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1 .  Introduction

W e a re  concerned w ith  th e  uniqueness theorem in  the C auchy
problem for the following type of partia l differential equations:

P u . 0 , m u +  E  a a , i (x , t )O z a a t i t i= 0 ,(x eR ` ) .
lal+
.1-27n. —1

H ere w e assume a a , i ( x , t )  a re  sufficiently sm ooth functions. In the
c a s e  w h e re  th e  characteristic roots are sim ple and the coefficients
a a , i ( x , t )  (lai + j = m )  a r e  a l l  r e a l ,  A. P. Calderón  [ 1 ]  proved  the
uniqueness theorem  i n  1958. W h en  ( x ,  t )  is two-dim ensional, T.
Carleman [2] obtained th e  same result as early as 1939. S . Mizohata
[11] proved the uniqueness in  th e  c a se  o f  e llip tic  ty p e  o f  o rder 4
with smooth characteristic roots. Many authors have studied the unique-
ness in  case  of at m ost double smooth characteristic roots ([4 ], [9 ],
etc.) T h e n  a  study fo r  e llip tic  operato rs w ith  tr ip le  characteristic
roots, w as made b y  K. W atanabe [15 ] under the assumption that the
multiplicity o f the characteristic roots a re  co n stan t, L e t u s  consider
the following type o f operator :

P = .1 3 ,(x ,t ;a .p ,a t) " + P „ ,1 ( x , t ; a x ,a , ) + R ( x , t> 6 . v o 9 t ) ,

1)
 

W e start assumig th a t th e  principal p a r t  o f  P  i s  (P,)"', b u t  if differential
operator of order m p , has the p  characteristic roots w ith  constant m ultip licity m
w e  can  have a  differential operator Pp  o f order p  w ith  sim ple characteristic roots
such that (Pp )"' m o d u lo  o rd e r m p - 1 .  M oreover i f  m>.3, Ppr" does
not affect the conditions (A ) ,  (BO an d  (BO ,  an d  if m=2

[ i c y ,  P '  8 x  + 8 . P '  0  AO + P2  k . i k 11171 • 11111 1 1 1 P -1

serves our need instead of P„,„_1I,=2., in  the conditions (A ) ,  (BO an d  (BO where
P ; ,,p = 8 ,P , (see S. Mizohata-Y. Ohya [13]).



480 W aichirô M atsum oto

w here m >2  and p > 1 .  Here we assume that, 1 ) Pp is  a homogeneous
partial differential operator of order p  with real coefficients continuously
differentiable up to order 1+ m a x Im p , 6 1 . Moreover its characteristic
roots {A1 (x, t ; e )  } ,,i ,„ of P ,  ( x ,  t ; 6, ) = 0  a re  d is tin c t fo r  a ll re a l
E( 0), 2 ) P „ , , ,  i s  a  homogeneous partial differential operator of order
nip —i w ith  rea l coefficients belonging to C'+ "`P-45), 3) R  is a partial
differential operator of order at most nip — 2, with bounded measurable
coefficients.

Let (x , t ; E) be the characteristic roots o f  Pp. W e in-
troduce the following conditions.

(A )  P„,„_, (0, 0; 6, r) 0 * 0

fo r a l l  $ E R̀  — {O}, ( 1 <j<p ) .

(B1) P m p - 1 ( X ,  t ;

fo r a l l  (x , t, e) e  U x  (1?̀  — { 0 } ) , ( l< j<p )  ,

U  being a  neighbourhood of the origin.

(B2) (B 1) and 0,.Pn,p_i (0, 0; 6, r) I e) *0

fo r a l l  $ ./V —  {0} , j<p ) .

T hen our resu lt is the following.

T heo rem  1•2) I f  m = 2  a n d  all A j satisf y  the condition (A )  or
(B O, o r if  n z >3  and  all A , satisf y  th e  cond ition  ( A )  o r ( B ,) ,  there
ex ists a  neighbourhood 2 o f  th e  origin such that the solution u (x , t)

C M P  of

Pu= 0
1 Oe1u l t = 0 = 0  (0< j<m p —1)

v anishes identically  there.

Now we give some comments to the above new type conditions.
W hen w e do not assum e the above condition (A ) , (BO o r  (BO , the
following examples show that we should assume another kind of con-
ditions in  o rder to  ob ta in  th e  un iqueness theorem . F irst, w e g ive

2) W e stated this theorem  w ith a  short proof in  [10 ].
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three exam ples o f e llip tic  t y p e .  Example 1 i s  in  c a s e  o f  1=1 , that
i s ,  (x , t)

E xam p le 1. (A .  P l i é  [ 1 4 ] ) .  L e t  u s  consider th e  following
operator:

P = ( 0  —  i0.r)rn tk  (i0  n + ( i0 z )

I f  (in + 3/2)<n<m , k > (in  — 1) / (2n —  m — 3) ,  there exist f ( x ,  t) C '
and  u(x, t )  E C -  satisfy ing  ( P  f )  =  0 ,  u O  ( t < 0 ) ,  w here u  never
vanishes in  any neighbourhood of the origin.

L e t u s  rem ark that i f  m > 6 , w e can  take  n= m  —1, and if m>8,
n = m - 2 .  In each case, neither the condition (A ) n o r (B O  is satisfied.

Example 1 im plies the following example in a higher dimensional
space.

E xam ple 2 .  Let 1 >1 , m >6, and On + 3)/2<n<2n — 1, k >(m  —  1)
/(2n—In —3), J b e the Laplacian in  Rx' X  R 21. T h ere  is  an  operator
Q  of order at m ost 2 m -2  w ith C--coefficients and u (x , t) =u (x 1, t)
E C -  satisfying

[Jm +P2._1+tk(02+i0..,r(i0x)n + Q ]  =
=  0  ( t  < 0),

where P2,„_, i s  an  arbitrary operator o f order 2 m -1  containing only
•••, az„ and u (x , t )  never van ishes in  any neighbourhood o f  the

origin.

Note that the term  o f order 2m —1 a t  the  o rig in  is  no th ing  but
P2m -1 (0, 0; frp • • •, O x i ) .  Since P 2 m - 1  vanishes for $ 2 ,  •  •  • ,  et) =  ( 1 ,  0 ,

. • • ,  0 ) ,  the condition (A ) is never satisfied . M oreover, fo r such P2m -1,

the cond ition  ( B 1 )  implies P2._1=-0. Therefore (B2) is not satisfied,
too.

In  particular i f  m = 8  w e can  take  n = 6  and P 1 5 .0 . This means
that fo r the operator of the form:

J8+ ( lo t .  o f  order at m ost 14),

w e can n o t o b ta in  in  gen era l th e  uniqueness theorem , although the
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homogeneous term of order 15 vanishes identically.
I f  w e  do not require sufficient differentiability of the coefficients

of 1.o.t., w e have the following example :

E xam ple 3• ) (P. J .  Cohen [3 ] ) .  For arbitrary partial differential
opetator of o rder i n  w ith  constant coefficients P ( 0  • • • ,  0 , ,  a t )  and
w ith  a  non-real characteristic root of m ultiple o rder r  and arbitrary
positive integer p , there ex ist a  0-function a ( x ,  t )  and a C--function
u(x , t) = u  (x 1 , t) satisfying a . 0  when t < 0  and

Pu + + a (x , t)0Z -Pu = 0,

I u  =0  ( t  <0 )  ,

w here s <r — 2p and P„,_, i s  an  arbitrary operator of order m — 1 con-
taining only 0  X  •  & X I ,  and u (x , t) never vanishes in any neighbourhood
of the origin.

In  the above example, if  w e w an t to  take s > 0  and p> 1, r must
be larger than  2  and neither the condition (A )  n o r ( B O  is satisfied
a s  w e ll b y  the sam e reason in  Example 2.

Particu larly , for r = 5 w e can  take p = 2  and s < 1 .  Then for the
operator w ith d  as th e  p rin c ip a l p art, w e cannot obtain  in  general
the uniqueness theorem, although th e  homogeneous term o f  order 9
vanishes identically an d  th e  1.o.t. o f  o rd er a t m o st 8  h ave  Holder-
continuous coefficients.

N ext, w e g ive  an  example o f hyperbolic type.

E xam ple 4. (L. H6rmander [5], see  a lso  P. J. Cohen [3 ] ) Let
1> 1 ,  r > 2 .  There exist functions a ( x ,  t )  an d  u (x , t) =- u (x 1, t) e Cu'
satisfying a-= 0 when t< 0 ,  and

Otru + Pr_ in + a (x, t) ar,u = 0,

u . 0  ( t < 0 ) ,

where i s  a n  arb itrary operator o f  o rder r — 1 containing only
az„ • • 0 „, and u  (x , t )  never vanishes identically in any neighbourhood
of the origin.

3) I n  [3 ], P . J. C o h e n  asserts that s  can be taken smaller than r — p —1 b u t  it seems
to  u s  that he proved only that s< r —2p.
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2 .  Preliminaries and outline of the proof of Theorem 1.

2. 1. Notations.

Throughout this paper, we use the following notations. R  d e n o te s
the Euclidian space o f 1 dimensions; 1 4  denotes its dual space. For

cR tz, we denote $' -=$/l$1, and S '  denotes the un it sphere in  RZ

w ith  i t s  cen tre  a t  th e  o r ig in . a t , a , denote  0 0 resp ective ly .
at a x

Furthermore D„ D ,  denote (1/1)0,, (1/00,. "0 .d .o ." means pseudo-
differential operator, an d  b y  sa y in g  th a t an  operator T  i s  o f order
p , w e m ean that T  i s  a  continuous map from gsLIP in to  .012.

F o r  a  differential operator P (x, t; 0,, at), w e denote its principal
part b y  P° (x, t; 0,, a i) , an d  "1.o.t." m ean s  lo w er o rd e r  te rm s . For
u (x ) E .012, we define its norm  by

111111.1=1i (lei + 1) j a (6)11 L,
F inally , w e use  the following notations.

x Ce"= {a (x, t; $); a (x, t; $) E Cn(!,,,), a (x, t; $) eCr , E*01

L et E  be a  topo log ica l vecto r space , w e w rite  f (t) E , '  (E )  ,  when
f  i s  a  function m-times continuously differentiable in  t  w ith  values
in  E.

2. 2. Properties of pseudo-differential operators.

I n  th is  p a p e r  w e  u s e  frequently pseudo-differential operators.
A lthough its fundam ental properties a r e  fa ir ly  kn o w n , in  order to
m ake clear the required order o f  differentiability o f  sym bol a (x; $)
in  x  we shall enum erate the fo llow ing lem m as. W e refer the readers,
fo r exam ple, to Kohn-Nirenberg [7]. t1 ,2 ) i s  th e  c la s s  o f  functions
a (x; $) EC y . P  X C "  satisfying the follow ing three conditions:

1. a (x ; $ ) is homogeneous of degree ,1 in E.

2. there ex ists a  lim it a (co ; $ ) uniformly in  $ ', when I xl —>

3. la (x; e') — a (00 ; E,)1‹  const. (q ) fo r a l l  qe R.
—  (1+ IxIY1

Modification of a (x; E). W e often  use the following modification. Let
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0 ( s )  be a  C"-function satisfying

1, 0< s< R ,
(s) = - 0<0 (s) <1.

0 , s> R + 1,

We define

C (e )----(1 -0 (1$1 )).e+0 (le l).R ._ f .lei
A nd finally  w e put

a Cr; =  a (x; C(C))

F o r a ( x ;$ )  we define

a, (x ; $ ) =  a (x  ; C ($ )) —  a (00 ; ( E ) )  and "g o o ;  C) -=a(00;

Therefore, for a Gr. ; , ezo(x; =  (x; $) —a (00 ; $) •
Then, 0.d.o. A  an d  J i  associated with a (x ; $ )  a re  defined by

Definition 2. 1.

Au 
= 27r

(x ; $ )û ($ )d

2) = (x; $)u (x) dx.

T hese can  be w ritten  as

C)û (Ç) + (E 77)17(71)dv,

w here 'do (r ; C) = fe-L'ao (x; OE)dx, and

—a(09; $)a($) +  fao(e— v; e)ft(v)dv•

Then,

Lem m a 2. 1.4) L e t a (x ;$ )E k ) ,P . Then, i f  p>1+1.51, A is con-
tinuous operator from OW into .01 ,; i f  p>1+ Is+ /II, then ci7  is con-
tinuous opera tor from  O W  in to  012.

4) From Lemma 2.1 to  2.4, w e need the differentiabilities up to only some orders in e.
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Next,

Lem m a 2.2. S u ppose  a(x; 6) G k)x.P, and that p>1+ I sl . Then
it holds

(Au, y) = (u, jy) ,

f o r  a ll uEs1,12 and yE.DE,:, where the symbol o f  X  is  a (x ; ) •

N o te . T h e above lemma shows A* in  the above sense.

Now, we give two definitions.

Definition 2. 2. L et A  an d  B  be two 0.d.o.'s whose symbols are
a (x ;$ ) and b (x ; $ ) respective ly . W e define a  new  0.d.o. A .B  by

A.B — (1)1 fe a(x: 6.)- (x; 6)- (6)dE.27r

Definition 2.3. L e t  A  b e  a  0.d.o. w h o se sym b o l is  a(x; 6).
.Then,

A 4u= (1 )1 (1).,aaesa (x; e))ii(e)d6.
27r

N o te .  A .B  can be expressed as

(00; E)-6(00; E)ii(E)+ fa(00;17)bo(e —77; n)ii(v)dv

+ f 14(6 —72; 01;(00; (v)clv

+ 1'4(6 — r ; 77) —  :  v ) (77) drdv.

N ow we obtain th e  following asymptotic formula.

Lem m a 2.3. L e t  a(x;$),X235 b(x; 6) E t'al% P>1+ IA— pl
+1.51+ P , AB can be expressed as

A B =  E  1 A(co.B(a) + T,
a!
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w h e re  T  is  c o n tin u o u s  f ro m  02":+"-P t o  012.

Corollary of Lemma 2.3. I f  p>1+ max{IA - 11, +151 + 1,
[A , B ]  A B — B A  is  c o n tin u o u s  f ro m  011,2+ '1 to

Lemma 2.4. L e t  a (x : E .  I f  p > t i - max{Isi,ls+ 2— 191} + p,
w e  h av e  the f o llow ing  ex pression:

Alaa+T
la IS P -1  a

w h e re  T  is  c o n tin u o u s  f ro m  01,12-P to

In  th is  p a p e r  w e  a re  m ain ly  concerned  w ith  the  symbol

a ( x ;E ) = a o ( x ;  e )  a l ( x : e ) I e l - (" ) +  a2 (x : e)Iel - (") + •••

w h ere  ai(x ; E ) E . 0 ' ( 0 <  j < o o )  and 6>0.

Put Mi=E1„1,2, suplaf"ai(s; $)1 w h e re  supremum is  taken  over

x E Rt, $ E S ' ' ,  w e  have the following lemmas.

Lemma 2. 5. (T . K an o  [ 6 ] ) .  S uppose that the  above sequence
{M i}  satisf ies the f o llo w in g  c o n d itio n : th e re  e x is ts  e ( > 0 )  such that

f o r all B E  (0 ,  E )  ,  r7 = 0 4 5 0 "  < o c .  W e  c h o o s e  R  in  p arag rap h  2 .2
larg e r th an  1 /c , th e n

I Atill< M 1R— ("1111111=o
f o r  a l l  u E L ; s at is f y in g  supp ['et ($ )]C {$  ; e i > R + 1}.

F in a lly  w e  n e e d  the  following

Lemma 2. 6. ( T .  K an o  [ 6 ] ) .  P u t  inflao(x; e)I  =  ô> 0 , w here

in fim u m  is tak en ov er xE .1?̀ , E E T h e n , f o r all u (x )  E L2 satisf y -

in g  su pp [ii($ )]c  fe; I $1 >R + 11, w e  hav e the f o llow ing  estim ate

— c2 i  M 1R-"))11u11.j=-1

2. 3. Outline of the proof of Theorem 1.

U nder the condition (B O  o r (BO , w e can easily obtain the theorem
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by app lying the result under the condition (A ) .  T h u s  w e  g iv e  the
outline o f the proof o f the theorem under the condition (A ).

Reduction to a  system o f first order

W e  put u 0  w h e n  t < 0 , th en  u  remains as a so lution of Pu =0 .
W hen we perform  a  Holmgren's transformation, a l l  the conditions in
the theorem are invariant in a neighbourhood o f th e  o rig in . Moreover,
modifying the coefficients out of the neighbourhood of the orig in , we
can assume

E 01,-=x1c.v,t;o1?:6 d e l "

where ôo is  a positive constant (paragraph 3. 1).
N ext, in  paragraph 3. 2 w e reduce th e  equation  to  a  system  of

first o rder regard ing (P5) m + P„,p_, as the p rinc ipa l p art, in  the same
w ay  as S . Mizohata-Y. Ohya [13], th en  w e h ave

D ,U =H U +B U +G U +U „

where D0— H is  th e  p rin c ip a l p art o f th e  n ew  eq u a tio n . T h en  the
characteristic roots o f det(tI— H (x , t; $ ) )  =0  can be expanded w ith
rsepect to  1$1-(") in  th e  sense of Puiseux by v irtue of the condition
(A )  and they are  d istin c t (paragraph 3 . 3 ). Let b e  re a l w h e n  1
< i < p „  and non-real when pi+ 1 <i< p .

Lem m a 3. 3. The characteristic roots are expandedisism
in  the following manner,

/tic') (x , t ;  E )  =  (x, t; E) + 143 (x , t; I Œ I 1—(" ) ,
k =1

(10)' = N T L -1P5_1(x , t; 191 t ;  OE) —  (x , t; $))m ,

f o r  1 < i< p ,1 < j< n z ,  and where 10  a re  homogeneous o f  o rd er 0
w ith respect to  $  and belong to Q ,><C e - .

"  In the case when 1=2, we encounter the difficulty. That is, in this case, in general
we cannot expect A t ( x , t ;  $ )  to be one-valued on the unit circle Se'. M oreover,
even if 2 0 (x ,  t ;  f )  is one-valued, we cannot expect /1,(1) (x , t; f )  to be one-valued
in genera l. On this subject, see A.5 in Appendices.
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Then the im aginary part of 14.'2 never vanishes (1<i<p1)
Now, in paragraph 3. 4 let us construct the diagonalizator t; E )

of H (x , t ;  E). L e t  u s  p u t  , ,f ' (.27, t; (n  ( r,  t ; 6 ) ) ,  then  w e have

11 (1.1,(') — /1k) {14s.i I l  ( fir — 2,k)}"'-cilP3-1 mod. 1.o.t.,
k =  - P [ :1 /P] 4 1 k + r

where r  = i —  p[(i —  1) / , s = [ (i —  1) /  +1.
Because ttici) is not homogeneous, ‘f/ (x , t ; degenerates near the

point at infinity. S o  th e  operator w ith  the symbol ,_41 = „ J r '  is not
bounded, but by the detailed consideration we can see that the ,order
of i n i i ( x ,  t ;  Dx ), the (i, j)-element of 31, is at most 1 — (1/ m)([(1 — 1)/
+ 1 ) .

T he above fact gives u s  Lirui I >const. H (A+ 1) - 1+ cv"'V I I  if we
restrict h  sufficiently small.

E n e rg y  w ith  a  w eight f unction

N ow , operating  r  to  P U  = 0 , w e have

Dt. — sa,CU — t ' U  —

• r Gu — 0,

where . g )  i s  a diagonal m atrix  w hose diagonal elements a re  g i o ) •  In
paragraph 4. 2 an d  4 . 3  le t u s  e stin ia te  th e  energy' o f ,J eP u  with a
weight function 9„ (t) ( t  +  h ) - ' ,  namely En= $ (t)Ilirpuli'dt. Con-
cern ing th e  fo u r term s ./ r,,u , ( y rH —  0 ,Jr)U , ,/Y 'B , and  ,irG  in
paragraph 4. 4, w e have

11, r tw i I <const.

il G ir 0 ../r)U ll<c o n s t. ( IL. + II (A+ W W I I),
I I rB u ll< con st. (11 ul I +II (A+1)-iul I),
II Gull<const. (11 ru ll +II (A + 1)-1U1I).

Then a  s lig h t m od ification  o f the C aldere in 's argum ent in  [1 ] (see
also  S . M izo h ata  [12 ]) g ives the following proposition.

P ro p o s it io n  1 . T h e re  e x is ts  a  su f f ic ien tly  sm all h  depending
o n ly  on P  su c h  th at f o r  su f f ic ien tly  large  n  w e  have
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h

E „= f  v ,,2 (t)11 irPU (t)112clt
0

> c i yo„2(t)ilat'r-fu(t)1!2.,_,clt
n  .1=1 0

c , n  
rap, Sh

(0”2(t) I I (A +1 ) - '+(" )a -in(t)11 idt.
it ' J=1  0

In  th is  estimate, j m eans O W  (R .,')-norm , and the constants e1,
c , are  in d e p e n d e n t  o f  u , h  and n.

On the other hand since . / rP U =  0, we have En= O. T h is implies,
by v irtue o f the above inequality, that  u O in  a  n.b.d. of the origin.
S o  w e  have Theorem 1  under the condition (A).

3 .  Reduction to a  system o f first order.

From  now  on w e start out to prove Theorem  1. First •we con-
sider the theorem  under the condition (A ).

3. 1. Modification of coefficients and solution.

F irs t w e  p u t u ( x ,  0 . 0  fo r  t < 0 .  S o  u ( x ,  t )  i s  s t i l l  m-times
continuously differentiable in  11`+' because o f atiu (x , 0) = 0 ( 0 < j < m p
— 1) and P u = 0 .  L et u s  transform the coordinates, X r=x 1 ,7 =t+x 1 '
+x ,z + • • •  x 1 2  (H o lm gren 's tran sfo rm ation ). T hen  u (x , t) . 0  if
<1.7t12. R egard ing I a s  a  parameter, we have s u p p [u ( ,  7)]C { X ;IX I2
< h }  fo r 0 < 7 < h . B y  P„ we mean the normalized homogeneous prin-
cipal part o f the transform ed operator. N am ely the symbol o f Pi, is
defined by

Pp(X ,7—  E 2. + 2 r ,  r)/Pp(X ,7—  E 2 ,  1).
.1=1 1=1

A nd sim ilarly w e shall use the same convention for general differential
operato rs. T hus P r satisfies the  same condition as P2, stated in The-
o rem  1  in  a  n .b .d . o f  th e  o r ig in . M oreover it ho lds P
-= P.7,0 mod. jj3=1 (D,—  /If  (0, O; D i)) , and ;1-i A i a t  the o rig in , thus

Pmp-1 (0, 0; r )  I —x1(0,0; = P=p-1 (0, 0; r )  I — x,(0 ,0 :0*(), (6 E  R1 -  {O } ) •
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From  these considerations we see that th e  assumptions are  invarian t
by Holmgren's tra n s fo rm a tio n . From  now on we write x , t, P„, Pm p-11

instead of 1 , A„ P,, r e s p e c t iv e ly . F r o m

P m p  -1  (0 , 0 ; 7)1r =Xj(0,0; 0 , — {0} ( l <  j < p ) ,

it fo llow s that there ex ists a  (1+1)-dim ensional cu b e  n.b.d. U0 of the
origin such that

P r n p i  Gr, t; E, t, E) E  U0 X (Re' — {0}),

w here U0= U0,x x [0, h]. Because o f  t h e  compactness of x S ' '
a n d  th e  homogeneity of in  $, there ex ists 60>0 such that

(1) 1 P m p -i(x , t; Gr, t, Uo X (RZ HOD

N ow  w e change all the coefficients appearing in  P  by replacing 77 (x / r)
instead  o f  s ,  w h ere  77(x ) is  d e fin ed  b y  v(x) = 0 (I x i) (x/j.ri), 0(s)
E -  ( R4.1) and

s  0 < s < i ,
0 (s) = 0<0 (s) < 1 .  After this modification

0 s> l,

w e can  m ake sm all th e  o s c illa t io n s  o f  th e  coefficients a n d  those of
their derivatives in  $ up  to  o rder 21  b y  tak in g  r  small. S i n c e  for
sufficiently small r  w e  h a v e  ilx1 <r}  Œ  Uo,s. T h e n , if  w e restrict t
to 0 < t < h ' where h '<(r2  /16 ) , we have supp[u] G I 1.10,z. Accordingly
since th e  coefficients a r e  not modified on (70,x x [0, h '] ,  u ( x ,  t )  re-
mains th e  so lu tio n  o f  Pu = 0 and moreover ( x / r) ,  t ; E, r)
>d0l$1"--1 in  R ; X  [0, h '] x  (R'—  {0 1 ) .  W e w rite  h  instead of h ',
and denote th e  modified operators by th e  same notation.

W e n o te  th at in  th is  modification w e can  assum e that the oscila-
tions of (I 21) a r e  sufficiently small on S ' ' .

3. 2. Transformation of the base.

From paragraph 3. 2 to paragraph 3. 4 w e u s e  th e  same method
a s  in  Mizohata-Ohya [13]. W e  assume that is real when
and that is non-real when p,-1-1. < j<p .

Put
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( x ,  t ;  e)=  /U -p[(i-oh)](x , t: 6)6) 1 < j< m p ,

i =1),—  A1(x,t;Dx) 1<j<m p,

00=1,

11 0  —  am p a n i p -1 • • • al ,

i " '  Hi= imP(P„(x , t; Ds, Dt)r + imP"P„,p_,(x, t; D im P 1 1 0  •

Lemma 3. 1. 1 )  F o r all j>  0  there ex ist a0 (x , t ;  D r) ,  0 .d .o . 's

o f  order i ( 0 < i<  j  a n d  a o (x , t ;  Ds) =  1 )  such that

a j a j - i  • • • al = ai ( x ,  t :  W A . "  + T
i=0

w here T ,= t; D . , ) D ," - ' ,  order (c1) < i.
2 )  Conversely  f o r  a l l  j>  0  th e re  e x is t  b i ( x ,  t ;  D r) ,  0 .d .o . ' s  of

order i ( 0 < i<  j  a n d  b o (x , t ; Ds) =  1 )  such that

= • • • ao +  T 2 ,

w here T 2= E ::d1 (x , t; D s)8  j-i-ia  i-i-2  • • • ao, orderorder ( d i )  < i.

P ro o f .  T h is is easily proved by induction on j . Q.E.D.

Corollary 3. 1. E v ery  p art ia l  dif f erential operator o f  o rd e r k
has the ex pression

ci(x ,t;D s)O k_ iak_ i_ ,••• ao+ T ,
i=0

w here c i (x , t ;  D s )  a re  0 .d .o . ' s  o f  order i ,  a n d  T  i s  a n  o p erato r of
order at m ost k— 1 f o r  x  a n d  t. (M ore precisely , T ,  h as  th e  fol-
low ing  f orm  T  t ;  D z ) -  k - i - l a  k - i - 2 •  •  •  0 0 3  order (ei) < i.)

P ro o f .  For a l  +  j= k,

a sa a t i= a (D s)a ,'

e) 24.,..i=2, for (0 i.-/ P z -1 ).  Then when 2 ,"  i s  r e a l  and  when
.p +i_.<,j_<p,A,„+, is non-real.
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= a ( D ) b i(x , t ;  D ) • • •
i=0

( a .b i )  ( ï ,  ; D x ) a, j - i - 1 0 0 + T  ,
f

w here a (x , t ; D )  a n d  bi (x , t ; D .) a re  0.d.o.'s o f  o rd e r  a l an d  i ,  re-
spectively, a n d  T  and T '  a re  operators o f  order at most k - 1 fo r  x , t.

Q.E.D.

:Corollary 3. 2. F o r  a n y  non-positive s  t h e r e  e x i s t  positiv e con -
s ta n t s  c ,  an d  c2 s u c h  t h a t

c, H (A+1)'Dtk—sull. k.2, II (A+ WO • o u i i ,1=0 i=0

<c, II (A+ 1) W t0-izill1,
i= 0

f o r  a n y  u (x , t )  E  fl  ' ;= o e tk  (012), (k> 0) .

P r o o f .  T h is  follows immediately from Lemma 3. 1. Q.E.D.

I n  v iew  o f  Corollary 3. 1, w e h a v e  th e  following expression,

J J i= a m p _i(x, ; D.2) + a m p -2  (X , t ;  W O , +

t ;  D x ) 0 0 _ 1 - . - F a i + T ,

w here a  ( x ,  t ;  D , )  a re  homogeneous 0.d.o.'s o f  order j ,  an d  T  i s  an
operator o f  order at most MP —2 for x , t. To make clear our essential
assumption stated in  Theorem 1, we introduce

Definition 3. 1.

(x , t ; =1110(x, t ;  6, Ai (x, t; e ))

amp_2(2.5, +

+ A p_i) (A 1, —  /152)•-• (A p —

where j ' _ = j— p [ ( j - 1 ) / p ] .

Lemma 3. 2.

L i t ; 6 )  =  1 _, (ï, t; r)1,--xi(r,,;;)•
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P r o o f .  Put
o

II a i =  p 'a r- i ' •  •  °a,.,S iSP

L et u s denote by  amp .__, (A )  th e  symbol. o f  the homogeneous part of
order nip — 1 o f a  0.d.o. A . T h e n  i t  sufficies to prove

I I )   0  m od. fi —  ),J) •
j 1

o) m p-i((0 „ • • • 0 ) ' )

m p i  ( (  111 3 1(6p • • • a i ) ) mod. 11 (y — 2,;)
j 1

«  
f

f 3 0 - 1  ( ;) ) mod. ( r— i1 j)

= m n -1 (P „)m Q.E.D.

Now le t u s  reduce th e  equation to a  system . P u t

u 1 = (A + 1)'P--10 j_i • • • 0 011 ( l <  j < i n p ) ,

then

D ttl ( A +1 ) m P - ID ,0 • • • 0,u

=  (A  +1 ) '," ) -1  (0  j+ aoit

=  (A +  1 )  ;  + 1 +  i u  +  [(A + 1 ) ." - j  ,  j ]0  _ 1  •  •  •  ao

=  (A + 1 )1 I +1+ 1 ,iu  i+ b  in j, ( 1 .< j<m p  — 1 )  ,

where 1 2 ; (x , t  D r) =  [(A  + 1 ) - 1 ,  ] ( A  + 1 ) - ( m " ) .  Denote a /  (x ,  t ; 3 )

= a  (x , t  ; ,  then

.1110u= (x ,  t ; D r)  A "-i j_ , •  •  •  0 ,1 1
J=1

pi m p

= ; D r )  i + g  j ,
J=1

where çj ( D r)  =  a ( x ,  t ; D r) —  (A  + (A  +  1 ) - ( ' - i ) .  We
note that order ( g ; )  <  1 .  From  the equation we have

112 p

Dtum .„-= /1„a „,p + i amp _ ;lc • + iy  41. I T u  T 'a ,
.1=1
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w here T '  and T  are  th e  low er order term s of P  and //,, respectively,
and  they a re  o f order at m ost m p -2  for x, t. S o  w e  arrive  a t  the
following system

(2) D ,U = H (x ,  t; D r) U + B ( x , t ;D r) U + G ( x , t ;D r) U +U o ,

where

Uo = 0
,  ( T  +T ') u  I

2, A

. .
. .

0 . 

...................... ;1, + i a o

2.5 = t; D r) = t; D r).

U l
U =

P

H (x , t ; D r) =

/12 A 0

• •• •• •• ••
•

I  b , 1

b2 1 0

B (x , t; D r) =

O

..bntp

1,1 = b1 (a:, t; Dr) = [(A  + 1)' "  , (A + 1)-(mP--1), .

G(x , t ; D  z ) =( 0ig,

g  (x , t ;  D r) = a _ (s, t; Dr) { A " -1 —  (A  + 1)"-1}  (A  +1)- -1).

3.3. Puiseux 's exp an sion  o f th e  eigenvalues o f  H (x , t ; ) .
In  th is paragraph w e try to  expand the eigenvalues of H ( x ,  t ; $ )  in
1$1 in  a  n.b.d. of the point at infinity.
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Det (id —  H (x, t; C ))

fl — i

— A2.
•

0
-1E1
i —A ICI

—

0

\— p-2
•• . ICI ,

•" — id(„, -1)p idon -1)p-1 /I — A p  ia ,'

= det

m P

=  E  ( t t - dmp- t ; 6) I 61-P-' (ti -  J — 1) • • • (1-1 Al) •
1=1 1 - 1

N o w  w e show

Lemma 3. 3. T h e  ro o ts  o f  d e t ( p .  H ) = 0  can be expanded
f o r 1El>31?1 in  th e  following manner.

u) (x, t ;  s't) + vu) 9(x t • $)1$11-(kP4)k 
k=1

where

/ iiIL j(x , t; E ')  
(p ifl)m II (Ai (x , t; Ak (x , t; E'))m

(1 < i< p , l<  j< m )

an d  143 (x , t; C ) E C14-,5t) X Ce°°.

Proof. P u t  It = Ai+ 1), then  d e t (iI — H )  0  becomes

Jim 11 +
k # i

n11,

4 p - 1 1 e 1 " - 1 V) Ai+ v )
j = 1

(the right side) = — 1 L i(x , t; C) t ;  C )  + t; e) Y2 + • • •
+ boy' ,  (th e  l e f t  side) = ()i — Akr + cmcp-o-i (x , t ;  $ )  y + • • •
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v " " - 1)} , b1 a n d  c1 being homogeneous o f  order j  i n  E. P u t  v'
p/l el, then

y'"'{ 11 t; E ')  —  L (x ,  t ;  e ' ) ) r n  cm (p -n -i(x , t; $ ') P ' +  • •  •  +  P P-1)}
k+i

1
— 1\/ — 1Li(x, t; $') t; e')1/ +  • • • + 120(x, t; e')V "-11

lei

Because 11k+iGli(x, t; t ;  e l r  does n o t  van ish  at (x ,  n
G &1 X [0, h] X Stf;-1 , w e can  p u t  f o r  l <3s0

m p - i

S b (V ;x , t ;  e ' ) 1=1 

c m ( p - i ) - 9
1, 5 m ( p - i )

where L i',  bi' , c1', m eans that w e rep lace  r  in stead  o f E . W e verify
easily that

( 9 ' ; . x ,  t ;  E ' ) E q ) ,  f o r  11/1<e0.

L e t  u s  rem ark that w e can  take so  p o sitiv e  in  v iew  o f  our modifica-
tion o f  th e  c o e f f ic ie n ts . O n  th e  other hand, since lLi'l >.(1,, (from (1)
and  Lemma 3. 2), V, does not vanish if  y' is sufficiently sm all. There-
fore

(0 (y ; x , t; r))1/ m  Eq;,5t) X Ci3.

From  Ijm = (1/1Œ1 ) (V/ ; x , t ; w e  have y/ = W s"  (ib (9' ; x , t; n ) " ,
(0 < j< n z  —1), w here s =1/lel, a n d  to i s  a  p r im it iv e  m-th root o f  1.
So well-known Lagrange's formula shows

y '  = y i , ,  (x , t :  E') (c o le lim )k =  E  y i , ,  (x , t; $') (oyli$1-(1/" ))k
k=1 k=1

where

1 f 0(C; x, t; e')1`/"` dC.
2kni =V c k

S in c e  (C; x ,  t ;  $ ' )  is no t zero  i f  7i (> 0 ) is sufficiently small, we have

t ,  $ 1 )  C )  X  C r ,  I n  particular

pio ( X ,  t ; e l )  —  1  f (C; x,  t; dC
27ri Ici=v
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- =  ( 0  x , t; $ ')vm  —  ,N/ —1Li'
—  L 'r I

F in a lly  w e  p u t v i(3 = 0 " )k v i,k , iti(j) = 2.i + EL114.1k)1sel1— (") (1< j<m )

Q.E.D.

R em a rk . 1 )  I f  w e  put

(3)M k =  m a x  1—_] supl (8ea)Vi3O(X, t ;  e ) I  f
la152/

w here sup  is taken  over (x , t ; $ ) E  R.,' x  [0 , h] x  S  ,  We have easily

0 0

m k e k / m <  D .  fo r 0 E s i> 0 .
0=1

(From our modification of the co effic ien ts , w e  can  take  el > 0 .  See
T . K ano  [6 ].)  2 )  Since w e are concerned only with real coefficients,
i f  1 < i< p i  L i(x , t ;  6 )  a n d  , ,11 (A i— L )rn  a r e  r e a l , th e n  1 ',) =10-1-'
x  ( 1 - 1  L i/ iik+ i(A —  A k)")" are non-real.

3. 4. Diagonalizator (x , t; e )  of H0 (x, t ;

In  th is paragraph w e aim  at the construction of the  d iagonaliza tor
of H o(x , t; $) =  (H (x , t; $) /1$1) , that is , .47-Ho= oo,/r,

o tio r .

.•411,(1)' 0

  

1.11(2)'

• pp(2)'

0
. /IP(m r

near the point at in fin ity for Ç.
From  114,i; (x, t; $')1>3 6> 0 , it fo llow s that the e igenva lues of H,

are d istinct near the point at infinity, so H 0 is d ia g o n a l iz a b le .  Since
the row-vectors o f the d iag on a liza to r of H , are  th e  le ft eigen-vectors
of Ho, so  w e investigate the le ft e ig e n v e c to rs  of Ho.

L et u s  z lii b e  (i, i )  -cofactor of ( ( / / , ' / 1  $1) I — Ho) , 'th en  (4N-11c, .•./

4 . , „ , )  i s  a n  e ig e n v e c to r  (possib ly  0 -vec to r) corresponding to  the
e ig en v a lu e  g,(s)/lEl. For general 1_2,

=
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(x , t :E ) —1
i t — A2'. • .

0

0
• — 1

d i  ............................................. p  ) . ;  d „ , „  /

w here degree(di)< — 1 ( 1 < j < m p ) .  Especially (\- 11, • ,  4 m p i )  is non-
zero vector because 4 m p i=1  fo r any p ,  s o  it  is  a  global eigenvector
w ith  eigenvalue

Let us express explicitly zlii modulo order — 1 . A simple observa-
tion shows that

ntp

( t i  -  ) . i+ 1 - r [ i/ p 3 )4 5 + 1 1 -  L ' )  mod. o rd er —1.
k =j+1

w hen w e rep lace /V s)" instead  o f  p (pr" = pr(s) /1  El), w e  have 4 (1:3!)

= ( / / 7 - ( 8 ) "  -  L ' )  mod. o rd er — 1 . B y  the re la tion  i l ip + i= 4  and
the expansion formula of /4(8), w e have if j— p [j/ p ] + 1 > r ,

j(jr.is) —  a)(8-1)(m-riip]-1) (A,' - H k ,)„ (1 ),}m -U /P 3-1
k =j— P[j/p ]+1 k # r

and if j— p [j/ p ] +  1 < r ,

j ( i r  —  0 ) 0 - 1 ) ( I rt— U /P 3 ) - IT- P]-1(14,11')m •
k= — P[5/P]-1-1 k +r

k # r

W e understand the above formula in the following sen se : If  th e  right-
hand  side is o f degree>  —1, then the principal p art o f 4(1,1) is given
b y  the right-hand s id e ; if  th e  right-hand side is o f d e g re e  —1, then
the above formula means merely degree (zrit:f)) = —1.

From the above relation, it follows that

degree ( i f ) <  1 m  — [i  — 1) — 1 q i  1 + 1 )- 1,
m

an d  if  [ ( j —r ) / p ]+  1 > 0 , i t  i s  of true degree.
L et us put .À/' ( x ,  t ;  E )  =  (n , i  ( x ,  t ;  ) )  where

[i —1], s — [i —1
+  1  ( i . e .  i =  ( s  —  1 ) p +  r ) .(4) n ii=  4 V ), r  =  P  

M ore precisely, w e denote by 4 (r,8) the row-vector
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d(r's) (zli:V), • • .9 4 ) ( 1 <r<p ,1 <s <m ) ,

then ../r is composed of these mp row-vectors arranged w ith the fol-
lowing order

4 (1 ,1 )9  4 (2 ,1 )9 4 ( p ,1 ) ,  4 ( 1 ,2 ) , 4 (p ,2 ) , j ( p , m ) .

Obviously it follows that degree(n i) < (1/m ) ([( j-7 - .) /p ]+1 ) — 1 , and
moreover if  [ (j—  r)/p] + 1 >0, the equality holds, where r =i —p[(i — 1)

/p], s= [(i — 1) / p] + 1.
Therefore w e have the following

Lemma 3.4. D e t (x, t ; $ )  i s  o f  t r u e  d e g r e e  —  p(m — 1)/2 in
1$1>R , R > (1/ s1) .

P r o o f .  We decompose ,y r into m2 b lo ck s (n il) r p + 1 5 i5 ( r + l ) p , 0 r ,
sp +1 5 1 5 (8 +1 )P

S < M  — 1 .  T he principal part of det ..J/7' is  equal to  that of the matrix
Am  obtained by taking only the diagonal elements in each b lo c k . So
n o w  w e  p ro v e  th a t  it  is  o f  tru e  d eg ree  — p(m — 1 )/ 2 . From now

{ n o jm od. p
on we consider Am= (aii) ,ajj T h e  j- th  column-

() i * j  mod. p.
vector o f Am has the following common term

r-1
{v H U r '  A k / ) } m - " / P 1 - 1 (  fl — Aki))"-"IP3,

k=1

so that

j —  p[J-1 ] )

det Am= ( —1)P(P-0"4"/4( 1u()) " -1 )/ 2  H/
r=1

(A,' Ar')m2 det Bm,
1.5 r < s p

where Bm i s  a constant matrix, then degree (det A m) = —p — 1)/2 if
det Bm*O.

F in a lly , w e  show  th a t det B m *O . P u t B ,= ((i,
w h ere  (i, j)-b lock i s  o)(i-1)(" ) /  and / i s  th e  u n it m atr ix  o f  order p.
N ow, let us show det B,= 

t o p ( s - 1 ) ( 8 - 2 ) / 2  MI (1 - t o i ) P  det B,_1. In  B , let
u s  subtract th e  ( j+ p) -th row-vector from the j-th row-vector, then

{ 0 (1<i<s—  1),
(i, s) -block =

(i =s),

(i, j)-block = co " )(" ) (1  —  co" )  I  (1<i, j<s — 1).
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Therefore det B. = det Cs_,, where C ,_ ,  i s  a  m atrix  o f  o rd e r  (s — 1)p

w ith  (i, j) -block = u)" ) ( s - i)  (1 —  cù' 5) I. T h e  i-th row-vector and the j-th
coluirin-vector of C,_, have common factors cou-vP3' and 1 — 0 '-u -1 "3 -1 ,

respectively. T hus

8-1
det det Cs_1 = co "-1)('-2)/2 11 (1 — P  det ,.

i=1

Starting from  det B1= 1, step  by step  w e have d e t  B „ ,* 0 .  Q.E.D.

W e m odify ../V (x, t; es) to ..47- (x , t; C(e)) in the same Way as par-
agraph 2 . 2  in  taking account of Rem ark o f  Lem m a 3. 3. Hereafter
We denote • ir (.27, t ;  C (e ) )  sim ply by - r  ( x ,  t; C ). P u t  3 1 (x , t ;

= t ; = K '  (x , t; C ), then we see that 0 ( x ,  t ; = . ./ r (x ,  t ;

H(x, t; e) a (x, t ;  ; - )  i s  a d iagonal matrix, namely,

/ ( ' )  (x, t; e)
ti , (1) (x , t; C)

• •
• •

p ( 1 )

te ( 2 )

when ICI > R  +  1 . T hen w e have from Lemma 3 . 4  an d  (4 ),

degree (n i,i (x , t; e )) <1 — 1 ( ri-11+1).■L p  J

4 .  Proof o f Theorem 1 under the condition (A ).

4. 1 . Energy inequality with a  weight function.

From now on w e denote several d ifferent constants indepent of
u, h, and n  sim ply by c.

W e operate ./ r ( x ,  t ;  1 : ) )  to  o u r system  an d  denote it Pu. Put
V -= ,/ " U , then  w e have

0
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(5) — 0 V —,J17",'U H —  0.Jr)U — ,JrB U — .yrGU

W e use ço,, (t) = ( t+h ) - "  as the weight function and consider the energy

h

En= f  çon2 (t)I1PU(t)0

where I I VI ./f in g il v I II, (  V— (
vi

 \ , then  En= 0  fo r  a l l  n  be-
/

cause of PU= 0. H ow ever w e have the following proposition.

Proposition 1 .  T h e re  e x is ts  a  suf f iciently  sm all h  depending
only  o n  P  such  that f o r  suf f icient larg e  n  w e  hav e

h. p hCl -E„ = (on! ( t )  I PU (t)  I I 2dt —  E 2 
(t ) II 6,-P-lu (t)

o n

C 1 1  "  f  h  2E Q . (t )  I (A + 1) --"-( " )6 , -P - lu  ( t )  I 12i _idt.
h2 r=i

w here 11•il J-1 m eans OW  (R .;)-norm , an d  th e  co n stan ts  e1, e2 a re  in-
dependent of  u, h  a n d  n.

Before proving Proposition 1, we consider the estimate U .  For
this purpose we prove

Lemma 4. 1. F o r all  p air ( s ,  s ') ,  0 <s <s ',  th e re  e x is ts  a  con-
s tan t c (s , , 1 )  , su ch  th at, f o r  a l l  u e Or. (I xi <d ) , it  h o ld s

w here d  is  a n  arb itrary  positiv e  number.

P ro o f .  T h is  lem m a is a  resu lt of H. K um anogo-M . N agase [8].
H e re  w e  p re se n t a  sh o r t  proof. S i n c e  th e  r e s u lt  is  t r iv ia l  when
d > 1 ,  w e  assum e d < 1. L e t u s  p u t x ' = (6 /d )x ,  C '= (d /6 )e , v (x ')
=- u ( ( d /6 ) x ') ,  th e n  w e  h av e  d x = (d /6 ) to lx ', d e = ( 6 / d ) id r,  u ( s )
= v ( x ')  and supp  [v] c .B , w here B , i s  th e  b a ll w ith  rad ius 6 in R '.
S in ce  û (C) = f e-i-v' u(x )dx  = (d/ 6)11  (x ')dx '= (d /6 )T ,(r),

i Œ/i 2sASu II 2 f I el 2.81 ii( ) 2dE da, )1 .2g f (e/) 1 2d r
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F or the estim ate o f the righ t side , w e prove the following lemma.

Lemma. I f  w e  f ix  6 suf f iciently  sm all, w e have the follow ing
property  f o r  an y  v (x) G  (B ,):

$1$1<ii 
I fj(E) rd e 5 . (e)12c1$•

P ro o f .  Since f(E)1 v(x)1dx< {vol (BO .1. I v(x) i 2dx} 1/2 --- Vvol(Ba)

110 ,  w e have .1. <iii)($) rd$<vol (BO vol (B O  H O '. L e t  u s  f ix  6  in
such a  w ay that vol (BO • vol (BO <-1-, then

1012C1E f 1.7312dE •

Therefore = fad fird$ iel<11(012 1-faii"012d, that is,

fel<1
lerde. Q.E.D.

In  v irtue o f the above lem m a II Asti III is estim ated a s  follows

(d\ L -2 . r \
6 )

1 -2 8 '

6 )

x f irinvcrwdr(-
6
) As' air'.

Then w e have

d
) II A8 'u II 5-26- s' u

2(-c-1-)8'ilAs'ull_26-s'cr-'11As'ull,

that is,

<Const. (s, s' ,1) •

Since 0  i s  dense in  01; under the topology of 0 ,  so the above
result rem ains true fo r a l l  u e 01; (i x l< d) . Q.E.D.
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R e m a rk .  W hen  s' > 0 > s ,  the above proof implies the  following
inequality,

s', /)dPI fo r all u E 01; (IX' < d ) ,

w here p= s' + ( — ls) / (l — 2s).
M ore generally, w hen s' >  — 1/2 and s' > s ,  fo r  e a ch  e > 0 ,  there

ex ists a  sufficiently small d > 0  such that

(*) fo r all u E 1/21:, (fe),

(s e e  F .  T rèv es  :  L in e a r  p a r t ia l d ifferential equations w ith  constant
coefficients (G oadon and Breach, N ew  Y ork, 1 9 6 6 ) Theorem 0.41) .

B ut, w hen  — 1 / 2 > s '> s ,  considering D irac's a-function, it seem s
that the  in equality  like  ( * )  is  n o t correct for arb itrary  sm all e > 0 .

H ere, w e need on ly the case w here s' > s> 0 .

In  v irtue o f the above lem m a, we have

Lemma 4. 2. F o r su f f ic ien tly  sm all h0>0 depend ing  on ly  on P,
an d  k > 0 ,  w e  hav e

li (A  +1)k . 7 II (A +1)k -1+0/n0-P-iu (t)ili- i 0<t<12 .0 ,
J=1

w h e re  c  is  a constan t independen t o f  u  an d  t.

Proof .

H (A  +1)k-1+"/m)Ull = Il (A  + 
1 ) k - 1 + ( 1 i n t )

(A  +1)k — 1+ (1 ini.) (,51,3r _ um.II (A  +1)k -1± ("),-M /r U ll + I
T h us tak in g  acco un t o f  th e  fact that order ( n i i )  < 0 ,  n, =  1  and
order (772")<1 — (1/m) , w e obtain  the following inequality,

m  p -1

11 (A  +1)"+(1/m )Uli c0ll (A  +1)k,J17'UII + ci E II (A  +1)k -iu
1=1

where c ,  and el depend only on P .  Therefore

II (11+1)k •-/r U lI C  11 (A + 1)k —1+(ilm)Ull C11 1-2 II (A + 1 ) k - 111A .
5=1

Applying Corollary 3 . 2  to the right-hand side w e have
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rnp

(A + 1)k t/ r .  ( .1 1 1 C 0"

 -  

II (A + 1)k -1+(v")0,"-1 5-1
.1

=- 

1

ntp

— c1  >.:211(A +1)k -10"-luHj 

S ince u ( x ,  t )  belongs to 0"(1x1 h )  for 0 < t < h ,  Lemma 4. 1 gives,

I I (A +1)k - 10 t" - --1<c JP '  11 (A + 1) k_i+(i/n m pJ

w here c1  depends only on P  and j ,  ( 2 ‹  j<m p ) .
L e t u s  ta k e  h  sufficiently small such that cl" max2 ,,,{ci}h1/2"'

co" ,  then  w e have
,

11 (A +1 ) " J7 'U lI >Z = L II (A + 1) + / 0 m U  ; _ , .  Q.E.D.
2 .1=1

From now on, we try to estimate the energy f tço „2 (t)11 PU (t)112 dt
In  v iew  o f the expression  (5 ) o f PU, introduced at the beginning of
paragraph 4. 1, w e have

(6) IlD1v-ovIi2-c(l,r11ulr+  II ( 1/ — 0,,r)uir
+  r  Bur + +1Pruo112).

F irs t w e  co n s id e r  I ID Y -0 1 7 1 1 2 . F o r  th is  p u rp o se , first w e
define ri (s) G C " (R +1) su ch  th a t 0 < n (s )< 1 , Ti (s) -= 1  fo r  s..R 0 + 1,
and ri (s) = 0 for s<R 0. i n  v ie w  o f  (3 )  a t  the end of paragraph 3. 3,
and also  of L em m a 2 . 6 , R 0(>  (1/ei)) is  taken  su ffic ien tly  large  in
such a  w ay that, denoting 171(e) -= Ti (I e ) (E ),

11(1w tii(j)) V 111 >1 1 (A  + 1 )1 '1 17 111— 4
( 1 <i<p ,) ,

(1m ili(j)) I (A + 1) 17 di +

where a° = min vleti (x , t ; $)1, /11(x, t II and

in f is  tak en  o v er ( x ,  t , E )  e  R ,` x  [0 , h ] x S e '.  M o r e o v e r ,  le t  r, (s)
=1 —  ri ( s ) ,  and V 2 (E )= n(I$1)V ($), then  w e have

17= r1V+ r,-v=  v i +

Lemma 4.3. W e  have
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D2V — 7112. OV 112 + D2V2 — 2v2I12) — II y112,
where c, c ' are  depending only on  P  an d  120.

Proof.

1lD 2 V  -O r r  =-"IlDtV .01711124-11D2V2— j317

+ 2 Re [ (Dt —0) VI, (1)2—  2) V 2]

[(D2-2)11V, (D1— 2) r2V] = — 0)V, 12(1)2— .0)V]

+ [ 1 2[11, 0 ]V  , g)) V] + [(Dt— .0)V , n[r2, g']V]

+ 0 ] 17, [y, D ]

w here n, 12, [n, 0] and [12, a r e  bounded operators in  L ', so w e
have

I[(Dt- 7 2) V1, (D2— g))V2]15_cill (D 1— g))VII2 + c2I1V112.
Then

I (r) —D) V 112 11 (I )  — 2)17,112 +11(1)2— ) V2I12

(D2— -0) V112-2c211 v112,
i.e.

II (D2 — V112_c (II (I )2-2)1 7 1112 + II (D — 2) V 2112) — II 112.

Q.E.D.

4 .2 .  E s t im a te  o f  i■40.2(t) II (D  —  2) V1(t) 112c1t.

In  th is and the next paragraphs we follow  essentially the method
of A. P. Calderón [1].

L et u s decompose /ti(!) t; e ) into the positive order p a rts  /.0
and the re st parts te .  W e denote the rea l and  the imaginary parts
of — ic e  b y  a,;(1) and 8,(i) re sp ec tiv e ly . M ore explicitely,

cei(i)(x, t; $) =Im (x, t; + v.N(x, t; $)1 el i-ò Pn))- ,
k = I

nt - 1

81(j)(x, t ; $) = —Re (A,(x, ; $) + >.2 143(x, t; C) I Cl" " ) }
k = I

R ecalling that 1)2= (1 / i) and the form of .0 in I El >R0 + 1, we have
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1.0h ç 2  ( t )  l  (D,— .0) V ,112clt

=
o 

(02 (t) II (a — —1 11,(1)) - op+illzdt
Is fSm ,

h

= E (02 (t) II { (6 + °tic') + ,/ —1 8,(1)) —110} Y1,(i-)p+LIVdt,
L

w here V I=  (y1,1, •••, vi,mp). Now th e  last in tegral is greater than

h

j‘(0 .2  (t) II (5  +  a0(') +
J.,/ t 0

h

C  0  V>,2 (t) P N V I ,( .1 -1 )p + 0 ll2dt}

h

E  f— (0 2 (t) II ( a t+  ai(i) + fO i ( i ) ) - 1 ) p + i  rd t2 71.1, J 0

15 "i 5 P  e n

h

0.
2

( 0  I V I,U -1 )p + i I I 2d t }  

1 ./Sm

From now o n  w e w rite  y, a , i9 a n d  en instead  of v,,(i _,),+i,

and
L e t  u s  introduce th e  following two standard quantities

h •
(t)IIY  (t)Ii2d t a n d  p„21s2 ,„2(01, av (t)112dt.

0

N o te  that by v irtue o f  ( 3 )  in  Rem ark o f  Lemma 3 . 3 , t h e  definition
o f  aicil t ; D s )  a n d  supp [D (t)] C {e; l el > ,  w e have

4172'2-2- foh V.2 (t) v (t) 1125—/2.11111.4  $ h 2  ( t )  11v (0112 dt ,

Ç n2 (t )II (A + 1)1- 0/7n) v (t) Irdt< p 212

h

< C  f  2 ( t )  II (A + 1)1- "Pn) v (0112dt0

62-o4- Soh 40.2 (t) II (A+ 1)v (t)112 clt<p „212

h
<  C  f (t) II (A +1)y  (t)  W clt ( P1+ ,

0

w here c  depends only o n  P.

(7 )
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Lemma 4.4.  ( A .  P . C ald e ró n  [1 ], S . M iz o h ata [1  2 ])  W e
have the follow ing inequality  :

Jo 4°2 (t)11 (a t+ a + i8)v (t) I 2dt

>  (P. — 1)z1„2 +1—
2c,h

— c2h —  ( h ) i[v  ( h )  aV (h)]i

Proof . T h e  p ro o f is  th e  sam e a s  those o f  A . P. Calderón [1],
a n d  o f  S . M iz o h a ta  [1 2 ] . W e  n eed  o n ly  tak e  c a re  o f  t h e  above
estim ates (7) , so  w e omit it. Q.E.D.

From  Lem m a 4. 4, we have

h h

2e f 0 çon.2 (OH - a + (t)Irdt — yo.2 (t)Ily (t) 112dt

2c,h( P .- 1 ) 1 2  + —  — h 1.2  ço2 (h)l[v  (h) av  (h)]i

> (p „ — 1 — c'h  )2 i + ( 1  2c1h — c,' h — '2112)1
11 n n

— 2 „2 (h)l[v (h) , av (h)]1.

From now on, w e  f ix  h  a s  sm a ll a s  (2c1h + c2' h+ c12122) < I., th en  for
sufficiently la rg e  n ,  it holds

n2e„> (p 2c,h„ — — 1 1„2 —  2 (h)liv  (h)li • Hav(h) H.y I2
n 2n

M oreover, i f  p„> (3/2) , since pn —1 — (2c1h/n)> (1/3) p ,, w e have

1 1p„1„2+ - (h)11z, (h) II J a v ( h )
9 2n

and if p„.< (3/2), neglecting the te rm  (p„ — 1 —  (2c1h/ n))212 , then we
have

2e„>  1   1,2+  1 P'.2 — ço.2 (h )  H licev(h)— 4np , , 2  4 n

> 1  I2+ 1 p n 2 I — (02(h) IIV (h) II • Il a V (h )— 4n 9n
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In  any case, fo r sufficiently la rge  n w e  have

112e „> P In2 — ço,,2 (h) y  (h) 1! • 11 cev (h) II.9n 4n

If H v(h ) H • iiav(h) t ± 0 ,  there exists a positive constant e such that
v (x, t) 0 in  R i x  [0 ,  h  e ].  Thus

h-E4 >  f o  ç o ,/ 2  ( t )  y  ( t )
h - c

dt_g „" (h — s) j ttv(t) It 2dt

> n2 (I- + 6  ) n  2 U  j h '11V (t) I 12Clt •4h2 2h 

Finally fo r sufficiently la rge  n  depending on v (x ,  t )  w e have

1e„>  (p„21„2+1„2).
18n

Then, summing up , w e  have

h

çan
2  

(t) 11 ( I )  — g) V 1112 dt e„>  1 (p ,,2 4 2 +  / -n 2 ) .
o 2,5 18n 2,

4 . 3 . E stim ate of Sp2 (011 (D1— 2) V 21 2d t.

L et u s  remark that (x, t; e) is  n o t a diagonal matrix in {C;
<R0+ 11. B u t V2(e, t )  has compact support for e, therefore we have

(A + V211 (R . + 11V211

T hen w e have

• (Dt — )  v2I12= H (at+ (A +1)I —.0)172112

It (02+ A +1) V2I12 — 11:4)172112,

w here g — (A + 1)1. B e c a u s e  .--g ) is bounded operator on V2, by
the same argument as in paragraph 4. 2 for ç9.,y2 ( t )  II (0 2+ A +1)7,2, (t)II2 dt

(17,=  ̀(v2,1, • • , vz, , ) )  ,  w e have the following estimate,

h

Q n2(t) (O t A +1) y2,1 r d t  C onst. (g  
0

) ço 2 (t) It y 112dta 2,
0 

> (pn — 1) In2+ 1 2c 2hT  2  C 2  h

  

i ln
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— 40.2(h)11v2,i(h) H — c (R 0 )  Ç 2 ( t ) i v 2 , i ( t ) i r d t ,

where

P h P h

p„2.I„.2 ( t )  I (A + v z, i(t)112dt an d  1712 = go0'2 (t)I1v2,i(t)Irdt.

However in  this case

P h

pv,2I,„2 (R 0+1)2 j ç ,2 ( t )  I V2, j  (t) 112dt

<  8h2R02 h 8h2Ro2
,," (t)  I I v z ,,i( t)  I I2dt —

n2 0 n2

So we have

2 e 0 > In z  const. (R ,
2 — v2(h)11v2,i(h)11.11av2d(h)Ii.

Moreover the same argum ent as in  paragraph 4 . 2  gives u s  th e  fol-

lowing estimate fo r sufficiently la rge  n  depending on R o  and y 2 ,5 :

e . >  1„2>  (p„2I„2 +I„2).

Then we have

Ç v.2 (t) H (D t—  2 ) v2112dt (19.21.2 +I„2).
f, j •

By paragraphes 4 , 2 , 4 . 3 , Lemma 4.3 a n d  H V1ll2+ II V2112),
we have the following result,

(8) Soh ço: (t) II (Bi0 - 2)17112dt

h

V n° (t) (A  +.1)i--(" v  ( t ) I I 2 d t  +  he: Soh vr,2 (t)II V  (t) I rd t ,
22 0

where c , and c2 depend only on P ,  and n  is sufficiently large.

4.4. M a t r ic e s  o f  type (.../r )  .

In this paragraph we give the estimates of ,,rx ,(rn--2 ,,r)U ,
</rB U , and r G U .  F o r  detailed proofs, we refer to S. Mizohata-Y.
O h ya [13 ].
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Definition 4. 1. L e t  A= t; D e )) b e  a m atrix  of order mp
with elem ents of 0.d.o.'s. W e say  th a t "A  is  of type (,./r)" when A
satisfies the following conditions.

1) a" (x, t ;  D )  = a i  (X, t; Dz.) mod. o rd er — 1, w here 41 (x, t; ,;)

a re  expanded in  th e  sense of Puiseux in  I erv in ) fo r I el

2) Order (au) < 1 (V 11+ 1) —1.

Lemma 4. 5. When A  is  of type ( K ), we have the follow ing
estimate,

II A ul <c +c 'IA C 'U I  m o d . o rd e r — 1,

where order (0 ) <  —  (j/ nz ) and where c  and c', depend only on P
and j.

Proof. T hroughout th is p roof w e consider a lw ays in  th e  sense
of mod. order —1. Let us put C=,.%,./r —5/.../1'' then order (C)< —(1/m)
and A J I  i s  o f order 0 because A  i s  o f type ( ,Y r ) .  Our proof is car-
ried  out by induction on j. T he case j=  1 follows from the fact that
A = A (a . . ./ r )  = A ,T ,  — A C .  Assuming the case j=k  is true, let us
prove for the case j=k + 1. First,

ACk = AC ' (....T.../17)= AC' 31/1. — A C  +'

=Ck  A JL ir +[A , ck].51/r — ACk +1.

In virtue of order(CkA30< —  (k / m) and order([A, Cc] ,W )< —  (k + 1/m),
the case j = k + 1  is proved. Q.E.D.

Lemma 4.6.,  ( . . 4 7 1 1 —  a / r ) ,  <Jr B , and  ,JrG are a l l  o f
type ( r ) .

P r o o f .  L et us no te that ../r i s  of type (..4 7 ) .  Since G  is  of order
at m ost —1, - r G  i s  of type (../r). Concerning obviously it is of
type (J 7 ') .  Concerning B , since B  i s  a  triangular m atrix of order
0, B  i s  of type ( A ) ,  t o o .  As regards , / rH —DK, we devide this
a s  (.J1711 — oH) + r .  Then the former is  of type (..,r )
because H  is triangular mod. order 0, and the latter is also of type (.J.r)
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since 2  i s  a  diagonal m atrix of order 1 in  a  n.b.d. o f th e  p o in t at
infinity. Q.E.D.

W e  a re  now  in  a position  to  prove Proposition 1. I n  v ie w  of
(6 ), the  estim ate (8 )  and Lemmas 4. 5, 4. 6 give

(9) E f
Ix' Joço.2 (t) II (A +  1 )" " ) .rU I I2 c l t  +   c'n f h

n
(02 (t) I Ul r d t

Phh

- C  j . ( t ) — c, j ç,,° (t)  (A + 1) -1(1112dt

Ç

-

ça.2(t)11(1.112dt

  h „  h

f  V 1 1 2  ( t )  (A + 1)1-(v7" 2,47
0 2

VII dt +  (on (t)1 P rU I12cit
n o 2 h 2  

h h

- C  4  f  90! (t)II (A + 1) — c5 fo0

Let us recall that we have started from PU = A U  — HU — BU — GU
(see (2 ) in  paragraph 3. 2) . Because T  and T '  a re  o f order at most
inp — 2, by L em m a 4. 2 an d  C oro llary 3. 2 w e  h a v e  th e  following
estimate,

Ph
Vn2 (t) I jn  = 1  0

mp

+ C2/71 f  h  n 2  ( t )  11 (A+ 1 )-1+  (11 '4 )0 -1dt122 =1 0

m ,  f 2h

- E (o .  ( t )  I I (A+  1)-16 u112./
J = 1  0

• 7np sh>CI ° ( t )  I atm" U l  I 2./
n

▪ c2' n mp P h

ÇOn2 (t) (A+ 1) -1+(vm)atmP-iu
21/2 5=1

( n  is sufficiently large).

T hus w e have proved Proposition 1.

4. 5. Proof o f Theorem 1 under the condition (A) .

B y  PU= 0, w e have E 0  = 0, so  b y  Proposition 1 w e have
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r a p  j• h
ço,2 (t) I I (A  + 1) -1,-(1/-)a,-,-- (011 2i_idt =o,5=i 0

that is ,  u (x , t ) .0  in  R ' x  [0, h ] .  T h is is  equ iva len t to  say ing  that
in  the orig inal coordinates u (x , 0  in

S2= {  (x, t ) ;  t I — 412 +

5 .  Proof o f Theorem 1  under the condition (B O  o r (B2)•

The condition (B , )  implies that (mod. order mp —2)
where Q  is a homogeneous partial differential operator of order On — 1)p

—1, and the condition (B2) asserts further that Q(0,0; E,
fo r a l l  6 E — {O}.

W hen we perform  a H olm gren's transform ation and modify the
solution and coe ffic ien ts in  the sam e w ay a s  paragraph 3. 1, the con-
ditions in  the theorem are  in varian t in  a  neighbourhood of the origin.

S o  if  w e  regard  Ppu= v as th e  unknown function, we have

Pu. (P913 - 1 + Q)v + R'u = O.

Hence if  m > 3  w e ap p ly  the estim ate under the cond ition  (A ) and
if  m = 2  w e  do  the modified Calderôn's estimate with our weight func-
tion, then w e have

h ( t ) t(m P (t) 1121 _idt
li 5=-1 0

+  (n:g :  f o h (011  (A + 1) -1+ (11m) a t(m_1)1" V  (t) 112

ntp-1
C I  E ( t )  12i — (h) (h) 11.11V (h)11,.o

Hence, atkv=0 ,Y0=-Ppatku+ [a tk , Pi ] u ,  w h ere  [a,k , Pp]
p+ k — 1, so we have

(m--1)p
E„>

c
- > .] I '(t)11Ppat('-')P -iu  (t)112i_idt

n 5=1 J O

p - I j• h 2 

( t )  l a t - P - - 1 - 1 u  (t) 12, _idt
=1 0

(2h) -2'11V (h) (h)

i s  o f  order
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Once again  w e apply m odified Calder6n's estim ate w ith  our w eight
function regarding 02(' ) P - - i u = v i '  a s  a  function, then

oh n hi"
q2 2 (t) 11P  v  (t)1 1 2  d t>  j ‘  ç o  ( t )1 (.D2-11' (x, t; D i)) V/  (t) 112

> c 'n
— h2

> c" n
1- 2 2

V 2 (t)H V — c2' 0 ,,2 (h) Il V  (h ) (h)

p

0
°(t)( t )  I + k -Ddt

k =1 

—c2' (2h) -211V f' (h)11.1-1i1V

Therefore

J 2
n 0 (t) 112i _,dt

mp -  Sh
( t )  ia-Y-J -1u (t) 112i t

-=1 0
(m -1) p

— (212) (111 (h) i l l  (h) + (OW .

H ere w e replace h  with sm aller h' depending only on P, then we have

E >  c
2h"

j:
h '  

Vn2 (t) 2 " (t) I I 1dt

on-i»
—c2"(h')-2'(11v(h')11v(Y)111+ I1V (1Z)11J-111V (11')11.1) •J=1

If

(m-op
10 (h/ )11' 11V (h') H 2 +  E  I I ( Y )  I J I I I (12')J=1

W e have u  O  in  11,' x [0, h ' ] ,  S o  th e re  ex is ts  a positive constant
s  depending on u  such that u (x, t) 0 in  R., x [0, h' — s ] .  By

A' -e
vh2(t)1111(t)1 t tp -2 d t_ V„2 (t) l lu (t) 12d1

>  (211' — s) -2" u (t) 112 dt

we have
(m-op

(2h') -2'( 1117(Y)I1.1117 (h/ )111+ V  (h i) 5' (h' )
7±1
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— 0  
21112 jo  Ç 9n2(t) 11U ( t )

(

w ith  respect to  n. T h is asserts that

E  >  c m f :
4h'2

foh '

v.2(t)110,"-i-iu(t)11„cit

fo r sufficiently la rg e  n.
O n the other hand, from the equation we have E„= O. T h ere fo re

w e have u t) ,_- 0  in  Rs' x  [0 , h l .  T h is  completes th e  proof of
Theorem 1.

Appendices

A. 1 .  An extension of Theorem 1.

W e can im m ediately extend Theorem  1  to  th e  follow ing form.
F or sim plicity we announce only the case  corresponding to the condi-
tio n  (A ).

L e t u s  consider the following operator,

P=Ppm.13,m2P,+13,„+R,

w h ere  m 1>m 2>2 , p, q , r > 0  a n d  s=pm ,+ qm 2+ r > 0 .  A n d  here
Pp(x, t ;  ax, at), P g(x , t; Oz , O t) and Pr(x , t; as , 02 ) a re  homogeneous
p artia l differential operators o f  order p , q ,  and  r  respectively w ith
C 'm a"'°1  coefficients, P , , ( x , t ;  Os, O t) i s  a  homogeneous p artia l dif-
feren tia l operato r o f  o rd er s - 1  w ith  C '+ ' '51 coefficients, and
R ( x , t ;8 , ,  a t )  i s  a  p a rtia l differential operator o f o rder at m ost s - 2
with bounded measurable coefficients.

M oreover we assum e the following four conditions.

A ssum ptions.

1) T he characteristic roots {Ai} a re  always distinct and
rea l o r non -rea l. L e t A , stand for the real characteristic roots of Pj,

when l<  j<p „ the non-real roots of P p  w hen p 1 +1 <j<p , th e  real
roots of 130 when p +1 <j<p +q 1 , the non-real roots of 13, when p+qi
+ 1 < j < p + q ,  the  rea l ro o ts o f  P ,  w hen p + q + 1 < j < P + q + r1  and
the non-real roots of P ,  when p+q+7-1+1<j<s.
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2) El '3 (1111 P +  jg m( " 1 2 - 2 j )  < k  (1<k<m in fm,P, m2q1)7).
j=1 mi

3) P.-, (0, 0; r)1,--x,(0,0;e) * 0  e — {0} , 1 < j < p +  q .

4) P ,-1 (0 , 0 ; r)l—x,(0,0;0 

II GI; — A5)" H  ( k , - A k ) -  H (A i
k # i k * i P + 2 + 1 5 k 5 s

15 k 5 P 1 1 -F 1 5 k 5 P + 2

is  no t pure im aginary at the  origin  fo r 1< i< p1, p+ 1< i< p+  qi.

Theorem  2 . I f  a l l  the  conditions are s a t i s f i e d ,  t h e r e  e x i s t s  a
n e ig h b o u rh o o d  D o f  t h e  o r i g i n  s u c h  t h a t  the  so lu tion  u ( x , t )  E  CS of
Pu = 0 , V ui0 --= 0  ( 0 < j < s  — 1), v a n is h e s  id e n tic rlly  in  D.

R e m a r k .  A  f in a l ex tension  o f T heorem  1  a n d  2  w ill b e  an -
nounced in Zentralblatt far Mathematik.

A. 2. Uniqueness theorem under another condition.

W e proved a  uniqueness theorem under the condition (A ) ,  (B1)
o r  (B O .  W e a re  tempted to consider the following condition:

(C) t; e , r) I ( j=  0, 1).

In  general, (C ) is no t suffic ien t to  get un iqueness theorem . In fact,
in  Exam ple 3 the operator o f following typ e  is contained,

+ P[miu+1.

B u t if  w e  assume sim ilar conditions to  (C ) n o t o n ly  on  the ho-
mogeneous term o f order 2m -1  b u t  a lso  o n  th e  te rm s o f  order at
least [m/2] + 1, w e have the following theorem.

L et u s  consider the following operator :

(A .1) P =  II Pk+ Q i  II Pk+ • • • + H  Pk+ •••
k =1 k =2 5 = j+ 1

w here w e assume 1 ) P i  ( 1 < j < m )  i s  a  p a r t ia l  differential operator
of order p i  w hose real characteristic  roo ts a re  s im p le  an d  non-real
ones a re  either sim ple o r  always double, and whose coefficients belong
to  Cmax{cli' 1+6} respectively, w here q =- P s. 2 )  Q i  (1 < j< n i —1)

"  If especially q/ p< 2/ m 1 (m 2 -1 ) or p/ q < 2 / m 2 (m i-1 ), the condition 2 ) is satisfied.
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i s  a  p a rtia l differential operator of order )-11,--1(Pk —1) with bounded
m easurable coefficients. 3 )  R  is a partial differential operator of order
p—  m  with bounded measurable coefficients, where P= LLIPk•

T hen w e have

T heorem  3 .  T h e re  e x is ts  a  n .b .d . S.? of the  o rig in  su ch  th at all
so lu tions o f

Pu = 0

1 ?u = 0 (0 <  j< p  — 1)

v anishes identically  there .

R e m a rk .  In  (A . 1 )  i f  w e  assume 1 ' )  instead o f 1 ) ,  we can get
the sam e result a s  Theorem 3  by using  M izohata 's estim ate [11 ].

1 ') P i  is e l l i p t i c  o f  o rd e r  4  w ith  Ci+4-characteristic roots
( l<  j < m ) .8 )  H ere  w e  do not assume that the m ultiplicities o f char-
acteristic roots are constant, th a t is , more p rec ise ly  w e  assum e only
that they a re  at m ost double.

Before proving Theorem 3 , w e sta te  a  lemma.

Lem m a A . 1. W h e n  P  s a t is f ie s  th e  ab o v e  c o n d it io n  1 )  an d
u (x , t) E  C P  satis f ie s  a u  = 0  ( 0 <  j < p - 1 ) ,  w e  hav e th e  f o llo w in g
estim ate f o r  suf f iciently  sm all h .

0
yo„2 (t)11Pu(t)

p h

12 d i > f ço.4 (0116 iP -k u
11,-- 0

P ro o f .  L et u s p u t u 5 =  (A + 1 )P - J IV - 1u (I< j < p ) ,  then we can
reduce P u  to  a  first order system :

(A. 2) PU=D,U— HA U+BU,

w here U .= (u „ • • •, u p )  and -= IPUI
L e t  -()i(x , t; )}-1 ,, b e eigenvalues of H (x , t : Because of

rank G U I- 1 4 ) =p  — 1, we have a smooth ,Yr (x , t; E) such that - ,r 1 i .y r -1
i s  a Jordan's norm al fo rm . O perating r to (A . 2 ) , we have following

8) W e assume Pi has real coefficients when 1 = 1  (1 S  j m ) .  Then for every / (_1 ),
two Ai have positive imaginary parts and the other two have negative imaginary
parts. Further we can have the same result if P j  is o f order 2 instead of order 4.



                             

2 2  A
0  22

2 ,  A
0  L .

   

0

                          

A, A
0  A,

w here V =  ,YKU and g  =

0

N ow  w e can u se  modified Caldr6n's estimate by

22r+1

A,

multiplying 1/ /ii to
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(A. 3) ,47-PU= DtV — B' U ,

t h e  (2j— 1)-th components o f  ,47 .15u  (1 < j< r ) . Q.E.D.

R em a rk . Under the condition 1 ')  by modified Mizohata's estimate
w e can  ge t th e  sam e estim ate a s  Lemma A . 1  w ithout reducing to  a
system.

P ro o f o f  Theorem 3 .  We prove Theorem n  3  b y  in d u c tio n . L e t
us assum e

c
h20 .-1 )k=r_1 Ç - q k i= r

n i -1  r
-  E ço.211Q 1  11 Po/112dt- I R/tIrdt.

k =I + t
T hen by th e  inequality

qr

N ' 6 1 q
- k H E 11P,(6,q-kLI P./0111_,i

k =r-1 1 =r k=r-1

qr.,
- cf l  P i t i l l t _ r d t ,

k=rJ = r -4-1

and  Lemma A . 1 , w e  have

gr.■ h

E .> c (0.2116,q—k H If_ 4t
h 2 r  k = r  JO

m - 1  S h h
-  E v.21 1Q/kR+,Pkul 12dt f  v.21I.Ru rdt.

i=r+i
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A t la s t , w e reach  to  r = m ,  that is,

p a  f h
p p - k

hEn> - Pa ço,,z1 o t - „ , r , , n u

h2 - "  = , 1  0 r —  f  0211R u

Once again we apply Lem m a A. 1, w e have

p  f
aÇ(0.21 I ,n-kul

h ' 0

O n the other hand, from the equation , w e see E,,-= O. T h is  implies
that u.=-0 in  a  n.b.d. of the origin. Q.E.D.

A. 3 .  On the unique continuation in two-dimensional space.

W e a re  interested in the unique continuation property fo r  oper-
ators w ithout any essential assum ption fo r 1.o.t., especially those op-
erators having dm a s  their leading te rm . I f  m <3 we have affirmative
resu lts  in  m o re  g en era l cases b y  A. P. Calderón  [ 1 ] ,  S . Mizohata
[11], and K. W atanabe [15].

However Exampl 3 contains the following case:

44+ (I.o.t. w ith  C '"  coefficients) (6 > 0 ).

T h is suggests that w e need assume sufficient differentiability fo r  co-
efficients. B ut by Example 2 we have the following case where unique
continuation is incorrect:

+  (1.o.t. w ith C--coefficients).

I f  w e  suppose that only dm + (homogeneous ternis of order 2m —1)
has sufficiently smooth coefficients, Example 3  contains th e  following
case:

(1.o.t. of order 8  with Holder-continuous coefficients).

Therefore we restrict ourselves to operators whose principal parts are
d' • M o reo v e r , w e  assume severely that homogeneous terms of order
7  are  o f constan t coeffic ien ts. T h en  w e  have an  affirm ative result
when 1= 1 , th at is , xO E IV . L et u s consider the following operator:

L =  4 '+ P 7 ( ,  6 , )  +  R ( x ,  t ;

w here P ,  i s  a  homogeneous p a rtia l differential operator o f  o rder 7
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w ith real constant coefficients, and R  i s  a  partia l differential operator
of order at m ost 6 with bounded measurable coefficients.

W e  h ave  th e  follow ing theorem  a s  a  coro llary to  T heorem s 1
and 3.

Theorem 4 .  I f  L u = O (u E C8 (R 2 )) and u(x , y) = 0 on an open
set, then we have u ( x , y ) . 0  in  W.

P r o o f .  If u 0 in  R2, th e re  is  an  o p en  b a ll B  su ch  th a t u--=-0
i n  B  a n d  supp[u] n B * 0 .  N o te  th a t  w e  c a n  ta k e  a  po in t  A E
supp [u] n B.

In  the above operator, we have only the follow ing three cases:

C ase  1. P 7 (1 , —1 ) *0 ,

C ase 2.P 7 ( 1 ,  .\/ -1) = 0 a n d  0,.P7(1, N/ —1) *0 ,

C ase 3. ariP7(1, v '— l) 0 ( j= 0, 1) ,

where r  is  the rad ius o f B .  L et u s transform the coordinates (x, y)
to  (z, t )  in  a  n.b.d. o f  A  mapping A  an d  th e  boundary o f  B  to  the
origin and t =0, respectively. Then we can apply Theorem  1 in Cases
1  and 2 , and  Theorem 3  in  C ase  3. T hat is  con trary  to  u 0 in  a
n.b.d. of A. Q.E.D.

A. 4 .  Case of first order systems.

W e g ive  rem arks in  case  o f first order systems:

P = — H ( x , t ;A ) + B ( x , t )  ,

where H  and B  a re  p x p  homogeneous m atrices o f o rd er 1  and  0,
respectively. W h en  w e  e s tab lish  T h eo rem s 1, 2, and 3, we reduce
equations to first order systems and make those principal parts diagonal
or triangular by smooth regular matrix ,J7'. But in case of matrices, if
w e  do not assume nothing about the structure of the matrices we can
not find in  general a  continuous regular matrices , / r( x ,  t ;  e )  with re-
spect to x  and t  such that . . / r- H , , r-  is triangular.

Example A. 1 .  Let 2  be an arbitrary number and (x , t )  ER 1 x R'.
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( 2  i t
2r2

Although H ,  is  ana lytic , it h as no t a  continuous matrix ./17' at the or-

ig in , (w h ich  w ill b e  ca lled  " trian gu la to r") th at , r i - L i r - i = ( 0),

Even in  th e  case  o f o n e variab le  w e  have the following

Exam ple A. 2.

/ 2 — exp ( — 1/t2) sin W O — exp ( — 1/t2)
exp ( — 1/t2) sin2 W O 2 +exp ( — 1/12) sin (1/t)

T h is m atrix has not continuous "triangulator" at the origin, to o . Let
u s  rem ark that all elem ents of H 2  belong  to  C - class.

B u t ,  co rresp o n d in g  to  M izo h ata 's  resu lts  [ 1 1 ]  (see _ also B.
M a lg ran g e  [9 ]) , w e have the following theorem.

W e  assume that H (x , t ; az )  has sim ple real characteristic roots
and  a t m o st double C '+ ' non-real characteristic roots and  h as  C '+ '

coefficients, and that B (x , t )  has Lipschitz continuous eleMents.9) Then
we have

Theorem  5 .  T here ex ists a n .b .d . ,S2 o f  th e  origin such that all
so lu tions u (x , t)  E  C1 of

Pu = 0
u  (x , 0) =0,

v anish  in Q.

P ro o f .  B y localization  in an d  modification of coefficients in
[1 2 ] , w e can  assume th at 2 2 J 1  coincides with only 22 5 ( 1 < j < r )  and

(2r +I .< j<p )  i s  s im p le . W e can  have smooth regular matrix ‘yr
such that ,irH 0,//7.-1 -= where H•L= H0A and

9) All assumptions a re  h e ld  a fte r  H o lm g re n 's  transform ation. O n the other hand,
dividing U  to  U i and U2 as in  paragraph 4 , w e need the smoothness of character-
is tie -ro o ts  only up  to  order 1-Fe (a > 0 ) .

H 2  -
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d1,

d 2 1  d 2 2  

d  d 3  -

d43 d44

22r-1-1

W e operate ivr  ,  ;  D , )  to the equation, then we have

(A. 4) D t,ru  - w A ,ru  B /U = O.

M oreover we operate L  to  (A . 4 )  in  distribution sense, where

L—
I (A +.1)-'1„

0

D„—d„ d i,

d2 I

0

                       

D,— d„,

   

0

  

D, d„

             

0

/2r and are the un it m atrices o f order 2 r and p —2r respectively.
F in a lly  w e  ge t the following

(A. 5) 2 1 7  — B "U  0,

w h ere  V  =1(v ,, • • , vp) - .1 7 - U  and

' (A +1)-1 (D1—  Â i) (D2— 22)

(A +1) ( D , — )  ( D , —  22) 0

(A + 1 )-1 (D 1— 14) (D,— 2,4)
= (A + 1)-1 (D,—  13)(D,—  1,4)

• D,—

D,—  Â , /
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I f  we expand all components appearing i n  (A. 5 ) ,  w e  s e e  th a t  a l l
terms except D 2 ( A +  1) v 5  belong to .L2. Then, from th e  equation,
A ' (A  +1 ) - 1v 5 is  a ls o  a n  elem ent o f  1 , 2  ( l <  j < 2 r ) .  O n th e  other
hand, for 2 r+  i <  j< p , operating (A +1 )- - ' to  the equation, we see

11D,(A+1)-iv./1111(A+1)-,,uv,11+  c H (A+ 11v,11.

By applying tw ice m odified Calderôn's estimate, w e  have

h

f  ço„2(t) V (t)  — B "U (t)  rdt

( t )  Vi ( t )  I r d t  (see  S. Mizohata [11] ) •—h2 5_,

Then, from  (A . 5 ), w e can  see  u1 (t) O  in  a  n.b.d. of the origin.
Q.E.D.

A. 5. Remark on the localization in  e.

In  proving Theorem 1 and 2, in case of 1 = 2 , w e  m ust localize
P(x , t; E, r )  in  R e 2 . L et a i ( e )  be a partition of the unity of T h e
modification of the symbols out of supp[ai] is  a s  sam e a s  S . Mizohat

[1 2 ] .  Operating a ,( D z )  to  the equation, we have

+ P„,„_,(aiu)

— (grad,P, • grad (xi) u + P u = 0,

where i  i s  o f order nip —2.

L et u s reduce this equation to a  first o rder system  a s  th e  same
w ay  a s  in  paragraph 3. 2. Put

u k = (A +1)"`P- ak,k---1 •  •  •  80a0u ( 1 < k < m p ) ,

u ik = (A +1)"-ka k_, • • • 00(a .,cti) (A + 1 ) u  ( j =  1, 2, 1 <k <m p ) .

Then the above equation is reduced to a system of the following form:

Pit1,----D ,U  —HU — BU —GU —
5=1

w here U = (u k )  and  U 5 = (u 5 ,) ,  ( s e e  ( 2 )  in  paragraph  3 .2).  N o t e
that K jU j corresponds to  th e  te rm  — —1 m P , , ' (a z iPp)(0& ,ai)u in
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th e  above equation. L e t  kW  be th e  ( i ,  k )  component o f  K b  then
klic) is  zero when 1<i<m p — 1 o r  when i = m p  and  1 <k <( m  — 1)p.
F or the rest, the order is at most O. Let us operate the diagonalizator
zV  o f  H  to 1=',U =- 0. W e have

—  .0.Jr)( — ,J17'B U —  r GU

Uo—  12: (.171(.01),JrU., — -
1=1 1=1

(see  ( 5 )  in  paragraph 4 . 1 ). L e t  u s  remark that by virtue of the
structure of K .,,,4 7 1 ( .0 1  and „Jr K , (ii -  ao ,,r) are of order 0 and
— 1, respectively.

After we estimate (D, — .D) .X U ,. . ir, 'U ,  ( H - 2 ) U ,  ,yr Bu ,
and . JrG U  as the sa ine way a s  from paragraph 4 . 1  to  4 . 4 , we see

r h

E „ .  Soh ço„2(t)II,JrPitT112dt =1- f  Ç9.2 (t)I1(A  + 1)1- (").yr Ull2dt
n  0

„ h h

" " 9712 (t) VIZ d t  C 4  j (02(0 II (A + 1) --1U1I'dt
2h2 0 0

rh 2 (.1,
—cm (t)11U0lizolt —ca j  çon2(t) IHrui 112dt

0 f  =1 0

2

— C 2  LI
1=1 Jo (p.2 (t) H (A+  1)-1U iirdt,

(see ( 9 )  in  paragraph 4 . 4 ). Here,

„  hÇ1 / m ) 2 4-2.
77 Jo 9 . 2  )  II (A +1)'-"( . y r d t  

2 h '

2 (t) 'PK V II 'd tn

r h

( t )  (A + 1)1/2(1- ( ")).ir U112 dt
h Jo

Moreover we consider (0E,ct4) (A +1 ) '1 2 0 +0 1 "Pu . W e have

( ,ai)(A + 1)1/20+(vm))pu.(Ppm + Pmp-1)(8&,a4)(A+1)112(1+(limnu+ R iu = 0,

where R., is of order mp— (3 / 2 ) +  1 / (2 m ), ( j= 1, 2 ). This is reduced
to th e  following

o. ( .JrH  . / r )  —  . Y r B

- _rc ../ruo/ = 0, w h e re  Oj= (A + 1) -v2(1- (ii"U.,.
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T hen w e have the sim ilar estim ate to  that o f  J.r1'1(1,

P h . . . ç h
f ( t ) r d t > 492 (t) (A + 1)112(1- (21"./r ill2dt0 h 0

h
f 02 (t) 11 (A +1)-T ill2dt0

h
0

Summing up for j, we see that

=0 h 0

Cg' ÇO,,2 (011 U0' irdt (j= 1, 2),

>2-1. E, ço.2 (t)11 (A+ 1)00- (1».» U 12dt

(A+
0

h h

Cg g 9 1,2 (t) U  r d t  - C  0 '  f ( t )  1 U 01 112 dt
0 0

4 Sh ç 9,2 (t) 1J

h  k =  
j : h ( 0 , 2  ( t )  

I I (A  +  1 ) - 1 / 2 ( l - ( 1 / m ) ) a e r n p - k a i u

70,1)P h
"20-opro)a,o,P-kull2k_idt,— co  E Ç0n2 (t) I I (A + 1)

(see C oro lary 3 . 2  and Lemma 4. 2 ) .  Then, summing up for i,

n i p  P h

E i i > ( t )  (A  +  1 ) - 1/2 v0- ( m» tmp_k
f h  k=1. 0

_idt,

(h  is sufficiently sm all and n  is sufficiently large).
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