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1 .  Introduction.

L e t  {X (s) ; s E S }  b e  a  path  continuous real valued centered
Gaussian random field  w ith  a  param eter space S ,  w h ere  S  i s  a non
compact locally compact topological space. Denote by  SU { 0 0 }  a one
point compactification of S .  Then, after P . Levy, w e can  form ulate
the asymptotic behavior at the  infinity point {0 0 } of sample functions
of the Gaussian random fie ld  as follows:

Definition 1. A  p o sitive  continuous function v ( s )  defined on a
neighborhood of {co} is called a  function belonging to the upper class
U (X )  i f  th ere  ex ists  a  neighborhood U o f  {0 0 }, w ith probability 1,
su ch  th a t X (s)< T o(s)go (s) h o ld s fo r  a n y  sE Ur) S ,  w h e re  y o ( s ) =

(E  [X  (s )2 ])1 / 2

Definition 2 .  A  p o sitive  continuous function ç o ( s )  defined on a
neighborhood of {co} is called a function belonging to the lower class
L (X )  i f  th e re  ex is ts  n o  such neighborhood U  o f  {0 9 } ,  w ith pro-
bability 1, that X(s) < ro ( s )  ( s )  holds fo r any s E Un S.

In  case  o f Brownian motion, I .  P etrovsk y  [6 ] and K . L. Chung-
P .  E rd 6 s -T . S ira o  [1 ] f irs t p ro v ed  th e  criterion which determ ines
whether p ( s )  i s  of the upper class o r the low er class. T . Sirao [7]

also proved in  case of Levy's Brownian motion with multidimensional
param eter. R ecently m any authors h av e  investigated th e  asymptotic
behavior o f sample functions o f Gaussian random fie lds in  our sense,
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[2 ],  [3 ],  [5 ],  [8 ],  [9 ],  [1 0 ],  [1 1 ],  [1 2 ],  [1 3 ].
In this paper, we investigate a  path continuous real valued center-

ed Gaussian random field { X ( t )  ; t ERN} such that

E [(X  (s) —  X  (0 )1= = (1)

w h ere  .51, t1 E R N O, N 1+•••+N d=N , s= (s1 , •• • , , t = (t1, •• • , td) and
s1 — t1 is the usual Ni-dimensional Euclidean metric.

I f  each 612(1s1—t1) is conditionally positive defin ite, then so is
7-2 (s — t)  =  6 , 2  —  )  •  T h erefo re  w e can  easily  g ive  m an y ex-
amples satisfying our assumption (1).

W e in vestiga te  th e  fo llow ing five cases but the methods of the
proofs o f  th e  theorem s corresponding to each c a s e  a r e  each other
almost the same.

C a s e  [ I ] .  T h e  uniform  upper class U „(X ; D )  and the uniform

lower class L . ( X ; D ) .  L et D  b e  com pact set of R N  which contains
an  N-dimensional ball. S e t

S =D x D —  {  (t , t) ; t E  . (2)

Then S  is  naturally a  locally  com pact set and  after our definition 1
and 2, w e  c a ll a  function v ( x )  defined on the real line belonging to
th e  u n ifo rm  u p p e r  c la s s  U ,i ( X ;D )  o r  th e  u n ifo rm  low er c la ss
L „(X ; D )  o f  t h e  random  field {X ( t )  ; t E D }  w h e n  t h e  function

(r (s— t)) belongs to the upper class or the lower class of the random
fie ld  {Y (s, t) = X  (s) —  X  (t) ; (s, t)  E S }  i n  t h e  sen se  o f  Definition 1
and 2  respectively.

C a se  [ I I ] .  The loca l upper class U  (X ; to ) and the local lower

class L  (X ;  t o ) .  Set

S =D —  {t0 , (3)

w here D  i s  th e  c lo sed  b a ll of R N  w h ich  h as th e  rad iu s  1  and the
cen ter to. T h en  S  is  n a tu ra lly  a  lo ca lly  co m p ac t se t . W e  c a l l  a
function ç (x )  belonging to the local upper class U  (X ;  to) or the local
lower class L  (X ; to )  w hen th e  function ço(y (s — t o ) )  belongs to  the
u pp er c la ss  o r  th e  low er c la ss  o f  th e  random f ie ld  117(s) = X (s)
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— X(to) ; s E S }  in  th e  sense o f Definition 1 and  2  respectively.

C a s e  [ I I I ] .  T h e  u p p e r c las s  U .,  ( X ; to )  an d  th e  lo w er c lass
L .,  (X ; to). Set

D = • • • , x,v) ERN  ; t i < t i°  + 1 ,1< j< N } ,

D =  {(x„ • • , xN) ERN  ; t  — 1 < x  i< t  ,1 < j< N }  ,

and

S=D+ x D- —  {(t„ to)} , (4)

w here  to = (t10,•••,tiv"). T hen  S  is  n a tu ra lly  a  lo ca lly  compact set.
W e  c a ll  a  function ç ( x )  belonging to the u p p e r c lass  U ., (X ; to )  or
the lo w e r c lass  L ., (X ; to ) w hen th e  function Ç9(r ( s  — 0 ) belongs to
the u p p er c lass  or th e  low er c lass  of the random field 117(s, t)  = X (s)
—  X (t) ; (s, t) E S }  in  th e  sense o f  Definition 1 an d  2  respectively.

C a s e  [ I V ] .  T h e  upper class U  (X )  and the low er class L " (X ) .
In  th is  case, in  addition to  (1 )  w e  assume that r ( t )  satisfies

lim  r  (t) =  +  0 0 . (5)

T h en  w e ca ll a  function ç o (x )  belonging to  th e  u p p e r c las s  U 7 (X )
o r the lo w er c lass  L 7 (X )  when the function ço(r ( t ) )  belongs to the
upper class or the low er class of the random field {X ( t )  —X(0) ; t E R"}
in  th e  sense o f Definition 1 and  2  respectively.

C a s e  [ V ] .  T h e  u p p er c lass  Utr,- (X )  and the lo w e r c lass  Lo- (X ) .
In  th is  case, in  addition to  (1 )  w e  assume that

E [X (t)2] = 1

holds fo r a l l  t E R N . T h en  w e  ca ll a  function yo (x ) belonging to the
u p p e r c la s s  U r ( X )  o r  th e  lo w e r c lass  L b -  (X )  w hen  th e  function
ç (1 t) b e lo n g s  to  the u p p e r c lass  o r  the lo w e r c las s  o f  th e  random
fie ld  {X (t)  ; t ERN} in  th e  sense o f Definition 1 an d  2  respectively.

In  §  2 , w e  g iv e  th e  in tegral tests  which determine whether go(x)
belongs to the u p p er c lass  o r the lo w e r c las s  corresponding to each
c a s e  u n d er so m e regu larity  co n d itio n s . In  §  3  we prove Theorem
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1 -5  when the in tegra l tests converge and  in  §  4  we prove Theorem
6-10 when the integral tests d iverge. In  § 5  w e discuss the invariance
of the upper classes o r  the low er classes between two random fields
s u c h  th a t  E [(X (s ) —  X  (t ) )1  _  L L , _  t i 0 < a i < 1 ,  S i ,  t i

s, t E  R N , and N ,+ ••• + N d = N .

Finally, we are concerned only with, real valued, path continuous,
centered G aussian random  fie lds, w h ich  w e  w ill g en era lly  re fe r to
sim ply a s  a  Gaussian random field.

I would like to express my hearty thanks to Professor H. Watanabe
for h is valuab le suggestions and discussions.

2 .  In teg ra l tests.

F irst w e define a  nearly regular varying function w ith exponent
a ( >0) ( n . r . v . f .  ( a ) )  a t x =  + 0 0  ( o r  a t x  =  0).

D e f in it io n  3 . A  real valued function f  ( x )  defined o n  th e  half
lin e  is  ca lled  n .r .v . f .  (a )  a t  x  -=  +  0 0  (a t  x = 0 )  if  an d  only if  there
ex is ts  a  regu lar varying function  r  ( x )  w ith  exponen t a  (> 0) such
that

f  (x )  r  ( x ) * ) ,  x  T + c o  (x ,t 0). (6)

R e m a r k  1 .  A  locally bounded measurable function r  (x )  defined
o n  (0 , ±  c a )  i s  c a l l e d  a  regu lar varying function  w ith  exponent
a ( > 0 )  a t  z =  +  0 0  ( a t  x = 0 )  if an d  only if

lim  r  ( tx )/ r  (x )
- (+0)

holds fo r  a n y  t> 0 . E sp e c ia lly , i f  a  continuous function f  ( x )  i s  a
n .r .v . f .  ( a )  a t  x =  +  0 0  (a t  x = 0 )  then there exists a non-decreasing
continuous regular varying function r  ( x )  w ith exponent a  such that
f ( z )  H r  ( x ) ,  x  +  0 0  ( x  1  0) , a n d  th e  in v e rse  function  f - 1  (x )  =

in f {y  ; f (y ) =z}  of a non - decreasing continuous n .r .v .f. (a )  at z= + 00

(a t  x = 0 )  is  a lso  a  n .r .v . f .  (1 / a )  at x=  +  n<D  (a t x  =0 ) .

*) W e describe by f( t)k g(t) , I tIT  + 0 9  (I ti 4,0) when there exist two positive con-

stants c  and C  such that

0<c< lirn f  ( t )  ( t )  <  Inn f ( t ) / g ( t )  < C <  +  .
.(+ o) —(+
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To describe our theorem s, set

0 (x) e-uz12 du / I 27r ,

(aN ; r) ( X )

K (aN / bN ; r, (x) = K (aN ; r) (x) / K (bN ; r) (xA 9(x)),

C1- 1 (x ) =  inf {Y; 6i (Y)

N ow  w e h ave  th e  theorem  about th e  upper c las s  corresponding
to  each  case under the Assumption U.

A ssum ption  U . E ach  6 i (x )  is a non-decresing continuous n .r .v . f .
( a i )  a t  x = 0 .  In  c a s e  o f  Theorem 4 ,  in  ad d it io n  t o  t h is  i t  i s  a
n . r . v . f .  (a 1 ') a t  x-= +00.

T heorem  1 .  A  non-increasing positiv e continuous f unction go(x)
i s  a f u n c tio n  b e lo n g in g  to  th e  u n if o rm  u p p e r c lass  U .(X ; D )  i f

ço) L x - ' 0  (go (x))K (N /2N ; r, (x ) d x<  +  co .

T h eo rem  2 .  A  non-increasing positive continuous f unction go(x)
i s  a f u n c tio n  b e lo n g in g  to  th e  local u p p e r c lass  U 1 ( X :to )  i f

(r;
)  L x -1 0 ( q , ( 1 ) )K (N / N ; r,Ço) ( x ) d x <  o o •

R em ark  2 .  T h e  in teg ra l te s ts  o f  Theorem  1  an d  2  a r e  es-
sen tia lly  eq u iv a len t to  th o se  o f  Theorem  3  a n d  7  i n  [ 3 ]  when
d = 1  u n d er the cond ition  .z.6i/ (x )  6 1 (x )  ( x )  i s  th e  derivative
of 6 , ( x ) ) .  This condition is satisfied  if  6 1 2 (x ) i s  a  concave n .r .v . f .
a t  x= 0.

T h eo rem  3 .  A  non-increasing positiv e continuous f unction go(x)
i s  a f u nc tion  b e lon g ing  to  th e  u p p er c lass  (Ju t (X )  i f

(r; f x-io((o(x)) K (2N  /2N ; r, ço) (x )dx<  +  C° •
+0



676 N o rio  K ôn o

Theorem 4 .  A  non-decreasing positiv e continuous function yo(x)
i s  a  f u n c tio n  b e lo n g in g  to  th e  upper class  U T (X )  i f

(r ; ) f  x - i o  ( ( x ) )K  (N/N; r, ) (x )dx< +  00 .

Theorem 5 .  A  non-decreasing positiv e continuous f unction yo(x)
i s  a  f u n c tio n  b e lo n g in g  to  th e  upper class ET ,- (X ) i f

(r ; ço) f  xN - 10 (4o (x)) / K (N ; r) (1A0 (x ) )d x <  + 00.

Remark 3 .  Ju st the  sam e result o f Theorem 5  i s  obteined for
th e  asym ptotic behavior at { co} o f  th e  random  fie ld  1 X (t) — X(0)
t ERN } under the condition r2 (t) H c  instead o f  th e  assumption of
C ase  [V] .

Remark 4 .  Theorem 1-5 a re  still va lid  under the weaker con-
dition E[ (X  (s) —  X  ( t ) )9  H i2 t  •

N ext w e have Theorem 6-9 about th e  lo w e r c lass  corresponding
to  th e  case  [I] - [IV ] respective ly  under th e  Assumption L  which is
stronger than the A ssum ption  U . In  c a se  o f  [V ] w e  have Theorem
10 about th e  lo w e r c lass  under the Assumption U  w ith  an additional
condition.

Assum ption  L . E ach  6 1 (x )  i s  a  non-decreasing tw ice con-
tinuously differentiable n . r . v . f .  ( a i )  a t  x = 0  w hich  satisfies th e  re-
lations

x 1 6  ( x )  I , (7  a)

x216.1" ( x ) (x) , (7 . b)

in  th e  mentioned domain and

0 < a 1 <  1  fo r each i. (7 . c)

In  c a se  o f  Theorem 9 , in  add ition  t o  t h is  i t  i s  a  n . r . v . f .  ( a i ')  at

oa  su ch  th at 0 <  a i'< 1 , w here d ,  and  d ,  are  co n stan ts inde-
pendent of x  and i.

S tr ic t ly  sp e ak in g , it  d o e s  n o t n eed  th e  assum ption (7 . b) for
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Theorem  7 and 9.

Theorem  6. A  n o n-increasin g  pos itive  co n tin uo u s f un c tion
ç ( x )  i s  a f u n c tio n  b e lo n g in g  to  th e  u n if o rm  lo w e r c las s  1,,,( X ; D )

i f

1-2,(r ; ço) = +

Theorem  7. A  n o n-increasin g  pos itive  co n tin uo u s f un c tio n
( x )  i s  a f u n c tio n  b e lo n g in g  to  the local lo w e r c lass  L1 ( X ; t0 )  i f

s (r ; ço) +

Remark 5 .  T heorem  6 a n d  7  a re  s t ill v a lid  u n d e r  th e  condi-
t io n  th a t  6 ,2 (x )  is a  concave n . r . v . f .  ( 2 a 0) a t  x =  0 such  that
0<a0< 1/2 instead of the Assumption L . (c.f. [3] ) .

Theorem 8 .  A  non-increasing positive continuous f unction ça(x)
i s  a f u n c tio n  b e lo n g in g  to  the lo w er c lass  L „, (X ; to )  i f

(r ; p)= +  0 9 .

Theorem 9 .  A  non-decreasing positive continuous f unction yo(x)
i s  a f u n c tio n  b e lo n g in g  to  th e  lo w e r c lass  Ln; (X )  i f

(r ; ço) =  +  0 0  .

Theorem 1 0 . A  non-decreasing  positive  con tinuous f unc tion
y o (x )  i s  a f u n c tio n  b e lo n g in g  to  the lo w er c lass  Lg° (X )  i f

(r ; ço) +

u n d e r an ad d it io n al condition

lE [X (t) X  (s)11 0 ( 00 — 8) (It—sl t + .9 ),

9>N/ a ' + 4,

w h ere  a' = min (al, • ,  a d , l —  a ) ,  a =  max (a,, • • • , ad) .

Remark 6 .  T h e additional condition of Theorem  10 is w eaker
than that of [12] .
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Rem ark 7 .  T h e o r e m  1 0  is  s t i l l  v a l id  u n d e r  the condition
E [(X (t) —  X (s))1>  EL, „2 (it, — .

Remark 8 .  It is rem arkab le that the  in tegral test for the Case
[I V ]  is no t dependent o n  th e  asym ptotic bahavior at th e  orig in  of

(x )  but on the asymptotic behavior at the  infinity of 6 i ( r) ,  whereas
that o f  th e  C a se  [V ] is dependent on ly on  the asymptotic behavior
a t  the o rig in  o f  6 , ( x ) .  T h is  phenomena is ,  a s  f a r  a s  I  know, first
pointed out b y  M . B . M arcus [4 ].

3. Upperbounds.

F irs t w e  show that it is sufficient to prove our theorem s under
the restricted condition respectively, described in  Lemma 1 bellow.

Lemma 1. (i) It is su f f ic ient to  prov e T heorem  1  an d  6  f o r
g o (x )  such that

2 log 1/K (N ; y) (.0 —2 log(2) 1 / x < e(x )  < 3 log 1/K (N; y) ( x )  (8)

holds near th e  o rig in .
(ii) It is suf f icient to  prov e T heorem  2 ,  3 ,  7  a n d  8  f o r ço(x)

such that

2 logo) 1/x — 2 logo) 1/x<y2 (x) <3 logo) 1/x (9)

ho lds near the  origin.
(iii) It is su f f ic ient to  prov e T heorem  4  a n d  ,9 f o r  v ( x )  such

that

2 log(2) x —2 log(3) x<yo2 (x) <3 log(2) x (10)

holds near th e  inf inity .
(iv) It is suf f icient to prov e T heorem  5  an d  1 0  f o r  ço (x ) such

that

2N log x - 2  log(2) x < e (x )  <3N log x (11)

holds near the inf inity .

Proof o f  (i). Set
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ço,2(x) = 2 log 1/K(N ; r) ( s )  —2 log(2) 1/x,

4922 (x)— 3 log 1 / K (N ; r) (x ).

W e assume that there exists a  sequence x o  0  such that go (x.)<(,0,(xn) .
D enote by no th e  m axim al num ber o f  in  such  that x,, < 2 ' .  Since
6 ,-1 (x ) i s  a  nearly  regu lar vary ing  function  and  ç o (x )  is  a  non-in-
creasing function, we have

(r; so) f x-10 (ço (s))K(N/2N: r, ço )(x )d x

2->, e l d

>  ( Ç O ( X , , ) )  f2_,, 0 X -1  H i [6  c '(x )] .-  K  (2N/2N; r, (x )dx

cl
>c10 (491(s.)) 11 [6i-1(2-+1)]-N i, 

>c2 (log 1/x„)1/2 + c o  a s  xo, ,I, 0. (12)

T h is im plies that if  ./.(7-;40) <  +  00 , then çoi (s) <42(x) h o ld s  n ea r  the
o r ig in . M oreover by the trivial relations

(r; (421V4') A 492). / . ( r  vi V ço) +L (r; 422),

L (r ;0 )< + 0 0 , (13)

w here yo1V49(x) = max / g , ( x ) ,  ( x ) }  (  , \  ( 0 )  ,  ,A  (0 2  (x )  =  min { v,V v(x ),

q)2 ( X )  , we have /.2( (1'; (VIVO Ago2)< + co from 1-u(T ; (0) G  +  0 0 . There-
fore if we can prove Theorem  1  under the condition (8 ) ,  t h e n  i s  of
U. (X ; D ) when iu(r ; ço)<  +  because o f  (OW )  Aço2 ço and (491VV )

U,, (X; D) .
T o  p rove 1-u (r (421V 0  A 422) =  +  0 0  under the condition I,, (r; go)
co , set

= {x;401V40(x) 492(x)},

=  ;  V  (x) >492(x) }

/u (r; (4'1V 4') A o) = +
el+ el-

1(T  V 1V  (P) = 4++ f d:=11+ 1g.

Since 6 ,-1 (x )  is  a  nearly regular varying function , w e have
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13< c 3 f (çoiV Q (x)) (xK (N- ; r) (4) (v1Vv (x ) )3 N ()d x
4-

< C , Jø (go,(x)) (xK(N; r) ( x ) ) - i  (go, (x ) )3 ` v m d x

<C, f +0 (v2 (x )) (xK ; r) (x )) -1 (0 2 (x ))3 N (d )d x

< + 0 0 ,, (14)

w h ere  N ( )  =N dai+•••+N d/a,. O n  th e  o th er h an d , f ro m  (12)
obviously it fo llow s that /..(r; ço) +0° yields 11+13=  +  co . T here-
fo re  com b in ing  th is w ith  ( 1 4 )  w e  have /1+ /2= + Do. F urtherm ore
if we can prove (VIV) Acp2 ( X ;  D) , then çoiVço is also of I,„(X; D)
because of go2Œ U „ (X ;D ) by Theorem  1  an d  if goiV v  is  of L,„(X; D)
then yp is  a lso  of L „ (X ; D ) by defin ition . T h is  completes th e  proof
o f  ( i) .

Proof o f  (ii) . Set

ÇO12 (x) -= 2 log(2) 1/x —2 log (3) 1 / i ,

23 3 log(2) 1 / i.

W e  assume that there exists a sequence x,, ,  0  su c h  th a t (xn) <ç

S in c e  ( x )  i s  a  non-increasing function, we have

I  (r ; ) > f x ,x - ' o  (go (x ) )  K (N N ; r, go) (x)dx

> c 50 (go (x ,))

>c3  (çoi(x„)) go-1 dx

>c6 (log(2) 1/x„)1/21' + c o  a s  x „  0.

B y  v ir tu e  o f  th e  sam e argum en t o f (1 2 )  , (1 3 )  an d  (1 4 )  it  is  su f-
ficient to prove Theorem 2  and 7  under the condition ( 9 ) .  In case
o f /us (r; go), th e  p ro o f is  ju s t the  sam e a s  th a t o f  I e ( r ; ( p ) .  This
completes the proof o f ( ii) .  T he proof o f ( i i i )  is  a lso  ju s t the same
a s  that o f  ( ii)  , so  w e  omit it.
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Proof o f  ( i v ) .  Set

çoi2(.17) =2N  log x - 2  log(2) x,

Ç 2  ( s )  3 N  log s .

W e  assume that there ex ists a  sequence x „  +  0 0  such that ç ( x , ) <
Since ç ( x )  i s  a  non-decreasing function, we have

lbc°(T;go) >  J 

x'10 (ço (x)) / K (N ; r) ( i/ ço (x ))d x

> c , xN-10(g9(s))dx

( ( P l ( s n ) )  f N - 'ax

>c, (log x„)1/2 +  0 0  as s , ,  ± o o  .

B y  v ir tu e  o f  th e  sam e argum ent o f ( 1 2 ) ,  ( 1 3 )  an d  ( 1 4 ) ,  it  is  su f-
ficient to prove Theorem 5  an d  1 0  under the condition  ( 1 1 ) .  This
completes the proof of Lemma 1.

N ext, to  describe our fundam ental lem m a in  th e  general form,
we introduce a  m etric space S  satisfying condition A  w ith  a  dimen-
sion N  or a condition B  w ith  a dimension M , respectively.

Definition 4 .  W e  c a ll th a t  a  complete metric space S  satisfies
th e  con d ition  A  w ith  a dim ension N  i f  th e re  ex is t a  p o s it iv e  con-
stant d , and a positive in teger N  such that fo r an y  e> 0  and for any
compact subset K  of S ,

N (e ; K )<d2(d  (K )

holds, where N(E: ; K )  is the minimal number o f c-net on K  and d (K)
is  the diam eter of K .

Definition 5 . W e ca ll th a t a  com plete m etric space S  satisfies
the condition  B  w ith  a dim ension M  i f  there exist two positive con-
stants d3, d i  an d  a  p o sitive  in teger M  su ch  th a t fo r  a n y  e> 0  and
any compact subset K  of S ,

d3(d (K) / e)m (e  ; K ) 4(d (K) /
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holds, where M (  K )  i s  the maximal number o f  e-distinguishable set
on K.

Now under the following situation w e  have Lemma 2, essentially
d u e  t o  T .  S ir a o  [7 ].  L e t  IX (s )  ; s =  ( s , ,  •  ,  s d )  S=Si X • X S O- be
a  Gaussian random fie ld , w h ere  each  S 1  is  a  com pact metric space
w ith  a  m etric  p i sa tisfy in g  th e  c o n d itio n  A  w i t h  a  dim ension N1.

W e  assum e th a t  E [X (s )2 ] = 1  an d  that there exist non-decreasing
continuous functions 6  i  ( x )  ,  i =1, • • • , d  such that

(E [(X (s)  —  X ((s)i') )2 ])1 1 2 <d ,6 1 (p  (s  (s )  i ) ) ,

w here s  =  ( S i ,  •  •  •  ,  s d )  5  ( s )  i/ (s1, • • • , .51_15 si' s1+1, • • -sd)S .

L em m a 2 .  I f  th e re  e x is t  constants d 6 > 0  and 1 3 ,>0 , 1 =1 , •••, d
su ch  th at

( t u )  / 6 i  ( t )  < d 6 u s i

ho lds f o r  a l l  0 <t<(1 :1 =id (S ,)2 )1 1 2  and  0 < u < 1 ,  th e n  th e re  e x is ts
a constant d ,  independen t o f d , c l , ,  x  and S  su c h  th at

d

P[sup X (s)  > x ] <d ,0  ( x )  I l  N  (e ,(x )  ; S
SES 1=1

holds f o r  an y  x > 1 ,  w h e re  e i(x) = ( 1 /  (d cl,x )) / 2.

P ro o f . T a k e  a n y  compact subset K ,  of S ,  such that

d

d , E 6  ( d  (K i ) ) x < 1 ,
1-1

and set

K = K , x • • • x K d ,

F  d i ( x )  =  d ,  f - 6 , ( .2 ;  e ' )  du,
0

d

A=  { to; sup X ( s ) > x + c ,  E F , i ( d  (KO)} .
sEK i= 1

T h e n  b y  t h e  s l ig h t  m odification of Lemma 9  i n  [3 ] ,  choosing a
sufficiently large constant c „ w e have

P  (A) <_cio0 (x ) , (15)
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where c , and e10 a r e  constants independent of d ,  c l „  x  and K.,. Now
l e t  {t1, l<  j< N  (&  ( x )  S 1 ) }  be a  ai (x)-net of S i and set

{s S i; s )  < e ,(x )}

A d=- {co ; sup X (s) ,
xBd.

E =  {co; sup X (s) > 4  .
sas

Since it follows that

d d

ci„x LI 6 ,(d (Bi, 3)) < cl,x a, (2,s, (x)) <1,
1=1 1=1

and
d

(( d (B , ,  i ) )< F 1 (2 e1 (x ))

<  (-11
0 c16 e 12du/x,

applying (15 ) to A5 .. .. , j ,  w e  have

, id) < d ,0  (x ) ,

where d ,  is  a constant independent of d ,  d „  x  and (i l ,  •  •  •  , i d ) .
 There

fore it follows that

P ( E ) = P (  U
,••••.

< d70 (x) N (1 (x )  ; S1).

T h is completes the proof of Lemma 2.
Now we begin to prove Theorem 1  under the condition (8 )  by

virtue of Lemma 1.
Choose a  closed ball D , o f R N i  such that D O E D i x • • • x  D d  and

set

K.„-= -{(s, t) E D  x D ; (s —t) < 2 } ,

S , D 1 x  D 1 ,

L„,,,,= {(si, .51') e S i ;  i ( l s ; < 2 - n - 2/ d} ,

-{(si, s i ' )  E S I ; 2 -n - W  d ,(isi — s I' D < 2 -1 ,
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here S i  is  n atu ra lly  a  m etric space w ith  a  2N1-dimensional Euclidean
m etr ic . T h en  eas ily  w e  have

Er(  x (s )_ x ( ,)x ( ( s ) , , )  
L\r  ( s — r (s),' — (01') 1

= {E [ (X (s) —  X (  (s) ;') X (  (t) ,') —  X (t))2] —  (r (s t )

( (s),' — (t) e'))2} {7' (s—t) r ( (s),' — (On}
<c110-12 s i .51/12 + ti C I 2) 1/2)2215 onL 15,1,11 X  • • •  X  L n ,d ,

• • • , id ) (1, • • , 1) ,

N ( ;; < C 1 2  (o-c1 (2') /a) Nd (Di)/ e) N=  1, 2,

4 1 ,  X  '  "  L n ,d , ia  •
(11, ".id)+(1-, •••,1)

Since each 6, ( x )  i s  a  nearly  regu lar vary ing function , the condition
of Lemma 2  is satisfied, so setting

An =  { to ; su p  ( X (s ) — X (t )  ) (s — t) > ço (2-1') } ,
t) EIC,

from Lemma 2  w e have

P (A„)<c120 (40(2 ') ) N (go ( 2 — n )  )  L 15 ,1,2)

<c140 (40(2 -") ) K  (N /2N ; r, 0  (2 ),

w here c-13 a n d  c14 a re  independent o f n. F in a lly  b y  v ir tu e  o f  nearly
regu lar varyingness of ( x )  and the condition (8) , w e have

E P (y; <  +  oc .

Therefore by Borel-Cantelli lem m a, there ex ists a n  N W  ,  with pro-
bab ility  1, such that

s u p  ( X  (s ) — X ( t ) )  /r (s—t) <ço (2
(8,1)0x „

holds fo r  a n y  n>no (w ) . B y  non-increasingness of ço (,x) , it fo llow s
that

X(s) — x (t)  <r (s—t)g,(r (s— t))

for

and
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holds for any r (s — t) < 2 -'4('). T h is completes the proof o f Theorem
1.

Proof o f Theorem 2 .  F irs t  w e  notice th a t it is  su ffic ien t to
prove the theorem under the condition ( 9 )  of Lemma 1. Set

K „ =  ( s  G D ; 2 < r  ( s  — to) <2-'1 ,

{siE ; 6i(1 .51-011)<2-"-7 } ,

=  (S i E /  • d  < 6  i( s1 —t°),

A ,=  la); sup (X (s) — X(to) )/y ( s — to) >  go (2 -")} ,
S E X ,

w here t, = (t1°, • • t d ° ) , E R .  T hen w e have

E
r (  x ( s ) _ x ( t o ) \

IX ((s) i') —  X (t0)  
)2] <C 16612 (  S i 22m

r ( s — to) r ((s),' —to)

on L m,j,j x • • x Ln,d, i d  fo r  (i„ • • • , id) ±  (1 , •  •  •  1 )  ,

N ( ; ; L„,1,0) 5_cir (0 ( 2 " ) 0 =  1 ,  2 ,

and

K„OEU L ,1,1 x • •  x

T herefore by just th e  sam e argum ent of the proof of Theorem 1, we
have

d

P (A „ )< c2 8  E  ( ç 9 (2—n)) fl N (e i (4 0 (2 ') ) ; Ln,1,2)
l i

<c„E 0 (go (2 -n) ) K (N / N ;r,go ) (2—n)

c2011 (y; go) < 0 0 ,

and w e get T heorem  2.

Proof o f Theorem 3 .  F irs t  w e  notice that it is su fficient to

prove the theorem under th e cond ition  (9 ) o f L em m a  1 . Set

Di+ =  { (x„ • • ,x iv1 ) E ; i < x  i < t  + 1 , 1 < j < N i }  ,

{ ( x 1 ,  •  ,  x N 1 )  ERNi; < i ‹ N  ,
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w here t° = (t10, • • • , td°), ti° = • • • ,

-((s, t )  E D +  x ; <7- (s —t)

1(.51 , il) E  D i+  X D i - 0  ( I s i

1(s 1, S i ' )  E D i+ X Di— ; 2'2 /N 1 d <6 i — s , ' < 2 - 1  ,

and

A =  -(o) ; s u p  (X (s )  X ( t) ) /T  ( s  —  > 4 ) ( 2 - ') }
(8,0E.K„

T hen w e have

Er(  x(s)— x(t)X (  ( s )  )  —  X (  ( t )  )   )21
L \ T (s  t) r ( (s) — (0 11) 1

(  (Is, —s,'I 2 + I t, —t,' 2) 1/2) 227-1.

on L„,,,, ,x • • • x Ln,d)id

f o r  ( i l ,  •  •  • ,  id) *  ( 1 ,  •  • ,  1 ) ,

N (e; C.22 (2 -')/e) 2N O =1, 2,

and

KnOE X • " x L , , , 1 0.

T herefore just by the same argum ent of the proof o f Theorem 1, we
have

d

E Poo - c2s E  (ç ( 2 - 1  )  H N (e,(40(2-")) ; L n ,1 ,2 )
i= 1

<c2 4 E o (ço (2-") ) K  (2N  /2N; r, 0 (2 -n )

< c d . ,  ( y ;  ço) < + c o ,

and w e get T heorem  3.

Proof o f Theorem 4 .  F ir s t  w e  notice th at it is  su ffic ien t to
prove the theorem under the condition ( 1 0 )  of Lemma 1. Set

K „ =  E RN ; 2 " < y  (s) < 2 '} ,

L„,1,1=--- E RN I; i(1.511) < 2 " -1 / ,
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i, 2 -  { SS E  R " ;  2n-7.N/c/ .24+1}

A „ =  {co ; sup (X (s) — X(0) ) (s) >yo (2n) 1 .
,ex „

T hen w e have

Er ( x(s) _x(0) x((s)i')—x(0))21<r2(s ( s ) , , )  (r ( s )  ((s)i,))
L y (s) r ( (s)

(I si si' l) 2_2k on • • • X  L n , d , i d

for ••• , id ) (1, • • 1),

N ( e ;L „,1 ,9 ) <c 2 7 ( 6 .1 - '( 2 ') /  ) N', o = 1, 2,

and

K n C U X  L n , d , i d  •
(ii,••••id)*(1,—,1)

T herefore just by the sam e argum ent of the proof o f Theorem 1  we
have

P  ( A , ) < C29 0(ço(2')) N (si (49 ( 2 k ) )

< C 2 9  E  (so (2 '))K (N / N ; r, ( 2 . )

<c„I7 (r ; + co ,

and w e get T heorem  4.

P ro o f o f  T h eo rem  5 .  F ir s t  w e  notice th at it is  su ffic ien t to
prove the theorem under the condition (1 1 ) of Lemma 1. Set

C „ =  E R "; ab so lu te value o f each coordinate o f s<n }  ,

U  S. j ,  ( C „1  i s  th e  interior of C„)
J=1

A , „ 1  {co ;  sup X (s)> ç9 (n )1 ,
sEs„,,

where S „,1  i s  a  N-dimensional cube whose coordinate o f vertexes are
integer and p „<2 N  (n  +1 )N - 1. T hen w e have

E [( X ( s )  — X ( ( s ) 1 ') ) 1 = r2 ( s —  (s) i')

=  0",2 (I s, —  s i ' I).
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Therefore applying Lemma 2  to  A „ , i  w e have

P (So (n ))  / K  (N  r) (1/ço ( n ) )

and

C320  ( q ) ( 7 ) ) ) 1 N - 1 1 K ( N ; r) (1/ço (0 )

<C,sir (r;ç9)< + °°.

T h is proves Theorem 5.

4. Lowerbounds.

To prove our theorems about the lo w e r classes, w e have to pre-
pare som e lem m as. T h e following Lem m a 3  is essentially obtained
b y  rew riting Lemma 2. 1  o f  [11].

L e t  {X (s) ; s=  (s1, • • • , sd) ES=S, x•••x S d } be a  Gaussian random
field w ith  a  param eter space S  an d  le t each S , b e a com pact metric
space w ith a  m etric p i  satisfying the condition B  w ith  a  dim ension
N1. N a tu ra lly  S  is  a compact m etric space. W e assume that E[X (s)2]
= 1  an d  that there exist non-decreasing continuous functions 6i(x ),
i-= 1, • ••, d  such that

E  [ (X  (s) —  X  (0)1>  d8 6i2 (p (s„ t 1)) ,

w here s= (s1, • • • , sd) , t (ti, • • • , td) , si, ti E  S i:  Set

A ( 6 1 ,  " • •  6 d ;  S l  X  •  X  S d ;

= {to ; sup X ( e ,  • • t(112) >x }  ,

w here {t(A); 1 < j1 < M  (s i ;  S t)}  is  an  ei-distinguishable s e t  o f  Si. T h e n
w e have

Lem m a 3 .  I f  th e re  ex is t co n stan ts  d 8  a n d  6 i >0 , i s  1, d
su ch  th at

O j ( tu )  /  ( t )>  d  8 u '

h o ld s  f o r  a l l  0 < t<  ( E L  d (S02)1/2 and u > l ,  t h e n  t h e re  e x i s t s  a
positive constant d lo  independent o f  d 8 ,  x  an d  S  su ch  th at
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P ( A ( s i ( x ) ,  • • •  ,  e d ( x )  ;  S ix  ••• x S d ;  -X))

d

> 4 0  ( x ) M ( e i ( x )  ;

holds f o r  a l l  . . c ' e l i o / min -{ 6 1 ( d ( S ) ) } }  w h e re  e i  (x ) =  6i-1(c/10/
■, cl, x ) ) .

P roof. D enote by j ,  the event {to ; X(6, ), • • • , t(id2) >  ,  then
w e have

P  (A  ( e i  ( x ) ,  • • • , Ed (X ) ; SIX  • • • X  S d ,  X ))

>  E  P(A i„.•., i d )  — n A k  • • • ,k  d )  • (16)
(  1 , - ,  d) a)

4 (1 c1 ,..../ cd )

In  order to estim ate the second te rm  o f  th e  righ t h an d  s id e  of
(16) , set

B  ( ji , n i)  =  { s  E  ;  n i c i ( x ) < p i ( t ( A ) ,  s ) <  ( n  +  1 )  s i ( x ) 1  ,

n i =  1, 2, .

B y  v ir tu e  o f  the condition  B  w ith  a dimension N ,  the card inal
number o f th e  se t -{t;,?; t(ki,) E B  (j1 ,  n 1 )}  is  no t larger th an  d , ( n i +  1 ) ' ' .
Since it follows that

nA k„...,,d )
1 — r

340 ( s )  e X P X21 ,
4

where

1 — 7-.1 — E[X(t(1,' , • • • ,t(idd)) X(tV; , • • • tidd))]

=  E [  (C  ( t1 ,,), • • • , t(idd)) X(41? , • • • tV2))2] /2
d

>4/2 E 6 1 2  (p , tVi)))
i =1

d

>4/2 E ci2 (n181 (s)) f o r  4? E B n1),

and c ,  i s  a constant independent of x  and r ,  w e have

I d)
(1C1,•••.kd)

<26.340 (s) d  ( n  +  1 ) N  exp { — cisx ' E  (n 1  (s ) )  /8}
•... a )  35 i5 d 1=1
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d d

<2 6 '3 4 4 0  ( x )  I M  ( e  ( x )  ; S i) E ( n  +  1 ) N  exP { E n  /  .i =1 is isd  

Therefore we can choose a  sufficiently large c/10 such that

d

2c34cl4 ( n i+  1 ) N  exp { — cedi:20 E n /8}  <1/2 .( 1 7 )
i=1

Combining ( 1 6 )  and  ( 1 7 )  w e get the proof o f  Lemma 3.

Lemma 4 .  L e t 6  i ( x )  be a f unction w hich satisf ies the assump-
tion  L  w ithou t the  add itional cond ition  fo r T heorem  9  and let s,„

1 < p < 4  be fou r po in ts  o f  R N I. S e t  ( s — s 0 1 =-r0  and

s2; sa, s4) = (r14) + ) 6  (6 i2 .7-23/ i2  sris, .r24) •

T hen  there  ex ists  a constant d „  independent of  r45 and ro  such that

iR ii<d „(ri2 r3 4 / r0 2 )  1 - a  /  \
0 t  T 1 2 )  6  (r34)

i f  +  > d 1 2 > r1 3 , r2 4 , r1 4 , r2 3 > r0 > r1 2 / 4 > r3 4 / 4 ,

Rti : d11 (7-34/r42) a ( r 12) 6t (r34 )

i f  +  0 0  > d12> r12/4> r23 A 7.24 >  no

and

11Z4l d 11(r34/r12)1-a0i(r12) 6  (r34) + ( In a (r34)

i f  +  oc >do > r12/4> r34> r23 A r 2 4 ,

w h e re  1 > a > m a x  (ai, • • • , a4), min (al, • • • , ad, 1  -  a ) )  > ce ' > O . More-
ov er i f  each 0,; ( x )  satisf ies the add itional condition  for T heorem  9,
w e  c a n  d ro p  4 2  b y  s e t t in g  1 > a> m ax  (a„  •  •  •  , ad, al', • • • , min

(a l, al', • • a d ,  1  — > a '> 0 .

Proof. By twice continuous differentiability o f 642 ( x )  ,  it follows
that

R,; (s1,s2; 53, =  (r14 + r23 — r24 r13)
d x

r2, d20.2 (x)f r " d a i2  (x )  d x+  f  ( r 2 , —  x ) d x  + (r13 x )
7.21 dx 2 dx 2

15 iS d

(18)

(19)

(2 0 )

d0.42 ( r 2 4 )  



47-427'34
dx

d 042 (r2 4 )  /r24<c31r12r3142 / r 02
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4
+ (7-34 —7-13)

c / 2 6 (x ) 

d x 2  d x
(2 1 )

B y v irtue  o f the four po in t p r o p e t r y  (c.f. Lemma 7  o f  [ 3 ]  )  and the
Assumption L ,  w e have

r14 + r23 r24 —  r13I ' 47-12r34/r24,

=  e35 (r12r34/r02) (64 ( r o )  /o  (r 34) ) (0" (r0) /  (r12) )  11 (r12) ô i (r34)

. C36 (7-12r34/7-02) l 5yi (r12) Ci (r34)

and

r23
d 2 0 4 2  (x )   dx(r23- x,J dx2 f r r "

 

d262 ( x )  

d x 2
d x

   

<c37ro246.42 (ro) /r02

<C 38 (r12r34/r02) a 6 i (r12) 6 i (r34),

where e 34 a n d  c s ,  are constan ts depending o n  a  a n d  d12. Since we
obtain th e  sam e estim ates a s  ab o ve  w ith  resp ect to  th e  th ird  and
th e  fourth  term  o f  ( 2 1 )  re sp ec tiv e ly , w e  ge t th e  f ir s t  argument of
Lemma 4.

N ext let us prove the second part of Lemma 4. In  th is  case, by
d ifferentiab ility , nearly regular v a r y in g n e s s  of 6e ( x )  and the relation
r1 3,  r 1 ,> r 1 2 / 2 ,  w e have

6i2 (r14) — 6.12 (r 13)1 = r"  d o - 4 2 ( x )   d x
Jr,. d x

 

<c39r340-42 (ri2) /r12

=  c „ ( r  „ /  r i2 ) i (r12) / (r34)) 6 i (r12) 64 (r34 )

40 (r 34 r 12) 1-a64 (r 34) 6  (r12) (2 2 )

and

i2 (r 23) —  i2 ( r24)1 — r"  c1012 (x)  d x
Jr2, d x

 

<C41r340-2 (r23 Ar24) / (r23 /\r24)
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< C 4 3  (7 -3 4 / r2 3  A 7 -2 4 ) (r2 3  A r 2 4 )  /61 (r34))

x (6, (7-33 Ar24) /0-i (r12) )  ( 1 '1 0  0  ( r 3 4 )

< c, (r34 /r23  A r.) "  (7 -23  A r34 /r12 )  'ô -i (r33) ô1  (r.)

<c43 (7-84/r12)a'61(r13)07i. ( r 3 4 )  • (23)

Combining (2 2 )  an d  (2 3 )  w e  g e t  (19) . In  th e  th ird  c a se , ( 2 2 )  is
s t i l l  v a l id  an d  from  the re la tion  Gi2 (r33) 0-42 ( r . )  < 2 0 - 42 (7-23 A r2-1 +  7-34)

< C 4 4 6 ,1 2  ( r3 4)  w e  g e t  (20) . This completes the proof of Lemma 4.

Lemma 5. [ 1 0 ]  L e t  {X „,, ; n =1, 2, • • •, k = 1, 2, • • •, k  (n )}  b e  a
G au ss ian  sy s te m  su c h  th at e ac h  ran d o m  v ariab le  obey s a s tan d ard
n o rm al d is trib u tio n  an d  se t

rg'," = E [X . ,  k X m , j ] 5

41„,4= {0; X ,,,k>x„} ,

T h e n  it  f o llo w s  th at

IP(nB.) -
n = 1 =

   

/c(.) j (,)
< 1 / 2  E E E 17-((77:1))1

n n t  k = 1  = 1 f  g (Ar17::4); x ., , (24)

    

w h e re  y (Ar, x , y ) = (27r, 11— A2r2)-1 exp — (x3+3/2 —2Arxy)/2 (1— A2r2)}
T h e re f o re  w e  no tice  t h a t  i f  = P (B „c ) = c o  a n d  t h e  rig h t  h an d
s id e  o f  ( 2 4 )  co n v erg es th en  w e  h av e  P (lim  B ,,e) =1.

N ow we begin to prove Theorem  6. F ir s t  w e  notice th at it is
sufficient to prove the theorem under the condition ( 8 )  of Lemma 1.
Choose a  c lo sed  b a ll D ,  o f R N ' su ch  th at DDDI x • • • x D ,  and let
{t ;;1 < j<M ( c » ; D , ) }  b e  a n  Œ.V-distinguishable s e t  o f  D i ,  where
s;» i - 1 (r )  and  a  constan t 6  ( 1 > 6 > 0 )  is  ch o sen  su itab ly  later.
Set

=  E  Dc ; (ar)}  , (25)

then w e can m ake each ball contain  tw o closed balls B , ,1 and
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such that d  (B ,!) ,)  = d (& 1 2 ) =  ô ( b r )  an d  inf ; s t E
A I ?  =  i ' ( c r )  ,  w here a, b  and e  ( e > b )  are constants independent
of n  chosen suitably later. To apply Lem m a 3, l e t  u s  estim ate the
following :

( s ,  t ;  s ',  t ')  =E X (s) —  X(t) —  X(e)V1r (
L \ T(s t) r (s/ — t')  )

= 17'2 (s — s ') +  (t —t') — (1 (s —  t) —  (s' —  t'))2

d

E (r (s —  t)r (s' —  t' ) ) ' ,

where

R i= R i(si, si' ; ti', t i ) ,  (defined in  Lemma 4),

S = ( S 1 , • , =  ( S i ' ,  • • • , S r i ' )

t =  (t „  • •  •  ,  td ) , =  ( t l , • , t d 1 ) ,

S i, S i/ t i , &,?i, 2.

Then by Lemma 4  w e have

I R il<e (b / c)2(1 - a)/e(i6 ((lsi — + It —  t 1)1/2) •

O n the other hand by virtue o f differentiability of 6 .1 ( x ) ,  w e have

(r (s— t) —  (s' — t') )  =  (7,2 (s —  — 7.2 (s' — t ' )  2/ (7. ( s —  + r (s ' — t'))2

d

< c 4 6  E1-1
( b /  c )  

(2 -2 a )/ a io - i2  (I si s i / 2+ I t i till 2)1/2)

S in ce  w e  can  ch o o se  constants b  and c  such  that b / c is sufficiently
sm all, w e have

d

V  ( S , t  ; ) > c 476 - 2n E ci2 ( (1 — si'12 + — ti'12) '12)j=i

if s =  ( s „  •  •  •  ,  s i ) ,  s ' =  (s11, ' • • , s i ' ) X  • •  •  X  Bn,d3d,

t = (t1, • • • , ta), =  (t11, tZ )  E -137.1)./1,2 X  ' •  •  X  B 4 d ,2

where e47 is a constant independent o f n  a n d  .
N ow set

I X  (s (7:1)) — X (si (P))  >(n ; ,  d )  =  to ; u  )1 ,
r (s(fi) — s ( 0 )
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A(n) U A (P) ( •J1) = ( p ) .71 • • • ,

(a), (p)

s ( , )  = • • • , s(fidd)) (F)) = (s', • • • , s,T ))

(T1) = (Pi, • • • , /J), (P) = (y1, • • d)

l< gi<M  (6;;`) ; B g). ,,i) , 1<v i<114 (6P ; B V ,)i i,2)

w here {s } , I s 1  a r e  s;»-distinguishable set of BQ);,,, and Bo) re-
spectively. T hen setting

aT -=c486i-l(ànA 9(cs-))

in  Lemma 3 , w e have

d

P (A(6')„. , d)) 1 / 20 (y9 (can )) II M  (6V  ; bix  B Q)12)
1= 1

> c 490 (so (cr ) )  K  (2N /2N ; r , (0 ) (CO"').

Since the card inal number o f 17-1).,i x • •• x V,fdid fo r  fixed  n  is  la rge r
than ca K  (N  ; r) (can) , w e have

E  E  P E ‘ (g9 (c a n ))  K  (KT /21-V- ; r, ço) (c On)
n  (5 1 ,•••• d )

>ca. (r ; =  + 00. (26)

N ext w ith  the help  of Lemma 5 , w e have to  show

P  n = 0.
(n, I a)

Set

A , (n , j) = { (m, k1, • • •k d) ; +c53 log n} ,

A , (n = { (m , k 1,• • • , k d) ; n<m <n + c5  log n ,

ne "0 (O n )  i  =  1 , • •  •  ,  d} ,

. 4 3 , 1 ( 7  1  i )  =  ( 7 • • • , k ) (n • • ; n <in <n  + C 53 log n,

(r)}
where c53> a ( 2 N  /  +  3)/(a' log 1 /6 )  and c ,>  a ( 2 N /a ' 3 )  /  { 2(1 — a)}
Then by Lem m a 5 ,  w e have

IP( n - P  CAW:, d))
d Ori
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d

E  1 E  +  E  + E E I  E  E
(n t d ) t (n t 1 ) Az (nth i = (a), (v )  (p ') ,  (V)

1r(Int _kt
( n tn tP ) Jo•

g (,17-(c„m:1:;',;r) ; go (cr) , 9  (c a m )) c1/1

   

=I, +12 + I„

where

r(„,g,e,„,)  E [   X (s  (fl) )  — X (s' (0 ) X ( s  ( rt')) —  X (s' (V ))  1
f i ,P )

(s (fi) —s' (0 ) r  (11') —  (P))
d

= Ir (s (17) —s' (0)r (s (71') —s' (V ))1--' E R 1/2,
j - 1

R i= R i(1 ,1 ,)  , ; P )

s ( a )  =  ( s ,  •  •  , s (fidd)) EX?. , x • • • x d

S f =  ( S : 1 )  •  •  •  I t t , d ) )  G  B f - t 1 , )  „ 2  X  •  •  •  X

S = • • • , .5 4 )  E  In? I X  •  •  •  X  1 3 1 fi

S I  ( F ) 1  =  ( 4 , P  ,  •  •  '  t ' t , ( : ) ) )  EB4 k , O X  •  •  •  X  B V )1  c 0 ,2

Choosing a  o f  ( 2 5 )  and sufficiently sm all, then by Lem m a 4  we
have

Z t , r )  < c 5 5 6 ( m - n ) a '/ a  and

if (m , , led) E A l( n ,  .1) ,
p) < c 5 7 n - c , 4 2 ( 1 - a v a  and Ir(c7n4,11,r)49 (can) yo (cam) I < 4 ,

if (m, k„ • • • , led) E  A 2(n , j) , and

r(('nnt ) )  I e< min (N„ • • Nd)/N(a)

if  (m, ki, • • • , ka) E  A3, (n, j) , = 1 ,  • • • , d, N  (a) = El=i N i/ ce i, w here ca—
c 7  a re  independent of (n, j, rt, P) and (m , Tz , ,  p ' ) .  S in c e  the cardinal
number of (fib  •• • , ,ad) a n d  (vi, • • • , v d ) a r e  le ss  th an  c," / " '  fo r  each

(n,ji, • ' ' , J ) ,  an d  th e  c a rd in a l number of (n ,j1 ,•  • •  i d )  for fixed n  is
less than c•,, (N ; r) ( c r ) ) ' ,  w e have

/1<c60 E V i  ocm /an' exp —  (g,2 ( c r )  9 2  (c a m )) /2}
d ) t ( n t 3 )

< e c il a ( r n - n ) a '  /a n N  l a '+ 1 m N

n log n

iriZ t a)9 (r)9 (6m )1  _c*66
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< 6 7 6 2  v l  n 2 N 7 a '+ 2 - c 5 ,  ( l o g  1/5)ce/a < o o  9

12<c 63\ nN i c e /a' n-c542(1-aVa e x p  —  ( c r )  +  (cam)) /2}
( j , ,  j 0 )  A z ( . . ,

< 6 .6 4  12, (tog n) 712Nice + 2 - c  „  2 (1 -a )/ a <

Since the card inal num ber o f  (ni, k„ • • • , k0) EA ,,, fo r  fixed  n i  an d  i
is  less th an  c6,7ic'.Ni [o r' ( c a ') ] /  K  (N ; r) ( c a')  , w e have

d

13< c 6 6 1 1A / a '1 1 / N ia ' exp  —  (q22 (c On)
1 = 1  (n d  t• ••••  1 0 )  4 3 , i

+ (P2 (c r)  — 2 E 4 , (c r)  (cam)) /2}

d

< C 0 7 E 7 1 2 N w + c -N i+ 2  [ 6  ( c ) ] N  [ K  (N ; 7) (c60)]-' < --h
= 1  n

T h ese  y ie ld  /, / 2 - H r s <  +  o c .  T h erefo re  w ith  th e  h e lp  o f  ( 2 6 )  we
have

=0.( 2 7 )

T h is completes the proof of Theorem 6.

P ro o f o f  T h eo rem  7 .  F irst w e  n o tice  th a t it is  su ffic ien t to
prove th e  theorem  under the condition ( 9 )  o f Lemma 1. Choose a
sequence of points (t1('), • • • , td(")) E  D  such that

i(") t  - - -  (1 + c )  6  c l (6 " )  , 1 >6  >0  , 1 > c > 0 ,

i=  1, • • •, d ,  and set

V„(i) =- E  Di ; 1 0 "  —  sil < c a  ( r ) }

w h ere  a  and c  are constants in d e p e n t of n  chosen suitably later. To
apply Lemma 3 ,  le t  u s  estimate the following :

X (4) X(It,  t - - Xto)(4)
(s, t) . - E [( X ( rs ) ( s  to)

= (r (s —to r (t —to ) {r2 (s — t) — (r (s —to —r (t —to )2} .

B y  the Assumption L  for (Si ( x ) ,  w e  have

(r (s —to) — r(t— to))2= (r2(s —to) —r2 (t — to))7 (r (s — to + r (t —to y
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d

e„ Ist— tiN iz (ri)/ ri
=1

w h ere  r0=1s0 — ti° I A Therefore choosing sufficiently sm all
c> 0 , w e have

(s, t) >  c o o 6 -2 0  ( s  t),

fo r s, t E V,/1> x • • x „ ( a )  ,  w h ere  c o ,  i s  a constant independent o f  n.
Now set

{to; ( X (s  c o )  —x(to))/r (s (J) —to) ço(on)},
A n =  U  A

(i /o)o)

s( i)  = (s(.11,), • • • , s
(
dd)),

w h ere  {sY.,)} i s  a  en(I)distinguishable se t o f  Vn(c). Then setting

en(') = c706 ci(6' /(p (r ) )

in  Lemma 3, w e have

d

P (A„) >1/20 ((p(e)) iI M ( >; 177,(0)

> c710 (ço (6"))K (N/ N ; r, (p)  (ô'n)

H ence w e have

P  (A „ ) c721 (r ; (p) + °° •

N ext w ith  the help  of Lemma 5, w e have to  show

By Lem m a 5, w e have

iP (U  A .c) — II P (Ane)

5 _1 2  ( E  +  E  ) E

P ( f l AnC) = O.

n<m<m(.) ••• O ) (lc k 0 )

ir(J,?:135))1 
S i

 y GI r(('n't ;  ( ) (p ( ( r ) )  d

=1.1 +

where

ron ,p  E [ X ( s ( i ) )  —  X ( t 0 )  X (t (k )) —  X(t0) 1
(n, .1) r (s (J) —to) y (t to)



698 N o r io  K ôno

=  ( r  ( ; )  —to) r (t (k) — t0)) —1 Ri / 2 ,

Ri= 121(s(1, t 1° ; t ,  t10)

s (J)  = ?, • • , 4 2 )  E  V  X • • • X 17,d),

t  (k) ( t , • • • , t i t ) )  E V e x • • • x  V e ,

ni (n) = n + cn log(2) n ,  C73 > a/  (a ' log V s) .

Choose 6  sufficiently small, then by Lemma 4  w e have

1r (,,t: j)i _c7 40< /a

if m > n i (n )  , and

and Ir((7,1i49 (6") V (6m) c70

1r(cnnt  _ <  < 1 / 2

if  n <m <m  (n ) S ince the cardinal number of (n, j1, • • , j , )  for fixed
n  is  less th an  c76 (log n)

I  V  / ( 2 a ' ) ,  

w e have

a ( m - n ) a ' la  (log n log )Ji)  /(2a ')
n m_,>:7n(n)

exp (g02 (6") + (02 (6m)) /2}

< c 7 8  E r n - n ) e i a  (lo g  n log  
m ) N / ( 2 a '

) 4.1 (nm )
n

<c79 E  n -2  (log n)C" <

and

12<6.21 E  E (log n log m) N/(211')

n  n < n t < . ( n )

X exP { — (ç2 (ô") + go' (r)  —  2 eg9 (6') yo (6m)) /2}

<6.82 E n-2+28 (log n) N ia '+2  log (2 )  n <

T h is y ie ld s the proof o f  Theorem 7  b y  ju s t  th e  sam e argument of
(27) .

Proo f o f Theorem 8 .  F ir s t  w e  notice that it is sufficient to
prove the theorem under the condition ( 9 )  of Lemma 1. Choose two
sequences of points (s1("), • • • , s d ( n ) )  E  D ,  ( t 1 ( ')  •  •  •  ,  t d ( " ) )  E  D -  such that

t 101 = (1+ c) 61-1 (ô"n) /2,
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Iti(n) —ti°1= (1+ c )  ô 1 (on) /2,

— =  (1  c ) ( ) ,  i = 1, • • , d , 1 >O >0 , 1 >c >0 ,

and set

— {si E D ; I  si — (r) /2}  ,

V,P2— {si E D ;  I  — ( r)  /2} ,

where and c  are constants independent o f n  chosen  su itab ly later.
To apply Lem m a 3, le t  u s  estim ate the following :

X (s) —  X (t) X ( s ' )  — X (t ' ) 217.) (s, t; s',
L \ r  — r (s' —t')2 Y

B y  ju s t  th e  sam e a rg u m e n t a s  in  c a se  o f  Theorem  6 , choosing c
sufficienly sm all, w e have

d

v (s, t ; s', t ') > c26-2n  E —  si'12 + I ti 112)
i=1

if s= (si, • • • , sd), s' = (s1', • • • , sd') E V x  •  •  •  X  V

t = (t„ • • • , td), =  (t1 ', • • , td') E V ,,?2 x • • • x 17,n

is  a constant independent o f n. N ow set

k k )
X (s ( i ) )  —  X (t (k ))  > v  (r) }d {co ; r (s t  (k ))

A „ =  U  A d)
( d )
(lc d)

s ( J) = (4?, • • • , 42),

t(i) = (tg) , • • • , t1d4)),

w h ere  {4.,)} an d  { t i? }  a r e  EP-distinguishable se t o f  V,P, an d  V,N re-
spectively . T hen  setting

En(i)= c836i-i(On/go (ô"))

in  Lemma 3, w e have
d

P (A )  > 1  /  (ço (64)) (efP ; V ,  x V,V3)

> C 8 4 0  ( Ç O  (ô n )) K (2N/2N; Y ço) (64) •

w here 6.8'2
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H ence w e have

P (A ,) >cd. (r ; go) = + 00 .

N ext w ith  th e  help of Lemma 5 , w e h a v e  to  show  P M  A Z ) = 0 . B y
Lemma 5  w e have

!P(nA.c) -  P (A.c)1

n m>n L(n) n < r n 5 n 1 ( . )  ( d ) a)
(k,,•••,k a) (k ' k' a)

 I $'g ( (e n ), f
s,

+

where

X ( s ( j ) )  —X (t ( k ) )  X  (s (j')) — X  (t (k '))
(n ,j,k )

( s  ( i )  t  ( k ) ) yo(J') — t (k'))

= ( y ( s ( i )  — t (k))y (s (J') — t ( e ) ) ) - - i R / 2 ,

Ri(s(A) , ti?;t ' ) 1 ) ,

s (J) = (5(», • • • , Zidd)) E 17,1,1 X • • • X W ,

t  (7-2 ) =  (61 ), •  •  •  , 6 Id ))  G  1 7 ,1 3  X  •  •  X  1 7 4 ,

S ( J ' )  =  (SA, • • • , s(1%) G  V 4A  X  • • • X  V 4 d

t  (V) =  ( d ,  •  •  •  ,  4d)d) G 1741,)2 X • • • X V $ ,

m (n) = n + c36 log(2) n, c86>a/ (a ' log  1 /6).

Choose d sufficiently small, then by Lemma 4  w e have

1r ( m •  V )  1< c  a (m• 'OaVa
j,k ) _  87

i f  m> m (n) , and

I Cm, I'S')
j,5 )

a n d  11.(o'nj:e140 ((j.n) yom) I < C 8 8

< s < 1 / 2

i f  21< 1 1 7 < 7 1 7  ( n ) .  S ince t h e  cardinal num ber of (n ,  j , k )  fo r  ;fixed n
is  less th an  cs, (log n ) a ' , w e have
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E  E  ( lo g  n  log m) g I a' 6(m —")a' / a
n (n)

X exp { — ( n) + (o2 (ô'm)) /2}

<cg, ' (log n  log m )  ice +16(m — n)a7a (nna)
n

<c9 2 E, n -2  (log n )C .3 < +  0 0

and

I2 c E  (log n  log m) N /a'

n  n < m n t (n )

X e x p  {  —  (2 ( r )  Ç92 (ô M )  2 eço(ô' ') ( r ) )  /2}

<co, E n-2+28 (log n)2N /a' +2 log(2) 71 < C O

T h is y ie ld s th e  proof o f  Theorem 8  b y  ju s t  th e  sam e argument of
(27) .

Proof o f Theorem  9 .  F ir s t  w e  notice th at it is  su ffic ien t to
to prove the theorem under the condition (1 0 )  of Lemma 1. Choose
a  sequence of po in ts (t1("), • • • , trio)) E R N  such that

= (1  —  ô ' ( 6 '7 d ) ,  6 > 1 , 1 > c > 0 ,  i =  1, • • • , d,

and set

V n  =  { S i E ;  It i( ') —  s <c111 Can /  d)}

w here ô  and c  are constants independent o f  n  chosen suitably later.
To apply Lem m a 3 ,  le t  u s  estim ate the following:

v  ( s ,  t )  . E [ ( X ( s )  X ( 0 ) X ( t )  X (0 )   ]
y (s) (t)

= {r2(s—t) — (r (s ) —r (0)21/(r (s) r (t) ) .
B y  the Assumption L fo r 642 (x) , w e have

(r (s) —r (0)2= (y2 (s) — 7-2 (0)7 (r (s) + r (t))2
d

< c si —  ti126i2(7-4) /7-12,

w here 7-4= Is4I A I • Therefore choosing sufficiently small c ,  w e have
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y  (s , t) c.966- 2'r2 (s — t)

fo r  s, tEV „(') x • •• xV „(d), w here 6.98 i s  a  co n stan t independent o f n.
Now set

d) = {ù; (X  CS ( I ) )  X ( 0 ) )  / r ( . .1 ) ) 0 ( ( r ) }

A n =  U
(j1  d )

s = ( q ? ,  •  •  •  s(idd))

where {sj(?)- i s  a n  en(i)-distinguishable se t o f  V ( ' ) .  Then setting

e.(i) = (an/v (r ) )

in  Lemma 3, w e have

P (A „)>  1 /20 (Q (ôn))M ( ; ; V „(1))

> c980 (ço (On)) K  (N  N  r, go) (6').
H ence w e have

P (AO (y; go) = •

Next with the help  of Lemma 5, w e have to  show pm A„e) = 0. B y
Lemma 5  w e have

1P( n A.e) P (A ne)

n n 7 n ( v )  n < m 5 m ( n ) k a) j d )

17-(m4)1 g  ( ilr 1)) ; (6"), 40(67"))dil0

where

r _  E[X(s (j))  —  X(0) X  (t (k)) —  X(0)1
(s r  ( t  (k ))

= I r( s ( l ) ) 7 ( t ( k ) ) 1 ] Ri/2,

R i = Ri (4? , 0; ti?, 0),
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s ( j )  = , • • • , s(P) E Vr,(1) X • • • X

t (k) = (4? , • • • , tit)) E 17,;,1) X • • • X 174,d) ,

m  (n ) =  n logo) n, c ino >  a / (a' log 1/a).

Choosing ,3  sufficiently la rg e , by Lem m a 4 w e have

Ir(Z,1)) I < C „ , 6 - ( )ce/a and Ir((;',,,1))ço (6 ') ço  (6m )j. c102

i f  m >  m  (n )  ,  and

r(ZP e  < 1 / 2

i f  n < m < m ,  ( n )  .  S ince th e  card inal num ber of ( j„  •  •  ,  jd )  fo r  fixed
n  is less than e103 (log  n )  (2 a '), w e have

C104
 ( l o g  n  log m ) 

1  V  / (2 a ' )6 - (n i . - n )a 7 a

n ntLne(n)

X exp
(e ( e n )  +  q)2  (d M ) )  

/ 2 1

< c,,,, E  L  (log n  log in)N /(2.+16-(m_ n)a' /a ( n m )  -1

7n nt (n)

<c1007 2 - 2  (log n )c '" ' < +  oc,

and

. C.108 ( l o g  n  log m) 1 V /(2cv )
n n<nt7n(n)

X eXP ( e  (an) + z(am ) — 2 E v ( r ) v ( r ) )  /2}

E  (log n)N la' +2n-2+26 log(2) n < +  o o  .

T h is y ie ld s  th e  proof of T neorem  9 b y  ju s t  th e  sam e argum ent of
(27) .

P ro o f o f Theorem  1 0 .  F ir s t  w e  notice that it is sufficient to
prove the theorem under th e  condition (11) of L em m a 1 . L e t {x„,i;
l< j<M  (h ; B n )}  b e  an  h-distinguishable set o f Bn= {x= (x„ • • • , xiv)
E R N ,  x 1> 0 ,  i = 1 ,  ,  N ,  (2n — 1) h <  x i < 2 n h l and set

= { sie RN' ; x ,  —  sil<1}  , 1<j<M  (h, B n) ,

= (x 1,)1, • • , x,(74)i E RN1,

w here h  i s  constant chosen suitably later. S e t
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Ai";),/,,,•••,/,a) =  f o ;  X(s(T1))ça(271h)},

A1 ==  Uol,•••• Pa)

s (g) = (411), • • • , 4 2 )  ,

w h ere  {412}  i s  e T -d is t in g u is h a b le  se t o f V r i .  Then setting

= (1 / v(2nh))e n ( i )  

in  Lemma 3 ,  w e have

d

P (A. J('')) >1/ 20 (v(2nh))  f l  M (  ( i ) ;  VT,'D1=1

> ci,i0 (v(2nh)) / K (N ; r) (1A9 (2nk))

H ence w e have

L ' P (A ,m )> c il, L  o (v(2nh))0-' /  K  (N  ; (1 /  v (2 n h ))
n in

(r ço) = + 0 0 .

N ext w ith  the help  of L e m m r  5 ,  w e  h av e  to  show P (  f l  A 1(')c )  = 0 .
(1 , J)

Set.

A i(n , j) =  { (m , ;  m >  n ' }  ,  ( a > 0),

A2(n, .i) =  (n , k) ; n<m<ni+a ,

14 ,  X;nt?kl >  ni-bh, i =  1, • • • , d} , (1 > b > 0 ),

A3, (n, { (m ,k )*  (n , ;  n < m < n i+ a  ,  x 5 — 4 k l<n l-bh } .

Then by Lem m a 5  w e have

1P (  n A i " )  - P(A1(1')c)
(n , j) (n .

d

1-2,( E + 1 1, + E  E E
(n d ) D  A 2(n ..1) i = 1  A s, (PD — Pd )

1
ik,:aP)) g (Ar(07: jk: # P)) ;' ( 0  (2nh) , v (2mh))dil

0

=I,-  F 13 -  13,

where
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r(V S )) = E [X (s (fi)) X (t ( p ) ) ] ,

(To ( 4 d ) ) x  x  V ( d )  ,

t 0.70 t tvr
)  E  V41,1k X  •  •  •  X  Vg3, .

B y the additional condition of Theorem 1 0 , w e have

rC(T;ik,',1))1 (ni — n ) ) - s  and

Ir((m„:ikS ))(0(2nh)q)(2m n)1<c„,

i f  ( m , k )  A i( n , j )  ,

r((„'n;;;;)) I _< c n ) - s  and

rjkS ))go(2nh)ço (2m h)l

i f  (m  ,h) E  A2 ( n ,  j ) ,  and

ikS)) I s<bNo/ (2N )

if (m ,  k ) j )  fo r  sufficiently la rg e  h ,  w here No = min (N „ ••• ,
N d ) .  Since the card inal number o f (fi„ • • • , pd) for fixed ( n ,  j )  is less
than c„8 (log n)

N / ( 2 a ' ) ,  

w e  have

m)E  E  (log n  log (log (m — n ))  —19
n

x exp { — (çO2 ( 2 n h )  92 (2m h)) /2}

in)P7 f (2 “ ')+1  (nins -<C120 E E  (log n  log )  '  (log (ni —  n))-s
e t  11t 11 .

(log n) Nice' +2-13 11-1 < ,<ci2i E  

12< c 1 2 2  E  E  (log n  log in)N / p a ')
 — 1 M N  — I  (log n) -s

I I nsmsn..“

x exp { — (v2 (2nh) (02 (2m h)) /2}

<e123 E  E  (log n)N 1"' +2-s (nm)-'
n  n n t n , • “

<ci24 E (log n ) 2 " " +8 - s n - '<+  0 0 ,

and

18. 6.125E (log n  log m )  /(2a')nN —1mN —1—bN
T„  

x exp { — (92 (2„h) + 92 (2mh) — 2 ego ( 2 n h )  ( 2 m h ) )  /2}
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E  E  (log )n, N / a '+ 2 7 1 - 12  —1-6/■70+28N

n 71 77t n I• cs

< 6 .1 2 7  E (log n)N la ' +2 n— l— bN o-1-28N <

T h is y ie ld s the proof o f Theorem 1 0  b y  ju s t  th e  sam e argument of
(27).

5 .  Examples.

In  th is  section w e consider the following exam ples. L et 1X-a, (t)
t E le=} , i=1 , • • •  d  be independent Gaussian random fields such that

E[(X a,(s) —  X a i ( t ) ) 2 ]  = Is (0<ce1<1 ) ,

and set
d

X ( t )  =E x.,(ti), t= (ti, ••-, td) ; ti E RNf,
1=1

+ • • • + =N , N  (a) =

T h en  w e  c an  ap p ly  o u r  T h eo rem  1 - 4  an d  Theorem  6 - 9  for the
Gaussian random field {X,-, (t) ; t E R N }  and the examples of the upper
classes o r the low er classes a re  following :

(x) = 2 N (a)  log 1/x  +  ( 2 N ( )  + 1) log(2) 1/x + (2 + e) log (3) 1 /x

E  U u(X ,; D )  if e > 0 ,

L . (X , ; D )  if e<0,

ço2 (x ) = 2 log (2) 1 /x  +  (N(Ce) -I- 1) log (3) 1/x + (2 + c) log(4) l/x

E U, ( X , ; to) if c > 0 ,

EL ,(X ,,; t0) if e < 0 ,

ç92 (x ) =2 log (2) 1/x + (2N (ci) + 1) log (3) 1/x + (2 + c) log (4) i t r

E t ( X c ,  t o )  if e> 0 ,

E L „, (X , ; to) if c < 0 ,

ço2 (x ) = 2 log (2) x  (N ( )  +1 )  log (3) x  (2 + c) log(4) x

E U 7  (X )  if c > 0 ,

E L ( X )  if c 0 .
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Next le t u s consider two Gaussian random fields { X, (t);t E  WTI

and {X , , ( t ' ) ;  t '  R n ,  ( N i + • • • + N d — N ,  + • • - + N , = N ' ) .  Then

as the easy corollary of our theorems, we have the following theorem
concerning the invariance of the u p p e r classes o r  the lo w e r classes
between two random fields {X ,,(t)} and {X,,,(e)}.

Theorem  1 1 .  T h e  u p p e r c lasse s  E I„(X ,;D ), U  (X ,; t o ) ,  Uut
(X ,; to ) a n d  U7 (X0) o r  th e  lo w e r classes 1 ,.(X ,;D ), L  (X 0 ; to),
L„ 1 ( X 0 ;t0 ) and L7(X0) co inc ide  w ith  the u p p e r classes or the low er
classes c o rre sp o n d in g  to  th e  ran d o m  f ie ld  {X „,(e)}  re sp ec tiv e ly  if
and o n ly  i f

N 1 / a 1 + • • • + N d / a d = N 1 7 a 1 '  +  • • •  + N I /a d '.
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