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§ O. Introduction

In  [1 1 ] N o v ik o v  show ed that the  A dam s spectra l sequence of
M U -theory (com plex cobordism  theory) is an im portant method for
studying the stable homotopy groups o f spheres, and he also showed
th a t  f o r  studying the p-prim ary component o f  th e  stable homotopy
groups o f spheres it is convenient to use BP-theory, which is the direct
summand of MUZ(,)-theory, where M U Z (,)  i s  th e  spectrum localized
a t  a  prime p  of MU-spectrum.

However in  gen era l, it is  d iff icu lt to  ca lcu la te  the E 2  te rm s  of
the Adam s spectral sequence of M U- o r BP-theory.

In  [7 ] B u is tab e r  announced that there exists a tri-graded spectral
sequence {Er*'*'*, dr}  such that E10'*'* E x t 1  (M U * (S°) , M U* (S0)) ,
and lEc„*' "  =E „" '" - =  Z .  U sing th is spectral sequence he gave an in-
terpretation of Ex t;au (M U* (S °), M U*  ( S " ) )  in  term s of the integral
homology group o f M U  and its H urew icz image.

W e sh a ll show th at th ere  is  a  BP-  analogy of BuTtstaber's inter-
pretation of Extl,i:u (M U*  (S°) , M U* (S °)). H o w ever o u r m eth o d  is
quite different from his.

L et X  be a C W  spectrum with basepoint and B P* (X ) the reduced
BP-cohomology of X .  L et A= BP* (5 ') , the reduced BP- cohomology
of the sphere spectrum S°, a n d  A BP b e the algebra of primary opera-
tions o f BP-  cohomology th e o r y . L e t  Z (,) b e  th e  integers localized
a t p .  O ur m ain resu lts a re  a s  follows;
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Theorem 2- 7 .  T here ex ists a tri-graded m ultiplicativ e  spectral
sequence 1E,.*' "  ,  d r) -  (1 <r<o o )  s u c h  th at

i) E,u's't = II„ (B P; Z ) (A, A) ,

ii) dr: is  a n  anti-deriv ation,

n„ ( B P )  ( i f  s= t = 0)
iii)

1 0  (otherw ise),

iv) the edge hom om orphism coinc ides w ith  the
Hurew icz  hom om orphism  h .: Tru (BP) —>Hu (BP ; Z),

v )  A n ' ac ts canonically  o n  {En dr}

Corollary 3- 3.

ExtWp (A, A) ,/  Im h ,, f o r  t >0 .

w here h,: 7c1(B P) -->H ,(B P; Z ) is the H urez v icz  hom om orphism  o f

B P an d  N , is a certain subgroup of  H, (B P; Z ), w hich is algebraically
determ ined by  the ac tio n s  o f  A n ' o n  H,(B P ; Z ) .

W e also obtained th e  geometrical interpretation o f  1\7.1.

Theorem 4 - 1 .  L e t p  b e  a n  odd  p r i m e .  T hen

N1 Iin l i t ' ,  f o r  t >0 ,

where ht': 7r, (BP /S°)S°) H ,(B P /  S °  ; Z )= II , (B P; Z )  is  t h e  liz trew icz
hom om orphism  of  B P/ S °.

Consider th e  cofiber sequence; S° — >B P -->B P /S ° , w h ere  i  is

the  canonical inclusion map and n' is the  canonical p ro je c t io n  m a p . As-
sociated w ith this there exists a  sh o r t  e x a c t  sequence f o r  *>1 ;

(D8
0—›7r 4, (B P) * (BP /S°)S°) — * 0,

where (D =  7 r .  L e t ( v,)- b e  a  system  o f  generators of 7 V ( B P )  with

dim  vi= 2 (p ' — 1) . T hen  w e get th e  following;

Corollary 4 - 4 .  L e t p  be an  odd p rim e .  L e t  y E Znq (B P), w here
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n > 0  a n d  q=2(p — 1) . T h e n  0 ( v )  is d iv isib le  by  p i n  n,„,(B P/S °)
i f  an d  only  i f  v  belongs to the subgroup, p r„,(B P)+4 ,) (v 1 n ) . More-
ov er v , ' is d iv isib le  by  p"Pcn)+1 an d  it is best possible, w here  v ( n )  is
th e  p o w e r o f  p  in  th e  e x p a n s io n  o f  n ,  i.e ., n=p'P(n) s a n d  g.c.d.
(p, = 1 .

T he above result is originally obtained by L. Sm ith [14], in which
he used K-theoretic characteristic numbers.

R e m ark . W e can also calculate the spectral sequence of Theorem
2-7 up to  d im  45 for p = 3 .  T h e n  th e  f ir s t  obstruction for further
calculations l ie s  in  d im  48, w here I can  not determ ine if  ceço = 0 or
n o t . F o r  p > 3 ,  calculations could be done beyond this range by using
informations on the behaviors of M assey product. T hese resu lts w ill
be published elsewhere.

T h is paper is organized a s  fo llo w s . In  § 1  w e  lis t  u p  the prop-
erties of the Brown-Peterson spectrum B P .  I n  § 2 th e  sp ec tra l se-
quence w hich relates Ext1.0 (B P* (X ), B P* (S ° ))  to  th e  integral ho-
mology of X  w ill b e  co n structed . In  § 3 we shall obtain some corol-
laries and some differential form ulas of the spectral seq u en ce . In  § 4

the Hurewicz im age of B P/S °  w ill b e  d e te rm in ed . I n  § 5  w e shall
prove the multiplicativity of the spectral sequence.

I w ould  like to  thank P rofessor H . Toda for m any useful sug-
gestio n s . I  am also grateful to Professor M . Mimura for his continuous
encouragement.

§  1 .  Brown -Peterson spectrum.

Let p be a fixed prime and L  the original Brown-Peterson spectrum
a t p , defined by Browm-Peterson [6]. Let R  b e  the set of sequences
of in tegers (e„ e2, • --) such that ei> 0  and ei= 0 fo r a lm o st a ll i. If

e2, • ••), l e t  1E1=2 E  c ,  ( p i  —1) . I f  F=( .f i,f 2 , • - • ) ,  le t  E ±F
=(e1d-f1, e2H-f2,-.). Let di =(0, • • •, 0, 1, 0, •-•), where 1 takes i-th place.
W e denote the sum of n-copies of E  b y  n E .  L et B P  b e the Brown-
Peterson spectrum localized at p  of L .  B P  has many nice properties
a s  follows.
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Theorem 1 .  (D . Q uillen) [13][1]. B P is the  C W  ring  spec trum ,
w h ic h  h as  the f o llow ing  properties;

i) 1 1 * (B P;Z )  = Z w [m „ m 2 , • • - ] d eg ree  m i= 2  (p' — 1) ,

g * (B P) Z (f l)[v i, v 2 , •••] d egree  v i= 2  ( p i  —  1),

w here Z (p) denotes the lo c aliz atio n  at p  o f  integers Z .

iii) the H u rew icz  h o m o m o rp h ism  h :  g * (B P)— >H * (B P; Z ) is
m onom orphic  and  w e  c an  c h o o se  the  g e n e rato rs  { v i}  so  th at th e y
satis f y  th e  f o llo w in g  in d u c tiv e  fo rm u la  [4 ],

h (va) =pm „— m „,(h (v i) )1 "
- 1

iv) th e  S te e n ro d  a lg e b ra  A "  =B P *  ( B P )  is  a  H o p f  algebra

o v er 7 1 . * (B P) . A 5  is  iso m o rp h ic  to  n * (B P)C )/N  z ( )R , w h e re  R  is  a
f re e  module o v er Z (p ) w ith  g en erato rs  { T E ) ,  E G  g Z . and d e g re e  TE
=1 E 1 , and m eans the com pleted  tensor product ov er Z (p). ITE}

are ch arac te riz ed  b y  the f o llow ing  properties:

a) (C a r ta n  f o rm u la)  F o r x ,  y e H * ( B P ;Z ) ,

E(xY ) E  r  1 ( X ) r  4 ( 0
F-FG =E

w here  F, G e

I m n-i
I)) T E ( m n )  =  0

i f  E =p n - iJi,

otherw ise,

c) (R . Z ah le r)  [1 5 ] I f  1 E ---1 1 '1 , E , F E .c R  , th e n

TE(2)7P) _=

w h e re  in ' m e an s  m ,f 'in /  • • • .

f  1 ( E = F )  ,

1 0 ( E =/ =F ) ,

§  2 .  The spectral sequence.

Let X  b e a C W  sp ectrum . In  th is  section w e sh a ll estab lish  a

spectral sequence relating the integral hom ology o f  X  w ith E x t t 1

(B P* (X ), A )  under certain conditions of X .

T o  ge t the spectral sequence, we need some fundamental facts.
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L et X (r) be the r-skeleton of X  and X (")=-  X .  Consider a chain com-
p lex  (C„, d„)-, where C „=-1 /n (X (n )/X ( '); Z )  and cl„ is  the  boundary
homomorphism fo r  a  tr ip le  (jut), X ( 7 / - 1 ) ,  X ( n - 2 ) ,) A s  is well known,
the homology group of {C„, d„} - is  th e  ordinary homology group of
X , H * ( X ; Z )  .  T h e following Lemma is easily proved.

Lemma 2- 1 .  I f  X  is  a  ( -1)-connected CW -spectrum  such that
H * ( X ;Z )  is  lo cally  f in ite ly  g en erated  an d  f re e ,  th e n  th e re  e x is t  a
(-1)-connected  C W -spectrum  K  a n d  a  m ap  q: K—>X w hich  satisf y
the f o llo w in g  conditions;

i) K—>X i s  honzotopy  equiv alent,

Tr* i*
ii) 11„(K(")/K("-'); Z)<-- H „( K ( " ) ;Z ) - - >I 1 „( K ; Z ) ,

w h ere  K (')  i s  th e  n-skeleton of  K  an d  i an d  g are  the canonical m aps.

Lemma 2- 2 .  L e t  K  b e  t h e  sp ec tru m  i n  L e m m a 2 - 1 .  T hen
f o r  an y  in te g e rs  1, in , n  s u c h  t h a t  0 <1 <in <n <c >o , th e re  e x is ts  a
sh o rt e x ac t sequence;

0 —>BP* (K(") / K )) —>BP * (K(")/ K))—>BP* (K("') / K('))  —>0.

P r o o f .  By Lemma 2 - 1  it is  c lear that H,,(K (n)/K (m ); Z ), T I*
(K ( " / K t ; Z )  and H * (K m /K (I); Z )  are free and  locally finitely gen-
erated. S o  e a c h  Atiyah-Hirzebruch spectral sequence o f  K(')/K(m),
li(')/K (') and  K (')/K (z ) co lla sp e s . Therefore it is enough to show the
existence of a  short exact sequence;

0— >H * (K (')/K ('); Z ) — >H* (K (°)/K (');Z ) — >H* (K (°')/K (');Z ) — >0.

However this is clear from the universal coefficient formula and the
freeness of the above spectra, and from Lemma 2-1. q.e.d.

Thus Lemma 2 -1  allows u s to identify X  with K  which has the
nice skeletal filtration. From now on we always identify X  with K ,
so X(r) means K (r) under this identification.

Theorem 2- 3 .  L e t  X  b e  a  ( -1)-connected C W  spectrum  w ith
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basepoint, such that H 1, (X ; is free  and  locally  f in ite ly  generated.
T hen there ex ists a tri-graded spectral sequence tE r(X ), d r(X )} converg-
in g  to  Ext,tht (B P* (X ) , A )  su c h  th at

i) Z )C  ),Exd1,(A , A ).

ii) Eru,s,1 — >Eru— r,s +1, t+r,

iii) (ExtsAJ;u(BP*(X), A))=Du's't/ Du-''s'"-1, w here Du's't
1m (i*)# : Exts/atu (B P* (X 0 )), A) --->Extfi; u (B P* (X ), A ) ,  and i: X(u)

—>X is  the cannical inclusion, i* : BP* (X)  _ B P*  (X ( ' ) )  i s  the induced
homomorphism of i and (i*)# :Ext (BP*(X0)), A)—>Exts,a tu (B P*(X ),
A )  is  the in d u ced  hontomorphisnz o f  i *  b y  the functor ExtVit ( , A ),

iv) th e  ab o v e  spectral sequence is natural w ith  respect to  m aps
o f  X ,  i.e., f o r  an o th er sp ec tru m  X '  s a t is f y in g  th e  sanie conditions,
and a map f: , the induced homomorphism Er(X) — >Er(X')
are co m p atib le  w ith  dr, m oreov er f1 c o m e s  f ro m  the homolohy in-
d u ced  homomorphism of f as

f *01: H*(X; Z)1C D zExt,thP (A , A ) —>H* (X '; Z )(D zE x t,4  (A, A) .

R e m ark  1 .  From th e  ( -1)-connectedness of X  it  is  c lea r th a t
Eru's't (X )  =---0  i f  u<0.

R e m ark  2 .  T he theorem in  th e  above cannot be applied fo r  X
= B P , since B P  i s  a  spectrum localized at p .  However, for X), which
is  the  spectrum localized at p  of X ,  defining th e  filtra tio n  -{Xpul so
th a t  Xpu-= (X (u ) ) , „  w e  o b ta in  th e  sam e spectra l sequence tEr(X2,) ,

dr(X„)} .

T heorem  2 - 4 .  U n d e r the sam e  conditions of X , let X i, be the

sp ec tru m  lo caliz ed  at p  o f X , t h e n  th e re  e x is t s  a spectral sequence

-{E ,(X „ ) , c l,(X ,)}  co n v erg in g  to  Extteit' (B P* (X3,) , A ) su c h  th at

i) A ),

ii) dr(Xp): (X,)—>E7-r's+i'l+r (X,),

i i i )  E 0 0 " , *  g iv e s  t h e  q u o t ie n t  in  t h e  f i l t ra t io n  o f  E x t l l

(B P* (X,) , A) ,
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iv ) the spectral sequence t E r (X , ) ,  d r (X , )1  is  n atu ral w ith  re -
spect to  m aps of  X i,.

R em ark  3 .  Let f :  X -> 1 7   b e a m ap , w here X  and Y  satisfy the
assumption of Theorem 2 - 3 .  T hen  even  in  th is  c a se  th e  naturality
holds, i.e ., there a r e  homomorphisms E r (X ) -> E r (Y  p ) ,  w hich  are
compatible with dr.

Pro o f  o f  T heorem s 2 - 3  and 2 - 4 .  W e use the method of [10].
R ecall that the functor E x t , t h t (  , A )  i s  a  h a lf  ex ac t functor on the
category o f A"-modules and A"-homomorphisms. S o  i f  th e re  is  a
short exact sequence of A"-m odules; 0-->M -->N -->L -->0 , then there is
a  long  exact sequence;

•••-->Extfat3t (M , A) -> E x t'iL . (L , A) -> E x t (N , A) --> (11/I, A) -› • • • ,

w here d  i s  the connecting homomorphism induced by the above short
exact sequence.

T h erefo re  w e  can  d efin e  {Eru '''' = B ru 's 't, d r}  b y  v ir tu e  of
Lemma 2-2 a s  follows;

=  Tmu  (BP* (X (u) / X (u -r)) , A)

---> E x tfiL tu  (B P* ( X(u)/ A)1 ,

Bru's't = 1m {Ext8A73V+u (B P* ( X (u+r-1)/ X (')), A)

- - - > E x t N P  (B P* ( X(u) / X(u -1)) , A)} .

W e  de f ine  Eru's't = Zru's't/Bru'8't T h e n  t h e  differential d r :  
ErU,S,

E ru — r,s + 1 ,t+ r  is induced  by the composition 4'0 p i, w h ere

d': Exts,aPu (B P* ( X (u )  X (u — r ) )  ,  A) -->ExtSAIlit+u (B P* (X ( ' )/  X (u - r -1 ) ) ,  A)

i s  the connecting homomorphism induced by the short exact sequence;

Bp *  (x ( .) /  x (u - r)) Bp *  ( x v o  x ( u - r - 1)) - *BP* ( X ( U - r)  X ( U - T  - 1 ) )  _ > 0 .

Also w e define Ecou''''=Zoou'5'`/B0.»5't, where

Z osu's't =Im {ExtliLtu (B P*  (X ), A ) - - - E x t N i t u  (B P* ( X(u) / X(u -1)) , A )} ,

Ht,s,t 1m {ExtszA4I+u(BP*(X/X(u)), A) — > E x tV ,itu (B P * (X (u )/  X (u -'))„4 )} .
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T hen  w e can  easily - prove that d r is  w e ll -defined, H (E ,Y ''''')= - E s it
and E",t----Du,s,s/Du - 1,s,s+1.

In  order to show  the convergence, we need

Lem m a 2 - 5  (Novikov T h .  3 - 1  [1  1 ] ) .  L e t  Y  b e  a  (k— 1)-
connected spectrum  a n d  I  ; Z )  b e  f r e e  a n d  locally  f initely  gen-
erated  ov er Z  o r Z(p). Then

Exts,ile (B P * (Y ), A )  0 f o r  t — 2 (p - 1) s<k.

U sing this Lem m a we can easily prove that fo r  r
sufficiently l a r g e .  So the spectral sequence I.Er (X ) ,  d r (X )}  converges
to  Estiti,P (B P* (X ), A ) .

Now we prove i). By definition E x a tu  (B P* (X(U)/X('_1)),

A ) .  From the construction of the Atiyah-Hirzebruch spectral sequence
[5 ] , B p* (K u y x ( u )  is isom orph ic to  the cochain  complex Cu (X ;
B P *  ( S ° ) ) .  From  Lem m a 2-1, C ' (X ; B P * '  ( P ) )  is isomorphic to
Hu (X ; B P* ' (S ° ) )  w h ic h  is  the E2-terms of the A tiyah-H irzebruch
spectral seq u en ce . B y  th e  u n iversa l coefficient theorem and  b y  the
assum ption that H,1, (X;  i s  free  and locally fin itely generated, Hu
(X; B P *  ( S ° ) )  is  iso m o rp h ic  to  H o m z (H u (X ; Z ),  B P *  ( S ° ) )  a s
A"-module.

Notice that the  all above isomorphisms are ftmctorial.

Lem m a 2 -6 . I f  M  is  Z-free an d  o f  f inite ty pe, then

Exti,S't (Hom z(M , A), A) --'-MC),Ext,,s't (A , A),

w here  A  is a n  R-module an d  R  is a graded com m utativ e r i n g .  Fur-
ther this isom orphism  is functoria l, t h a t  i s ,  f o r  a  m orph ism  f: M

—>N, th e  nex t diagram  com m utes;

ExtiP t(H om z(M , A ), A)---7-_--MC),Extns't (A, A)

l ( f * ) # If(D1-
Ext,s't (Homz(N, A), A ) _---_-N C I,ExtR (A , A),

w here N  is  Z-free an d  o f  f inite ty pe.

P ro o f .  L et {C„ d,}  be an R-free resolution of A , then {Homz(M,
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Cs), ds.} i s  an  R -free resolution of H om ,(M , A ) , because M  is Z-free
and of finite t y p e .  We define homomorphisms ços: MC)5Hom5(C8, A)
->H om ,(H onz,(M , C s ) , A )  b y  vs (aC )f) (g) = f  (g ( a ) ) ,  w h ere  a E M ,
f EH om ,(Cs, A )  and g e H o m ,(M , C s ) .  Then it is obvious that ç2, is
an R-isomorphism, and that the following diagram  commutes;

H om ,(H om  ,(M , C s) , A )  <-49- M C),H om ,(Cs, A)

1(c/3.) * I1C)ds*

H om ,(H om  ,(M , C3+1), A)ç48-42-1110zHomR(Cs+„ A ).

So  tak ing the homology, we obtain Lemma 2-5. The functoriality
is c lear from  the construction of iços)-. q.e.d.

U sing Lem m a 2-6 , w e get a functorial isomorphism;

ExtNitu (B P* (X(u) / X(")), A )--Extfjts24(H om ,(Hu(X ; Z), BP*-u(S°)), A)

H u(X ; Z )O zExtN itu  (B P*_' (S °), A )- -H u (X ;Z )C ),E x ts,a,(A, A ).

S o  i )  w as p ro v ed . iv )  follows from the facts that the skeleton filtra-
tion {X(T)} has the functorial properties and that the  above construc-
tion of the spectral sequence is functorial. Thus we com plete a proof
of Theorem 2-3.

Theorem  2-4 im m ediately follows by the following facts;
1) T he chain com plex -{H,s(Xpu / Z ) ,  au }  g iv e s  th e  homology
group H * (X „ ; Z )  of Xi,.
2) T he filtration {X,,71 satisfies Lem m a 2-2, i.e., there is a short ex-
act sequence; 0->BP* (Xpn / X;") - - ->BP * (Xpn / Xp') * B F *  (X,°' / Xp') 0.
3) Let f :  X .->X5' , th en  th ere  ex ists  a  m ap g :  X p -> X ; such that
g  is homotopic to f  and g (X i)  C X ," . q.e.d.

A pplying Theorem  2-4 for X = B P ,  w e obtain  the following;

T h e o r e m  2 - 7 .  T h e re  cx is ts  a  t r i - g ra d e d  spectra l sequence
{Erw  ,  d r }  su ch  th at

i) E ,'''''=  H u (B P;Z )C ),,,,ExtsA p (A , A ),

ii) dr: Eru's'i-->Eru-r,s+1,t+r,
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iii) E0.ou,8>t =
( u (B P) i f  s =  t  = 0  ,

1 O otherw ise,

iv) th e  edge hom om orphism  E u''''=7r.(B P)-->E 1u''''=11.(B P;Z )
co inc ides w ith  the H urew icz  hom om orphism  h: 7r.(B P)— >H u(B P;Z ),

v) th e re  e x is t  p airin g s  l ir:  - - > E r u + u ' ' ' ' ' ' ' + '  s u c h
t h a t  IL+, is  in d u c e d  b y  rir, m oreov er JJ a n d  11, are  the  standard
p ro d u c t in d u c e d  f ro m  th e  rin g  s p e c tru m  s tru c tu re  o f  B P . d r is  an
an ti-d e riv atio n  w ith  respect to  th is  p ro d u c t fir, th at is , f o r aE

d r (ab) = c 4 (a) b  + (-1)u g a • dr(b) ,

v i) A B P  ac ts  n atu rally  o n  t h is  sp e c tral sequence, i.e ., f o r  any
T E A " , t h e re  are honiom orphism s y r,: Eru's't,Eru_dim r,s,t, w h ich  are
c o m p atib le  w ith  d r. M o re o v e r Ti* i s  d e riv e d  f ro m  the  hom ology  in-
duced hom om orphism  r*01: H ,(B P;Z )C ),,,E x tith t(A , A )— >11,(B P;Z )
Ozcp)ExtV it (A , A ).

P r o o f .  i ) ,  i i )  and v i )  a re  already proved in Theorem 2 -4 .  The
proof of NO is very long, so we postpone it in  the section 5. Proof
o f  iii). B y T heorem  2-4, E u 's 't  i s  a  quo tien t in  the filtration  o f
ExtfiLtu (B P *  (B P ) , A ) . Since B P *  (B P )  is  e x a c t ly  A " , i t  is  c le a r
that E.,„" '`= -0  unless s = 0 .  M eanwhile, by definition Ecou'''' i s  a quo-
tien t o f a  c e rta in  subgroup o f E ,'''=H u ,(B P; Z )C )z ,,,,E x tN ,(A , A ).
I t  is  w e ll k n o w n  th a t  E x e ( A ,  A )  = 0  un less t = 0 .  S o  Ecou's't=0
unless s = t = 0 .  In  the case s = t = 0 ,  w e  a sse r t  th a t Ecou'''')= D u'"=-
7 r . ( B P ) .  T he first equality follows from  the facts that E , '° '°= D"°'°/

D-1,o,.+1=0 and (u r ) .  From th e  properties of
the filtration of B P  and from Lemma 2-5 w e see  th a t th e  homomor-
phism: E x t1., (B P *  (B P') , A )  E  x e it, (B P *  (B E ), A )  i s  a n  isomor-
phism, where B P u  i s  th e  spectrum localized at p  of Du), the u-skeleton
of the original Brown-Peterson spectrum L .  T hen  c learly  the second
eq u a lity  h o ld s . q.e.d. Proof o f  iv ) .  L e t  a c 7 ta(B P)  and f :  S "— B P
b e a  representative o f  a .  Then by naturality of the spectral sequence
there exists a commutative diagram;
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DU, 0 ,0  (Su ) E co u , 0 , 0 (Su ) Eiu, 0, 0 ( S u )  1_1. (S u  ;  z )

I f*
ifo o

IL* if*
D .,o  (B p) _ _ ,E c c u o  (B p) ( B p )  H u  ( B p  z ) .

I t  is c lear that Du'"(5" -̀ ) -= E xt(,)41, (B P* (SU), A ) = 7rU (?) and D ' ' "  (Su)
_ E 0 ,0 (s u ) (su) T h en  th e  commutativity o f  th e  diagram
im plies iv). q.e.d.

§  3 .  C o ro llaries a n d  som e d ifferen tia l fo rm ulas.

In  th is  section w e shall obtain  som e results and some differential
form ulas of the spectral sequence in  Theorem 2-7.

L em m a 3 - 1 .  In  th e  sp e c tral se q u e n c e  {E,.*'*'* (B P), d r* * * } ,
f o r  1 < r < t  th e re  e x is ts  a  can o n ical nzonomorphism:

Especially = i f  1 < r < t .

Proof . B y defin ition , Eru'''t =ker d t/im where dr'Lli :r i

Eru—ir +1, 2, t r - 1  and d,u+T-1,0,t-r II Erud-r-1, 0,t—r+1 a r e  differen-
tials. R e c a ll th a t  Erutr - 1'". '  I i s  a  q u o tie n t in  th e  f ilt r a t io n  o f
Eitt-Fr — 1, 0, t— r +1 _

r - 1  (BP; Z )C ) ,E x t N i ; '+ '  (A , A ) . Since ExdB*.p (A , A)
= 0 un less *=  0 , fo r  1 < r < t , ker By induction
w e  eas ily  o b ta in  th a t E r '  c E , ' ' ' ' '  .  E specially , i f  u =  0  then from
Rem ark 1 in  § 2 w e  s e e  th a t  ker dr'i°'-t=Er°'-'1`. Therefore we obtain
that q.e.d.

L em m a 3 - 2 .  L e t  Z E E , " ' " .  T h e n  d r(z ) =  0 in  E r u - r r  i f  and
o n ly  i f  dr (  rE(z)) in  E r''''r  f o r  a n y  E E .2 . w i t h  lE l=n  — r.

Proof . I f  d r (Z ) =  0  in then by naturality of the spectral
sequence w e get that d r( rE ( z ) )  = rEdr(z ) = 0 in  E r ' r  fo r any E
Conversely if  dr(T E (z ))  = 0 in fo r  an y  E E 2 .  w ith  1E = n  — o- ,
by Lemma 3-1 w e can  set

d,. (z) = 77,74 0 , 1 E ,
1E1 =n -r

w h e re  7nE0,1,, E =  H”._,.(BP; Z)Oz(p)Extlia;p(A, A ). Applying
7 - F E A R '  with F I  =n  — r ,  and using Theorem  1-iv)-c), we obtain
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,1 F = rF ( 7 n E 0 ) E )  =rF d r( z )  =c 4 ( T F ( z ) )  = 0 .

Therefore d r (z )  = 0.q . e . d .

L et N „ =  c H k ( B P ;  Z )  i r , ( x )  E L ,  h  fo r  a n y  E E _CR, such that
1E1*0}-, w here h :  rc,,,(BP) Z )  i s  th e  Hurewicz homomor-

phism o f  B P .  Then, we obtain the fo llow ing result w hich is a  BP-
analogy of Bu'listaber's resu lt [7].

C o ro llary  3 - 3 .  E x till, (A, A) N h,

P ro o f .  By Lem m a 3-1 we know that Ext.',ar (A , A ) = E i°''"° = Et0,1,1.

Consider the sequence : E0t'°0 —›E,°0,t-->E,-I'z'", w here H (E , ' ' ' ' ' )  =E M I.
Since E M t =  = 0, and since =  0 , we obtain
ker d00'" B ut ker c/00'"  is  c learly  E  to,0 = I m  h , .  O n the other hand,
by Lemma 3-2 and b y  induction, it is  eas ily  p ro ved  th at x E H , (B P ;

Z )  belongs to Ett,Oo if  a n d  only if S E N ,. T herefo re  w e ob ta in

ExtW p(A , h,. q.e.d.

Proposition  3 - 4 .  L e t x E .E ru '" ,° .  T hen,

d r (x )  = m E C )d r (rE (x )),
1E1=2„,

E E R

where dr (TE ( x ) )  E  E r° ' r  E x t ',41;:, (A , A) .

P r o o f .  T h is is  tr iv ia l from Lemma 3-2. q.e.d.

T heorem  3 - 5 .  L e t  p  b e  a n  o d d  p rim e .  T hen,

Nk/IM
w ith  a  generator pt-IPII)-1m it, i f  k= tq ,

0  otherw ise,

w h e re  q =  2  (p —  1 ) and  p 5 ( t )  i s  a n  in te g e r d e f in e d  b y  th e  require-
m e n t  th at  t=p"P(t) s  a n d  g .c .d . (p , s)= 1.

Theorem 3-5 i s  a  BP-analogy of Panov's resu lt [12]. (See also
[ 9 ] ) .  In  order to  show Theorem 3-5, first w e  d efin e  a n  o rder on
exponent sequences .gZ as follows. For E=(e„ e2, • • •) and F =(f„ f 2, • • •),
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define E < F  i f  lE I<IFI o r  i f  jEla n d  th e r e  is  a n  i  such that
ci< f ,  a n d  e j = f ;  for any j > i .  I t is  c le a r  th a t <  i s  a  linear order-
in g .  L e t x E rr* (B P ) .  W e  define that type (x )  = E ,  if  rE  (x) $  0 (mod
pn,,,(B P )) a n d  y,(x),=•-0  (mod prc *(BP)) fo r  any F > E .

L em m a 3- 6 .  L e t x, y En,,,(B P ) . If type (x ) -=E  and ty pe (y )
then, type(xy) = E + F.

P r o o f .  I t  is  c le a r  th a t i f  E K E  an d  E K F ,  then E ,-F F K E + F .
So  b y  th e  C a rtan  fo rm u la  w e have

E E

r , ( x Y )= rE ,(x )rE ,(y )— y ( x ) y ( y )  ( m o d  * (B P )).

I t  is  c le a r  th a t i f  G > E + F ,  then r a ( x y ) . 0  (mod prt* ( B P ) )  and that

rE+F(xY)==-TEW TF(Y) $O (mod p r* (B P )).  So we obtain that type (xy)
= E +F. q.e.d.

L em m a 3- 7 .  L e t 1v11 be the ring  generators of 7r * (B P ) .  Then,

{ d o  i f  n =1 ,
ty p e (v n )=

p d ,  i f  n - 2 ,

where do i s  the zero sequence (0 ,0 , 0 , ••-).

P ro o f .  R ecall th e  fo rm u la  (Theorem 1);

n - 1

h(v.)=Pnz„—  E mn_i(h(v1))1"-

It is clear that type (y1) -= d o .  From Theorem 1 we have that Tp4.-1(va)
= pm,= v ,s 0 (mod p r ( B P ) ) .  O n the other hand, p4„_1 is  the  largest
sequence in  d im ension  2 (p" — p), s o ,  i f  E>pd.„_, then . E f > 2 — p)
+ 2 (p - 1) = dim v„. Therefore by iv)-c) in  Theorem 1, it  is  e a s ily
proved that i f  E>P4.-1, then rE (v „) (mod Prc* (BP)). q.e.d.

Proposition  3 -8 . I f  ty p e (x )=  do, then .x-=- /Iv ,' ( m o d  * (B P ) ) ,

where x E n t,(B P ) and A Z () .

P ro o f .  Let x=--- L1;̀,_,A1w0, where 2,E Z (, ) and w, are  the  monomials
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of v t  which form an additive b as is  o f  z r t , (B P ) o ver Z (). T h e n  b y
Lemma 3 - 6  an d  3 - 7 ,  w e can  o rd er I w i}  b y  its  typ e . A ssu m e that
type ( w i) < ty P e  ( w t+ t ) •  Then, clearly  w 1 =  v 1 1 . Let type (zert) = E1, then
A jT E ,(w k )- - -T E k (x ) E . 0  (mod pn * (B P)) . S in ce  r Ek -(w  ) S O  (mod PTC *
( B P ) ) ,  w e get that (mod P Z (p ) )•  B y  induction w e see  th at ;tt
- . 0  (mod p Z (p )) if Therefore x .A v , `  (mod p rc* (B P)) .  q.e.d.

P ro o f  o f  T h e o re m  3 - 5 .  I t is  c le a r  th a t the  group N " / Im  ht, is
a  finite a b e lia n  g ro u p . L e t z E  N "  such that pz E IM  14,, then Proposi-
t io n  3 - 8  im p lies pz--= /Iv !  (mod. p r  * (B P ) )  ,  w hich  im p lies that the
group N " / I m  h i, consists of only one g en era to r . S o , in  order to  show
Theorem  3 - 5  it i s  s u f f ic ie n t  t o  sh o w  th a t  p t — n (0 -1 » l i t  E N t ,  and
P"P(`)-27ilit N " .  B y  i v ) - a )  a n d  b )  in  Theorem 1 ,  if E i 4 1  then

TE ( n !)  =  0  and nzh(nit) m it'  so ( P k n i i t )  =  I t But

m axi,i< t{ t —  p (( it.))} =  t —  vn(t)  — 1, a n d  hence pk111t E N t ,  if and

only if  k > t —  vp (t) — 1 . T h is completes the proof o f Theorem 3-5.

q.e.d.

From Corollary 3 -3  and Theorem 3 -5  we see that dt,(1 ;-"Pm -im it)
is w ell defined and i t  i s  a  generator o f E x tV  ( A ,  A ) .  L e t a t ( '" ( ` ) )  =

dt,(1 )-"P (`)-'m it).  Then w e obtain  an  explicit differential formula on
In  order to  describe th is formula w e define a  r in g  homomor-

p h is m  p :  H * (B P; Z )  — Z () b y

p  (m it)  ,__. p (p n  - 1 / p - 1 ) - n .

L em m a 3 - 9 .  I f  x  E  N ,,, then

p (x) m11 (mod Im  htq)•

P ro o f .  By Theorem  3 - 5 ,  x = +  y , where A E Z(p) and
v E Im h " .  R ecall the form ula iii) o f  Theorem  1. W e assert that
p(v1) =p , and  p (v 1 )  = 0 i f  i > 2 .  It is  c lear th at  p (v 1 )  =-p (pm ,) =p .
B y  induction, using the formula i i i )  in  Theorem 1 ,  w e get

n-1

=  p p (m „ )—  E P  ( m - 1 )  ( P ( v i ) ) =pp (inn) —  p  (m — i) P  (7 ,1 )P -
1=1
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_=p(P"-]/P-1)--n+ 1,p . - , p ( p . - , - ; / p - l ) - . + 1 _

S o  p ( x )  =  p t
( 1 ) - 1  p (v) . Therefore p (x) 2 p ( 0 - 1  (mod ptZ(p)) .

T h is im plies that x = p  ( x ) m i t  (mod Im  h") q.e.d.

A s an  im m ediate corollary we obtain the explicit differential for-
m ula on

Proposition 3 - 1 0 .  I f  x E then

(x ) _ (rE  (x)) m E g a r  cup (r)).
p r - p ( r ) _ l

EER

U sing the above Proposition, we obtain

Proposition 3-11 .

= Ix E  H,. (BE; Z )1  foi- a n y  E E gZ such  tha t 1E1> u —r,
r, (x) E lm .

§ 4 . H urew icz hom om orphism  o f BP/S°

In  th is  section w e shall determ ine the H u rew icz  image of BP / S° .
L et h' : 7t,(BP/ S°)—>H,,,(BP / S° ;Z) be th e  H urew icz  hom om orph ism

of BE /S°.S°. It is clear that if n>0, Hu(BP / S° ; Z) ;  Z ) .  There-
fore w e identify Hu(BP / S° ; Z) w ith  Hu(BP ; Z) i f  n > 0 .  Then,

Theorem 4 - 1 .  I f  p  i s  an odd prime, and n> 0 ,

Im  hu' ---NucH u(BP; Z).

Proof. B y  the cellular approximation theorem and  the choice of
filtration {B P '} ,  w e  se e  th a t th e re  is  a commutative diagram ;

h'
r„,(BP/ S') Hu (BP / Z )

T
Tr„(BPV S°) -->  H u (B P V  ; Z )

n„(BP" /BP') -->H ,,(B PV  BP° ; Z)

TC„,(BPV BP n -->H u(BPV BP n - 1 ;  Z).7-_-.H„ (BP; Z) ,
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where j: BPn /BP° ->BP"/BP" is  th e  canonical m a p . S o , in  order
to  determ ine the im age of h ', it is sufficient to  determ ine the image
of j,: 7z.„(B19n/BP)-->n„(BP"/BP'). There are two Adams-Novikov
spectral sequences, {E r* '*  (B P '/B P )} and {E ,.* '*  (B P '/ B P ')} , which
converge to  7-4 (B P "/ B P ) and 7 4 (B P '/ B P " ') ,  resp ectiv e ly . B y  nat-
urality  of the Adam s-Novikov spectral sequence, there exist homomor-
phisms j ':  E r* '*  (B P "/ B P ° )-> E r* '*  (B P "/ B P " ) f o r  2 < r < o o  and
j* (F t' (B 13"7B P))C F01 (B P"/B P '), w h ere  F0i (X )  m eans th e  i-th
filtration of 7t,(X ) .  It is  o b v io us th at F „ i (B P '/ B P ')  = 0  fo r i+ 0
and E2"(B Pn/B Pn-1 )=E_"(B P ')=F„°(B P '/B P"-')= -7r„(B Pn/B P '-1 ).
S o  we obtain that Im j * = Im  j* " .  W e assert th at Im j* "= Im  In
order to prove th is assertion, w e need the following lemma.

L em m a 4 - 2 .  The following diagram commutes;

0  - ->  p t„ (B P " ) pr,,(BP'/BP°)

idB,I 1dB,
0 ->HomBp (BP * (BP"), A ) ->H om , (B P* (BP ' /BP), A )

0
---->  n ._1 (B P °) --> 0

II

--->Extlyi;p (A, A) —> O,

where dBp is the Adams d-invariant, eBp is  the Adam s e-invariant
in  BP-theory [3 ], and the lower sequence is the short exact sequence
induced by the short exact sequence;

0 ->BP* (BPn /BP)->BP* (BPn)->BP* (BP') = A->0.

P r o o f .  T h e d iagram  ( I )  is clearly com m utative. Commutativity
of the d iagram  (I I )  is show n a s  follows. L e t aE n„(B Pn/B P '), f:
S". ->BP' / B P° b e  a  representative of a, g: S"-1->BP° b e a represent-
ative of 0a, and C f  be the mapping cone of f ,  then  it is easily proved
that there exists a  map h: C - - B P '  such that th e  following diagram
commutes;

g  nn,
1- - - > i ) c  °---> Cg — > IB P °

13h
i f

BP°— > B P "— > B P "/ B P --> IB P ° .
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Applying the functor BP* ( )  to  the above d iagram , w e o b ta in  the
following commutative diagram:

0  - - - >  BP* (Sn) BP* (C , )  — > B P *  (BP') - ->  0

0 -- > B P *  (BP' / BP') __ BP* (B P") _ _ B P *  (BP°) .

Applying the functor E xtV 2 = ( , A ), w e obtain the following commu-
tative diagram ;

•• • --->Hon4BB (BP * (S") , A) --->Ext'ÂPB(BP* (BP') , A) --> • • •

l ( f * ) #
•• -->Hon4B, (BP * (BP' / BP°), A) > Ext (B P* (B P°), A) —> • • .

From the definition of dBp and C g p  it is clear that (f * )#  (1 ) = clEp (a),
and d' (1) =  ep  ( g )  = eBp (Oa), where 1 c HomB, (BP * (S"), A)=Hom'ABB
(A , A ). Therefore w e obtain that zldBp (a) = eBr (Oa). q.e.d.

Lem m a 4 - 3 .  L e t p  be an  odd p rim e .  Then, dEp; 7r,,(BP" / BP')
-->HomilBp (BP* (BP' / B P ), A ) is  an  epimorphism.

P ro o f. It is a famous theorem of Novikov [1 1 ] that eBp: n„,(BP')
7r- 1(S°) -->Ext!ilp (BP* (BP') , A) = Exti,ap (A , A ) i s  a n  epimorphism

if  p  i s  o d d . S o , in  order to prove Lemma 4-3 it is sufficient to show
that dBp: n„(BP'') —>Hom1I8B (BP* (BP"), A ) i s  e p ic .  B ut th is is c lear
from the next commutative diagram:

TC.„ (B P ')H o m 'I B p  (BP* (BP"), A)

7c (BP) — >HonfIBB (BP * (BP), A).

In  fac t, (i* )#  : Hom'IBB (BP * (BP"), A) —>HoneBB (B P* (B P), A ) i s  an
isom orphism . (C f. Lemma 2-5). q.e.d.

Lemma 4-3 im plies that in  the Adams-Novikov spectral sequence
of BP" / BP°, F° (BP' /BP°) /F,' (BP' /BP') =
(BP* (BP" /BP"), A). S o  it is  c lea r th a t Im j*2=Im j * " .  Meanwhile
b y  the definition of our spectral sequence in  Theorem 2-7, the image
of j,,,°: HomN',.(BP* (BP' /BP"), A) -->HomV,B (BP* (BP" / B P ' )  , A) =
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H „(B P; Z )(D Ex t (A, A )  is  exactly  N „ .  This completes a  proof of
Theorem 4-1.

A s  a  corollary o f Theorem 4-1 w e o b ta in  th e  following result.

Consider the cofiber sequence; 5° —>B P —>B P/5", where i  is an inclusion
map, and 7r i s  a  projection map. Associated with this, there is a short
exact sequence fo r *> 1 ;

0— >r* (B P)--->r,,(B P/ S ') —>r (S°) -->O,

w here 0  is  74.

C o ro llary  4 - 4 .  L et p be an  odd p rim e .  L et v E 7r ,(B P ) , w here
71> 0  an d  q = 2 (p —1 ) .  T h e n  0 ( v )  i s  div isible b y  p  in  r,,,(B P/S °)
i f  an d  only  i f  v  belongs to the subgroup p.n. „ ,(B P ) +Z (,)(v 1 ") . M ore-
o v e r v i" i s  div isible b y  p'P(')+1, an d  it is best possib le .

P ro o f .  Consider the commutative diagram;

0 0
0 --->TC,,q(BP) —>nng(BP/S0 ) — >n,-1(S °) — 4 0

1 le l e g pI h q' L-, Ina / 11A A11)\0 -->7rna (BP ) -- - ->  N ,q  - ->r,- x t k , ,  - *  0  ,

where both horizontal sequences are  short exact sequences, and 42 is
a n  epimorphism o f  C oro llary 3 - 3 .  I f  0 (v ) = p w  fo r  som e w
(B P/S ° ) , from the ab o ve d iagram  w e see  th at h(v ) E  p N „ ,.  Using
Proposition 3-8, we obtain

h  (v ) . /Iv , '  (mod P7 r,(B P)) , w here /1 a Z(P)•

Therefore v  belongs to Pr„,(B P)  +Z ( ,) (v i" ) . O n the other hand ac-
cording to A dam s [3 ]  and Novikov [11], there ex ists a n  elem ent a
E  7r,„_1(5'°) such that eBp(a)-=a.("(')) and p',0)+1a= O. Let x a  r„(B P/S °)
such that 0 (x ) = a ,  then from the commutativity and from the defini-
tion that (o(pn-",(n"m in) =a m ,  we see that there exists an element
Z E rn, ( B P )  su ch  th at h' (x ) = + h (z) . L e t y= x —  (z) ,
then h' (y ) = p' - ',(") - im ," and ay  = a . C o n s id e r  the e le m e n t  (v1") —
/IP(n)+13, E  n„,(BP /  S ')  . We assert that 0 (vin) =P"(")+1y. Since a (0 (v1')
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— P'P('')+1y ) —P"P(")+10y= — P"P(")+1a= 0, i t  is  c le a r  th a t  th e r e  is  an
element z' E ( B P )  such that 0 ( z ' )  =  ( v1 ") — P P ( " ) - " y .  Applying h '
to th is equation w e get

h (z ') h ' (0  (z ')) =  h ' (0  (y1 ") _p (fl) y) 
= q 2  ( y 1 " )  - P ' 7 7 / 1 '  = 0 .

B ut h  i s  a  monomorphism, so w e obtain  z ' = 0 .  B y  th e  sam e argu-
m ent it  is  e a s ily  p ro v e d  th a t  0 ( y 1 " )  is  n o t  d iv isib le  b y  p'P(")+2. in
7tr,(BP/ S°). q.e.d.

§ 5 .  T h e  m ultip licativ ity o f  th e  s p e c t r a l  sequence.

In  th is  section w e shall prove the multiplicativity of the spectral
sequence -{Er*'*'* (B P), dr*'*'* (B P)}  .  M oreover w e shall prove the
following theorem.

Theorem  5 - 1 .  L e t  K  b e  a  (— 1)-connected CW rin g  spectrum
such  that H * (K ; Z )  is  f re e  a n d  lo cally  f in ite ly  g en erated  o v er Z  or
Z w .  W e  c o n s id e r th e  sp e c tral sequence {E r* '" (K ), d r* '* ,*  (K )}  .
T h en  th ere  ex is t p airin g s  [T r; — > E r ,  such that

0  fir maps

Z rU ,S ,t 0 Z r 2 e , S ' Z r1 4  + 21 ' , + 8 ' VV.

BrU , 8 , t O Z , W , s ' , V

t +t',

ii) d r  i s  an  an ti-deriv ation  w ith  respect to  11,., i.e ., f o r a E
b E , dr(ab) = dr (a) • b (-1)u-s+ta • dr (b) ,

iii) Hr+i is  in d u c e d  b y  FL,
iv ) f l  i s  th e  c an o n ic al p ro d u c t in d u c e d  b y  th e  rin g  s tru c tu re

o f  H  (K ; Z )  an d  Ext,t0 (A, A) . H e re  (r ) m eans th e  tensor product
o v er Z  o r Z(p).

In  order to prove Theorem  5 -1  first w e sum m arize th e  results
from  [8].

5 - 1 .  L et A  b e a  commutative ring with unit, and A be a graded
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augumented projective Hopf algebra over A .  L e t M  a n d  N  be graded
A - m o d u le s .  I f  T or,' ( M , N ) = 0  f o r  a n y  n > 0 , th en  th ere  ex ists  a
pairing

U: Ex tA s't(M , A )C)Ex t,''''' (N , A) —>ExtAs+s'''+' (AION, A).
A

T h is  pairing is defined a s  fo llo w s : L e t X  be an A-projective resolu-
tion of M  and X ' a n  A -p ro je c tiv e  resolution o f  N .  U nder th e  above
conditions, the  complex X O X '  i s  a n  A®A-projective resolution of

A A
M C ) N . Therefore we obtain a  homomorphism:

A

Hom , (X , A )C)Hom A (X ' , A) —>110)11AA(Y OT , AC)A).
A A A

Passing to homology, we obtain a n  external pairing:

Ext,(M, A )C)ExtA (N, A ) — >ExtA ®A (MC)N, A C)A ).
A A A

T h e  d iag o n a l map D : A—>AC)A induces th e  homomorphism:
A

ExtA 0A (MON, A C)A )— >ExtA (MON, A ).
A A A A

Composing this with th e  external pairing, we obtain the  required pair-
in g  U:

U: ExtA (M , A )C)ExtA (N , A ) — >ExtA(MON, A ).
A

5- 2 .  U nder th e  same conditions as 5-1, the  pairing U is natural,

that is , fo r  A-homomorphisms f : M — >M ' and g : N— >N' th e  following
diagram commutes under the conditions T or, (M , N ) =T  or A ' (M ' ,N ')
=0 ;

ExtAs't (M, A )C)ExtA s'''' (N, A ) --->ExtAs+8'''+̀ ' (MC)N, A )

I f # 0 0 # Ï ( K ) g ) #  
A

ExtA sA M' , A )C)Ext,s''''(N ' , A ) --->ExtAs+s'' ' ( M 'ON ' , A ).
A
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5 - 3 .  L et 0—>M—>M" —>M' —>0 b e a  sh o rt exac t sequence o f A-
m odu les. I f  N  i s  a  A-flat A-module, then the following diagram com-
mutes;

ExtAs't (M, A)C)ExtAs'''' (N, A) ExtAs''''+`" (MC)N, A)
IJ O id 14, A

ExtAS +1'1 (M ' , A )C )E xtA ''' (N , A) --.E.rtAs+'' +1'`+`" (M 'C )N , A),
A

w h ere  d  is  the  connecting homomorphism induced by the short exact
sequence; 0—>M-->M"—>M' —>0, a n d  d ' is  the one induced by the short
exact sequence; 0—>MON-->M"ON-->M'C)N—>0.

A A A

5 - 4 .  Under th e  sam e conditions of 5-3 , the following diagram
commutes u p  t o  s ig n  ( - 1 ) " ;

ExtAs't(N, A)C)ExtAs'''' (M, A ) ---->  E xtA s+s '''' (N O M , A)
lic104A

ExtAs't (N, A)C)ExtAs'+'''' (M ', A ) ---->ExtAs+s'+''''' (NC)M' , A),
A

w h ere  d "  is  the  connecting homomorphism induced by the short exact
sequence ; 0—>NOM—>NC)M"—>NC)M—>0.

A A A

Secondly we summarize the resu lts o f the reduced multiplicative
cohomology theory h *  (  ) .  O ur reference is  [2 ].

5 - 5 .  L e t  (X , A ) an d  (Y, B )  be a pair of CW-spectra with base-
p o in t. W e den o te  the sm ash product o f  X  a n d  Y  b y  X A  Y . The
following diagram  commutes;

h* (X A Y/A A YU XAB)

h* ( X A Y  / X A B )  li*(XAY/AA Y )

h * (A A Y U  XAB/XAB) h*(XAY/AAB) h*(AAYUXABM-AY)
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In  the ab o ve  d iag ram , a ll s tra igh t seq u en ces a r e  exact. T h e  above
diagram  displays h* (A A  XAB/A AB) as the direct sum h* (AA Y/
A A B )C)h* (X A B /A  A B ) . I t  is  e a s i ly  p ro v e d  th a t  if  th e  sequences;
h* (X  AY /AA YU X A B )-->h*(X A  Y  / A B)--> h* (A A Y U  X A B /X A B )
and  h* (X  /  A AY U X AB) -->h* (X /  A  A Y ) —>h* (A AY U X AB /
A  A  Y ) a re  sh o rt ex ac t seq u en ces , th en  so  a re  th e  o ther exact se-
quences in  the above diagram.

T h ird ly  w e  sh a ll ap p ly  the r e s u l t s  5 - 1 - 5  to  th e  case  h* ( )  =
BP* ( ) ,  A =  A . ',  an d  A-= r* ( B P ) .  F rom  T heorem  1  in  § 1, A "  is
clearly A-projective.

Now we shall construct a pairing
F irst w e  co n stru c t a pairing in the E 1-term s. W e consider the skeletal
filtration { K r }  a s  L em m a 2 -1  or Rem ark 2 in § 2. Then it is obvious
that

i) BP* (Ku / K u ) is A -free fo r an y  u >v ,

ii) th e  Kiinneth formula holds fo r u >v , u t>v t:

BP* (Ku / K ")C)B P* (Ku" / K '')

-- BP* (Ku A K 2 / Ku AKv" U Ku AKu") ,

w h ere  A  i s  the smash product.
B y  i)  and i i )  we can define fi1 as the composition (,-I*)#0(,c-1)*.U :

Exts,ilitu (BP* (Ku / K u ') , A )C )Ex tV ;-'' (BP* (K ' /  K u '  , A)

ExtsA IS't+' u'u" (BP* (Ku /  K ') C ) B P *  (Ku' / K u'-'), A) (lc-1)4

A

(B p* (K . Ku_i A K . U K . A K u, -1) A) (1.1*)#

ExtsAls»+'+u+u" (BP* (K u±u / K u+' '), A),

where [6: u.K.A.K.,_1_,Ket+,/Ku+w-1 is the struc-
tu re  m ap  of the ring  spectrum  K.

N ow  T heorem  5-1  fo llow s from  the standard argum ents. So we
om it the proof.
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