A  and
if  there exist a  connected complex semisimple L ie  group G,,, with
L ie  a lgebra g,,, = (gi), a n d  a  continuous homomorphism j  o f  G
into G,,, which satisfy th e  following conditions.

( 1 )  j  induces canonically the natural in jection of Ad (G ) into
Ad (G,,,). (Note th a t u n d er the condition A , Ad (G )  is naturally
im bedded into Ad (G ,,,) by (1°) in §1. )
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(2) L et f),,, be a C artan  subalgebra of g,,, and p th e  half-sum
o f a ll positive roots o f  (g,,„ 1),,,) with respect to  a n  o rd e r . Then,
ep (exp H) = e"''> (H E  defines uniquely a  homomorphism of the
Cartan subgroup of G ,,, corresponding to 1),,, into C* =C— toi .

Lemma A. 1. Suppose that G is connected. T hen G is acceptable
in  th e  abov e sense i f  a n d  o n ly  i f  i t  i s  acceptable in the sense of
Harish-Chandra in  [5, §18].

P ro o f .  T h e " if"  p art is c lear. L et u s prove the "only if" part.
Assume that G  is  acceptable in  the above sen se . L e t C and G , be
th e  analytic subgroups of G  corresponding to c  and  g, respectively.
Then, s in ce  C c  ZG, j ( C )  is co n ta in ed  in  th e  c e n te r  o f  G ,,, and
connected. Hence j (C ) =  { O . T he subgroup Z, =G, (1 C is discrete
in  G, G , an d  C. P ut Gi=Gi/ Z, and C=C/Z,, then  G/Z, is canoni-
cally isomorphic to G, x C. L et C, b e  a  L ie  group with Lie algebra
c, which contains C canonically. Put G,=G,,, x C ,. Since j (C )
j  induces a  homomorphism j '  o f G, into G ,,, .  L et r  b e th e  canoni-
ca l homomorphism of G  onto G, x C and i  the in jection  of C into
C,. P ut :h.= (j/ xi) o  r ,  th en  G. a n d  j o  satisfies t h e  acceptability
condition of Harish-Chandra in  [5, §18]. Q. E. D.

Let us assum e that G  is  a c cep tab le . L e t 1) =c+1), where tb c
c!,, b e  a  C artan  subalgebra o f  g. L et A  an d  A1 ,,  b e  the Cartan
subgroups of G  and G ,,, corresponding to l an d  bi„,(b,), respec-
tively. For an  R-linear function 2 on 1) in to  C  such  that 2 = 0  on

c, w e define , i f  it exists, unique homomorphism e, of A,,, into C* as

e, (exp H) = e'un (H  f , , , ) ,  an d  denote also by e ,  th e homomorphism
0 j  of A  into C * .  T hen for any root a  o f (g„ 1),), e„ is defined.

Now le t  u s  state som e extentions o f  th e  results in  [5, § l 8 -

20]. A ssu m e  that 1) is invariant u n d er the Cartan involution and
put M =  Z G  n p ) .  T hen Lem. 30 in  [5, §18) hold also in  this case.

In  particu lar, if G  is  acceptable, the same holds fo r M.
L e t  D  b e  a n  o p e n  subset o f  G  com pletely invarian t with

respect to G°, and T a distribution on Q invariant under G°. Denote
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by F  t h e  analytic function  on S2'=--S2J1G' corresponding to T  by
Th. 2. 2. Note that w e can  define a s  in  [5, §19], the open subset
A '(R ) of A  and  the function J„ on A  as

JA (h )=e ,(h ) 11 (1- (h)-') ( h G A ) .
n>0

Then, Lem. 31 in  [5, §19] holds also in this case, that is, the function
0A (h)=4A (h)F(h)(hEA 'n,Q ) can be extended to  an  analytic func-
tion on A ' (R) (1 Q, where A ' = A n c .  Its proof can  be carried  out
quite analogously applying (5 °) in  §1.

Similarly Lem's 34 an d  35 in  [5, §19] remain true. Moreover
Lem's 36 an d  37 in 1 5, §20] hold also in  this case.

2 .  I n v a r ia n t  in te g ra l.  Let us assum e h e re  th a t G  satisfies
the condition B, an d  extend th e  results in  [4 ]. As above le t A  be
a  C artan  subgroup o f G  and Ao its center.

F irst o f a ll, Th. 1 in  [4 ] rem ains true in  th is  c a se . In  fa c t ,
p u t  G =ço(G /Z ,), w here ço is  the injection of G/ZG into G,,, in the
condition B. For aDEA, put Z0(a0) an d  Si =Z 6 (do), where a.=
yo(ctûzo. T h en  b y  (6 ° ) in  §1, th e  natural homomorphism of G/E
onto G/E, is a  finite covering. Therefore the proof can be reduced
from G  to  G c G ,, , .  In  tu rn , fo r the subgroup G of G1,„ th e  proof
in  [4 ] can  be carried  out quite analogously.

Next, Th's 2 an d  3 in  [4 ] h o ld  a lso  u n d er the condition B.
(T he function F ,  there , must b e  defin ed  b y  th e  integration over
G/A o.) Their proofs can be carried out, applying Th. 1 mentioned
above, without any essential modification.

N ow  let us assum e in  addition to  the condition B  th a t  G  is
acceptable, and extend th e  results in  [5, §22]. Put G* =G/AO, x*
x A , and h '* =x h x '( x E G , h E A ) Let dx * be an  invariant measure
on G * .  Put for any f E  (G),

F1 (h) ER Z  (OS f  (h'* )dX * (h E A 9
G*

w here ER (h) is  d efin ed  a s  in  [5 , §22]. T hen , Th. 3 i n  [4 ]  takes
th e  following form just a s  in  [5, §22] :
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F „= y (Z) F (f  E  (G ), Z E  3) .
Moreover Lem. 40 and  its corollary in  [5, §22] a re  also true in this
case.

A t last, note that the integral formula in Lem. 3.1 in this paper
takes th e  following form : for any f E  Co (G) ,

f  (g)dg = eS F (h) 6, (h) ( h ) d h ,
G A

w h ere  c  is a  positive constant and J A  (h) denotes th e  complex
conjugate o f JA  (h ) (c f . Lem. 41 in  [5, §23]) .
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