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§1. Introduction.

In  this article, we study some topological subgroups of the group
of diffeomorphisms of a manifold.

Our main result is that the topological group of foliation preserv-
ing diffeomorphisms of S ' with respect to the Reeb foliation has the
homotopy type of a torus Sa x S'.

A uthors a r e  grateful to  Professor N . Shim ada a n d  Professor
M . Adachi for giving them nice advices.

§2. Spaces of foliation p r e se r v in g  diffeomorphisms and leaf
p re se rv in g  diffeomorphisms.

L e t M  b e a  smooth m anifold of dim ension n  w ith  a  smooth
foliation of codimension q.

D e f in i t io n .  A diffeomorphism  f :  M— >M is  ca lled  a  foliation
preserv ing diffeomorphism (resp. a  leaf  preserv ing dif feom orphism ) if
fo r each  point x  o f M , th e leaf through x  is m apped into the leaf
through f (x ) (resp . x ), that is, f (L ,) ,L ,( ,)  (re sp . f (L O =L ) ,  where
I ,  is  the leaf that contains x .  Equivalently, i f  th ere  is  a homeomor-
phism f  (resp. id)  o f th e  leaf sp ace  M / ,F ,  su ch  th a t t h e  diagram
commutes, w here vertica l arrows a r e  canonical projections (see Reeb
[7]).
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resp.

    

id  M/ g-- > M /

 

Let FDiff (M , g " )  (resp. LDiff (M ,  g - ) )  denote th e  space of
all foliation (resp. leaf) preserving diffeomorphisms of M  with respect
to g".

It is clear that LD iff (M , g") c FDiff (M , g " )  D if f  (M).
Topologies of the spaces are  induced by a relevant C---topology of
Diff (M ) . C learly there is an  exact sequence of topological groups :

0--->LDiff (M , g")--->FDiff (M , g " ) - - )7 Homeo (M A F),

w h ere  the second a r ro w  is  the inclusion m ap  a n d  th e  m ap  7 r  is
defined a s  in  th e  definition of the fo liation  preserving diffeomor-
phisms, 7r :

Rem ark. In  m any important cases as foliations constructed by
geometric manners, the hom otopy types of the spaces of foliation
preserving diffeomorphisms a re  not trivial. F o r  example, ir1 (F Dif f
(S', , ) )  h a s  non trivial e lem en t, w h ere  g " , is  the codimension
1 foliation constructed by Lawson [2].

§3. Reeb foliation R .

L et a  b e a  C --fu n ctio n  a  : [0 , 1 ) - -> R , su c h  th a t  a (0) = 0,
a' (t) > 0  fo r all tE  (0 , 1), a`" (0) = 0, lim  a(" (t) c o  fo r  a ll k.i-o
a  defines a homeomorphism of [0, 1) onto [0, 00), and a restricted
to  (0 , 1 )  is  a  d iffeo m o rp h ism  (0 , 1 ) (0 , 00 ). L e t  8_—a1 : [0, c a )

—* [0 , 1 ).
Three dim ensional sphere can be decom posed into two solid

tori, = D 2 x S ' U  x  D2, where h  is  a diffeomorphism h  : DD. x S'
— > x a .13' defined by h(x , y) = (x , y ). Let X = D ' x  S 'c  S ' b e  one of
th e  components. X  can be considered as the quotient space / x S'
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x w h ere  Sl= R/Z, [ 0 ,  1 ] ,  t h e  equivalence relation  is
defined  by (0, x, y) (0, x', y). E xp ress a  p o in t p  o f  X  as  p =
(t, x, y ) ,  (t, x ) D2, yE S', t  is the rad ius and x  is  the polar angle
mod 1.

D efin e  a fo liation in X  a s  follows : fo r tw o points p,=  (ti, x„

Yi), P2= ( t 2 ,  X 2 )  y 2 )  o f X , Lp1=Lp2 i f  a n d  only i f  t1=t2---= 1 o r  a (ti)
—y, (t2 ) — y2 (mod 1). Introduce the sam e fo liation  in  the other
com ponent, then  these together define a  fo lia t io n  in  S'. This
foliation is c a l l e d  th e  Reeb foliation. L e t  u s  denote (S', or
simply g-R.

L et in  intX--- S '  b e  a  m a p  d e f in e d  b y  ,u ( t ,  x , y )= a (t)— y
(mod 1 ) .  T hen rt induces a  diffeomorphism : intX/ („FR

S ,' so that th e  following diagram commutes,

§4. Lemmas.

Lemma 1. There is a  splitting exact sequence:

0---->LDiff (S 3 , „FR) —> FDiffo (S 3 , „FR) x
where FDiffo (S3, g - R )  i s  the identity  com ponent o f F D iff (S 3 , " . 1 1 ) )

LDiff (S3, .F.,) is  the space o f  leaf preserving diffeomorphisms in FDiff
(S3, R ) ,  S  x S1 is  the subgroup of standard rotations S O (2) x SO (2)
in  Homeo (S3AFR), and the global section‹—is the n atu ral l i f t in g  o f
standard rotations.

Pro o f . I t  is  c le a r  th a t  th e  im age o f r  contains the standard
rotations S i x L et u s prove that the im age of 7C is contained in
S' x Sl. Suppose for some f  i n  FDiffo (g - R ) ,  irf (: SO (2) x S O (2).
W e shall deduce a contradiction from this supposition.

W e m ay assume th a t  the fo liation  preserving diffeomorphism
restricted to the component X  induces a homeomorphism : S1— ›
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S i by

intX

s i

  

f i x

         

such that f  E  SO (2).
W e m ay assu m e f(0 ) = 0  an d  fid ,  eventually by com posing

some standard rotation.
Let us regard the unit interval I=  [0 , 1 ]  a s  em bedded in  X

by identifying /D t*---> (t, 0, 0,) E X . Then f ( I )  and ax are  trans-
versal at f(1 ), lE  / c  X, because I  a n d  aX  are transversal a t  1 =
(1 , 0 , 0 ), and f  is  a diffeomorphism.

W e can  assume f(1) =1, eventually by composing a  leaf p re-
serving diffeomorphism induced by a  vector field on ax (extended
near ax). M oreover, eventually by com posing a  leaf preserving
diffeomorphism w hich  is th e  identity outside a  sufficiently small
neighbourhood of 1, induced by a  smooth vector field tangent to
the leaves, we assum e that for some small s, a> 0, f  maps (1—s, 1]
diffeomorphically onto (1 —a, 1 ] .  Let çû= to  f i l  :  I - - > I ,  w h ere  t
is the radius function t : X - - > 1 .  T h is continuous map restricted
to some neighbourhood of 1  is a diffeomorphism.

L et E , to, p(1), j 9 ( 2 ) , . . . . ,  p (k),. . . .1 c I ,  an d  E.= 0 (n ) , j3
(n +1) ,  }  c E .  Note that Lon 1= E . T hen w  induces a  map

p=0  E., : for sufficiently large numbers 712, n o . (5 ,  can
be expressed as 0(jS(k)) , p ( k - i - p )  for some integer p.

A gain by com posing a  leaf p reserv ing diffeomorphism which
is of the form  (t, x, ( 7 2 ( 0  ,  x ,  y )  in  some small tubular neigh-
bourhood of ax and is th e  identity in  th e  complement o f some
tubular neighbourhood o f  ax, in d u ced  b y  a  vecto r f ie ld  o f ax
rotating ax—p times, mapping a  neighbourhood o f 1  in  I  in to  a
neighbourhood of 1 in I, w e m ay assume co = id , „ , .  Now recall the
following diagram ( p  is not defined on ax),
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te

          

çO

      

'NJ

     

Consider a  universal covering :

intD ix
te

 

intX = intD 2 x / Z  /  Z ,

w here horizontal arrows a r e  canonical profections Ri--->S2=R/Z,
an d  Ti is  defined  by 71 (t, x , 51 ) ,a (t) ( t ,  x )  E D ' ,  3 ,E R '  ,  t  is the

rad ius. Let f  b e  the lifting of f :

 

:1̀

S I

  

Getting together th e  diagrams above, an d  defining th e  maps prop-

erly,

/ {11  < intDz X RI

. ) R '

te

f i

> S i

it is easy to check that io (t) =3 o J o /3 - 1 ( t )  for tE (1 —e, 1), and ço (1)

= 1 .  Consider t h e  derived function  ço '(t) =  ddç:  (t). l E  I  is the

cluster point of E  an d  ço is  the identity on E „„ hence ço' (1) must
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be equal to  1.
O n the other h an d , in  (1— s, 1), yo'(t) =  (P 0 f  o 13 ') '(t )  =  ( f

(y )) o ( y )  ( y )  ,  where y  = p - '( t ) .  We shall now deduce that 9)'(t)
is not continuous at 1 . This contradiction will complete our proof

of lem m a 1.
Note that f ( 0 )  = 0 .  Let f ;  = 1 1 [0 , 1 ]  :  [0 , 1 ]--> [0 , 1 ] .

T h en  f i  (0 )  .0 , f ,  (1 )  = 1 , and f i  is  a  diffeomorphism o f th e  un it
in te rv a l. F rom  t h e  assumption, f i * i d ,  h en ce  th ere  is  y , '  t h a t
satisfies following 1 )  or 2)

1) yo-_-.ft (Y o) and fi (Y o) < 1,

2) y f ( y )  and fi (yo ) > 1 .
B y the w ay, lim  a" (0  = --o o , hence in  some neighbourhood o f  1
in  / ,  a " ( t ) > 0 .  Differentiating the form ula a 0 48 =id twice, we get
a" (13) • (4S/)2 F ('9 ) •  ,8 "  = O . Therefore there is a  sufficiently large
number No such that fo r any y No, 3"(y)<0.
Let y „ , - - - y o d -n .  W hen yo satisfies th e  co n d itio n  1 ) , th e n  fo r  any
sufficiently la rg e  num ber n, ( p ( y „ ) ) = f ( y o ) •  P'(f.Y . ) )/P'(y.)
-5-f'())0) < 1  (for, le" (y )  <0 , hence p'(f (y„))/P' (31.)
H ence ço' (48 (y „)) cannot converge to  1. B u t p(y„) converge to I.
T hese lead  to  a  co n trad ic tio n . Analogously, when yo satisfies the
condition 2 ) , ço ' (P (y .))  P  ( y o )  > 1 . Q. E. D.

L et L D if f , ( , , )  denote the space of leaf preserving diffeomor-
phisms of S '  with respect t o  g " , such that in  some tubular neigh-
bourhood N  of T=ax, th e following diagram commutes :

fIN •
 )  S3— tt =0}

f  T
 T ,

w here ft = 0 }  is the axes of two solid tori diffeomorphic to two copies

o f th e  circle S1, and the vertical arrows are projections w hich are

expressed in  each component a s  ( t , x ,  y ) -  y).
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Lemma 2. The inclusion map

LDiff, (FR) --> LD iff (Y , .FR)

is a  weak homotopy equivalence.
P ro o f  L et K  b e  a n y  com pact set and let ?Tr : K--->LDiff (S3,

F R ) b e  a  continuous m a p . W e  w ill m a k e  a hom otopy C . such

that To= T., 3F, (k)c LDiffr (FR). L e t x  : [0 , 1 ] - - -* R  b e  a  smooth
2 function such that x(x) = 0  for x E [1, 1 v], x (x) 1 for xE [1 —
3

1 13  v, 1], an d  x' (x) > 0  for xE (1 —  2  v 13
3  v), where v is a pro-

perly chosen positive number.
L et A, : [0, 1] - - > [ 0 ,  1 ]  b e  a  fam ily o f  sm ooth  m aps defined by

A. (t) =t +r • x (t) • (1 —  t) fo r z , tE [0, 1].
Let f  E lm  (W) c LD iff (S3 , FR ). D efine a hom otopy f ,( t , x ,

y ) = (13(i;(1r(t), x , y ) -  f , ( t ,  x , y ) + a  (f (t , x, y) ) ) ,  f . ( 2 , ( t )  x , y ), f ,

(2 ,(t), x , y ) ) ,  where f„  f ,  f ,  a re  components of f , e . ,

f ( t, x , y )  = (f ,( t, x , y ) , f . ( t ,  x ,  y ) ,  f , ( t ,  x ,  y ) ) .
Choosing v small enough, they define a homotopy gr,. Q. E. D.

R em ark. LD iff, (FR ) and LD iff (F R ) are Fréchet manifolds,
hence they have hom otopy types of C W -com plexes ([3], [4], [5],
[ 6 ] ) .  Therefore the inclusion m ap is also a homotopy equivalence.

LDiff, (F R )  is included in  FDiffo(Y, h en ce  th e  restric-

tions to T  belong to th e  identity component Diffo (T) o f  Diff (T).

Let r : LDiff, (FR) —>Diffo (T )  b e  the restriction map, i. e., r (f )
f  IT

Lemma 3 .  There is an exact sequence:

0 >ir--->LDiffr(FR)--->r D iff , (T )--->0,

w h ere  f  is  the kernel o f r, and r is a  locally trivial f ibration.
P ro o f  First w e show r is  su r je c t iv e . F o r  any yo  in Diffo (T ),

take a  sm ooth path yo, from  identity to  ço in Diffo (T), 490 -=idr,
=so. Consider a  vector fie ld  defined by —  —on T x  /  in  S 'x I.

as
Take small tubular neighbourhoods N ,, N , o f  T x  /  in S ' xI, N ,D
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1V2, extend th e  vector f ie ld  o n  53 x I  so that it vanishes outside NI,
tangen t to  the  leaves, a n d  that in N, it commutes with th e  differen-
tial m ap o f th e  p ro je c tio n  to  T , next, modify t h e  s-component of

ath e  vecto r fie ld  to  b e  t h e  u n i t  vector field .  Then integratingas
t h e  vecto r fie ld , w e ob ta in  a n  element o f  L D iffr(F R ) which is
m apped to ço b y  the  restric tion r.

N ext, define a  lo c a l s e c t io n  a s  follows. L e t  OE LDiff,(.FR),
-.= r ( 0 ) .  N o te  th a t  a  neighbourhood o f  0  i n  LDiff (S', R )  is

homeomorphic to a  neighbourhood of the  zero  sec tion  o f the  space
o f  smooth sections of .1%3,,, t h e  sub-bundle o f  th e  ta n g e n t  bundle
consisting o f tan g en t p lan es  o f  leaves, a n d  that t h e  neighbourhood
of i n  Diffo(T) is homeomorphic to that o f  r ( T ) ,  ta n g e n t bundle

o f  th e  torus, which is canonically embedded i n  r F R .  Extend the
sections of r ( T )  to  sections of z-,FR so  th a t  it  co m m u tes  w ith  the
projection to  T  in  some tubular neighbourhood o f  T.
W e can  give such  extensions sim ultaneously, hence it gives a  con-
tinuous local section of r. Q. E. D.

L e t  Diff(Sz, D2.4.) denote t h e  space o f  diffeomorphisms o f  th e
two dimensional sphere S ',  which fix som e neighbourhood o f  th e

north hemisphere D .  L e t  Ld(Diff ( S 2 ,  g . ) )  denote t h e  space of

differentiable loops in  Diff (82, Vi.).

Lemma 4 .  There is a  splitting exact sequence:
f ■ - / p pC)

0-4 ,d (D iff  (S 2 , D2+))(DP (D iff(Y , .0 „ )) — >

w here p  is def ined as in the proof  o f lem m a 1 in each component, Z  is

the group o f integers.
P ro o f  T he g lobal sec tion  is given f o r  (pi, E ZC)Z, by inte-

grating a  vector f ie ld  o n  Ss x / associated to th e  s tandard  ro ta tion

o f  (p ,, p 2 ) times, as in  the  proof of the  surjectivity o f  r  in  lemma 3.

T h e  kernel o f  this m ap p p is  t h e  sp ace  o f  leaf preserving
diffeomorphisms which fix some neighbourhood o f  T .  T h e  restric-
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tion on each  leaf m ay be regarded  as  an  element of Diff (S2, D2±) •

H ence th e  kernel is homeomorphic to Ld(Diff (S 2 , D!,))C)La (Diff
(S2 , D )). Q. E. D.

Lemma 5 .  T he inclusion m ap:

Diff (S2, g.) >Diff (S2, D2.,.)

is  a  homotopy equivalence, where Diff (S2, D2+) denotes th e  space o f

diffeomorphisms o f  S2 which fix D2,..

P ro o f  Let q, b e  a smooth path in  the space of diffeomorphisms
of .52, such that q0=id, and q, shifts th e  equator towards th e  north
p o le . Define a homotopy qP : Diff (S2, /Y+) --> D iff (Sz, D 2 4 . )  by q;"

( f )  =q '  o  f o  q , .  Then q ` : Diff (S2, D2+)--).Diff ( S 2 ,  D 2 + )  defines a
homotopy inverse of the inclusion map. Q. E. D.

§ 5 .  Theorem.

Theorem, T he space FDiffa ( S ',  ,FR) has the homotopy type o f  a
torus 5 1  x  .

P ro o f  B y a  result o f  S . Smale [8], D iff ( S 2 ,  D 2 + )  is contractible.

By lemma 5, D iff ( . 9 2 ,  D 2 + )  is also contractible. Therefore La (D iff

(S2, )) @La (D if f (Sz, is co n trac tib le . B y  lem m a 4 , ,f ir  is
homotopy equivalent to ZC)Z. Consider the homotopy exact sequence
of the fibration  r in  Lemma 3,

—>72 (Diffa ( T ) ) - - - > 2 7 1 ( f ) - - > r ,  (LDiff, ( R))

(Diff0(T))--->n-o(f) —>70 (LDiff, (g -R )) — A .

Taking in  considerations that Diff ( T )  has the hom otopy type of a
torus [9], and  that LDiff,(FR) is connected, we can deduce that all
the homotopy groups of LDiffr(„FR) v an ish . B y  lem m a 2 , a ll the
homotopy groups of LDiff (S3, „FR) vanish (i. e., contractible). Hence
by lemma 1, FDiff0(S3, „5-47R) is homotopy equivalent to St x SI.

Q. E. D.
C orollary. L e t  (.92, be the codimension one foliation defined
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as follow s. Decom pose S' = S' X D' u S' X .5' x lu  D ' x  S1, a n d  introduce
the R eeb foliation in tw o  so lid  tori, an d  th e  bundle foliation induced
by  the submersion onto I de f ined by  the projection in S ' X SI X I . T h en
FDiffe(S3, g - „,) h as  the homotopy type o f  a  torus S' x Si .
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