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Introduction. In  h is paper (9 ) , H e c k e  studied the represen-
tation o f th e  specia l linear group  S L ,( F ,)  o v e r  a  f in ite  field
in  th e  space' o f elliptic modular forms o f w eight 2 ,  an d  especially
showed that th e  difference o f th e  multiplicities o f som e two irre-
ducib le reprsentations o f  SL2 (Fp) in  that represen tation  is equal
to  th e  class number o f som e im aginary quadratic field. O n e  can
consider a  similar problem fo r th e  case  o f H ilb e rt modular cusp
forms. In  fac t, if  th e  weight k.,.>„4, w e  c a n  u s e  S e lb e rg 's  trace
form ula and can generalize a  p art o f H ecke 's  theorem. I f  k = 2 ,
w e can n o t u se  th e  trace  fo rm u la , b u t som e other m ethod (e. g.
H irzebruch's resolution of cusp singularities of H ilbert modular sur-
faces) is availab le fo r  th e  c a se  o f a  rea l q u ad ra tic  f ie ld , an d  we
have another generalization o f H ecke 's result.

W hile preparing th e  manuscript, the author was communicated
by H . Y osh ida that he had obtained th e  sam e resu lt as ours for
k 4, a s  a  p a r t  o f  his doctorial thesis at Princeton University C16)
(see below Theorem  1). Furthermore his method o f th e  proof is
practically identical to ours, so  w e o m it  th e  w ho le details of the
proof for k 4 a n d  in  th is note w e  sh a ll g iv e  th e  proof on ly for
k= 2.

For the description of our result, w e start from  a  few  defini-
tions. L e t F  b e  a  totally real algebraic num ber f ie ld , a n d  op be
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its maximal order. L et cr„ • • , u, b e  a l l  th e  d istin ct isomorphisms
o f F  into R , and b e  th e  com plex upper half p la n e .  Then SL2
( c , )  acts on by

a"z , + b" az „+ b°^r (z„ z„) =

for r— (

a  b  
E 5E2 ( o , )  a n d  (zi, •• • , 2:0 E ,Ç;)", a n d  S I, (o p ) g iv e s  ac  d

discontinuous group of transformations on ; and the volum e
of g,,-)'/SL2 (o,) is finite. W e  f ix  a  p rim e id e a l p  o f  F  which is
prim e to  6 =2 x 3 an d  th e  different D ( F / Q )  o f  F  over Q. We
define a  subgroup F  (p ) of S L ,(o ,)  o f fin ite index  by

f la(p) d) E  SL2 (04 (ca db) ( 0 1  01)mod. p

  

a bLet k  b e  an  even positive integer and  fo r r=  (
c  d

) E  SL2 ( O F )  and

z=  (z1, •.., z„) E (r, z) =-1-1 z  + ' .  For a function on
• "  w e put f f ( z ) jk ( r,  z). L et sk (r())) deno te  th e  space
o f cusp forms o f  weight k  w ith  respect to (p), i. e . ,  the set of
a ll holomorphic functions on  •7„)" which satisfy,

0  f  I =f fo r a ll re  F (p).
ii) f  (z ) vanishes at every cusps o f r(p).

For 1 E S L 2 (0 ,)  and f e  (I' (p ) )  , f  1 C r) , is a lso  co n ta in ed  in  5',
(r (p )), a n d  th e  m a p  r---->cr3, defines a  representation 7  of
SL2(1,,) /I' (.0  i n  t h e  sp ace  Sh (F (p )) . P u t  q=N 4.1 a n d  le t F .
d en o te  t h e  finite f ie ld  w ith  q  e lem en ts, th en  SL2(.3,) / F (0) is
isomorphic to SL2 (F.) .

Now th e  irreducib le representations o f  S L 2 (F 1 ) h a v e  been
classified by Schur C131, and  following the notation of Hecke
they a re  ca lled  ai 63,-  4 3 N q  + 1 ) / 2 ( i 2), q -1 )/ 2=  1, 2), laV,i+1
(l<  j< (q  — 3)/2), IS f_ i (1< i<  (q — 1)/2), w h ere  t h e  su f f ix  r  of

in d ica tes th a t 06', has degree r. Here to distinguish IN q 1)/2

(resp . 6%_i)/2) from 62(.+0/2 (resp• IN._0/2) w e  d e n o te  b y  6.-1-0/2



On the representation o f S I, (Fe) 103

(resp. 03!,_,)/2) th e  representation satisfying t r  A g + iv z ((  1 1 ) ))  = (1

+V( — 1)"-1)/2q)/2 (resp. tr  ( i1)/2(( = ( —  1+ ( —  1) ('-'12q) /2).

As we assume k  is  even , 7( ( '  - 1 ) )  is  th e identity au tom orph ism  of
S , ( [ ' ( p ) ) .  H ence by th e  character tab le  ( 1 3 1  w e see that 06,7-1)/2
does not appear in 7t if  q - -1  mod. 4  and that 0,4-0/2 does not appear
in  7r i f  q - -3  mod 4. I n  view  o f these facts w e denote by y, the
multiplicity o f  03,+i)/2 if q -==1 mod. 4  an d  th a t  of i f  q

mod. 4.

In  the case  o f F = Q ,  k =2 a n d  p= ( p ) ,  H ecke C9 1 determined
the multiplicity o f each irreducible representation in 7r and especial-

-
l y  show ed that yi —y2— — 

1 P1
p X ia(

a
p ) ,  where (  p - )  is  th e  quadratic

residue sym bol m o d . p . B y D irich le t's  form ula for the class num-
b er o f an  im aginary quadratic fie ld , the above value is equal to  0
if p m l  mod. 4 and  is equal to the class number o f Q(1/ —  p) if  p.a.3
mod. 4. Furthermore in  th e  c a se  o f  F = Q ,  k 2 an d  even, Eichler
12 )  calculated  Y,—y2 by using his "trace form ula" and showed that

1 p-i ( a exp (271,1— 1 a / P ) 
Y i  Y 2  - 1 5  -1 )/ 2 p  Xi p  1  -  exp (2711— 1 a/p)

1 a and  th at th is  is  equa l to  — p a( p

O ur purpose in  th is note is to  generalize these resu lts to  the
case n 2. In  fac t, a s  mentioned above, H. Yoshida and the pres-
ent author have proved independently th e  following

Theorem 1. I f  n ,>2 and k  is even and k 4 ,  w e  have

ly i— Y 21=2"-lEhx dh

where in the sum m ation E of the right hand side, IC1 ru n s  ouns a l l  the
totally  im aginary  quadratic extensions of F  w ith  the relative discriminant
p, and h,,, and h denote the class number o f  K i and F  respectively.
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A  brief sketch of our proof w ill be seen in  §1.

Now, w e shall exp la in  the situation  and  the method for the
peculiar case k =2 a n d  n=2. I n  th e  c o u r s e  o f  th e  proof of
Theorem  1, firstly yi—y2 is represented as the value a t  1 of some
sort of L-function (hence it is an  "infinite sum ") and  is shown to
be equal to  a  sum of relative class num bers. In the case of F=Q,

1  pthis L-function is  equa l to  II(   27z. L  ( s ,  ( p ) )

(1 —  
-p 1  

). O n the o th e r  h an d  in  t h e  p roo f o f  Hecke and

Eichler, Yi —y2 is represented a s  a  "fin ite sum" and then this finite
sum  is shown to be equal to a  class number by means of Dirichlet's
form ula for the class number o f  an  im aginary quadratic f ie ld . In
view  o f these facts, it seems interesting f o r  u s  to  ca lcu la te  v v 2

by som e other m ethod than Selberg's t r a c e  fo rm u la . A ctually in
the case of n = 2  and k = 2 , we can compute Y1— Y2 by using Hir-

zebruch's resolution of singularities of Hilbert modular surfaces C11)

112) and  Atiyah's Lefschetz fixed  point formula for vector bundles
over compact complex manifold C 1 ). In  this way we can represent
y,—y2 a s  a  finite s u m . F o r  sim plicity in  this note we assume some
additional condition on F  and p  (see the text).

Unfortunately, as the trace formula is not available for weight 2,
we cannot know whether th e  "finite sum " equals to a sum of rela-
tive class numbers o f totally im aginary quadratic extensions of F.
But Eichler's result tells that the value y, —y2 does not depend on
th e  w eight k ,  it m ay  b e  rea so n ab le  to  ex p ec t th a t " f in ite  su m
expression" of y1—y2 obtained by our m ethod gives a  "finite sum
expression" of the value a t  1 of some sort of L-function.

In  §1 we give some prelim inary results a n d  a  brief outline of
the proof o f Theorem 3. In  §2 w e review  Hirzebruch's resolution
of H ilbert modular surfaces and, as an application, we prove Theo-
rem  2, which asserts that som e automorphism of the compactifica-
tion X  o f g;) x/F (1 .1 ) can be extended to  th e  resolution g  o f X.
In  §3 we calculate y, —y2 explicitly by using Theorem  2  a n d  Ati-
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yah 's fixed point theorem.
T h e author wishes to express h is hearty  thanks to  h is friend

A . F ujik i who took an  interest in  t h e  present problem  and gave
him  m any helpful suggestions.

§  1 .  L et F , p , S k (F (o )) , S L ,(F,) , and  r  b e  a s  in  Introduc-

tion. W e  d e n o te  b y  (1., ) t h e  quadratic residue sym bol m od. p,

a n d  le t  )7 b e a n  elem ent o f o ,  such that ( 72 =  — 1 . Looking at
P

th e  character tab le  C13), it can  read ily be seen  that

(1)
1

Y1—Y, =- v (—     (tr (s)) — tr (7r(Z))) ,

where s = ( 1  1 )  a n d  s' =(01 T).0 1 Hence to know the value y1 —y,, it

is sufficient to calculate t r ( r ( s ) )  and  t r ( r (e ') ) .

For z =  ( z ,) ,  z '=  (Z ; ) put

-k
K (z , z ')= 1 I

where denotes the complex conjugation. T h e n  b y  Selberg's

trace  fo rm u la  (c . f . G o d e m e n t  (Q , Shim izu C 1 4 3 ), fo r  le,>-4 we
have „ s E  K (sz , rz )  j ( r ,  z)
(2) t r ( r ( s ) )  — )(k1 rcr(,) 

K (z , z )

(k-1)" f TEEr(oK(s'z'  rz)  i(r' 2)(2') t r (  ( s ') )  —r dz ,(4r)" K (z , z )

where is a  fundam ental dom ain  of [ '( p )  i n a n d  d z =
" d x  dyIT '2 ' , z 1 =x 1 ± 1 1 -1  y , .  By means o f Shimizu 's method, we can

y,
calculate the integrals on  the right hand side o f  ( 2 )  a n d  ( 2 ') .  As
to  th e  explicit calculation, w e refer to ( 1 6 j .  From this calculation
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we obtain Theorem  1 stated in the Introduction.
In  th e  follow ing we com pute tr(7(s)) and tr (7r (e)) by another

method in  the case  o f n= 2 and  k = 2 .  F irst w e describe th e  out-
lin e  of it. L e t  X  b e  th e  complete normal algebraic surface which
is obtained from S.,-) // '(p ) by a  usual compactification at finitely
m any cusps of [ ' ( p ) .  F o llo w in g  H irzeb ru ch 's  m e th o d  w e  can
resolve th e  singularities of X  and  we obtain a complete non-singular
algebraic surface t  N o w  e ( r e s p .  E ') induces the automorphism
f:(resp . f „)  of X . First o f a l l  in  §  2  w e  show th a t f .  (resp . f„)
can  be extended to  the biregular autom orphism  f s  (resp . f „ )  of
fc respectively. By Freitag (C33, C41J, C5)), S2(T(u)) is isomorphic
to  the space H ° ( ,  Q 2) o f 2-forms o n  X  a n d  tr (7r (E)) (re sp . tr
(7r (e))) is e q u a l  to  t r ( f ,  I H° ( g ,  0 2 ) )  (resp . tr(f,, I H° (g, Q 2 ))),
where tr (.7,( H° (g, .S:22)) (resp. tr(f„1 H° (g , .22))) denotes the trace
o f the linear m ap w hich is induced by I, (resp . / ,,) in  t h e  space
H°(X , Q2). N o w  t r ( f , I H° (g, S 22)) (resp. tr (f„ I H° (g ,  Q 2 ))) can
be calculated by A tiyah's Lefschetz fixed point theorem for vector
bundles. In  §3  w e shall g ive an  explicit computation of tr(f,1 H°
(g ,  Q 2)) and tr(f,1 11° (X, S22)) under some condition on F  and p.
T he above description is  th e  m a in  id ea  o f  th e  present investiga-
tion. H ere  w e  m ak e  so m e p re lim in ary  rem ark s . F irs t o f  all we
assume that F  is  a  real quadratic f ie ld  an d  th a t  a n  integral ideal
a  o f  F  satisfies (a , D (F/Q) (6)) =1.

R e m a r k  1 .  L et X  b e  the complete algebraic variety obtained
fro m  ,t,x  / / "(a ) b y  the com pactification . Then X  does not have
singularities other than cusp singularities.

For th is  it is  su ffic ien t to  show  th at F (a ) d o es n o t co n ta in
any elliptic element.  S u p p o s e  r ( a )  contains a n  elliptic element
a  = ( a  b )

.  Let N  b e  th e  order o f a, then there exists an  N -th  rootc  d
o f unity CN such that tr a=CN ±CV. L e t  p  denote a  p rim e facto r

o f  a .  From 01 ° m od.p, p  is  ram ified  in  Q (N )and  it fo llo w s 1



A') = 0 ,. Then a and —
a

A A'
i f  there exists an element e  of the unit group E  o f F  such that a

p '  mod. a.

Lemma 1. L e t   and A a , be two cusps such that (a, = (a',

are (a ) -eq u iva len t to each othe'r i f  and only
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that pIN  and FDQ(C)H-C;1), w here p  i s  the residual characteristic
of Since w e have assum ed  that p  i s  prim e t o  D (F / Q ) and

p  is fu lly ram ified in Q ( + C ; ' ) ,  w e  must have p = 2 ,  or 3. This

contradicts the assumption ( p ,  6)= 1 .

Remark 2. Let r b e  a n  element o f  SL2(0F)• Then, since
P (a )  is  a norm al subgroup o f  SL2(0F), y  induces an  automor-
phism  of . x  / / - '( c i )  and this autom orphism  can  b e  ex ten d ed  to
that o f X .  Let f  b e  the autom orphism  o f  X  d e f in ed  b y  an ele-

m en t (I  a ) '  a E 0 F ,  th en  w e  see  b y  th e  sam e argument as above0  1  
that f  has not any elliptic fixed point (the fixed point w h ich  is  a
inner point of

Before making the last remark, we shall give some elementary
consideration on the cusps o f  r ( a ) .  I t  is  k n o w n  [ 1 5 )  th a t  the

SL, (0F)-equivalence classes of cusps is in  on e  t o  one correspond-
ence w ith  th e  id e a l  classes of F .  Let n „  •• ., a h  b e  a  complete
system o f representatives of the ideal classes of F .  Here we assume
that 01 =OF and  th a t a ; is  in teg ra l and prime to  a. T h en  a  cusp
w hich  corresponds to  a; is g iven  by  f o r  s o m e  a and A , where

a and A  are two elements o f 0F su c h  th a t (a , A) =  a . .  If A=.-0  we
co n sid er a  th e  in fin ite  point of ..;)". As to  [ '(a ) -equivalence class-

es, w e have

aP r o o f .  I f  —  and are ['(a)-equ ivalen t, then  it is easy toA
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see that there exists eE E  which satisfies the above condition. Con-
versely i f  a e a ' ,  P  _ e p '  mod. a, Hilfsatz 1 in  C8) asserts that there

ea' a'exists rE r (a )  such that ( ea'=r (ep,). As - -  eP ' P "

a n d  a /  are ['(a)-equ ivalen t to  each  o ther.

a
s e e  p

B y th is  L em m a w e  can  d e te rm in e  a ll the [ '(a )-eq u iv a len ce
classes of cusps.

For each  2=  a (a , p) =a,, there exist such elem ents e, 1.) in

w ith  det ( a  e) =1 (c. f. (15)). In  the following we fix the repre-

sentativeso f  t h e  [ '(a )-eq u iv a len ce  classes o f the cusps, and

fix such elements e, 1.) a s  above fo r each  2 an d  p u t 1, = ( a  e).
v

Lemma 2. Notation being as above, we assume a  to be square free.

Then fo r a  cusp , (a , P)=-a1, the stabilizer group o f  A  in T  (a)

is equal to

{(c; ev)(e0 1)(aP v)
eEE(a), mE ,

  

where E (a) = 1 mod. a }  and, e ,  v  are elements o f  a i - 1  men-
tioned above.

P r o o f .  T h e stabilizer group o f 2 in  SL2(0,) is equal to
i f  ( a  eVe m \ ( a  e\ ;isev) (eo len_i)(73 ev)- eEE, „zEa",-21. con-v) ko e-')V  1.))

tamed in (a), then from

(c;
 e)(e m  )( a  

e 
te( a  — apm— Pee-1 — aee± cem + aee-'

v  0 e-1 v  =  m —p ie ' —  Pee ± apm

we see a ie —apm 1 mod. a and —IS& al3m ±ave-1.= 1 mod a.
F ro m  th is  w e  h a v e  (av — pe) e (av —  pe)e-1 m o d . a , (e +e-')
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2 m od. a, and (e — 1)2 0 m o d . a . B y th e  assumption on a we obtain
e ml m od . a . T hen  th e  above element is contained in ( a )  i f  and
only if a3m ma2mm2mmO m od. a and th is  condition is equ ivalen t
to mEcG-2.

Remark 3. In  th is rem ark w e assume that th e  class number
of F  is  o n e  an d  a  is  a  p rim e ideal p ,  ( p )  o f F .  The fixed points
of J  (resp. f , )  a re  equal to  th e  cusps w h ich  is ['(p )-equ ivalen t

to  a , aE 0,, (a, p )=0 ,.  I n  f a c t  i n  R em ark  2  w e n o ted  th a t

inner points of 5;.) x g,) a re  not fixed by f ,  a n d  f , .  L e t  a ,  (a, 43)
fi

0 ,, b e  a  fixed cusp o f  f ,  (resp. f  „) , then there exists a n  element
1 1 1 arE (p) (0 1) (resp. (p) (0 )12)) which fixes the cusp 78-. Since [ (p )

)
( 1 1 (resp. (p) (1) 71)) is contained in  SL, (op) a n d  in  v ie w  of\ 0 1

result on  the stabilizer group o f  a  in  SL, (00  ( c .  f. C15]), there
fi

a  e y e  m  V  a  e y  ,exist e E  E  and m EOF such that r=  fi e_1 »p , where

an d  v a re  th e  fixed elem ents o f  OF fo r  ±1- w ith  det(a e) =1
fi

Since

_ ( a  e y e  m  ) (  a  ey ave — — — aeed-a2m-Faee-'\
- v five — 152 m — five' —  pee + + ay el )'

we see that
(a) ary—afim — 'See' = a (rie — 48m —rie-1) +e1 m 1
(b) (ve —  f im  ve-1) 0  mod. p.

From  (b ) it follows that /3=0 mod. p or —fim — 12e' 0 mod. p. If
w e  assume i8#0 mod. P so ry— fini—)26.-'-.0 mod. p , then  by ( a )  we
see e 1 m 1 mod. p and  lant m od. p . A s w e  assume 9 0  mod. p, it
fo llow s that m  0 mod. p  a n d  — aee-Fa2m -k aec1.0 mod. p. B u t

th is con trad icts to  t h e  assum ption  that TE  (p ) (
1 1
0 1) (resp. (p)
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(1
Hence i3-=0 mod. p and w e have p ro ved  o u r assertion.o 1, )•

Moreover we see easily that i f  i3-m0 mod. p the set o f  a l l  the

w hich fix the cusp a iselements in 1(p)(01 (resp. r(p)(01
13

equal to l(a e V e  mt \ie 22/0 e)-1yi eE E (p), 211 E  0Fain  -.= 1 mod. p} (resp.

{(c; (e e n (a19 0-1
eE E (P), m E 0,, a2m.:.=_)2 mod. PI), where E(p)

= f eEEle-- 1 mod. pl
Lastly w e give the restatement o f Lem m a 1 under the condi-

tion on F  and Cl in this remark.

L e m m a  1 '.  1(p)-equivalence  classes of the cusps 2= -C Y  such as

pep, (a, 13) =0, are in one to one correspondence with (0,1P)x /É, where
É  denotes the subgroup o f  (0 ,/p )" generated by  the classes represented by
some element o f E . L e t {a11 be a  complete system o f  the representatives

o f  (o ,/p)" /É , then w e can choose -a'- as the com plete system  o f  the

representatives o f  (p)-equivalence classes of such cusps 2=  a  w ith pep
and (a, 13) =e,.

In  the fo llo w in g  w e fix  such  a ' as in L em m a l' as the repre-

sentatives o f  1 (p )-equ ivalence  classes of the cusps as above.

§  2 .  Now we briefly review H irzebruch's result on the resou-
tion o f cusp singularities. W e  re s tr ic t o u rse lv e s  to  the case n=2
and assume F  is  a  real quadratic field. Two data M  and V deter-
m ine a cusp, w here M  is  a submodule o f F  o f rank 2 over Z, and

V  is  a subgroup of the group o f all to tally positive units E ,  o f  F
o f finite index and satisfies V M c M .  L e t  r(„,„) b e  th e group

{(e0n12) eE V , m E M }  , then  r(„,,) acts on 3:2)Ofj as follows ;

  

r(zi, zo=(ezi+m,
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w h ere  (z1, z2)E, x T )  an d  '  denotes th e  conjugation of

F  over Q .  H ere w e note that acts on x S  f r e e l y .  Let K
b e  a positive real num ber, then  the subset {zE x.1
of isis  stable under th e  a c t io n  o f  („,, ) a n d  th e  qutient space
N  of b yby c a n  b e  compactified by add ing o n e  p o in t (00)
((co ) is  th e  cusp  given  by th e  d a ta  M  a n d  V ) .  W e can  g ive  on
N u  (c c ) a  structure o f a  norm al com plex space w ith one isolated
singularity at th e  cu sp  (00). W e call th is singularity " a  cusp sin-
g u la r ity " . L et M °  b e  th e  dual m odule of M , j .  e.

=  (a E  am d-a 'In ' E Z , 0mE M) , then  the local ring for
th e  cusp  ( M , V )  consists o f a ll "convergent" Fourier series

f ( z i ,  z2) = E  a (m o) exp (27i-V —1 (mozi d-m'oz2))
moEmo

w ith  coefficients a (m o )  ( E C )  satisfying a (m o) # 0  only if both mo>0
and m > 0 , or mo =0 and a (emo) =a (m  o) for eE V. Here "conver-
gent" m eans that f  converges for Tm  (z 1 )  Tm (z 2 )  > C  for a positive
constant C  depending on f  ((11], [12 1).

F o r a  sequence of positive in tegers ( (b1 , • • • , b ,) )  such as b1 2
and b 3 fo r a t least one b i ,  Hirzebruch constructed a "canonical"
isolated singularity an d  showed that this singularity is isomorphic to
a  cusp singularity for some (M , V ) .  Further he showed that every
cusp singularity is isom orphic to a  "canonical" isolated singularity
fo r some sequence of positive integers as  above. B efore explaning
the relation betw een  ( (b 1 , • • • ,  b ,) )  a n d  (M ,  V ),  and  the construc-
tion o f  canonical singularities, w e quote som e algebraic lem m as
from  [12].

Lemma 3. (H irzebru ch) ( 1 )  For every module M  in  F ,  there
exists a  totally positive element a E F  such that a M = Z + Z w , where w
is an element o f F  which satisfies 0 < w '< 1 < w .  Further this condition
on w , 0 < w i< 1 < w , implies that w  can be expanded to a purely periodic
continued fraction.
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(2 ) Let ((bk, • — ,b,)) be such a sequence of positive integers as above and
ex tend the definition o f bh for k E  Z by b,, =b  i f mod. r. T hen the

continued fraction b1—
1 converges t o  a  real quadratic1 

irrational num ber w  w hich  sati.s f ie s  0 < w '< 1 < w . Put Pk =b1—
qk

—
1 and let s  be the length o f prim itive cycle of ((b1,

bk
1

• • • ,  b , ) )  ( ( 1 1 ,  C12]), then the group o f  totally  positiv e units E ,  o f
the real quadratic field Q (w ) has a generator eo=p,— q,w , and ef, ,p „—

.7,,w.

First we note if a is a totally positive element of F, then the cusp
singularities which are given by (M , V ) and  b y  (aM , V )  a re  isomor-
p h ic  to  each  o th er. H en ce  b y  L em m a 3 . (1 ) w e m ay suppose M
is of the form M=Z +Zw with 0<w/<1<w. By Lemma 3. (2) ((b1,
•••, b , ) )  determines a  su b m o d u le  M = Z + Z w  o f a  real quadratic
f ie ld , an d  le t s  b e  the length of the prim itive p erio d  o f  ((b i, •••,

b , ) )  and  V  denotes th e  subgroup of the totally positive units E ,  of

Q (w ) of index t=1  ,  th e n  th e  "canon ical" singu larity g iven  by

( ( b i ,  • • • ,  b , ) )  is isomorphic to th e  cusp singularity determ ined by
(M ,  V ) .  Conversely fo r th e  cu sp  g iv en  b y  (M ,  V ) ,  w here M =

Z + Z w ,  0 < z t i<  1< w  and CE+ : V  = t ,  ( ( b k ,  • • • ,  be)) denotes the
prim itive cycle of the continued fraction of w . T h en  th e  above
cusp singularity is isom orphic to  t h e  canonical singularity deter-
m ined by the sequence ( (b „ ••• , b „ b1, •••, b„ ,  • • • ,  b , ) )  ( t
times).

N ow we give the construction of canonical singularities. For
((b„ •••, b , ) ) ,  extend th e  definition b h  for k Z  a s  above. For k
E Z ,  R „ denotes a  copy o f C 2  w ith  com plex coord inates (uk , v h)

and ( r e s p .  K O  denotes R„— { u „=0 }  (resp. R,, — t v , = 0 1 ) .  We
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define biholomorphic maps 5 ,  b y  the equations u =
ub,ivh_i an d  v h  = 1 / u „ , I f  w e m ake the identifications given by

çok-i's on the disjoint union UR,„ w e get a  complex manifold Y in
w hich  w e have a string of compact rational curves S , non-singularly
em b ed ded . Sk is  g iv en  b y  u, =0 in  th e  k -th  coordinate system
and by v,._,. =O in  th e  (k —1) — th  coord inate system . 5 ', and S A + 1

intersect in  ju st one point transversally . S ,  and S k  ( i< k )  do not
intersect, if k — i # 1 .  The self intersection num ber S o S ,  equals

T h e  com plex m anifold Y  ad m its  a  biholomorphic map
T :  Y-- - > Y  which sends a  p o in t w ith  coord inates (u „ yk ) in  the
k-th coordinate system to the point w ith  th e  same coordinates in
th e  (k + r )- th  coordinate system. T h u s  T ( S k ) = S , , .  O n the
other hand  there ex ists a  tubular neighborhood Y °  o f  U S k  on
which the infin ite cyclic group Z =  (T 'InE Z1 operates freely such
th a t Y 7 Z  is  a  complex manifold in which r  rational curves K,, •-•,
K, (K,. U ••• U K ,=  U S,./Z) are  e m b e d d e d . T h e  tubular neighbor-
hood Y° is g iven  as follows ; le t F  b e  a  function  o n  Y  which is
given in k ( >0 ) -th coordinate by

(w, log u  + lo g  Ivh1) (w', log u,.I +log lv,!)
I witvi I ......  I whw'k I

T hen  Y° is  the subset of points y of Y w h ich  sa tisfy  wk log 11,41+
log lv,! <0, w  log luk! +log !v,1< 0  fo r  some k-th  coordinate system
and F ( y ) > C  for so m e fix ed  constant C ,  w h ere  w , fo r kE  Z  is
defined  by the continued fractions

wk =1)1,-1:1 —  
bk + 2  

1

B y the condition of b ,  th e  intersection m atrix o f  th e  cu rv es  K „
•• • , K , is negative-defin ite. A ccord ing to  Grauert C7] th e  curves
K ,,  • • • ,  K , can be b low n dow n to  a  singular point x  in  a  complex
sp a c e . B y  the construction, x  has a  cyclic resolution as follows ;
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Lastly w e give a  d escrip tio n  o f th e  lo ca l r in g  or ) o f x  and
the relation between the local ring  o f the corresponding cusp and
that of x. consists of all functions which are holomorphic

in  some neighborhood o f  U K . W e w rite  dow n  these  function  in
0-1h  coordinate system. Let f= E a ,(u , v )1  b e  a  p o w e r  series in
two variables, w here jE Z x Z, (u, y)' -=u"z/2 fo r j=  (j1 , j2 ) and we

define T j = (  q- i ) ( i ) .  Then f  is co n ta in ed  i n  1(9(0,,..,„,), if

and  only if  f  satisfies following conditions ;

i) a -=a, and a, = 0  o n ly  fo r  j =  (0 , 0 ) o r  j  su ch  as j, >0,

j2>0_, w'.<11-<w•
1.2

ii) f  converges for (u, y )  such as
(w log lul +log IT ) (w' log lul +log l v l)>C f,
w log lui +log lvi <O , and w' log lid +log Ivi <O,

w here C , is a  co n stan t depending on f.

P u t (3) [u = exp (27x/ — CI)

lv = exp (27r),I — C2)

ia n d  (4) w C i -1-- 2 = Z1

71/C1+ C2 =z2,

then -«bi,..,b,» can be described by means o f z,, z2. For j= (j1, j2),(0

define x,,, 12 b y  x 1 w +x 2 w '= j ,  Then X, =12 an d  x , E M ° .  L e t  V{
f =  E  Ono) exp (2771/ —1 (mozi+a0z2)) in  z ,, z2 which satisfy follow-0 M0
ing conditions ;

X 1+ X 2 =.1.2

b e  as above, then consists o f a ll Fourier series
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i) c(m0) =c (emo) for all e V an d  c (mo) =0 only i f  both m a>
0 , m ;> 0  or mo =0.

ii) f  converges for Im (zi)Im (zo) >C„ w here C f  is  a constant
depending on f .

As rem arked  before, th is is isom orph ic to  the local ring  o f the
cusp  g iven  by (M , V).

Let b e  a  cu sp  an d  e  (resp i n )  b e  a n  elem ent o f  E
(resp . F )  such as e M =M  (re sp . (e — 1)m. E M  for all e V ) .  Then
e  (resp. m )  defines a  m ap g o  (resp. g„,) from  IT  ( M y )  to itself given
by ;

g , :  (exp (27r11 —1 z,), exp (27rlf — 1 z2))

(exp (2271/ — 1 e2z,), exp (27r,/ — 1 e-'2z2) )

(resp. g,„: (exp (27r11 — 1 z,) , exp (271/ — 1 z2)

(exp (27V — 1 (zi +7T2) ), exp (27r1/ — 1 (z2+7T2') ) ) •

W e note that the m aps (zi, z2) - - >  (e2z i, e"z 2) a n d  (z1, z2)---> (z1
+ m , z, + m ') m ake stable the neighborhood = {Im (zi) Im (zo) >K1 ,
and it is easy to  see that th e  m aps g ,  and g„, induce m aps from
e(m,v) to itself. As to these maps g ,  and g,,, we prove the following
theorem.

Theorem 2. g , and g,,, can be ex tended to the resolution o f  the
cusp e(m. y ) .

P r o o f .  I f  f o r  a  to ta lly  positive num ber a  o f  F ,  (aM , V)
satisfies the cond ition  of L em m a 3  ( 1 ) ,  6 (Af ,V )

 is isom orphic to
. v )  b y the mapping

(exp (27r ( — 1 z,), exp (22r1/ — 1 z ,))

(exp (27;-1/ — 1 az ,) ,  exp (2271/ — 1 a/z2))•

By this isomorphism the maps g ,  and  g,,, a re  transform ed to  the
maps R.; and g'„, given by
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g; : (exp (27V —1 z1), exp (27)/ —1 .2 '2 ) )

(exp (2n-1/ — 1 2z,), exp (271/ — 1 e"z2) )

: (exp (2711 — 1 z1), exp (271/ — 1 z2) )

> (exp (27,1 — 1 (z, + a î ) ) ,  exp (27V — 1 (z2 (o7n)')))

and  e  and rTi satisfy e (a M )= a M  a n d  (e -1 )am EaM  f o r  a l l  eE V
respectively . H ence w e m ay assume th a t (M , V ) satisfies the con-
dition in  Lemma 3 ( 1 )  and  w e u s e  th e  sam e notation  as before.
Let eo=p,—q,w b e  th e  generator o f E ,  and  1 b e the integer such
as e2=e, where s denotes the length o f th e  p rim itiv e  cyc le  o f w
as before. g-, denotes th e  m ap from  Y to itself which sends a point
w ith coordinates (u„ v ,,) in  k - t h  coordinate system  to the point
with coordinate (14, y,) in  (k+ ls )-th  coordinate system. Then this
map g , makes stab le the tubular neighborhood Y ° an d  induces a
m ap from  Y °/Z  to itself. It is easy to  see that g maps u K, to
itself and  induces in 0(,,,v) th e m ap g , and  our assertion is proved
for N ow we prove our assertion for g,„ For a positive integer
k, define positive integers p , and q,, by

Pk =bi— 
b ,—

1
qk

1
V,,•

Then p„ and q,, satisfy

= ( 0( -
q,,

-1 14-1) - 1- q k  Pk 11)k)
( ...................... 0

—1 b ,)

w h ere  w e defin e  p,, = 1  and q 0 = 0 .  W e extend  the definition o f p„
and q„ to  negative  in tegers. For k= —1 put 1,-, = 0 ,  (1_1= —1, and
for k<— 1  define p„ qh inductively by

(— q,, ,  p h _ h ) _ ( b h + h  — 1 ) ( b h ,  — 1 ) ......... i(b c, —
— q, p„ j— \1 0 \1
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Define a  m ap which is given in  k - th  coordinate system by

(u ,, v,) —>(exp(27r),/ —1 tr(ffiPk qkw:))uk,w—w

r  t r i  ,-Eqk ))74),e xp(27q —1 t w —w'

then  it is easy to  see that th is m ap is com patib le w ith  th e  identi-
fication o f  U R , b y  yns and induces an  autom orphism  o f th e  com-
plex manifold Y . W e d en o te  th is  m ap  b y  g .  B y  th e  definition
o f  a  Z -equivalent tubular neighborhood, g .  m akes stab le  all such
tubular neighborhoods Y ° .  Further m a p s  u K ,  to itself. N o w
w e show that if mod. r, then

exp(271/ — 1 tr(inPk—qkw, )),e x p (2 ir li —1 tr()T2P“—qvw, ) )w—w w—w

exp(bri/ —1 tr(ffi

=exp(22r1/ — 1 tr(In - p h - ,+ q k ;_ k w '  )).
w — w

I f  this is shown, th e  m ap from  Y° to itself induced by g  d e f in e s
an  autom orphism  o f r / Z  and  b y  ( 3 ) ,  ( 4 )  w e see easily that th is
m ap  induces g .  i n  &(M,y). H e n c e  g ,1 c a n  b e  e x te n d e d  to  the
resolution o f th e  cusp an d  our assertion is proved for g . .  Now if

m o d .r , then there exists an  integer 1 such as

- q k P k , j\ - q ,  p . •

It is enough to  prove ( 5 )  for 1= 1 .  For / = 1  w e  have

P k - l =  —q1/-1 p r - ,+ P i - ,

q1-1= q r- l+ p i— ,q ,

P h  = p .

q k  =

(5)
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B y  w=b,— 1 p,w - p .,  we see =w,
q,w — q ,1

1b,—

hence -=w' (p, —q,w1). From  these tw o relations

w e  o b ta in  p h  -q h w ' (p ,-q rw ') (p h , —qh,w') and  bk -l— qk _a d =  (p,
But p r  —q,w' E V  an d  by th e  assumption on rri

'w e h a v e  (p,-q,w' —1)in.111E .  Moreover  1  ' wan d   are the
w—w w—w'

basis o f  th e  dual module M ° o f M  and  w e  have

tr(tri Pk —q*u,/ )—  tr(in (P'—grw') (P'"-qh'w/) tr(fïz Ph'w—w w —w

mod. Z.

 mod. Z.Pk- qh-,1wS im ilarly  tr(7n try
W—W

T h us w e finish the proof o f Theorem 2.

L e t a  b e  a  square-free  integral ideal o f F  such as (a, D(F/Q)
(6 )) =1 , and  X  b e  th e  com plete variety obtained form  ><. //'(a)

b y  th e  compactification. Then by Rem ark 2 X  has no singularity

other than cusp singularities. For the representative 2= a  o f each

T(a)-equivalence class o f th e  cusps, tran sfo rm  th is cusp  to  (00)

b y th e  element r , fixed before, then by Lemma 2 this map induces

an  isomorphism from the local ring of the point on X  represented

b y  2=  a  t o  th e  lo ca l r in g  o f th e  c u sp  a t  (00) given  by the data

M = a a 2  a n d  V  = E (a )° , w here a, = (a , IS ) ( 1 < i< h )  a n d  E(a) =

tee  E e 1  mod. a} a s  before. Following Hirzebruch we can resolve
this singularity, hence we can resolve the singularities of the variety

X  and  obtain a  non-singular surface. W e donote this surface by

Now F (a ) is  a norm al subgroup o f  SL,(or) hence a n  element
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r o f  S L ,(o ,)  induces an isomorphism from .)><S,)/r(a) to itself

g iven  by (z1, r ' z , ) .  This isomorphism can be extended
to X , and w e d en o te  th is  m ap  b y  f . T h e n  a s  a  coro llary of

Theorem 2  w e can  p ro ve  the following.

Coro llary , f  can  be  ex tended  to  g  as an biholomorphic automor-

phism  o f

P r o o f .  Let 0  b e  the canonical m ap from  g  to  X ,  th en  0
induces an isomorphism from g—  U 0 - 1 ( )  to X —  u , where
denotes all the points of X  represen ted  by th e  cusps. H e n c e  f
can  be extended to  g— U 0 '( )  as an automorphism o f  g— U 0-1
( ) .  If a point o f  U  is mapped to o f  L O , th e n  f  induces

an  isom orphism  from  0 „  t o  (9,. Let and 2' —  a' denote

the representatives of and as b efo re . T h en  f  induces an iso-
morphism from 0 1 , to  0 ,  g iven  by an element o f  SL ,(o,) such
as B y  r, and r„, a, and e„ are isom orphic to 0(v.v),
w here M =ao', V = E ( a )  and 01= (a , 13) = (a', d8 ') . Hence compos-
ing these m aps w e obtain an automorphism of This auto-
morphism is induced  by rvr-r, and by the definition is of the

mform for some element e  o f E  and for some element n i of0 e '
B y the way e  and C lin  satisfy the condition on e  and i n  in

Theorem 2  and w e have tw o  automorphisms g ,  and of e(m.v)•
B‘,

e-1 e '
m  ) _ ( e  0  )

01
(1

Y
,t h e  automorphism of induced

by rT,trr, is equal to and by Theorem 2, g ,  and can be
extended to the resolution o f 0(..v), hence can be extended
also to that of B y the definition o f  g  th is  shows th a t  f
can be extended to  0 - ' ( )  and our corollary is proved.

§  3 .  First we explain the relation between the cusp forms and
2-forms on L .  W e  use the same notation as before, and let p be
a prim e ideal o f F  su c h  a s  (p , D(F/Q) (6 ) )  = 1  and X  b e  the
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compactification of S.11 x ,ÎzVF(p) and g  b e th e  non-singular variety
obtained by th e  resolution o f singularities. F o r  g  a n d  U=g—
Q2g a n d  (4  denote th e  sheaves of holomorphic 2-form s o n  g  a n d
U  respectively. L e t M z (F (p )) b e  th e  sp ace  o f  modular forms
o f w e igh t 2  w ith  resp ec t to  T (p ) ,  j .  e .  th e  space consisting of
holomorphic functions on ,1><S;.1 which satisfy only the condition 1 0

in  th e  d e f in tio n  o f  c u sp  fo rm s . T h e n  f o r  couE.H°(U, f 2 ) ,  we
can associate a n  elem ent g  o f w r  (0 )  by co, =g(zi, zz)dziAdzo
and  this m ap is an  isomorphism (C3D, 14], 15)). Connecting this
m ap  w ith  the restriction m ap  from  H° (g, DX) t o  H° (U, f4,), we
obtain a  m ap from  H ° (, D X ) to M,([ (p)). A ccording to Freitag
(C 4D  Satz  3 , C 5D  Satz  3 . 2 ), th is induces a n  isomorphism from
H 0 (, D X ) to  S2F(p) an d  we see that this isomorphism is compat-
ib le w ith  the extention of f . H ence i f  w e denote f ,  and  f „  the
automorphism of X  induced by e and  s ' respectively, by Theorem
2 f ,  and f , ,  can  be extended to  g .  We denote these maps f .  and

respective ly . T hen  w e have

tr(RS2F(p))=-tr(411/0(g, Q.2g))

tr(f„1,92F(P))=tr(.4,1H0(g, L0x))

where tr(f 1*) denotes th e  tra c e  o f  f  in  t h e  sp ace  * . N o w  w e
ca lcu la te  tr( j,IH ° (g , g g ) )  a n d  tr (f,,I H° (g, D X )) using Atiyah's
Lefschetz fixed point theorem  (C1D  Theorem  4. 6). For simplicity
w e assume that th e  class number o f F  is  equal to  o n e  an d  that p
is generated by a  totally positive element du of F. W e apply th is
theorem  to our case taking th e  canon ical bund le K  o f  g  a s  th e
vector bundle V  in  th a t th eo rem . A s the order of f ,  (resp. f „)  is
fin ite , w e m ay app ly th is theorem . This theorem  asserts that the
alternating sum

2 2

E ( —  0' tr(f.lH i(g, Q 2g)) ( r e s p .  E ( —  oi f222)))
i -o i =0

can be expressed in  terms o f th e  number determined by the fixed
point set of f ,  (resp. f„), j . e .
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2

( -1 ) i  t r ( f ,1 1 1 ( , g g ) )  =E v (F ix ( ) ,)
i -  0

(resp. ( —1) tr(.41-/' (g, Q22)) = Ev(Fix(f„);)),

where th e  sum extends over all the connected components Fix(4)3

(resp. Fix (.7„),) o f th e  fixed  p o in t  s e t  o f  .7, (resp . . 7 , )  and  the
number v (Fix CAM (resp. v (Fix (f ,,),) ) is d e te rm in e d  b y  Fix(.7),
(resp. Fix ( f „ ) , ) .  A s  t o  th e  definition o f  v (Fix (4 )1 ) a n d  v (Fix

w e refer to  C l ,  C 1 0 ). L e t  e i  b e  the structure sheaf of
IC, th en  b y  Serre  duality we see that

tr(.41H2(g, Q22)) =tr (7 H° & ) ) and

tr (P H ' (.g", 9,22)) =tr(.7,1HJ(g, e x )).

W e  s e e  tr (71-1z (, gg)) =1  an d  b y  C5) S a tz  7. 1 ,  Hi (X , .g )

= 0  h e n c e  tr (.71H1(g, Q2g)) =0. Similar results hold for I:, a lso
and  we obtain

(6) tr(f,1110(, gg)) — tr(j H ° ( ,  g i ) )

= Ev (Fix (f ,),) — Ev (Fix (f ,,),)

N ow we study th e  fixed point set of .7 (resp. .7„). By Remark

3, f ,  (resp. f „ )  fixes only th e  cusps F(p )- equ iva len t to  c±-, where
te

(p , a ) =0 ,, hence the fixed point set of J  (resp.f,,) lies in  u

w here th e  sum  extends over a ll th e  p o in ts  o f X  represented by

a 's. W e  w r ite  d o w n  th e  a c t io n  o f  j ,  (resp. o n  U 0-1()

explicitly.

B y 7,(2 =
),

is iso m o rp h ic  to  & m y), w h ere  M = p  and

V=E(p)2. Under this isomorphism the automorphism o f 0, induced
by j ,  (resp. j1 ,)  is transform ed to that o f  0m,, given by

(exp (27-4 — 1 z1), exp (2271/ —1 z2))

>(ex p(27)1  1(z ,.+C a2))), ex p(27r11 1(z2+( al 4 ) ) )
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(resp. (exp (27r1/ — 1 z1), exp (27r)/ — 1 z2) )

--->(exp(2711— 1(z, + a722 ))), exp(27rV — 1 (z2 ( 01)22 ) ) )

where ( -1c72-) (resp. (12-2- )) denotes an  element of 0 , such asa
a 2 ( 71  )E

1 mod. p (resp . ce2(--c-t2 ) ..)7  mod. p ) .  O f course this map does not

depend on the choice of ( 2 ) (resp. By th e  isomorphism

6<porEco2) eco,,E(p)z) given by

(exp (27,/ — 1 z1), exp (274 — 1 z2)

—›(exp(27r1/ — 1 zit; ), exp(274 — 1 ,Z2 

t t ' ) '

th e  above automorphism of ( e o  F ,E ( ,) 2 )  is transform ed to  that of

eco,„,()2) given by

(exp (27r1/ — 1 z2), exp (274 — 1 z2)

(exp(27r1/ — 1 (zi
pl al2  )) ),

exp (27-4 — 1 (z2 + 1  (  la2  ) ') ))

(resp. (exp (271/ — 1 exp (274 — 1 z2))

- - - + " (2 7 1 1 —  1 (z 1 +  ( )c7f 2 ) ) ) '  e " ( 2
- 1 ( z 2 +  1

/1 (

)7

2 ) ') ) ) *

For F =Q(VIV ), where N  is a  sq u are -free  rational integer, let R
be the largest one among th e  rational integers smaller than \IN  if

N-=2, 3 mod. 4  and  the largest odd one among the integers smaller

than IN if N m l mod. 4. Put w =R + 1 -1-1IN if N 2 ,  3  mod. 4  and
w= (R + 2 + 1,IN) /2 if N m l mod. 4. Then w  satisfies 0<w/<1<w,

or =Z H-Zw a n d  can be expanded to a  purely periodic continued

fra c t io n . L e t ( (b1, ••-, b e ) )  b e  its  prim itive  cyc le  and  t  b e  the
index C E , : E (p )2 ), an d  define b ,  for kE  Z  by i f  i=-k mod.
s. First we consider th e  automorphism of induced by
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B y th e  p ro o f  o f  T heo rem  2  w e  see  tha t the extened autom orphism
o f  th e  resolution o f  t h e  cusp i s  g i v e n  i n  k - t h  coordinate

system by

> ( e x p ( 2 7 V  — 1  t r  1  (  1  )  —qhw )

p  a'
1 (1 )—ph_i+qh_hw'

w—w'

)
Ph q,.

— w w', ) 4 1  and exp(27r.il — 1 trw

4  1 , th e n  (0 , 0 )  is  th e  only o n e  f ix e d  point

of j: in  R,,. O n the  o ther hand  if exp(271/ —1 —qkw'tr (7x2 z o _ w /  —  I
1 pI h, ,

(resp. exp(27r1/ —1 tr 1 ( 1, \) w — w  )a —1), th e n  S k + 1  (resp.p 
S„) is  th e  fixed po in t se t o f in  R „ .  T h u s  th e  fixed  p o in t se t o f

j ;  in  0 - 1 0 )  is  e q u a l to  (U  (K, • K,+1)) U (U K ,), w here  i  ru n s  o v e r

such  indeces as exp(27V —  1 tr ( ) pz"v .2 : :  )4 1 and exp (27,/ — 1

1 1  \  t r  
p  a 2  )  w — w ) r  I , and j  runs over such indeces

as exp(27r1/ — 1 tr 1 ( 12 ) —A-1±qi-lw'w —w, ) _ l .  H e r e  w e  p u t  Ki = K„p  a 
fo r  i, r e  Z  if  i----i' m od. st . T h e  c o n t r ib u t io n  o f  K, • K J+, t o  the

sum  E v(F ix).4 )1) is  equal to

exp(27V— 1 tr 
1 11

—q1 )- P* kw'p  a ' w—w'

(1 — exp(27r1F— 1 tr 1 ( 1,p  a  ) Pk—qkw' ))w —w'

exp(27V —1 tr 1 ( 1 \p  a ' ) w —w' )

(1 —exp(27rV— 1 tr1 ( 1a2)p
P k - 1  +q 

w —w ) .

exp(27V— 1 tr

H ence  if exp( 27.4 — 1 tr (-al

1 ( cY1 —
2

—U.)/
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And the contribution of K j to  the sum  E v (F ix (4 )1 )  is  equal to

{ exp(27r),1-1 tr 1 ( 12)/3kq ' )(1 — c — d) (1 +c/2)p a  w —w

1

1 —exp( —27r)/ 1  t r i ( —w') p* qhzu )(1 — d)p  a 2

where c  is  th e first C h e rn  class o f K1 and d  is  th at of the normal
bundle o f K,. As to  th e  definition of (K J  w e  r e f e r  to  C1).
Notice that cCIQ =2(1 — 70, w here 7r is the genus o f  K „ a n d  that
c/C1C1) is  the self-intersection number o f K , .  Now in  our case 7r is
equal to  zero and dC K ,) is  eq u a l to  — b ,. H ence w e see that the
above value is equal to

exp(27r1,1— 1 tr 1  ( 1 , ) q'w' )p  a w _ w

1 — exp(-27r\I-1 tr 1p  ( 12) P'  )a w —w

bj

1 —exp( —27r\/ —1 tr 1 ( 1 ) p'
tt a 2  w  — w )

Similar results hold for j:,. For a 3 0 1  w e put

v (a) E
(1 — exp(27q — 1 tr a  . — q,w; ))

w —w

exp(27rIf —1 tr pa  • — P-1± qi,-lw ' ))w— w

a - i w '  ) )(1 — exp(27rV — 1 tr • w —w'

—1+

exp(27 .4-1  tr a  •  P. q'ut )w —w,
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+ E
1 - exp( —27V —1 tr a  • 17' q/7"v, '

hi
X  - 1 +  

- exp( — 271/-1 tr  •  135 qiw'p w — w' 1 ,

where i  runs over such indeces a s  1< i< s t  and

pi — q ",1 4 1 ,exp ( 2n-lf —1 tr a • p w  — w

e x p (2 7 V -1  tr  a  . —p1-1+q,_..ave) 4 1,
11 w —w,

and  j  runs over such indeces a s  1< j < s t  and

ex p (2 7 \1 -1  tr  a  • —17i
j v —  ' )

4 1 .

T hen w e see easily that v(sa) =1) ( a )  f o r  all totally p o s itiv e  u n it  s.

F or the  po in t  o f  X  represented by th e  cusp the contribution

o f  th e  fixed p o in t se t in  0-1 W  to  th e  su m  E ,..)(F ix (f .) ;)(re sp . E
1

v (F ix (j: ,) ,)) is  eq u a l to  2)((—a2 )) (resp. 7)(( a722 ) ) .  Hence we obtain

(6)

and

(7)

1 +(—
a

))v  (a )(Fix (4 ),)  = CE : E (0) P
mod. P

1 a  \ \
E v(F ix(1-;,),)=  CE E(p)] (1 --"( ) ) 1 " )mod. P

0 mod. P

(w h e re  —  denotes th e  quadratic residue symbol mod. p  Thus by
1-1

( 1 ) ,  ( 5 ) ,  ( 6 )  a n d  ( 7 )  we obtain th e  following theorem.

 a pi—qiw'
exp(271/-1  tr • p w  — w ,
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Theorem 3. If  the class number of the real quadratic field F  is
equal to one and the prime ideal f is generated by a totally positive element
then for k =2  we have,

1
Y' —Y2 == (g  -1 )/ 2 g

2
E  E n o d .gd. ( t ;  ) 1 ) ( " ) •

E xam ple. We shall show an example of Theorem 3 by taking

F ,Q(115 ) and 7  2 115 . In  this case w =  3+21/5 —  ( (3 ) ) ,  e 0 =

 131—q1w=e, for i >0, CE : E(p ) =1O, an d  CE+ : E(p)2j =5.

For any aE Z, ( a ,  1 1) =1,

5

( a ) = É
i =1

exp(2711 —1 1a1 tr (e°1T51// )

1 —exp(27711 —1(11 tr (e°1)1 1-4' )

exp(27q — 1 Ha ti  (6.°):;1"( )

1 —exp(27q— 1 —a (e°)i )1 1  tr

exp —
al tr (e0 i ) )
11 v 5

1

10   a m (e0' p' \\
x  (E  m exp (27r1/— 1 H tr

J5 )) •

Hence

A/ a 5 101 0 a  \
)1)(a) — 112 ;U l m  ,,2=-t( 11 )

   

exp( — 27r11— 1 if
 (/ tr (11)5itt' - 7 7 1  tr (4) ) \

11.5 I I
1( a  \ I 0  

— 112 11 )exPy'rv )
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• ,
t r  x "  ,  ( /  t r  " )7 1trn

11

1"  a
—  —  112 Ti Xi )exp(277,1— 1 x 0  .

Thus,

yi —y2 =- 0 •

Actually, this agrees with t h e  fact that there does not exist a  totally
imaginary quadratic extension W O ) with the  re la tive discrim inant
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