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§ 1 .  Introduction. T h e Markov processes of the infinite lattice
spin system s were introduced relating to statistical m echanics and
m any prob lem s, such  as co n stru c tio n  o f th e  processes, invariant
measures and ergodic theorems, have been studied by many authors
( [2 ], [4 ], [6 ]).  In  this paper we will present some results related
to these problems.

L e t Z " b e v-dimensional lattice space and E  b e  th e  space of
a ll spin configurations on Z", that is , each elem ent e of E is a  map
from  Z " in to  1+1 , —  1). E is  co m p act in  th e  product topology.
To each finite subset X  o f Z", a  re a l n u m b e r  0 (X )  corresponds
and  satisfies th e  following conditions

(1.1)0 ( X )  = 0  (X-Fx) fo r YxE Z", 'X,

(1. 2) 11011=Z,10(X)1<d-co.

Such a  function is called "a  potential function" and we denote by B
the fam ily o f all potential functions.  L e t  O EB and  introduce a
function c(x ; C) o n  Z"x E by

(1.3)c  ( x  ; ) = exp EA0(x)ax(e)] w here ax() =ILe (y).

T h e Markov process o f th e  infinite spin system is defined on E and
its infinitesimal generator is given in  th e  following form ;
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(1. 4)A  f  ( )  = e) U (e .) — f (e)]

where e, E E  is def ined by  e ( y )  f (y ) if  y # x
1 — e (x) if  y =x.

Further, le t u s introduce th e  following condition

(1. 5) E  (X )10 (X )1<+ oo w here # (X ) s tands for the  cardinalx90
number o f X.

W e denote by B , th e  fam ily o f all potential functions which satisfy
(1. 5 ) .  I f  0E131, a  Markov process o n  E  exists corresponding to
0 ,  ( [2 ] ,  [6 ] ) .  In  the present paper we will consider only potentials
o f 131,  but w e don 't assume that potentials a re  o f finite ran ge . In
§2 we will discuss some properties o f this p ro cess. In  particular it
is shown that every extre mal Gibbsian measure (w . r. t . 0 )  is a limiting
distribution o f  the Markov process starting from each conf iguration of a

dense set of  E. In  §3 w e w ill study t h e  f r e e  en e rg y  a n d  prove
under our assumption the remarkable results which were obtained by Holley
[4], in the case of  f inite range potentials. B y th ese  resu lts  w e can
conclude that a  Z"-invariant equilibrium state by the several defini-
tions in  statistical mechanics is equivalent to a  Z"-invariant station-
ary probab ility  m easure o f  t h e  Markov process o f  t h e  infinite
lattice spin system.

§ 2 . The M arkov processes of the infinite lattice spin system

L et u s define some a-fields on E .  For each subset V  o f  Zr',

denote by g ", th e a-field generated  by {e (x )}, x E  V  a n d  define
g " and  g".., a s  follows ;

(2. 1) nvcz.
t(V )<+oo

For each subset V le t E , b e  the sp in  configuration  sp ace  o n  V.

D enote by g  th e  fam ily of all probability measures on (E , "") and
each elem ent p  o f  .9  is called "state". For each  p  and each finite
subset V o f Z ", p , stands for the cylindrical measure on V, that is,
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Pv (V) =P (S (V  ; 72)) fo r each  72e E v , where
S (V ; 22) = { E  ; ( x ) =7 ) ( x )  for every x E V I.

Every probability measure on E ,  can be regarded a s  a  proba-
bility measure o n  ( E , 5 " )  by specify ing a  f ix ed  configuration of
E2.1 , outside of V. I f  w e equ ip  w ith  th e  topology o f  t h e  weak
convergence, th en  g  is  co m p act. L et C (E ) b e th e  Banach space
o f  all continuous functions on E with the supremum n o r m  • 11, and
denote by CV (E) th e  fam ily o f ,Fv -measurable functions o f C(E).

N ext w e w ill define th e  Gibbsian measures. Let OE B be fixed
and  define f ',;' (72: e), g (77) f o r  e a ch  f in ite  su b se t V c Z "  and
77E E ,, C E E  by

(2.2) f ( : =exP E—E P(X )c(7: e iv •)]
X C z .
xnv4ss

w here e l ,E E , is  the restriction of  e E E  o n  V and

)2 • e l v , ( x ) , , ( x )  i f  x E V , an d  e (x )  i f  x EV `,

(2.3) g ( ) 2 )  =f ;(7 7 : EVE f 0 '2  E )  •
,CE

T hen g ,,e (  •  )  is  a  probability measure on E ,  an d  gv, (7 )) is
m easurable. gv ,,( •  ) is  c a lle d  th e  Gibbsian m easure o n  V  w ith  the
boundary condition C. S i n c e  {g v ,i ()} satisfies a  consistency condition,
th e  following definition is possible.

pE g  is called a  lim iting Gibbsian measure w. r. t .  0  i f  it satisfies
th a t  fo r every finite subset Vc Z " an d  every 77E_Ev

(2.4)p ( S ( V  :) 2 ) 1 ,0 =g , .e ( >2 )  f or alm ost all e  o f  S (V  : .7))•

D enoting by g .  = g  the collection of all limiting Gibbsian measures,
g  is  a  nonempty compact convex s e t  a n d  denote by a l l  the
extremal elements o f  g .  G enerally g „  is n o t f in ite . I n  fact
Dobrushin proved that g _  was infinite f o r  a  3-dimensional Ising
potential. ([3 ]).

Lemma 2. 1. p o f  .9  is a  limiting Gibbsian measure if  and only i f
(2. 4) holds only  f or any  one point set V = { x} , xEZ".
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Now, w e describe th e  Markov process generated by (1. 4).
For each fin ite set Vc Z", define the operator A ' on  C (E ) by

(2. 5) Avf (e) e) {f(C) —1(e)].
cV

Then A ' generates a  strongly continuous conservative Feller semi-
group {T1}, t  o n  C (E) since A '  is a  bounded operator on
C (E ) because of

(2.6) e -  a, < e) <e for any xE Z", and any cE E.

T he following theorem was proved by Dobrushin [2] a n d  Liggett
[6].

Theorem 2. 2. ( i )  For any OE B i, there exists a strongly continu-

ous conservative Feller semi-group {Til, t - ( )  on C (E ) which satisfies

(2. 7) for any increasing sequence o f  finite subsets {V„}, such

that extends to Z"

lim  sup IIT" f — Tif 11= 0 for C (E) , to>0.v„,.vo to

(ii) Let 2  (A ) = VEC(E); E  sup! f(e,) — f(e)i< + 0 0 }  and define

A f b y  (1. 4) for each fE  0  (A ). If w e denote by  (A ,  2  ( A ) )  the
infinitesimal generator o f  {T,}, then we have

(2.8)( A ) C  ( A ) ,  1112(A)=A and moreover (a —A)[2 ( A ) ]  is
dense in C(E) for every a >0.

T h e Markov process induced by {T,), t O in  Theorem 2.2 is
called th e  Markov process o f the  infinite lattice sp in  system corre-
sponding to 0.

Theorem 2. 3. For each finite set V, let us be given a  system o f

positive bounded continuous functions on E ;  [ c  ( x ;  e)}  , and define AV

by A" f ( e ) ,  E  cv(s ; e)[f(e.,) —  f(e )] . Suppose that
x E Z

(2.9) Icy (x ; is bounded in x, V
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and for each x E  Z " ,lim  j  c v (x  ; • )  — c (x  ; • ) I I=0 .
v,rz

T hen if  w e denote by  { i ''} ,  t . - 0  the  strongly continuous conservative
Feller semi group generated by A ", we have

(2. 10) l ir n  sup 11 f  — T , f  = 0 f o r  f e  C  (E ) ,v./oz.

L et .9° . = be the family of all stationary probability measures for
{T , } ,  t .O .  Then, 9 9  is also  a  non-empty com pact convex set.
For each p E Y ,  {Ts} , t _ .0  can be regarded as a strongly continuous
contraction semi-group o f operators on L 2 (E , p ) .

In  particular p  o f 99 is reversible if

(2. 11) (T , f , L 2(E.P) (f , T ,g) L z (E. p) for all f  and g  o f  C (E ) .

W e will denote by Y ,  the family of all reversible stationary prob-
ability m easures fo r  tT t }  t .O . T he following theorem was proved
by Dobrushin fo r  fin ite  ra n g e  potentials ; however, we will give
th e  proof under our assumtion.

Theorem  2.4. 9û.

(P r o o f )  For every p  o f  g ,  set cv (x ; $) =- [pv (e.1v )/pv  (el v)]+.
Then we can apply Theorem 2. 3 noting th e  definition of limiting
Gibbsian measures, a n d  pv i s  a  reversible stationary probability
measure fo r  [Dr} corresponding to f cv (x  ;  e ) ) .  Since pv  converges
to p ,  Theorem 2. 3 im p lies p  9 ' .

Conversely assum e p E  R. S e t  cv (x  ; e) =-Pv (el v)-1Sscv iiv)c (x 
; e) p

(d e )  fo r each fin ite set Vc Z " , then cv (x  ; e) ;  C J). N oting
(2. 11),

(2. 12) (A f , g) ,2(E, „) = ( f ,  Ag) 0(E. p ) for f , V gE Cv  (E).

By arranging (2. 12), w e can show

(2. 13) cv (x ; )7) Pv (77) = cv ; 710 Pr (1).) f o r '72E  E v , v x E  V.
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Further, w e can easily show cv (x ; e) converges to c(x  ; e )  a s  V
tends to  Z .  I f  w e d ivide th e  both hand sides o f  (2. 13) by p,(2)
+pv ()2,) and  extend V to  Z ", we obtain

(2. 14) c(x  ; e )P[S (x  j) 1,97v1d =c(x  ; e.)P[S(x 5az./.]
where S ( x  j )  = teGE ; e (x )=j) , j  = +1  o r  —1.

Therefore p E  g  by Lem m a 2. 1, since (2. 14) implies

(2. 15) P[S (x  :j) =c(x  ; e.)/[c(x ; e) 4-c(x  ; =gc.).e ( Up •

N ext, we investigate (7',) -invariant functions in  L 2(E, p)-sense for
each  p E  g .  H ere w e say f (e )  a  (7'J-invariant function in L2(E, p )-
sense if f  of L 2(E, p) satisfies

(2. 16) T if =f  in L 2(E, p) for every t - 0 .

Theorem 2. 5. Let p E g  and f E L 2  (E , p ) . Then f  is a ( T . ) -
invariant function in L2 (E, p)-sense if and only if f  is .F--measurable.

In  order to prove this theorem we prepare two lemmas.
L et u s introduce a  fam ily o f operators {U}, xE Z " w hich  are

defined as follows

(2. 17) U „ f (e )  =f (C )  for each measurable function f  and for pE
U„pE .9 is defined by f ( e ) U ,p ( d e ) , f ( e „) p ( d e )  fo r  every

f  o f  C(E).

Lemma 2. 6. Let p E  g . Then we have

(2. 18) SBc(x ; e )p (d e )=B c (x  e ,)U ,p (d e )  for 'BE ,F, vxE Z'.

In  particular p and U p  are absolutely continuous mutually for each
x EZ ".

(P ro o f)  L et V  be any finite subset o f  Z ", and f , g E C ,(E ).
T hen since (Af, L 2 (E , p )  ( f , A g )  0  p i  holds we have

(2. 19) E Sc(x ; e) f (e,)g(e) p (de) = E Sc(x ; e)g (e,) f (e) p (de)

=E Sc(x ; e .) f ($ .)g (E) Uo(de)..cv
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H ence (2. 19) im plies that fo r  ev e ry  finite subset V o f Z"

(2. 20) (x ; e)p(de) =c (x ; e ,)U, p (de) for all BE

and  w e can  a tta in  (2. 18). T h e  la tte r  h a lf  is  triv ia l from  (2. 6).
Lemma 2. 6 guarantees that U j  is well-defined as 'an  e lem en t of
P (E , p )  for each  f  of L 2 (E, p). Denote by -g  (A (E , p ))  the
dom ain of the generator o f  fTi) , t  .0 operating on P(E , p ).

Lemma 2. 7. For all f  and g  o f  2  (A : P(E , p ))  w e  h av e  the
following representation ;

(2. 21) — g, L 2 (E , p )

=  21c ( x  ; e) (U, f (e) — f (e)) (U,g (e) —g (e)) p (de) .

(Proof) 1°. Note ( A )  c  ( A )  c  (A : P(E , p ))  by Theorem
2. 2, and  fo r a ll f  and g  o f 2  (A)

(2. 22) —  (A f, g) O m  =  z S C  ; e) (f (e,) — f (e))g(e)p(de)

= E.Sc (x ; ,) (f(e) —  f (e ,))g (e,) U, p (cle)

=  E c ( x ; e )  (1(C) — f(e,))g(e,) p (de).

In  the last equa lity  w e u sed  L em m a 2 . 6 . A verag ing  (2. 22) we
get

(2, 23) —  (Af, g) „

= 21 ; e) ( e ' ) (e)) (g(e') —g(e))t9(d).
2°. N ext, let us introduce two Hilbert spaces.

L et H(1) = f fEP(E, p) ; E  (U,f (e) — f($))2p(c/Ç)< ool arid

define a  b ilinear functional eo) on H").

(2. 24) 6.") (f , g) = (x ; e) (U, f (e) — f(e)) (U,g (e)

—g (e)) p (de) + (f , g) L2,E, p) fo r v f , "g  H ").
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T hen it is easy to  show th a t  {H " ),  e")} is  a H ilbert space.
Now, we will define another Hilbert sp a c e . S in c e  —Ã is a self-

adjoint positive defin ite  operato r o n  L ' (E , p ) it h a s  a spectral
representation.

(2.25) — A = S -2  dE, where (EA ,  22.0 is a resolution of the identity.0

So, w e define a  self-abjoint operato r — A  by Al — A = S -  d E ,  and

set

(2.26)H " )  =  ( 1 1  —  A  : L2 (E, p))

S ") (f, g) = —  Af, —  A g) „) +  (f, L2(B,„

for each f, g  o f H(2).
T hen w e have

(2. 27) e("(f, g) = ((I— A) f,

f o r  fE  g  (A  : L2 (E, p)), vg-E H(2).
30 . I f  w e can  show t h a t  {H "), e")} a n d  {H(2), 6.'2)1 coincide,
the proof o f Lemma 2. 7 is com pleted. H ence it suffices to show
that th (A) i s  dense in  both Hibert spaces and i ) ( f ,  g) = e(2)(f ,g)
fo r all f  and g  o f  g  (A ).

Suppose th a t  g " )(f ,  g) =0 for some fE H " ) and all g  o f g (A).
Then,

1(2. 28) 2( x  ; e) (Llf(e) — f(e)) (U4-(e) —g(e))p(de)

g) L2(E. P)

This relation implies

(2. 29) ( f ,  (I —A)g) L2(„„),-- 0 for all g  o f  .g (A ).

S ince ( I  — A )[ (A )] is  dense in C (E ), it is so  in  L2 (E, p).
Therefore f= 0  an d  g  (A ) is  dense in H " ) .

If f  is  an  element of the orthogonal complement o f g  (A) in
(H m ,  g m ),  6 " V ,  g) = ((I-2 '1)g , f) L2(,,,)=0 for a l l  g  o f  g  (A ).
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S in ce  (I — .221-)[g (A )] = (I — A) [g  (A ) ]  i s  d e n se  in  L 2 (E, p), f= 0
an d  g  (A )  is  dense in {1/(2), g (2)}. F ina lly  no ting  (2 . 23 ), w e can
conclude {IP", e " ) } ,  f11(2), e(2)1•

Proof o f Theorem 2. 5. If f  is  a  {7 ;)-in varian t function in
L 2 (E, p) sense, fe  g  (A: L 2 (E, p)) and  A f = 0 .  Hence Lemma 2. 7
implies that fo r alm ost all e (w. r. t .  p )  f ( e ) = U J( e )  fo r all xE  Z .
From  this fact it is im m ediate that f( e )  is „Foo-measurable. C o n -
versely, if  f  is <F,0-measurable, then f E  {H(1), e ")}  a n d  e ( " ( f  g)

= (f , L 2 ( E . P )  fo r all gE H ").
Noting • w ( f ,  g) = e(2)(f, g ) ,  (11 -  A f ,  -Alf) L 2 (E . P ) =  0  and we

can easily see fE  g  (A  : L 2 (E, p)) and  At =O. Therefore f is {7;} -
invariant in  L 2(E, p)-sense.

T h e follow ing fact is well-konwn ([7], [8]).
Lemma 2. 8. L et p E p belongs to g  „ if and only i f

.F .= 4 5 , E )  (mod. p).

Combining Theorem 2. 5 and  Lem m a 2. 8 , w e have

Corollary 2. 9. L et p E  g  .  Every (7'J-invariant function in
12(E , p) sense is a constant function if and only i f  p E  „ .

Theorem 2. 10. For every p E  „  there exists a d en se  subset E,
o f  E  such that

(2.30)( i ) p(E,) =1,

(ii) 3 1, LlIclo  T,f(e)=S1(e)p(de) for all f E  C  (E) i f  eEEp.

(P r o o f )  ( 7 ', ) ,  t ..0  is  a  symmetric conservative semi-group on
L 2 (E, p) because o f pE a ,. H ence it is known that for every
f  of L 2 (E, p) Ts f ( e )  converges t o  a  (7 ;)- in v a r ian t fu n c tio n  in
L2 (E, p)-sense f * (e) as t co alm ost everywhere e (w. r. t. p), c. f.
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[1 0 ].  Since f *  ( e )  is constant because o f  p E  „  and Corollary

2. 9, w e have f *  (E) f *  = S f(e)p (cle-). U sing th e  separability of
C (E ) and the countability argument, there exists a  subset E , of E
such that p (E )  = 1  and 1 im  T tf( e )= S f( e - )p (d -e ')  fo r  a l l  f e C (E )

and e E E , .  Moreover p E  is everyw here dense, so, E ,  is dense
in  E.

Remark 2 .  1 1 .  I f  w e denote by  SP the family of all the extremal
element o f  6 9, Theorem 2. 10  implies „ C Y '

§ 3 .  Free energy Generalization of Holley's results

In the present section we will prove under our assumption the
results concerning the free energy, which were obtained by Holley
[6 ] for finite range poten tia ls . Our method of the proof is essen-
tially sim ilar to  H olley 's o n e . H ow ever w e need som e technical
devices and it becomes rather complicated.

Throughout this section a potential function 0  o f B i  is fixed.
Let {V,}, MI be two sequences of the cubes o f Z " , defined by

(3.1)=  [  — 2 "  + 1 ,  2 "  —  1 ] " ,  V.„ = [ — 2"+n+ 1, 2"—n-1 ]" .

T he free energy per site of p  o f .9 is defined by

(3.2)F  ( p )  = l im  IV „I' [s (Pv.) —E Pv„(OU „(V)]
*EEv„

— v„ - E  p ( 0  log P v . 0 7 )  
,ŒEv. exp[—Uf,„(7))]

s(19,) = — E Pv02)log Pv 07)
veE v

(if, (2) uv =  E  (xYcr. CO,xcv

For each  p  o f g  , p , g  is defined as follows

where

(3,3)f ( E ) p  ( d e) - - S T , f ( e ) p ( d ) for every f  of C(E).
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Theorem 3. 1. 1, For any  p o f  g ,  .F (p , )  is non-decreasing in  t>__0.

T h e proof will be carried out in  several lemmas.

Lemma 3.2.

(3. 4) d 
dt 

I
E. (Pg)v.().1)log exp(r2?Iv( :2)(22 )])v„

E  E cx; e )ps ( d )
*E E vn  sE V .

[S 
S(V,,:VO

( p , , „ ( 7 2 )  — (v„.,)c ; e) Pi(de)
1 
 exp 

, )

—  Uv. (01

I f  (p,) v „ 02) =6 dd t (pt) ) > 0  for some (3 , 4 ) ,ho ld s in the

sense o f  — 00, — co, and  otherwise th e  both hand sides a re  finite
an d  (3. 4) holds.

Lemma 3.3. L e t  pE

(3.5)E  E c(x ; e)p(de)
,ERv.xv„v9..S.s(v,2„)

S c( , $ )p (d e )]log fv:(")) L EL, 07)

e"Ø" (c1+211011) (ni) (2 ' — 1 )-1 = 0 (1 1 7 .).

T he proof is similar to Lemma 2. 5 in  H olley [4].
L et us introduce some functions

(3.6) cv (x ;  77) =exp CE 0(x)cr. () 11 for xE V , )7e Ev,
2x(51:

(3. 7) F (u )  = u —u log u —1I 

—1

for u>0,

for u =1,
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(3.8)F ( p ,  V, 72 )  =  F  t  pv (v.)
° Pv(V) cv (x ; 77 ..)2)pv  (7)) i f  pv (77) >0,

—00 i f  pv(v) = 0 , 9y (9,) >0,

0 i f  p v  ( )  = 0 , p v (v )  = 0 ,

fo r each finite set V, 72E E v , p E  g .

Lemma 3.4. L e t  p E  g ,

(3.9)c ( x  ; e ) p ( d e ) — S  
.:

c ( x  ;  e ) p ( d e ) ] x
, Ry,, E V IS S (V , , :1 7 0 S (v 0

log 9 v ,  ( 7 )  
exp [ — U1, (n)]

= E  E „  F (p , Vn, 72, )2,)ev.(x; )2,)/c,„(x; Yi )2+0(IV„I),

where ev(x ; 72) = pv(v)-, c(x  ; e )9 (de) if pv (72) >0,
S (V :12)

C ; i f  pv (v ) =0.

( P ro o f)  First, assume pv. (v) >0 fo r every 77E E„„. By (3 .8 )
we can easily derive th e  following relation.

(3. 10) E E F(p, V „, 7), >20 e v.(x ; 720 /cv.(x ; 72)2
vE.vn .Ev,,

[S s(v„:,.)c(x e)P(cle) (V ^ V)C e )  P  e ) ]x
= E  E  

log 9 v ,  ( j ? )  
exp [ —  Uv, (7))]

+E E Pv„(71.)ev„(x;11)—  E E Pv„(72)
„ E E v . „ E v „ „ E E „ , , , e f , „

=4+1 -2+ 1.,

,o (c(x  ; —cv„(x ; v.)) p(de)

+E E Pv„07)cv„(x;27)2Pv.(7),)-1X
ncEv. xeffr„

ev„(x ; )7.)
cr,,(x ; 7).)2

S S ( V „ : v , )  
(cv„(x ; ) — c(x  ; e ))p (de).
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In the last relation we used c (x ; 77) =c,„(x ;
T h ere fo re  w e  can  co n c lu d e  /, L , o ( I V „ I )  b y  m ean s of the
following estimates,

(3. 11)
 

Icv„ (x ; 12) —c (x ; e) I -50 " [exp E lo(x)1 —1] if
XDO
X M B .- 1

where B„ = (xE Z' ; ,

(3. 12) e- 11°11 <c,„(x ; 72) <ell .

If p ( v )  = 0 , a n d  p,„(77,) > 0  fo r  some 22E.E,„ and  some xE-V„

(3. 9) holds in  the sense of — 0 0  — oo. A nd if p,„(//) = 0  pv„ (v.)
=0  for some vE.E,„ and all x V,, su c h  c a n  b e  o m itte d  in  E

neE r.

o f (3. 9).
Now, the proof of Theorem 3. 1 is obvious from the above lemmas,

noting F (p, V ,  ,7 2 , )

Next, we will detail Z'-invariant states by m eans of the free
energy. For e a c h  e E E  an d  a E  Z ' ,  d efin e  e (°)E E  b y  e(°)(x)

p E P  is called a  Z'-invariant state if

(3. 13) f (e )P (d e ) f ( ) p(de) for all aG Z "  and fE  C (E).

Denote by 5  the family of a ll Z"--invariant states.
It is easy to see that if p . f , p ,= T ,p E f  fo r  a ll t. O.

Functionals {H„) on 5  are  defined by th e  first term  of the right
hand side o f  (3. 9) in  Lemma 3, 4, that is,

(3. 14) H „(p ) =  E E (p, V„, 77, ev„(x ; 72)cv.(x ; 72)2.
vEE v. .Et„

We want to discuss the limit o f IV„1-11/„ ( p ) .  S o , le t u s  introduce
another functionals {k} on . f  which approximate {H,}.
(3. 15) f (p ,  V , 27, )7.) = (1), c (x ; e)2 p(d$)) pv (7)

i f  p, (2)>O,

i f  pv 07) =0, pv (7)0 >0,
\ 0i f  pv(7)) =0, pv(7 ),) = 0 ,

— 0 0

for each finite subset Vc Z "  and ) E E .
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(3. 16) h . (P )= E f(p, ; )2)
v e E v n  . .e v „

where B „(x )=B „-I-x=  fyE Z ';< n ) .

Lemma 3.5. L e t  p E

(3. 17) slim

I f  we denote by  H (p )  this lim it, H (p ) is upper semi-continuous.
( P ro o f)  First, we will show the following inequality.

(3. 18) h„(p)S2'12.-1(p) e x P  —  E  I (X ) I ] .
x.0xcan_,,xcB,_2

Let a = ( ••., — 2-1+1) E Z",

a--,(a1, 62,—, a .) ,  D,=IV„_,—a • a,

where cc= + 1, — 1 and a  • u=(6,(-2-1-1-1),•••, a„ (-2"-i+ 1).

Particularly we write 1 -=(1, 1, •••, 1 )  and D=D„.

Because of f(p, V„, )2, 7)0 w e have,

(3. 19)h ,  ( p ) E  E E f(p, V„, )2, .7).)cB„_1(.)(x ;)))•,CD„ .EE,.

Hence it suffices to show

(3. 20) E  E  f(p, V„, 7).)c8„_1(,)(x ; >2)

< h ,1 (p ) exP [ — E 10 (x)I]...0
XCB s- 1
XCZBs- 2

Set W. =17,— a = [0, 2" —2 ] "  and çb=7»v”iwo
Obviously we have for x E D

„  for )2EEv„.

(3. 21) c.„_,(.0 (x ; OC) = B„:ic.)(x Gx OexP[— E 10 (x)I],
XBOxcB._,

cB„_2(,)(x ;C)=cE„_2(,)(x+a;C(')),

c (x ;  e) =c(x-Fa ; e(')).
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M aking u s e  o f  th e  concavity o f  F o (u ) ,  Z"--invariance of and
(3. 21) , we get

(3.22) E f ( p ,  V., OC,
0.Evsw„

._Fo(pw „ (C) -1 c (x ; e)'p(cle)) Pw„(C),s(w..c„)

= f(p, V„_i, C(.°+).,)•

(3. 23) E  E  f (p ,  V ,, 72, 72.)cE„,(.)(x 72)

E E E V., sbC, _2(.)(x ; C )
C eE w . .E D  Sb E evn iw „

xexp [—E 10(x)1]
XDO
x c B „- i
XCH. - 2

E E f(p, C('), ;C)
Ce E g , . ,Œ D

x exp [ — E (x )
XBO
X C H ,-1 .X C tB n-2

N oting D-ka = f7„_, and E,_1 =- (Ewn)('), t h e  r ig h t  h a n d  s id e  of
(3. 23) is equal to  h ._,(p )exp  [ — 10(X)xDo

( 2 " 2 - 2 ) "  G ( + -If we set G (n )= ( 2 k + 2 _ , ) , ,  , n) ( 2 .1 _ .h. (p)expr
xDo

is non-increasing in  n  and  w e define H (p )  by

Œ. I ]

x2D-1
(3.24) l i m  G (n ) (2"' —1)—h. (p ) exP CE 10(X)11=e11°11 • 11(P)•xo n

H (p )  is  a monotone non-increasing limit o f  upper semi-continuous
functions because {h . (p )}  a re  upper semi-continuous in  p.
Therefore H (p) = lim  IV„1-' • h„(p ) is upper semi-continuous.

X -0 .0 0

Lemma 3.6.

(3.25)I V „ 1 "  •  H. (p) H  ( p ) — co) .
n o o
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(P r o o f )  If p ,,( )2 )= 0  p ,„ (7 1 ,)> 0  for some x E -17„ H .( p )  = h . ( p )

—0 0  fo r  vm Therefore Ern IV. I -1 • H. (p )  = lim  IV .1-1 • h. (p) =
—00. Since )2, such as pv,(72)

contribute to E o f  (3. 14),
vEE,.

71EE,„. Then, H . ( p )  and h„ (p )

(3.26) H. (p) —h, (p) =  E E
v.Ev...v„

—AP,

± E E  f (p ,
C E .Œ P .

—c,9„_1(,)(x ;  )2) ]

(3.27) Ill E  IPv .(7.) log

1 1 -.0 0

V.,

we

V.,

I I  - . a : ,

=0 pv„(72.) =0 for vxE , does
m ay  assume p„(71)>0 for

a re  finite fo r each n.

F ( p ,  V., )2, )2.)ev x  ;  71.)cv„(x(

ev  (x  ;  7)..)Pv.(7).)7).) "

not
all

; 71)2

c ( x  ;  e)29(de)

e ;  )2.)pv„()2.)

= I + I I .

( p v „( )

)7, )7.)[
c ( x  ; e )2 p (d e )

s(v.:v.)

-1 p v„ (2 .)cv .(x  ; 1)02 ) ev .(x  ;

— pv„07.)ev„(x ; 770 l o g  „ 02) c (x ; V P (d e ) i

+E E ; 710 cv,.(x 77)2

  

ev,,(x ; )7.) pv „  2 . )  

c (x ; e ) 2 p ( d 0
Pv.(71)

 

E pv.(7).)ev„(x ; )7.)

 

log pv,, 0201 C ;  E)2P (de) 
S  (V.:VO Cir„ ; 71)2

  

+ E  E  Pv .(0ev .(X  ; 7).)cv .(x  ; 71)2
1

( 1 [p v . ( ,.)  -IS C ;  e)2p  (de)  i - i )

s(v„:,.) cv„(x ;)2,)2

e'll°11 • 2 E  10(X)I •• if .' (exp [2 E 10(x)1]
x.o x o

—1) • 112.1 = 0  ( I V. I ) •
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Next in  order to estim ate I I  w e use the following.

(3. 28) e x p  [  — 10(X)1] 6 '. ( x  ;  )2‘) , CE (X) j],.D. ;

1 c(x ; e)2 p(clE)exp [ —2 E 10(X)1] -5 ,
x o pv„ 020 Sso,„.,,o ; v,)2

exp [2 E j0(x)1].
XDO
X M B , -1

H ence w e can estim ate I I  as follows,

(3. 29) I I f (p ,V .,7 7 ,7 2 .)c B „- i(„) (x  ; 7 7 )  (e x l)  —3E 10(x)1] —1)
XDO

=12,,(p) (exp [ —3 E 10(X)1 —1)
xao

and

I I1 2 „(p )  (exp [3 E  o (x )i] — 0.
XDO

Thus we get

(3.30) h „( p )  (exP [3 ,010 (X ) i] —1) +0 (1V.1) 11.(p) — h.(p)
X M B .-1

h ( p )  (exP [ - 3  E 10(X)1]-1)+0(1V.1).
x o

T herefore (3. 25) holds from  (3. 30) a n d  Lem m a 3. 5 , th a t  is , if
H (p )>— o o , lim I V„1' • H „(p )=H (p ) , a n d  if  H ( p )  —  o o  the limit

is, also , — oo.

B y th e  above lem m as we can show easily th e  following lemma.
Lemma 3. 7. For each poE

(3. 31) F(pi)— F(po)?_.S : — H(pds.

XDO
X ,Z B n -1

Lemma 3. 8. L et p E  5 .  I f  1 1 (p )=0 , then pE E .
(P r o o f )  Noting the monotone convergence of (3 . 24) in the
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proof of Lemma 3. 5 and h „( p ) .0 ,  we have

(3.32)h „ ( p )  = 0 for all n 2.

Further it is impossible th a t  p,„ (7)) = 0  a n d  pv.(7),) > 0  f o r  some
xE .V„, fo r otherwise h„(p) = —  oo. Hence p,„(17) =0 implies pv„ (77.)
= 0  fo r all xE f7„.

Next we show  pv„(77) > 0  fo r all 72E.E,„ an d  n _ 2 . Suppose,
pv„ CO = 0  for some —riEEv„ and n. I f  we choose m  such as
then we have p(y5,7)) = 0  fo r  a n y  yDEEv.,/v„ a n d  pv(407).) = 0  fo r
any xE "V„ V.. This fact im plies pv„ (C) =0 f o r  a ll CE Ey„. But
it is  a b su rd . Noting (3. 32), we get

(3.33) p v .  (27) 1 c(x  ; e)2P(de) =1 for a ll )2E Ev„ and n.scv„,„)

It is not difficult to show

(3. 34) lim P ( ) — c ( x  ; e,)2,

(3. 35) p(S (x =lim p(S (x

,lim pv.(elv.) /Lov.(elv.) +Pvn(e.lv.)1

:=--c(x; e,)2/[c(x ; $ )2+1]

=gt1,e(U1) fo r  a . e . eEscx
Therefore th e  proof o f Lemma 3. 8 is completed by Lemma 2. 1.

Combining th e  above lemmas, we have the following.

Theorem 3. 9. Let p„ i t  and p„,E g . Then there exists a weakly
open set G 0  con ta in in g po and e, 3> 0  su ch  th a t i f  voEG„0 and 0 _<s e,

then

(3. 36)F ( , )  —F(vo)

Corollary 3. 10. (i) Let po E  ir and suppose t h a t  t„—*co and
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that p,„ converges to p. Then pE  g  .
(ii) 9 9 n = g  n
(iii) Let p E  J .  p E  g  if and only i f

(3. 37) F (p )=  sup F (v ) .
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