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Introduction.

T h e  purpose o f  th is  p a p e r  is  to  o b ta in  a form ulation of the
Riemann-Roch theorem on open Riem ann surfaces b y  u s in g  th e  real
H ilbert space of square integrable complex differentials and introduc-
in g  a  special Ap-behavior space, a s  has been  done by Sh iba [ 9 ] .  In
our case, only A-periods a re  normalized, and B-periods a re  completely
arb itrary and this character o f our behavior space is in  contrast with
A0-behavior i n  [ 9 ] .  B es id e s  th is , th e  period norm alization in  this
paper g ives m uch  hope to  obtain  som e relations between these be-
h av io r sp aces  a n d  th e  c la s s ic a l w o rk s . A ls o  it  s e e m s  th a t  in  a
sim ilar w ay , w e  c a n  g e t the Riemann-Roch theorem  by treating the
complex H ilbert s p a c e . B u t in  th is  case the ideal boundary becomes
sm all [ 7 ] ,  [ 8 ] .  T o  g e t the Riemann-Roch theorem fo r general open
Riemann surfaces, Kusunoki [2, 3] made restrictions on ly on the real
part of d ifferen tia ls . In Kusunoki's line, som e works have been done.
A s in  [9 ],  our formulation of the Riemann-Roch theorem  is valid  for
general surfaces w ith  la rg e  boundaries.

The author w ishes to  express h is deepest gratitude to Professor
Y . Kusunoki fo r  h is va luab le  he lp  and  k in d ly  encouragem ent. The
author's thanks also  g o  to  M . Shiba and  K . M atsui w ith whom  the
author had m any valuable discussions.

') This work has been done while the author was a  researcher at Kyoto University
under Japanese Government scholarship for 1973-75.
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1 .  Preliminaries.

T h e  to ta lity  o f  s q u a r e  in tegrab le com plex d ifferen tia ls o n  a
R iem ann surface W  forms a H ilbert space over th e  complex field C,
i f  we introduce the usual inner product defined by

(Al, = f L a i A112* = f fw(aid2+ bibz)dxdy

w h ere  A j=ai ( z )d x + b i ( z )d y  w ith  lo c a l param eter z = x + i y .  We
deno te it b y  I=  j ( W ) .  As usual ;1. = adz  + r)cly and A*= — bdx+ ady
stand for the complex conjugate and conjgate of A  re sp ec tiv e ly . The
norm in X  is denoted by M AI= (A , A)'2. S q u a r e  integrab le real d if-
ferentials on  W  a lso  fo rm  a  H ilb e r t  space 1-"=-F (W )  over the real
f ie ld  R  w ith  th e  sam e inner product a s  a b o v e . I t  c a n  b e  e a s ily
checked  that X  form s a  lin ear sp ace  o ver R ,  a n d  in  this meaning
we denote it by A = A  (W )  A  forms a real H ilbert space w ith  respect
to  the new inner product defined by

<A1, 22> =Re (A,, /12)

T h e  norm in  A  w ill b e  d en o ted  b y  ,11.1,1. I t  i s  t r iv ia l that
and s o  I  and A  have the same topological structure.

It should be noticed that, through this paper, the notations p  and
A  a r e  different from  those in  Ahlfors-Sario [1]. W ith  on ly these
exceptions we follow  Ahlfors-Sario [1] for notations and terminology.
F or in stance F„ „ ,  E h ,  • •  w ill b e  u se d  to  d e n o te  th e  sub-
spaces of the re a l H ilbert space I" , and also  Ae, A„ Aco, Aeo, Ah, will
s t a n d  f o r  co rrespond ing  subspaces o f  A. T h e  orthogonality
relation  betw een these last subspaces certain ly is taken  w ith  respect
to  the inner product <  , > . T he following orthogonal decompositions
a re  v a lid  (cf, [9]):

F, 4- i T „  A „= F „.  i r  co, Ah= A, n A,*

A,= Ah.1- Ago, A lt A h m ,  A  A h

T he following lem m a is frequently used in  th e  sequel.

Lemma 1 .1 .  L et 2  b e  a  c an o n ic al re g u lar re g io n  o n  W , an d
.E' (W ) = B } 1  a  can on ical h om o lo gy  b asis  o n  W  m o d u lo  d i-
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vid ing cycles, s u c h  th a t  Erl.r2 f o rm s  a  canonical hom ology  basis on

P, m o d u lo  Q .  I f  y)„(0, are C '-d if f e re n tials  w h ic h  a re  semiexact and

closed respectiv ely , then

(ço1,Ç02.).= f (fço1)02+ ( f  (0, f f ço, f 02).
D Ai B i B i Ai

T h is  can  b e  p ro v ed  b y  cu ttin g  2  a lo n g  A 1, B1, a n d  applying
Green's formula.

Note that because o f  closedness o f ço, the  integral ço,)-02 is
independent o f the add itive constan t o f çoi.

2 . A r - behavior space.

Definition 2 .  1 .  A  linear subspace A ,  o f  A n s e  w ill b e  ca lled  a
b eh av io r sp ace  if

(1) T here ex ists a  closed subspace A , of Ah„ such that

ApDAH-iAiL*

w here A11 is  the orthogonal complement o f A , in  Ah
(2) <A„,i,t,*>-= 0  fo r each A„ E A ,

(3) f = 0, j= 1 , 2, • • • fo r every  An E
A,

F rom  th is defin ition  it is easy to  verify  that if  A ,  i s  a  behavior
space, so  is iTi„ w h ere  I , = E  /191.

Definition 2 .  2 .  A  meromophic differential defined on a neighbor-
hood U  of the ideal boundary 8 o f W  is  sa id  to  h ave  /19-behavior if
there exist E  A,„ Aeo Aeo nA1  su ch  th a t o n  a  neighborhood U  of d

Definition 2 .  3 .  A  meromorphic function f  (not necessarily
single-valued) defined near j3 is said to have A9-behavior i f  differential
d f  has 49-behavior in  the above sense.

3 .  The existence and uniqueness theorems.

Theorem 3 . 1 . (u n iq u e n e ss ) . L e t  (0 b e  a f irs t  k in d  d if f e re n tial
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w hich  has A r-b e h av io r. T hen  it is  iden tically  z ero  i f

fAiço = 0 ( j=  1, 2, • • • , g)

where g ( o 0 ) i s  the genus o f W .

P ro o f .  It should be observed that the cond ition  in  the theorem
is o n ly  for finite number of A j .  Since ço h as Ar-behavior, there exist
A rE A r, A eoE A e,r1A 1 such  th at o n  a  neighborhood U  of 0  ço can be
w ritten  as

(a= Ar+ Ae..

Now le t S2 b e a  canonical regular region on  W  such  that its relative
boundary O2 is contained  in  U .  W e m ay assume that ssnfl forms a
canonical homology basis of S l m odulo the border. Then, by Lemma
1. 1  and  f Aj ço=  0  (j-=-1, 2, • • •, ) w e can w rite

Ivl = So) sa = — i (go, v*)

=i 1,2 ( TA7 f.,(4A7)
• L( fv) =  fa s2 (  f + Aeo)) (A, + Aeo)

_ i  (A9+ 200, A,* + AZ) E f A iA r  SB,Ap A, fTB, A,

From the condition ( 3 )  in  the definition of Ar-behavior we obtain

2 lv D2 = (A ,,iA ,* )  —iefl

w h e re  an = (Aco, Ap*) sa + (Ap, )ro) S2 +  G leo, AZ) D. B y m aking u se  o f th e
orthogonal decompositions in  section  1 , it fo llow s that  lim 9. =

Then, w e  g e t the  equality

vl 2 = iA ,*) = <A ,,iA ,*> •

T he righ t s id e  is  a lso  zero because o f the condition (2 ) in  Definition
2. 1, and so  w e get

Now we will prove the existence of certain first kind differentials
which have Ar-behavior.
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Theorem 3. 2. L e t  a i * 0  b e  g iv en  co m p lex  n u m b ers . T h en
th e re  e x is t  square in tegrab le  f irst k ind  d if f e ren tials  Ça, (B 5) w hich
have the f ollow ing properties:

( i )  0 a , ( B 5 )  have A r-behavior

— a j  (k = j)

0 (kr/=j)

(iii) T h e  q , ( B i )  are uniquely  determ ined f o r  each J.

P ro o f .  T h e  c y c le s  B j  c a n  b e  re g a rd e d  a s  oriented analytic
Jordan c u rv e s . L e t R  b e  a  re la tive ly  com pact ring domain contain-
in g  a  B j  an d  y  b e  a C2-function o n  R— B , defined a s  follows:

c o  on the le ft s id e  of B
v =

0  on the righ t s ide  o f B j.

Then y  can be extended to W — B , such that it becom es a C2-function
w ith  re la tive ly  co m p act su p p o rt in  W . Denote the extension  by re).
Then deE  A cl(W ) and so  it  c an  bewritten as:

cli-) = Ai+ + Ae.

where

A i+iiliC A „.

N ow  w e set

0.i(B.f) = + i (A * = — Aeo=di)—

It can  b e  seen  fro m  th is  eq u a tio n  th a t çba,(Bi) i s  a  first k ind  d if-
ferential and  h a s  Ar-behavior, since d i,' h a s  com pact support. Also
for any cyc le  r

frçbaj (B 9) =ai (13j x r) - JA.
N ow  i f  w e  t a k e  A ,  in stead  o f  r , then  ( i i )  is  s a t is f ie d . T h e  uni-
queness follows easily from  Theorem  3. 1.

To prove the existence of second and third kind differentials we
need the follow ing lem m a [10].
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Lemma 3. 1. L e t  D  b e  a  re g u larly  im b e d d e d  c o n n e c te d  su b -
re g io n  o f  W  w hose relative boundary  O D  is compact, a n d  V  b e  the
c o m p le m e n t  o f  P .  F o r  an y  c lo se d  C1-dif f erential 6  d e f in e d  on  a
n e ig h b o rh o o d  o f  V , th e  f o llo w in g  tw o  s tatem en ts  are equiv alent :

(i) 61V , th e  re s tric t io n  o f  6  o n to  V , c an  b e  e x te n d e d  as a
closed C'-dif ferential "(.i o n  IV  s u c h  th at  the support o f  "(.1 h as  a  com-
p ac t in te rsec tio n  w ith  P.

(ii) 6 = O.

Theorem 3. 3. Let Oj b e  an an aly tic  s in g u larity  g iv e n  at e ac h
point p j  on  W  ( j=1 ,2 ,  •••, n ) .  C o n sid e r a  d if f e re n t ial  0  w hich  is
e q u a l  t o  01  n e a r 1)1 and the s u m  o f  re s id u e s  o f  0  is  z e ro .  T h e n
th ere  ex is ts  a  d if f e ren tial ç=(1,0 su ch  th at

( i  )  y o  has i1 -behav ior-
(ii) ço is  re g u lar an aly t ic  e x c e p t  at  p j  ( j = 1 ,  2, • • • , n)

(iii) Ço h as  s in g u larity  0, t h a t  is, !O — Ou.,<co f o r  a punctured
neighborhood U1 o f  1 ,1  (j= 1 , 2, • • , n).

T he p roo f can  be carried  o u t  in  th e  sam e m anner a s  Ahlfors-

S a r io  [1], Sh ib a  [ 9 ] ,  i f  w e  use our orthogonal decomposition

A = /1, + + Aeo+

Namely define

z 2, — ,l'eo= + 1:;0* + i0*

Then r  i s  a  com plex harm onic differential w ith singularity 0. C o n -
sequen tly  A ,  71,0 G A. fl A1, s i n c e  r G /11, O  E C1, /11 E  111. I f  w e  set
ço +  i r * )  it is  eas ily  seen  th at ç2 h as the desired properties.

R em ark . W e  c a n  s e e  th a t  th e  differentials constructed above
a re  uniquely determined, i f  w e require that (p should satisfy

TA, Ç2 0( i =  1 ,  2, • • , (J).

N ow  w e show that th is norm alization is alw ays possible.
Indeed, let x 1  be A1-periods of ço such that only a  finite number
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of x 1  a re  different from z e r o .  W e  set

P= g9 +  Esbx,(Bi).

I t is  c le a r  th a t ço, preserves the singularity, and satisfies the normali-
zation:

jA7,— ço+E 0,01)—
Aj I Ai Ai

A s fo r uniqueness we need only Theorem 3. 1.

T he following normalized differentials whose existence is guaran-
teed by T heorem  3 . 3 , an d  th e  h o lo m o rp h ic  (first kind) differentials
q5„1(/35) obtained by Theorem 3 . 2 , w ill play an im portant ro le  in the
proof of the Riemann-Roch theorem.

( I ) ( r e s p .  , ) : d iffe ren tia l w ith  A r-b e h a v io r , regular
a n a ly t ic  e x c e p t  a t  p j  w h e re  it  h a s  s in g u la r ity  dz/zi'
(resp. idz/zi') (n -= 2, 3, • • •)

(II) (resp. : m e r o m o r p h ic  differential w ith  A r -be-
hav io r, w h ich  has residues 1  a t  p1, — 1 a t  q  (resp. i  at
P,, —i a t  q1) a n d  regular elsewhere.

4 .  Dual boundary behaviors.

Definition 4. 1. L e t Ar(k) = A , (A 1,  0 ,  C ) (k= 1 ,  2 )  be tw o be-
havior spaces corresponding to the subspaces A1('), A1(2)C A k s e . W e say
that A2>-behavior a n d  Ar(2) behavior a re  d u al to  e ac h  o th e r if  fo r  all
Ap") E  Ap (1 ), 4 (1 ) E  An (2 )

(Ap(1) 4(2)*) = ( <Ap( A(2)*> = <4") ,i4("*> =

T he follow ing lem m a is a  nice consequence of this definition.

L em m a 4 . 1 .  Suppose that A i, = A, (A1, 0, C) is  a  behav ior w hich
satisf ies the condition :

(i) ( A r , =  O ( <4, i41*> = <4, 41*> = 0)

f o r  a l l  /1„, Ap
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T h e n  Ar-behavior and 215-behavior are dual to  each  o ther.

P ro o f .  Since AT,, is a  behav io r space , w e need  on ly  check the
condition in definition 4. 1. F o r  th is  p u rp o se  take  A,, ,IplE A , then
b y  ( i )  w e get

(Ai,, (Ap1)*) = <4, 22,1*>+i<ilp,iApi*>

= 0 q.e.d.

T h e  fo llow ing  lem m a [2 , 3 ], w i l l  b e  u s e d  in  t h e  proof of
Riemann-Roch theorem . T herefo re w e p rove it in  our terminology.

Lemma 4 .  2 .  Let Apo) and Ap(2) be dual boundary  behav iors to
e ac h  o th e r.  L e t  ço b e  a n  abelian d if f e re n tial (o f  f i rs t  or second
k in d )  w ith  Apo)-behavior and 0  an y  abelian d if f e re n tial w ith  A 2 -
b e h av io r. Let W , be  the p lanar surface obtained f rom  W  by  cutting
along A3 and B3 cycles. Then,

(i) th e re  e x is ts  a single v alu e d  meromorphic f unc tion  f  on
W , su ch  th at df=cp,

(ii) 2ni E Res f0 i t !  TB4O — 137 TA JO) •

P ro o f .  ( i )  is obvious by assum ptions. T o prove ( i i )  we apply
L em m a 1 . 1  to  th e  reg io n  ,Qo obtained  from  a  sufficiciently large
canonical region 12 b y  ta k in g  off m utually d isjo in t parametric disks
about the singularities of ço and 0. W e m ay  suppose that 2 flD  forms
a  canonical homology basis of D. m odu lo  S2 then

2ni E Res f0 = — .1; ( tiço TB JO — fBicp TA JO) +  faif0

By assumption we know that ep _= Apcn Aeo, 0.= Apo) + A  near the ideal
boundary, in  particu lar near OS2. B y  u se  o f  Lem m a 1. 1, and  from
the definitions o f A , and its dual behavior w e  can write

— (A,°), Ap(25*) + E( Ap°) f Apo) — Apo) is Apo) +. CD
2 Si2 1 . , B i .731 /

= ( A 2 ( ' ) ,  2(2)*) Si + Es2—>0 (2—> W).
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T hus w e get the desired result.

5 .  The Riemann-Roch Theorem.

L et 6=6„/O , b e a  finite divisor o n  W , w h ere  Op= P P ' •  •  • P r m r

and (30=q,'.q,1'2.— e .  are d isjo int in teg ra l d iv iso rs . L e t A po) and A„(2)
be dual boundary behaviors. W e consider th e  fo llow ing se ts  which
evidently form  linear spaces over R :

S (4 1 ,( ') ;1 1 6 )={ f : ( i )  single valued meromorphic function on W,
( i i )  h as A '> -b eh av io r, (iii) is  m ultip le of of 1/0

M(A p('); 1/a,) = ( i )  i s  a  multi-valued meromorphic function
o n  W . ( i i )  h as  A 1 -b eh av io r , ( iii)  is  a multiple of 1/62, (iv) periods
of d f  a re  normalized, i.e., ÇA j  df  =0}

D(A „(2); ô) = { a : ( i )  a m erom orphic differential o n  W , ( i i )  has
4 ,2 -b eh av io r , ( iii)  is  a m ultip le of 6}

E (4)(2); 1/60 = : ( i )  a m erom orphic d ifferential o n  W , ( i i )
h as  A P -b eh av io r , ( iii)  is  a multiple of 1/601
In  th e  case  that 6 0 * 1  w e id en tify  th e  elements f „  f ,  o f M  if and
only if f ,— f ,= constant.

T he following well-known algebraic lemma should be provided.

Lemma 5 .  1 .  L e t X  a n d  Y  b e  tw o  lin ear sp aces  o v er a  f ield
K , and consider a  biliner f o rm  (x , y )  d e f in e d  o v e r X x Y . D e n o te
the le f t  k e rn e l b y  X 0  and  the  righ t k erne l by  Y -0 . If the quotient
s p ac e  X /X 0  is  f in ite  d im e n s io n al, th e n  th e re  is  a n  isomorphism

Theorem 5 .  1 .  (R iem ann-R och). Suppose that A 9(1)-and A 1 , 2 -

behav iors are  d u al  to  e ac h  o th e r.  L e t (3-=(3„/6, b e  a f inite  div isor
on  W , w here O p and 6 , are disjoint in teg ral d iv iso rs . T h en

dim S(Apo) ;1 / ti) = 2 [deg 6, + 1 — min (deg 60, 1)]

— [dim E (A 2); 1/(70) /D(A1,(2); O')].

P ro o f .  W e fo llow  essen tia lly  th e  p ro o f o f K u su n o k i [2 ]. W e
define a  function h p ( f , a )  on M x E  by

h ,,(f , a) ---- Re (E Res. f a )  f o r  f  M ,  a E E.
2,5
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Since a  is  regu lar a t each  p j ,  additive constants of f  have no effect
on the residues of f a  at each  p i .  Therefore hp ( f  , a ) is well-defined.
Then by Lem m a 4 . 2  w e can w rite

( f  , a) —  1d f  f  a ] — Re [LI Res. fa ]
27r 1 = 1  I 3 i A i k qk

since d f  is norm alized , i.e., ÇA, df  = 0. Thus, if f  belongs to the left-
k e rn e l o f  hp(f  , a ), i.e ., 0= hp (f , a )  fo r  ev ery  a  E E , then  w e get
Im df  = 0 ,  Re JBk df  = 0  b y  ta k in g  a=0 , (B k ) a n d  a -=- 0 i(B k )  re-
sp ective ly . T h us J74 df  = 0 .  Therefore f  is single-valued on the whole
W , since by assum ption w e already know  that A , d f=  O. I f  ô  i s  an
in tegra l d iv iso r, th en  6 -=- 6,, an d  so fG  S .  If is non-integral, then
we take a —=- 0 Z ,k .  It can be seen that Im f (q1) =Im  f  (qk ) and R e f  (q1)
=Re f  (q ,)  (h  =1 , 2, s) . Thus f  — f  (q ,)  has zeros at q k (2 <k <s).
M oreover, if  w e  tak e  çog,)„ and asas a  (1 <k <s , 2 <v <n k )  it follows
that f  — f  (q ,)  h as a t least n ,  zeros at qk. B y  the equivalent relation
in  M  w e get f  E  S. C onversely, it is obvious that th e  left-kernel of
hp contains S .  I n  a  sim ilar w ay w e can see that D  is the right-kernel
o f  h p .  Indeed, since f a  is  re g u la r  a n a ly t ic  a t  e a c h  p j  fo r fE211,
a  D , then D  is contained in the righ t-kern e l. T h e converse is proved
by taking the in tegra ls j g . ;  and M ,1 ;  as f  ( l<  j< r,  2 < p < m i  + 1 )  .
T o  ge t th e  f in a l re su lt  w e  m ust se e  th a t M  i s  a  finite-dimensional
s p a c e . For 6 , * 1  the  following integrals span M ;

l <  j < r
and

2 < it < m i + 1

I f  a, =  1 , th e  above in tegrals and 1 , i  m ake a  b a s is  o f  M .  So we
find that

2 m i -F2= 2 deg di, +  2  (6 = 1)
=1

dim M =
2 >...] m i = 2 deg On (à'q i.)

=-1

So in  an y  case w e  have dim M  = 2 [deg + 1— min (deg a , , 1 ) ] .  Then
we can apply Lem m a 5. 1. q.e.d.

If th e  genus o f  W  is finite, Theorem  5 . 1  reduces to the follow-
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ing rather classical form :

C o ro lla ry  5. 1. I f  A '-an d  A p (2 ) -b e h av io rs  a re  d u a l  to  e ac h

o ther, then  f o r  an y  f in ite  d iv iso r on  W

dim S— dim D = 2 ( d e g  — y + 1) .

P r o o f .  W e can  find  a  basis fo r  E :
(a) i f  6 , = 1  ( g ;  (B1) , (135)}9j=, span E ,  w here a 5, b5 E R.

(b) if  6 q * 1  {g; (13  , g ),(B  .1) , V42,q„ Te(12,?q,}
sp an  E  p ro v ided  th at i n  b o th  c a s e s  w e ch o o se  a ;  and b 5  a s  i n

Theorem 2. 1, then

2 g  ( 6 1 =  1)

dim E=8

2 [g  + E (n, — 1) + s — 1] ( 6 , * 1 )  .
k=1

S o ,  dim E = 2 [g — min (deg Oa, 1) + deg 6 , ]  a n d  t h e  re su lt eas ily  fo l-
lows from  Theorem  5. 1.

6 .  G eneralization.

D ivide th e  se t  o f  p o s it iv e  in tegers {1, 2, • • • , g }  in to  tw o  disjoint

se ts  .11, J21 a n d  le t  IL51 b e a  s e t  o f  straight lines 1,5 ( j E  JO passing
through th e  origin  z = O.

D efinition 6 . 1 . A  lin ear subspace A , = A, (J,, J,)  o f  A h „ is
called  a  behavior space if

(1) there ex ists a  closed subspace A, o f  A hs, such that

A ,DA 1+iA ,1*

w here A 11 i s  the  o rthogona l complement o f  A, in  Ah

(2) <4, = 0 f o r  each A E A,

(3) A2E L 5  if  je  J „  a n d  f  4 =  0 if  j E
Bi

W e can sim ilarly form ulate the  R iem ann-R och theorem  in  terms
o f  such  behav io r spaces. A s  a  sp ec ia l c a s e  w here J2 = 95, w e  have
Sh ib a 's  resu lt [9 ] ,  a n d  o u r  re su lt  is  th e  c a s e  J1= O. G iv e n  L 5 we
can prove that a  behavior space A, actually exists.
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