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§ O. Introduction.

M ixed problems fo r  hyperbolic equations h av e  been studied by
m an y au th o rs. In  th e  c a se  when the dom ain is a  quarter space and
the coefficients are constant, S . O sh er stud ies a  m ixed problem  for
h y p e rb o lic  s y s te m s  ( [6 ] ,  [7 ] ) .  O n  th e  other hand som e authors
treat w ith  a mixed problem for hyperbolic equations with discontinuous
boundary conditions in  the case w hen  th e  boundary o f  a  domain is
smooth ( [ 1 ] ,  [ 3 ] ) .  K . H ayash ida show ed that a  mixed problem of
(1. 1)—(1. 4) h a s  a  unique solution which satisfies the  boundary con-
d ition s w eak ly  (See §  1 . T heo rem  1 ) .  A  m ixed problem  w ith dis-
continuous boundary conditions and a  mixed problem in a domain with
corners seem  to  be similar.

In  th is  p ap er w e ex ten d  th e  re su lt of K . H ayash ida [ 1 ]  in the
case when the boundary o f  a  dom ain has corners and  w e  s tu d y  the
regularity o f solutions.

§  1 .  Statement of the results.

Let S2 b e  a  dom ain in  the n -d im ensional E uclidean  space R".
W e assum e that S2  an d  its boundary S  sa tis fy  th e  following three
conditions;

i) S  is compact,
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ii) S = 1 1 U T 2 U L , r in L = = 1, 2) , E1 nF 2 = 5 ,  F i  is the
(n — 1) - dimensional C--manifold (i -=  1, 2) , a n d  L  i s  the (n - 2)-di-
mensional compact C--manifold, and

iii) fo r every  point x o  on L  there ex ist a  neighborhood V (x0 ) of
xo in  R.D", a  neighborhood W  of the orig in  in an d  a  regu lar C --
mapping y = v ( x )  such that v (L ) ly, = y2= 01 and

V(x0) C111-=>W n -Rif (case 1)

or

v(xo) n w  n (case 2)

or

go:17(x°) r1R ; „  (case 3)

w h e re  R + '  «y ,  Y2, YH) ; Y1>0, (Y2, yfi) E Rn

= Y2, yn) ; Y1>°, Y 2 > () and y "  E  R "-2}

4 4 =  (Y1, Y2, y") ; y 1 > 0  or Y K O , Y "  E R4-21

and w e m ean the diffeomorphism by

W e consider the strictly hyperbolic equation of second order ;

+ al ; + a2(x ; o  u (t, x )  f  ( t ,  x )x • a  )

in  [0, 7]x S2,
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a,(x;  — 2 E h,(x) --+  c , (x ) ,
ax O X i

0a2(x; 0— a ao (x ) + (x) —  + cl (x ),
0x ax, ax , O X i

w here h i(x )  and at./ ( x )  ( =  a j i ( x ) )  a r e  rea l fu n c tio n s , a ll th e  coef-
ficients of the equation (1.1) belong to 3 (9)1) and 12, czo (x )e ie j_d  lei
for a l l  (x, E) ES2 X R" ( 6 > 0 ) .  Further let us im pose the in itia l con-
d ition  (1. 2) and the boundary conditions (1. 3) an d  (1. 4) .

at 
et (0, x )  u, (x) = 0, 1)

u (t, x) 0 in  [0, 7 ] x

19
— <h, a  + 6  (x ) ) u  ( t  ,  x )  = 0 i n  [0, 7 ] X  F267/ at

a—  a  cos (v, x,) — ,  p  = the un it outer normal of Tv 2,
an

<h, y> = h i cos (1), x i) ,

where 6 (x )  i s  a  rea l C--function on r2.
W e denote by Hk (2) the Sobolev space an d  b y  K (S2) the com-

pletion o f  a l l  u  (x ) each  o f  which belongs to Co- (P)21 and vanishes
in  a  neighborhood of T , w ith  Hi (S2)-norm. L e t  u s  define two weak
boundary conditions (B O  an d  (B2).

Definition 1 .  W e  assum e th a t a2(x ; /0x) u (t, x) i s  in  .1,2 (,Q)
an d  u  (t, x ) i s  in  eti (111(D)) •3> W e  s a y  t h a t  u  (t, x ) satisfies the
weak boundary condition (B ,), if  th e  follow ing two conditions ( 1 .5 )
an d  (1. 6) a re  satisfied ;

(1.5)u  ( t ,  x )  belongs to et' (I( (9 ))

and

1)
 

g  (2 )  is the set of all functions defined in  th e  closure S? of 12 such that their
derivatives o f any order are continuous and bounded.
C 0 (E )  is the set of all functions in C ( E )  which have a compact support in E .
where E  is either open set or not.

8)
 

" u(t, x)E etk (B ) "  means that u ( t , x ) is k-times continuously differentiable in  t  as
B-valued function, where B  is a  Banach space.
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(1. 6) ( v ,   a u ,  ç a )
ax1 axi axi a.

+
r ,

(6u <h,j.-> E-)oclS for every  ço (x ) K  (2 ) .4 )
at

.R em ark  1 . F o r  u (t, x ) E ( [0, T ] x  D ), (1 . 3) an d  (1. 5 )  are
equivalent, an d  (1. 4) an d  (1. 6) a re  equivalent.

Definition 2 .  W e assume that -{u (x) , y (x ) }  is in IP  (2 ) x  H1 (2)
a n d  a (x ; a/ ax) u (x) b e lo n g s  to  L2 (Q). {u  (x ) ,  y  ( x ) }  is  s a id  to
satisfy the weak boundary condition (B 2 ),  i f  t h e  following two con-
d itions (1. 7) an d  (1. 8) a re  satisfied ;

(1 .7 )u  ( x )  and v  (x ) a re  in  K  (2 ),

and

(1.8)E   a  a, j a  u , ça) — j  au ,  aç°)
O X i  a x — ax ,  O X i

— <h , r>y) d S fo r every go (x ) K (S2) .

Theorem 1 .  (K . Hayashida [1 ] ) L e t  {u0, u1} b e  i n  H' (9.,)
x ( )  an d  a,(x; a / x) ( x )  b e lo n g  to  L 2 . I f  { tio, u1}  satisf ies (B2)
an d  f (t, x ) belongs to et° (K  (2 )) , th e n  th e re  e x is ts  a u n iq u e  solution
u (t, x ) o f  (1. 1) e t1  (K  (2 )) n e2  (L2 (Q)) w h ic h  s a t i s f i e s  (1. 2)
a n d  (BO ,  an d  th e  f o llo w in g  en erg y  in eq u ality  h o ld s;

(1. 9) u (t ) l i  + (t)110 iefl̀  (01011, + 11111h + Ilf (s) lInds) .5)

Remark 2 .  K . Hayashida proved Theorem 1  in  th e  case  when
D  is  a  bounded domain with a  boundary S  o f  c la s s  C , b u t  h e  d id
not assume that L  is sm ooth . W e can  also  prove T heorem  1  in the
case when D and S  satisfy our assum ptions by the sam e w ay  a s  his
p roo f (See [ 1 ] ) .  W e  o m it th e  proof o f Theorem 1, but in  § 4 we

4) W e denote an  inner product in  L2(S2) b y  ( ,  ) .
"  u '  ( t ) ,  r e ( t )  and u 1  ( t )  a r e  (8u/8t),(8211/0t2) and (aku/Oe) respectively. And I lk

is a  norm  ill lik(S2).
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m ake up fo r its proof.

Corollary o f Theorem 1 .  I n  T h e o re m  1 , if  f  ( t ,  x )  is  n o t  in
et°  (K  (2)) b u t  in  e t '(L 2 (2 ))  , th e n  th e  san te  re su lt  a s  T heorem  1
holds, and f u rth e r th e  energy  inequality  (1 . 10 ) ho lds;

(1.10) Itzt' (t) + (t)110 .C2est +

+ Ilf (0) Ito + Ç I I  f '  (s) lods)s

Remark 3 .  W e  d o  not prove C oro llary o f  Theorem 1 in  this
paper, bu t w e  c a n  p ro v e  it  b y  th e  sam e  w ay  a s  [2 ]  o r  [4 ]  (See
[4 ] pp. 28 Théorème 2. 1) .

In  order to consider the regu larity of so lutions of (1. 1) , (1. 2) ,
(1. 3) an d  (1. 4) , we introduce som e spaces of functions.

Definition 3 .  L et k  b e an  integer, then w e define fo r k>1

Gk (S2) -= iu (x ) ; u  L 2  (D ) an d  (  +1- r 1( )'‘u. .L2 (S2)

fo r 1 1/./1._-_146)

and we define for k >

Fk (S2) = itt(x) +1. i.)1°1 u (D ) f o r  Lul <14

w here r = distance (x, L) .

Remark 4 .  W e easily see that G' (S2) = ( 2 )  and F° (9) =V (D)
and that Gk (S2) and Fk (S2) a re  H ilb e rt spaces with their appropriate
inner products. I f  u  (x )  i s  in  Gk+1 (S2) , then  O u/ax  i s  in  Fk (S2) , and
if  a ( x )  i s  in  2  (S2) an d  u ( x )  i s  in  Gk (S2) (resp. k  (2 ) ) ,  then  au
belongs to G k  (2) (resp. Fk (S2)) .

W e defin e  th e  compatibility condition (C O  o f  order k  for data

8) II = Cat, 1-12, — , >WI= tet + 1 1 2 + an d  (8/8x)"=(8/8x1)#,(8/8x2)"2...(0/8x.)".
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{f, o f  (1 . 1 )  an d  (1. 2) .

Definition 4 .  Let f  ( t ,  x )  be in et' (F k) fl et' (F k n • • • Cl e t '+ '( 1 , 2 ) ,

u ,}  be in  H ' (2 ) x  H ' (2) a n d  a , (x ; / 0 x) uo b e in  L' (2 ) . Then
uo, u l}  is  S a id  to  sa tis fy  th e  compatibility condition (C O ,  i f  {u

t +1} belongs to H ' (2 ) x  H 1  (2 ), a, (x  0  /  0  x ) u  (x ) belongs to .1,2 (2) ,
an d  luj, it1+11 satisfies (B , )  for j=  0, 1, • • • , k.
w here u  ( j > 2 )  is inductively defined as

U 5 +2= .1.(h)  (0) —  a,(x  ; i +, —  a2 ( x  )
Rx Ox •

u 5  for j =  0, 1 , 2, •

N ow  w e state our main theorem.

Theorem 2 .  We assume that f (t  , lu o ,u ,}  and a2uo belong
t o  et' (Fk) n e2 (Fk-1) n • • • n e,k+i (r ,2 ), H ' (2 ) x  H ' (2 ) •  a n d  L '  ( 2 )  re-
spectiv ely , and th a t If , u,, u,} satisfies (C k) , then the solution u (t, x )

o f  (1 ,  1 )  and  (1 ;  2 ) .  which satisfies (Bk) .belongs to et° (Gk•i- K )

n  (Gk +1 n K )  n • • n et0+1 (K) n CI '  ( L 2) .

Remark 5 .  I f  uo and u, are in C i; (2 ) and f  ( t ,  x )  is  in Cg° ( (0, T )
X 2 ) , then I f ,  uo, u,}  satisfies the  compatibility condition of order co.
And then we see from Theorem 2  that the  singularity of the solution
o f  (1 . 1 ) - (1 . 4 ) is located  in  a  neighborhood of L.

§  2 .  Proof o f Theorem 2.

In  th is  section we prove Theorem  2  in  th e  sam e w ay a s  [ 2 ]  or
[ 4 ]  using Lemma 1  proved in  § 3.

W e introduce th e  space of C2-valued functions a s  follows ;  E "

(u, v) ; u E  G k  , agt E  F k  a n d  f u ,  y l  satisfies (132)17) 0)
w ith  the norm

11̀ (u , y)lEk + 11(1,14 0 v ' .

Then Ek i s  a  H ilb ert sp ace . And we consider the following bounded
operator P  from Ek t o  (G '+ ' n K ) x  Fk

" (u , v )  =  [  u v  .
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{ 
0 , —1

P =
a2—c1+ A, a ,

where ei(x; 0/ax) bi(x)0/0x1+c2(x).

P roposition  1 .  P  is a  one-to-one a n d  onto mapping, i f  we take

a  sufficiently larg e  number a s  A.

L em m a 1 .  I f  f o r  g G'+' fl K  and  f E  F  the following equality
(2 .1 ) h o ld s , u (x )  i n  K(S2) belongs to Gs +

(2. 1) B[u, go] =  (f, go) +  fr,K od S  f o r  allK ( S 2 ) ,

where B[u,go]=  (a ii (0u/O x j), (k/O xt))+  (u , go) .

T he proof of Lemma 1 is  g iv en  in  § 3.

P ro o f o f  Pro p o s it io n  1.
F o r  a n y  g iv e n  E Gk+1 and fe F k ,  w e consider th e  equation;

(2. 2) PU -=F i.e.
(a2— e,± ))u+a,v=f

w h ere  U = [ u ]  an d  F =  [  1 .B y  ( 2 .2 )  a n d  (1. 8) w e  have
v _

(2. 3) ,  açt' +  (u, ço) + aziOdS= (aig +f,s0)
o x j  ax,
— f

r
<h , r>godS for a n y  ço K (S2) .

I f  Â is sufficiently la rg e , th en  u s in g  Lax-Milgram's theorem , we see
th at th ere  ex ists  un ique ly  a  function u  (x ) in K ( Q )  which satisfies
(2. 3). Thus P  i s  a  one-to-one m apping. By (2. 3) w e  have

(2 .4)B [ u ,  go] = (‘110 +f +u— Au, (0) + J ( _ _ <h, 7->g)odS

S in c e  a ,g+ f+ u — A u  is i n  F °  a n d  —au — 0 ,7 -> g  i s  i n  G ', using
Lemma 1 (s= 0), w e see  th a t u  belongs to G 2 . Therefore a ,g+ f+ u
—Au i s  in  F ',  —611. —<h,r>g i s  in  G ', and by Lemma 1 (s = 1 ) u  be-
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longs to  G 3 . Repeatedly we see that u eGk+2. (2 . 3) holds fo r  every
OeCir (S2). T herefo re  setting  v  — y ,  w e  s e e  th a t  t (u , v ) satisfies
(2. 2). B y  (2. 2) a n d  (2. 3) {u, v }  satisfies (B 2 ) .  Thus P  i s  a n  onto
mapping. (Q.E.D.)

Proof  o f  Theorem 2 .  B y  P ro po sition  1  an d  t h e  closed graph
theorem o f  Banach, th e re  ex is ts  a n  in v e r s e  operator o f P  which is
continuous. Therefore w e have

(2. 5) (11z{llok.■ + ki2u — e,u +

f o r  e v e r y  U= '(u, v)

It fo llow s from  (2 . 5 ) that

(2. 6) aivIlFk)

f o r  a n y  U= (u,  y )  E  Ek (k .

L e t  u (t, x )  b e  a  s o lu t io n  o f  (1 . 1 ) a n d  (1. 2) in (K ) (16 (L2)
w hich  satisfies (B O . I t s  e x is te n c e  is  g u a ran te ed  b y  C o ro lla ry  of

T h eo rem  I . F ro m  (1. 8 )  a n d  (1 . 1) it follows that

(2. 7)B [u , ]= (az it —  e lu  + u , (p )  + f r,(<h , r>°au t — 6u)-odS

au 02u( f — —at at'

+ (0, 0—
au 

— 6u
)

çodS f o r  a n y  yo K(..(2) .
r at

S in ce  ( f  —  (au / at) — 0211 /at' — egt+ u) i s  in  F° = .1,2 a n d  (<h,r>au/at
—Cu) i s  in  I( (S2) w e see  th a t u (t, x ) belongs to G2 from (2. 7) and
Lemma 1 (s= 0 ) .  Therefore 1(u, u / t) is  in E°. F ro m  (2 .6 )  (k -=- 0)
it fo llo w s th a t u(t , x ) i s  i n  e t°(G 2nK ) since u (t ,  x )  i s  i n  Er'(K)
a n d  a2u al(au/at)=f (t,x) —02u/at2 i s  in  et° (L2) .

N ow we consider a n  equation;

azv i  + a, +ia 2 v 1 _  ( t ,  x )
at2 at

(2. 8) y (0, x ) =  u1 (x)
02ua v  

 (0, x) — (0, x) =- f (0 , x) — atu, (x) — a2uo(x)=-- u2(x) .
at at'
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B y  ap p ly in g  C o ro lla ry  o f  Theorem  1  t o  (2 . 8 ), w e see  th at th ere
ex ists a solution y1 (t, .x ) in  et' (K )  fl C,2 (L') . From  th e  above argu-
m ent it fo llow s that y, (t, .x ) belongs to  C00 (G' n K ) .  Let us set

(2 .9)v  (t, x) = uo (x) + v, (s, x)ds ,

then v (t, x )  is nothing but u (t, x). In  fa c t w e  g e t fro m  (2. 8) and
(2.9)

a a z t , +  at) + a 2 v  f }  = 0
a t  t at' at

7,
\

a2 at, +a, 
 av

 + —
at

v (0, x ) = ue (x)

—
av  

(0, x) = v, (0, x ) = u, (x ) .
at

(2. 10)
= 0

From  (2. 10) an d  th e  uniqueness o f  solutions o f  (1. 1) , (1. 2 )  and
(B , )  i n  e,1 (K) n '1' (L ') ,  w e  s e e  th a t  v  (t, x) = u (t, x) . Therefore
u  ( t ,  x )  belongs to  C ,' (L ') n  (K ) n eti (G2 n K) . I n  ( 2 . 7) ( f  —
(au/at) — a'u /at' — eiu -I- u ) is  in F ' and (<h, r>au / a t —  11) i s  in  G' n K.
By using Lemma 1 (s= 1), w e see that u (t, x ) belongs to G ' .  There-
fo re  '(u , au/ a t) i s  in  E .  S in c e  u (t ,  x ) i s  in  Et'(G' n K )  and  a2u

+ al(au / at) =f (t , x) —  a'u / a t '  i s  in ',' (F '), i t  f o l lo w s  f r o m  (2. 6)

(k= 1) that u (t, x ) belongs to 6' (G ' n K )  .  Repeating th is argument,
f in a lly  w e  s e e  th a t  u (t ,  x )  b e lo n g s  to  t°

 n K ) n n  K )

n  n  e tk + i (K ) n Etk+' (L'). T h e o re m  2 has been proved. (Q.E.D.)

§ 3 .  Proof o f Lemma 1.

B y  the assumption on S2, S, F , ,  1-.2 an d  L ,  th e re  ex is ts  an open
covering {Vic} k-1,-,N of Sj such that

(1) fo r  k= 1, 2, • • • , N ,, V , n L*0 and there exists a  regular C--
mapping y = ( x )  from  V „  in to  Ryn satisfy ing  (case  1 )  o r (c a se  2)
O r  (case 3 )  in  § 1,

(2) fo r  k=  N , 1 , N , +  2, • • • , N— 1, V,, n s*  a n d  Vk n
and
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(3) V N n s =  0.
L et ak (x ) ( 0 )  b e in  C,7 ( V k) such that EL ak=== -1  in  Sl. W e get

(3 .1)( a i j a  (aku) Oço  ) ( a , i  au  , O(ak49))
O x f  '  8xi / \ Oxs a x , /

Oa 
- F  (a is k u,  k   ) — (ais'9ak   Ou 

Oxi Ox,. R.r, a,x i

and therefore from (2 . 1 )  it follows that

(3.2)B [ a k u ,  ço] =  (ak f,4 9 )-1 -C k rU lg0 ]± a k y o d S
r,

fo r any 4 K  (Q )

where

(3.3)C k [ U , 0 =  E 1(a"  aak  u,  Oço  ) Oak au 
axs ax, 0 .x s )}•

For k> N ,d- 1 , since a k f  i s  in H3 , a k y  i s  in  Hs+' and supp [aku]
w e  s e e  th a t  a k u  belongs to  H z  (Œ G 3 + 2 )  b y  th e  well-known

m ethod (see [ 5 ]  Chap. I I I ) .  S o  w e  h av e  o n ly  to  v e r ify  th a t  a.ku
belongs to G3+2 fo r k<N i.

Now let us suppose that there exists a  neighborhood W k of the
orig in  in  R ,"  such  th at Vk (1,Q, 17,n r, and  V k r IT ,  a r e  mapped dif-
feom orphically onto W knR+n, W k n -tyi= 0, 3 /  >  ,  a n d  W , n .{yi=  0,
Yz<0} respectively. (In  th e  o ther cases w e  c an  p ro v e  i n  a  similar
w a y . )  From now on w e  omit the suffix k. T hen w e have

(3 .4)l y '  I n2+ 5,22 _. C6 • r

O nce m ore w e  change independent variables from y  (yi, 3/2, y " )  to
(0, 17, (0)

y ,= e - '  sin 0

(3. 5) 312= e - r  cos 0

y 3 =  a 5 - 2 1 )

W e obtain the fo llow ing rules o f calculus;
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(3. 6)

 = (cos 0  0  s i n  0
00

0  
aY2

— s• n  a  ( i  0 0   )+ cos 0
at- âya y

(3 j n),

i.e.

0 = e  r(cos 0  a  — sin e---P—)
ay. 00 az'

—  — e r  (si n 0  a  + cos 0-

0
)

ao

( 3  j ,

(3. 7) 0 (xj, x2, • • • , x .)  
a (0, r, a))

—  e-" x J w here J—

 

( X i ,  1 2 ,  •  '   x.)
a (Yi, Y2, • • Y.)

   

By the above change of variables, w e have

(3.8)B [u ,  9 ]  3 [u ,  9 ] . E  < 6 . - 2 'a i j E  j u ,  Ei9> + <e-"Ju , 9> , )

0  wherea , = Jxa 5  a n d  Ei= .
Oxi

Then it follows from  (3. 2) an d  (3. 3) that

(3.9)2  {au, 9] = <e-"Ja f , 40> + [u ,  9 ]  +  f  
0 

e-' paK9drcico
= r

where

(3. 10) [u, 9] 1<e-271,, (E ja)u,E,9> —<e-2'aci(E ja)Eiu,

and dS-= (r , to)drdo on S.

Set

8) "  u (0, r, co) e means that u (0 , r, (o) is a square integrable with respect to the
usual Lebesgue measure dOcIrrito, and its inner product is denoted by < , >.
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1z g  (0, r, to) —{g(0, r+ h, to) — g (0 , r, w » ,h

4_4 (0, r, co) = -fg (0, r —h, to) —g (0, r, co)} ,
—h
1

(3. 11)

4,g (0, r, w) = r, w + hi) —(1(0, r, co)},

1  4_,(0, r, to) —— h  (0 , r , — h,) —g (0, r, w » ,» ,

3 j
w here h., = (0, • • , 0, h, 0, • • .0) ( 3 < j< n ) .

W e  c a n  suppose th a t a . 0  in  r<  — M . (M  i s  a large positive
constant.) S ince 4,ço belongs to K ( 2 )  for vE K (S2), it follows from
(3. 9) that

(3. 12) 3 [ a u ,  4 ]  = f , rço> + [u , 4, ]

+ f f e-' pag drodrdw

O n the other hand we have

(3.13)3  [au , 4,ço] —  3  [4  (au) ,ça]+ h [ l t ,

where

(3. 14) .6', [u, ço] = —E {< {z1_, (e iE j)} (au) (r —h)

+ <e-2 , (au) , (4 -E i) (r  +  h )»

B y  (3. 13) an d  (3. 14), w e get

(3. 15) g  [4_e (au) ,ço]= — f , 4,.ço>

— f e-' pag 4.-ocircho —F[u, rya] + h[u,ço].

Now f = 1,2 (S2) , g e G1 and  u, K (2) , so  b y  (3 .6 )  an d  ( 3 .7 )
each  term  o f  th e  r ig h t s id e  o f  (3. 15) convergers w hen  h tends to
+ 0.

There 4_, (a u ) w eak ly  converges in K ( 2) ,  because B [u, i s  a
positive defin ite H erm itian form  equivalent to th e  inner product of
K (S2) . In  the other view
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a 4_ (au) — > ( a u )  i n  .0' (2),
81-

so  w e see that 0 (au ) /0t-  belongs to K ( 2 ) .  Further if f  EF' (S2) and
g  G 2 ( 2 ) ,  it fo llow s from  (3. 15), (3. 10) an d  (3. 14) that

(3. 16) 3 [ 6   (au) , goi = (e-2' f )  ,  go)
Or \

0+  f  f  { - -  (e —  p a g )}p d rc lo i[u, go] + g i[u, go],
0 =iv O r

where

[ u, ço] = E —( al t. (6-2'21" ij(E ja)u) Eiga)

— ja )u ,  8-Ei go) — (E ja)Eiu,  6   go)}
Or Or

and

g,[u, ço] = — E 1( { (e -"  J E  j)}  (au) , E,g0)

+ (au) ,
Or Ç 9)}.

In  a  s im ila r  w ay  w e  ge t fo r 3</<7/

(3. 17) g3[e — (au) -=  < e - a' <la f 149>

pag Lliodr do) — [u , e— tgo] + .g go],

where

ço] = — E {<{z1_/ (e-27tijE 5)} (au) (a) — h1) , E (e - '0>

<e-"aijEj (au), C61 (e—  ço (Co —  h1))>1

From (3. 17), w e see that e— (5 (au ) /aw l) belongs to K ( 2 ) .  If f E F '
and gEG 2, w e have from  (3 17)

(3. 18) 3[e—  6   (a u ) gol — (e-s'  a  (Ja f) 40)
ca

f f8=,e-"{  aaw, (pao}Nrdco 2[14, +  Q2 [111 ,
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where

g'2 [u, = E ( e - 2' (e ii, (E ,a )u ),E i(e - ') )

-  ( e - "  ( E  j  u  ,   8E' ( e - ') )
Owl

-(e -2 'aij(E  ja)E iu , (e-'ço)X

and

,[u, ço]= - E {((  08w i(e-"iz i jE j)) (au) , E  (e- ) )

+ (e-2rai iE j (au) , aaEcoi (e- 0)1.

U n til n o w  w e  h a v e  tak en  a ( x )  = a ,( x ) ,  b u t  th e  above argument
holds fo r every a ( x )  in  Co- (V !).

Repeating this argum ent for (3. 16) an d  (3. 18), finally  w e have

(3. 19) (C- r Y  (8 )fl2 ( a u )  K (S2) for
ar

82+

From  (3. 19) it follows that

(3.20)/
y ( \ 82+1

\ ar )
(au)

0 0  a n d  
(e-r-Wc-o)

r 
(

0
0 0 ) ( 6 v  

41'
) 

(au) E

f o r  82+ s+ 1.

L et ça b e in  C7 ( V, r1S2) in  (3. 9), then  w e have from  (3 .6)

8 8
(3. 21) ( a u )  -  d ,

2 
(au) + d, r2

2
o (au)

002 

+e- 17 ,1d ,,r( LYu  +  d i , r ( aarul ao

+ dr( )T u + f  ,
Ir152 OLD
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w here  c11, cl,, cl1,7, d2,,, dr and  d , are C--functions and th e ir  a ll partial
derivatives o f any order a re  bounded in (O ,  r, (o) -space , and  d i ,  d2.r

and dr have a (x )  or its derivative a s  a  f a c to r . Applying the operator
(19 /60))r (0 /ar)4' to both members of (3. 21), we see from (3. 20)

that

(3.22)( e - '  a  ) r (  a  )2 (a  r  (au ) E fo r 82+  IT IL S .
a w l  60 Or

A gain  app ly ing  th e  operator (e-' (6 /6(0)7'(a AM) (a /OW '  (132+
—1) to both members o f (3 . 21 ), w e  have

(3. 23) (e — aaoy (-V for(a u ) E 4,, 0, 

Repeating th is, finally w e get

(3. 24) (e-=-  a  y( a )fl( o \fl,
ow)

( a u )  E  4 ,,w  for 181+11-I s+2.

Since a (x )  = 0 in  r <  — M , it fo llow s from  (3. 24) that

(3.25)a u  E  G " - 2  (2) .

Thus the proof of Lemma 1 has completed.

§  4 .  Comments.

In  th is  section we prove Lem m a 4 (see K. Hayashida [1] Lemma
9 ) w h ic h  is  n e c e ssa ry  fo r  th e  proof o f  T h e o re m  1 . A t  first w e
state the following two lemmas without proof.

Lemma 2 .  F o r  a n y  u  (x ) i n  K (2 )  ,  there ex ists  a  sequence
{ ç  (x ) }  such that

(1) 0  f  (x )  is  i n  CT,' (D )  a n d  vanishes i n  a  neighborhood o f
[ 1U L,

(2) ç9.1 (x) -->u (x) i n  II1 (2) as j — > co •

Considering that L  is  1 -p o lar se t  in  S c h w a rtz ' s e n se , w e can
easily  p rove L em m a 2 . (see L . Schwartz [8] )

Lemma 3. (K . H ayash ida [1 ] Lemma 7)
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F o r u (y ) i n  Ci; (R:) , th e re  is  a  sequence p j (y ) in CO  (R4!) such
that

(1) (y) -->u (y)in (R : )  as  j-+ co,

(2) (0 /0y + 6 (y2, y")) 4, .1= 0 on
(3) i f  u (y,, y2, y ") = 0 f o r  t h e  f i x e d  (y2, y " )  a n d  an y  y,, .then

each  y o.,(y) also  v an ish e s  f o r t h e  (y ,, y ") an d  y ,.

W e  set

(4. 1)D  ( A )  =  { U  =  ( u  ,  v )  u  , H ' (Q), a 2 (x  ,  x  u  E  (Q),

a n d  U  satisfies (BO} .

Lemma 4 .  D (A )  is  d e n se  in K(Q) x 1.2 (S2) .

Proof . L e t  ' (u , b e  in K (Q )  x  (S 2 ) ,  th e n  th e re  e x is ts  a
sequence {' (u1, j ) }  converging to ' (u, v )  in K(Q) x L2 (S2) such that
each y i  i s  i n  C7 (S2) and u 1  belongs to  O r ( P )  which vanishes in  a
neighborhood o f  F 1U L .  So  w e can  suppose that u belongs to C7 (.0)
an d  vanishes in  a  neighborhood o f  F ,U L a n d  y  i s  in  C  (S2 ) . F o r u
there ex ists a n  o p e n  covering L i  o f  .(5, different from that in  § 3
such that

(1) f o r  1<k<N1, V k nL= 0, V k nri=o, V ,f l9  can be mapped
in  a  one-to-one C - way into a n d  V an is transformed into 8/03,1,

(2) fo r  N ,+ 1 < k < N 2  =  0 i n  V„,
and

(3) fo r  N2+ 1<k<N V kCS2.
L e t lak} b e th e  p a r tit io n  o f  unity o f  class C - corresponding to {V> } •
Applying Lemma 3  f o r  a k u  o n  I? +" , w e  can  f in d  a  sequence 

(k)}

(1 < k _ N 1 ) such that

(4. 2) yoi(k) = 0 i n  a  neighborhood o f  F , U L,

(4. 3) (  a  + 6  ( x ) )  (k  =  0  o n  T ,
an

and

(4. 4) yoj - - > a k u  i n  H' (S2) a s  j—> 00 .
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Let us set

N ,

(4.5) = goi(k)-F E  aku,
k =1 k = N ,+1

then çoi-->u in  H' (12) . Setting v i= v ,  t(ç2j, v1) is in  D ( A )  because
f o r  (u, E  Co* (12) X C7' (S2) (1. 7 )  a n d  (1 . 8 ) a r e  equivalent to the
condition ;

(4. 6) u (x) = y (x) = 0  on

and

(4.7) --u — <h, r>u + 6  (x )  u  0  on 1 - .2 1  respectively.an

A nd `(vi, vj)—>t (u, v )  in K (Q) x  L 2 (12) . Therefore D ( A )  is  dense
in K (2 )  x L2 (S2) . (Q.E.D.)
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