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1. Introduction.

In  this paper a ring will always mean a commutative noetherian

ring w ith unit.
L e t  A  b e  a C ohen-M acaulay local ring w ith maximal id ea l m

and  K -d im  A = d .  W e d efin e  r  (A) E x t ,  ( A / m , A )  and
ca ll it  the type of A .  Various properties o f th e  typ e  a re  discussed
in  [ 2 ] .  H ere  w e  note that if x„ is  a n  A-regular sequence
in  m , th e n  r(A ) = r (A / (x „ . . . ,  x , ) ) .  T he g lobal type of a Cohen-
M acau lay  ring A  is  d efin ed  to  b e  the suprem um  of the types of
local rings A , f o r  a l l  p r im e  ideals p o f A . A  C o h en -M acau la y
ring is  G orenstein if  a n d  only if  th e  r in g  h a s  global type one.

L e t  R  b e  a  graded r in g .  R ecen tly  it w as p ro ved  th a t R  is
C ohen-M acaulay if and only if  R , is C ohen-M acau lay for every
graded prim e ideal p. ( [3] an d  [4])

T he aim  o f th is paper is to prove th e  following

Theorem. Let R =  E R , be a  commutative graded noetherian ring.
.Ez

I f  R, i s  a  Cohen-M ac zulay local ring of type <  r  for every graded

*  Each of the authors presented their manuscripts on November 12, 1973 and November
19, 1973, respectively.
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prime ideal p , then R is a Cohen-Macaulay ring of global type <  r .  In
particular, if R .  Gorenstein fo r  ev ery  graded prime ideal P , then
R  is  Gorenstein.

W e shall prove th e  theorem in  m ore precise form  in  §3.
T h e  ab o v e  th eo rem  w as  in d ep en d en tly  o b ta in ed  b y  the

authors.

2 .  Preliminaries on  graded rings.

Let R = E R„ b e  a  graded r in g .  F o r  every ideal Cl of R  wenEz
denote by a*  th e  ideal generated by all hom ogeneous elem ents of
a. T h e n  ci* is th e  la rgest g rad ed  id ea l co n ta in ed  i n  a. I t  i s
obvious that if  p  is  prim e, then so is 1.,*. A n ideal p  o f  R  is said
to be H -m axim al if it is a m axim al element of the set of all proper
graded ideals of R .  I f  p  is  H-maximal, then p  is prim e and R /p
has only tw o graded ideals ( 0 )  and R / p .  Recall :

Lemma 2. 1. I f  R  has only  tw o graded ideals (0 ) and R , then
(1) I f  x  i s  a non-zero homogeneous element o f  degree n, then x  is

invertible and i s  a  homogeneous element o f  degree -n. In
particular, Ro is a field.

(2) R  is an integral domain, and R  is a field if  and  on ly  i f  R=Ro.
(3) I f  R  is not a field, we put d= m in  frz> 0  R , # (0)1 . Then :
(a) R„# (0) if and only  i f  nEdZ.
(b) I f  k  denotes the field Ro, every  non-zero elem ent X  o f  R d is

transcendental over k  and R = k  [X ,  X - 1  as graded rings. I n

particular, R  i s  a principal id e al domain.

(c) Every  f initely  generated graded R-module is  free (as a graded R -
module).

R  is called  H -local if R  has unique H -m axim al id e a l .  L e t  S
b e  a m ultip licative set of R  consisting o f  homogeneous elements.
Then the localization S ' R  is  a  graded ring. ((S -1R ) .=  (7 - s  r is
a  hom ogeneous elem ent o f  R , s E S  a n d  d e g  r = d e g  s - i - n . )  for
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every nE  Z .) I f  p  is  a  p rim e ideal a n d  if  S  is the m ultiplicative
set o f all homogeneous elements of R  not in p, R  is said to be
th e  homogeneous localization o f  R  a t  p  a n d  d e n o te d  b y  R (,).
I n  th is case Ro) is  an  H -lo ca l r in g  w ith  H -m axim al id ea l p*R(,).
Hence, i f  p  is  a  non-graded p rim e ideal, it follows from  Lem m a
2. 1 that pR(,) / p*R ,„ is  principal and th at th ere  is  no  prim e ideal
properly between p *  and  p.

Lemma 2. 2. ( [4 ]  L e m m a 1 ) . I f  p i s  a  non-graded prime ideal,
then height p= height p*4- I.

Lemma 2. 3. ( [ 4 ]  L em m a 2 ) .  Let a  b e  a  graded ideal o f  R
and let p „  b e  g rad e d  prime ideals w hich do n o t co n tain  all
elements of R  of positive degree. If the set of all homogeneous elements
o f  a is contained in PiU • • U p., then a is contained in some pi.

L e t  M  a n d  N  b e (f in ite ly  gen era ted ) g rad ed  R -m o d u les .
T hen E xt; (M , N )  is  a  graded R-m odule fo r every i> 0.

3. P roo f of Theorem.

L e t  R= E R” b e  a  graded r in g  a n d  le t  p  b e  a  non-graded
n E Z

prim e ideal of R .  W e prove th e  following

Theorem 3. 1. I f  R , ,  i s  a Cohen-Macaulay local ring of type
r ,  then so is R ,.

P ro o f .  Considering R o , instead of R , w e  m a y  assume th a t R  is
an  H -lo ca l r in g  w ith  H-maximal id e a l p*. Since R ,*  is C ohen -
M acaulay, there is an  R -regu lar sequence .x1,..., x , (n = h e igh t p*)
in  p* such that x1 is homogeneous fo r every i  by v irtue o f Lemma
2 . 3 . Put R=R / x . )  an d  p=p / ( x „ . . . ,x „ ) .  T hen  p*--p* /
( x 1 , . . . ,  x ,)  and  R,* is  a  C ohen-M acau lay local ring o f type r. In
order to  prove th e  th eo rem , it is  su ffic ien t to  show th at R , is  a
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C o h e n -M a c a u la y  lo c a l r in g  o f  ty p e  r. H e n c e  w e  m a y  assume
that height P* =  O . Then height p  =  1 by Lem m a 2.2  a n d  R  is
C ohen-M acau lay  because A ss (R) = {p i . S in c e  E x t i ! (R / p*, R)
is a  fin ite ly  generated  graded  R  / p*-m odule, Ext, (R / p*, R )  is
a  f r e e  R / p*-module b y  L em m a 2 . 1 , w h en ce  E x tL  ( R ,  p* R„
R ,)  is a  f r e e  R ,/ p *  R ,-m o d u le . S in ce  R ,/ p *  R , is a  discrete
valuation r in g , th e  equality r (R,) =r (R ,,,) follows from  t h e  follo-
wing

Lemma 3. 2. Let A be an one dimensional Cohen-Macaulay local
ring w ith m ax im al ideal nt and let p be a prime ideal o f  A  such that
A  /  P  is  a  discrete valuation ring. T h e n  the equality  r (A ) =r(A ,)
holds if and only i f  Ext1 (A /  p, A ) is  a free A / p-module.

Pro o f . B y the assum ption  there  is  a n  elem ent x  such  that

. p + x A .  T h e n  0 - - .A  / p - - -A  / / m- - > 0  i s  a n  e x a c t
sequence. Since HomA (A / tu, A ) = 0, w e h av e  an  ex ac t sequence

0--->Hom4 (A / p, A) =->Hom A  (A /  p, A )--->E x tl (A /  nt, A)
- - - )E x t l  (A /  A )=---->Ex t1 (A / p, A ).

T his  show s depth,/, HomA (A / p, A) > 0 , whence HomA (A / p, A)
is  a  f r e e  A  / p-m odule by [1] Theorem  2. 3 ( d )  because A /  p  is
a  discrete valuation r i n g .  Therefore we have :

r  (A,) =dimApipA, HomA, /PA,,
=rankAi„ Horn,' (A / p, A)

HomA A  /  p, A ) /  nt HomA A  / p, A)
= dimAim HomA (A / P, A ) /  z Hom A  (A /  p, A)
< dim A im Ext: (A /  nt, A) = r (A).

Hence r (A) =r  (A ,)  holds i f  a n d  only i f  th e  map HomA (A /p, A)
--->E x t,t (A /  m, A )  is su rjec tive , i .  e . ,  t h e  m ap ExtA (A /  p, A)

-=-->Ext1 (A /  p, A )  is in jec tiv e , w h ich  is  equ iva len t to  say  th at
Ext,1 (A /  p, A ) is  a  f r e e  A  /  p-module because A  /  p  i s  a  discrete
valuation ring.
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Rem ark 3. 3. U nder the same assumption a s  in  Lemma 3. 2,
A  is Gorenstein if  a n d  only if Ext,1 (A / p, A ) = (0).

Rem ark 3. 4. In  proving the Theorem in  § 1  w h e n  R„=  (0)
fo r every  n < 0 , b y  a  result i n  [ 2 ] ,  w e  c a n  r e d u c e  to  the case
where R o is  a  complete lo ca l r in g , w hence a homomorphic image
o f  a  reg u la r  lo c a l  r in g . I n  th is c a se , using graded syzygies, the
faithful exactness of —C),RM  ( M  is unique graded maximal ideal)
o n  th e  category o f  graded R-m odules a n d  th e  following lemma,
w e can  prove th e  Theorem in  §1  not considering negative degree.
(c f . [3 ])

Lemma 3. 5. L e t A  be a regu lar local ring w ith  maxinial ideal
n i and let a  b e  a n  id eal o f  A .  T h e n  the f ollow ing conditions are

equivalent :
(a) A /  a  is  a Cohen-Macaulay local ring of type r.
(b) a  is perfect and dim,vm Toll (A /  ni, A / =r where d=gradeA a.
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