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O . In trod u ction

Consider a  follow ing linear autonomuos system in  122:

(0 4 ) d X (t)
 B  X ( t ) ,

dt

w h ere  B  i s  a  2  X  2  constant m a tr ix . I f  sm all linear "white noise

typ e " perturbations .act o n  th e  system  (0 .1 ) ,  w e  h a v e  a  stochastic

system:

(0 .2 ) c / X 6 (t )= B  • X ' (t)dt s {C • X ' (t)dBi(t) +D • Xe (t)dB2(t)}

where C  an d  D  a re  2  X  2  constant matrices and B i ( t )  ( i= 1 , 2 ) are

independent o n e  dimensional Brownian m otion s . O u r interest is to

study relations between properties') of the singular point {x = 0 } of the

system (0 -1 ) and of the system (0 .2 ) fo r  sufficiently small e.
W ith  respect o  radial parts, the relations are known, i.e., i f  th e

o rig in  is  n o t  a  c e n te r f o r th e  s y s te m  (0 -1 ), then

(0.3) lim limi X6 = limi X (t) a.s.,
t—o.o t—■oo

but i f  t h e  o rig in  is  a  c e n te r, th e n  t h e  e q u ality  (0 .3 )  i s  n o t  n e ce s -
s a r i l y  v a l i d .  Therefore, our purpose in  this paper comes to establish
such relations between a n  angular part 0 ( t )  o f  X ( t )  an d  th e  other
one 05(t) o f  XE(t).

1) Many books, for example, Coddington and Levinson [1], discuss properties of the
origin for the system (0.1).
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In  case  that T. (0 )  (s ee  th e  equality (0 .8 ) )  does not vanish, our

results (Theorems 1  through 3 ) coincide with a  slight modification of
N e v e rs o n  [7 ] However, in  c a se  that 31i (0) may vanish, t h e  circum-
tances a re  different. In  order to prove our results, we essentially need

th a t t h e  system  (0 .2 )  is  l in e a r  a n d  th a t t h e  state space is tw o

dimensional, because we know all asymptotic behaviours of 0 '( t ) ,  which

we studied i n  [8 ] ,  o n ly  f o r  that case It should be remarked that

Friedman a n d  Pinsky [ 2 ]  also studied th e  asymptotic behav ours of
0 e ( t)  and  some o f our results may be covered by theirs. B u t they are
not interested in  th e  lim iting property of th e  system (0 .2 ) as

F o r simplicity, we may assum e that D-=--0 in  th e  system (0-2):

(0 .2 ') dXE (t) B • X ' ( t )  d t  EC • XE (t) c1B, (t).

In  fac t, a ll cases  w hich  a r is e  •n th e  system  (0 .2 )  a lso  arise  in  th e
system ( 0 . 2 ' ) .  Making use o f a  s im p le  calculation and  Ito's formula,
w e  have

(0 . 4) d0 (t) _  B (0  (0) ,
dt

(0-5) d0E (t) = (Os (t)) dt + ET (0 (t))dr3 (t) ,

where 1-3 ( t )  is  a  new  one dimensional Brownian motion,

(0 . 6) 0' (0) 0 ,(0 ) + (0) ,

(0.7)
f OB (0) = — (B • e (0), e* (0))
10c (0) =  ( A (e (0) • e (0), e* (0)) ,

and

(0.8) P ( 0 )  =  (A  (e (0)) •  e* (0) e* (0)) ,

in which

2

(A  (x) ) E ci x m ci„x „

e (0) = (cos O, sin0), a n d  e* (0) = (sin O, — cos O). N o t e  that 0, (0 + 7)
= V ( 0 )  and  V2(0+7) =-F2 (0) .

"  c i i  is an  ( i , j )  element of a  matrix C ,  and so on.
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L et H  b e  a  re a l c o n s ta n t re g u la r  m a tr ix . I f  Y = H •X , then the
system  ( 0 .1 )  is transformed into

dY ( t )  
—  (H•B•11-1) • Y(t),

d t

w h e re  th e  tra n s fo rm e d  m a tr ix  (H  B  H - ')  is o n e  o f  th e  following
canonical forms

( 1 )  I b, b2 \ b , 0, ( I I )  ( b ,  0 b,±b2,
b ,)0  1 3 2 )

( I I I )  (1,, 0 \  b2>0, ( I V )  ( I )  0\.

b2 bl)0  b)

T h u s, w e  m ay  assume th a t the  m atrix  B  is  o n e  of the canonical forms
( I )  th ro ugh  ( I V ) .  F o r  th e  system  ( 0 .1 ) ,  th e  o r ig in  is  a  c e n te r or
a  s p iral Po in t, if  th e  m atrix  B  i s  (I). I t  i s  an  im p ro p e r n o d e  or a
sad d le  p o in t, if  B  i s  (II). I f  B  i s  (I I I ) , i t  is  an im proper node , and
if  B  i s  ( I V ) ,  i t  i s  a  p ro p e r n o d e  (see Coddington and Levinson [1 ]).

1. A. center a n d  a  spiarl point.

I f  the m atrix  B  i s  ( I ) ,  th en  it  fo llo w s fro m  th e  e q u a lity  (0 .4 )
th a t 0(t)  =0 (0) —  b2t. A s  fo r  the behaviour of 02 (t) , w e  have:

Theorem  1. I f  t h e  m a t rix  B  i s  ( I ) ,  t h e n  i t  h o ld s  t h a t ,  f o r
an y  0>0,

li m P, (t) + b2 = 1 ,

   

w h e re  0 ,  is  arb i t rary .

P r o o f .  Note th a t  th e r e  e x is t s  a  co n stan t K  su c h  th a t  10c(0)
+b,1<s2K and gf2(0) < K .  T hen , in teg ra tin g  th e  e q u a lity  (0 .5 ), we
have

1—
t  

(06 (t) — 06 (0)) + b2 < e2K + K—t- 1.13 (t) —  13-  (0)1.

  

B y  v ir tu e  o f th e  la w  o f  ite ra ted  logarithm , the theorem  is obtained.
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2 .  A n  improper node an d  a  saddle point.

In  ca se  that th e  matrix B  is  ( I I ) ,  t h e  system  ( 0 . 4 )  has two

stable equilibrium points (say  a, and a1+7r) and two unstable

equilibrium points (say 0 ,  and9 2 / 3 1 +7r), i.e.,

a, 82 -- n<0 (0) <8,

8i 0 (0)
lim 0 (t)
t—. a2

02 fi0(<0)0=(08)2<82

N ote  that either a1=0 and 01=7/12 o r  a1= 7r/2 and 3, it.

Theorem 2 .  I f  th e  m a trix  B  i s  ( I I ) ,  th e n  i t  h o ld s  th a t ,  fo r
an y  6>0 , and 00*81, 82,

(2 .1 ) Ern lim P00{02 (t)EUa(cei)
 

Or (a2) } =1

w h e re  U , (  )  is  6 -ne ighbourhood  o f  a,.

In  order to  prove the theorem, we prepare th e  following lemma,

which is a  modification of N ev erso n  [7 ].

Lemma 1. L e t  f e (s )= f0 (x )  + s h (x ) .  F o r  e a c h  E> 0 ,  there
e x is ts  a point aec (a, b ) su ch  th at m a x „ x t , f e ( x ) = f , ( a , ) ,  and k+1-th
d e riv at iv e  o f  f 2  (x )  e x is ts  in  a  neighbourhood o f  a, f o r s o m e  k>0
in d e p e n d e n t o f  a. L e t  g ( x )  b e  c o n t in u o u s  at  ao a n d  Pag(x)exp
x {(1/ e)f,(x ) /  ds converge for s o m e  a .  T h e n  as

f :  ( x ) e x p  {i f &  (X )  dx — exP {a/Of& (a 6 )}  T ( (1/k)) g (ae) 
e k ( ( I M )h / ' ( — ( f8  (a8) /k!)2'

x (2 + o ( e 10)),

w h e r e  ( p )  i s  th e  G am m a f u n c tio n .

l'roof of theorem 2 .  In  the following proof, we assume that a,
= 0  and 3, =1-7r, without losing generality. As for the existence and a

representation of an invariant measure density which appears in  this and

later proofs, see [8].
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C ase  1 ,  P(0 )  > 0 .  There exists an invariant measure i t '  (d 0 )  such

that fo r  arbitrary 00

(2 .2 ) lim P 00{ 0' (t) E }  / 1 6  ( • )

(2 . 3) ( d 0 )  —  V i 6 (0) + v2E (13) dot t '  

f 02- ( v ie  (0 ) + y26 (0) ) do
.S pi, (0) f W6 (0, (P)d(/) 

e2T2 (0) W  (0, 0)
(2 . 4)

V2
 (0) _  f  We (0, 0)c/0 

e lf ' (0) W  (27-c, 0 ) '

in  which (and la te r  on ) w e  set

1 r 206 (0)  dol.W8 (û1,(e„  0 2 ) exP J 02 (Ø T 2  (0)

L e t a,' ( i= 1 ,  2 )  be stable equilibrium points and 3 i e  be unstable

equilibrium points of the dynamical system

(2 .5 ) dû (t)( 0  (0)
d t

It  is  c le a r  th a t cr2s —a 1  + 7r a n d  82e =4916 + 77 and that lime-0

and lim e, j9
I f  we apply Lemma 1  to  v ie(0) in  the same way as N everson  [7 ]

did, then we have

J
(,16(0)+,28(0)).c/8 =- o(

[0,2r) \E,u,(cw)

from which it follows that

E i U8 (a1)
(v i6 ( 0)  + v26 (0 ) )  de)),

li M  116 (Ug  ( 0 )  + U g (70) =1
6 , 0

I f  T. (0 )  vanishes, t h e n  it does, at most, at four points in  [0, 27r),
s a y  0< rir2_7 -3 ( = n  + 7) -< 3-4  ( T2 + 70 <27r. N o t e  t h a t  ri's are

independent of E.

C a s e  2, r i * 0  ( i=1 , 2). T h e re  e x is ts  an  in varian t measure
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density 1, (6 ), which includes a  neighbourhood o f  0  a n d  on e  o f 7r in
its  support. Suppose that 0<r1<h<17r, then

f147' (ri, 0)4  
e2r2 (0) w e (ri, 0)

(2-6) V (0) f °.2 w  (r2 , 0)d0 
er2(0) W  (r2, 0)
C0 (0 — yr)

r2_0<r,+yr

ri +7r_e<ri + 2n.

We estimate f02' V (0) dO. F or any d>0,

JO
2 at

V (0) d0 f  V (0) d0 +
L 'iU ,(a ie )

V  (0) d0

v6 (0) dO .
CO, 2 7 .7 )\ (n i l lg a ie )+  L'itre(rs))

Since it holds that 0  (ri) <0 uniform ly w ith respect t o  a, it fo llows

from  the equality (2 .6 ) that

V (0) d O <M  ,
E illa(rD

where Al is  a constant independent o f  E. By Lemma 1, w e  have

and

EfUo2cri9

V  (0) d0 — 2A,' A28 (2 + o (a ))
(a16) Ws ( 8 2 6 ,  ale + 27r)

f (0) d0 o (  f  V  ( 0 )  d O )  ,
[0,21r) \ (Eil 1 8(a +  i Ud(ri)) Eitra(ccie)

where

A 1 6  - rY1 ( - Y1  [  21 (

-A 2 6 - 4 E ( 12 )[1 2 (

206 (0)V1 - 1 / 2
T2 (0) } 0- 8

205 (0)V1 - 1 / 2
T2 (0)

Thus, as

f( 0 )  d O  
[0.2n)V (0) d0

(2 .7 )
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which proves the theorem, because

I V (0)c/0 (2.8) lim P90{08 (t) E -
f[o.2,0V (60d0

For the other rt, we can prove the theorem in the same manner as the

above.

C ase 3. r, = 0. I n  this ease, 0  and T r are natural boundary points,

because it follows, from the assumption that r, =0 , that cs, = 0 , which

proves that D8(0) = 0 .  I f  r,*7-2, then it is easy to see that

(2 . 9)

k ,  <  208 (0)  <ks
0  —  T 2 (0 ) —  0

ks <  208(0) <k4
0  —  1 r (0 ) —  0

w here 6  and ki are positive constants independent o f  E. F rom  the

inequality (2-9), we see that

( 0  r l ' 22 <1178 (01 , 02)
<  ( 02k2/82 0,, OsE (0, a]

— 0,)

\o

<I, v, (03,
03 —

0 0 < (
—

04 " 2

03)
03, 04 E  [  -  6, 0) ,

which proves that 0 and 7  are attrac tin g  (see [ 8 ] ) .  Hence, we obtain
that

Poo { im 08(1) = 0  o r 7} = 1 (4, 1-7r, I
t —roo

I f  n =-12, then we can prove in  a  similar way.

R em ark . I f  j 9  (i= 1 , 2 ) are not natural boundary points, then
th e  equality (2 .1 ) is  v a lid  fo r  00=31, 32. B u t, if th ey  a re  natural
boundary points, then

P5 1  { 0 ( t)  =3, }  —1 .

3 .  An improper node.

Since ØB(0) =b2 cos' 0 in case that the matrix B is  (I I I ),  th e  system
(0 .4 ) has only two stab e equilibrium points and -a7r, i.e.,

1—roo

OE [0, 6]

OE[— a,0]
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lim 0 (t)
t—

= p
3

— 0 (0) <in
ig < 0  ( 0 )  _437z.

Theorem  3 .  I f  t h e  m a t rix  B  i s  ( I I I ) ,  th e n  it  h o ld s  th at , f o r
an y  6 > 0  an d  an y  00,

(3 .1 ) lim lim P  oo{ oe (t)(U ,(17 r) or U 0  ( r ) } .
t—o.

I n  o r d e r  t o  p r o v e  t h e  th e o re m , w e  n e e d  t h e  lem m a d u e  to
N everso n  [7 ]:

Lem m a 2. (N e v e r s o n )  L e t f ( x )  b e  a  non-negativ e  increasing
f u n c t io n  i n  som e neighbourhood of  x = a  s u c h  th at  th e  o rd e r o f  the
f irs t  n o n -v an ish in g  d e riv ativ e  o f  f ( x )  a t  a  i s  k > 1  ( w i th  k  odd).

M o r e o v e r ,  f
(k+D ( x )  e x is ts  in  the  neighbourhood of  x = a ,  an d  g ( t t ,  x )

b e  c o n tin u o u s  at (a, a ) .  T h e n ,  f o r  su f f ic ien tly  sm all a > 0 ,  it  h o ld s
th at

a+5 dx f +0 du g (u, x)exP ( f ( u )  —f (x)>}
f 2-0 s

f (k) (a)\ -2/k
= g (a, a)  

ek ! )
A k  (1 +  0  ( & / k ) )

a s  e—>13. w here

A k  f ' s  dp dq exp{pk — (p+ q)k}.

P ro o f o f Theorem  3. W e  d iscuss th e  p ro o f f o r  ea ch  ty p e  of

th e  m atrix C.

C ase  1 . O c(7 r )  > O . N o te  that 00 (0) > 0  for any 0. If ( 0 )  does

not van ish , then  there exists an  in varian t measure ,//' (do), written by

th e  equalities ( 2 - 3 )  and (2 • 4). A p p ly in g  L e m m a  I  to  th e  equality

( 2 .4 ) ,  w e  have

1 ,6 (0) + v 26 (0) — (1+ 0 (0 )
08 (0)

from  w h ich  w e ob ta in  th e  equality  (3 • 1), using the  eua lity  (2 .3 ) and
that
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. 2) O' (in ) -->0 as

I f  31i (0) vanishes, then ri * I lz -  ( i= 1 , 2 ). Actually, i f  ri (i=1 , or

2), th en  it fo llow s th a t c12=0, which is equ ivalent that O c(ln) =0.

Thus in case that T. (0 )  vanishes, Oe ( t )  has an invariant measure density

(0 ) such that

 

TIT' (vi, 0)4  
(0) V V (vi, 0)

.1.'02'147E(72, 0)ds5 
2q'2 (0) W 6 ( 2 ,

 0)

v ' (0 —70

 

(3 . 3) ve (0) = 1.2<or, +

n+ 7r.<0._y 1+ 27r

 

with some ih's. Applying Lemma 1 to  the equality (3 -3 ), we see

v5 (0) — ( 1 + o  ( 0 ) 0 E t U8 (T )
06 (e)

e  177] (y),

which proves the equality (3.1).

C ase 2. Oc (- r) = 0  an d  Oc' ( j -rc.) > 0 .  In  this case, there are two

stable equilibrium  points a  a n d  two unstable equ ilibrium  points
(2 i-1 / 2 )n  (i= 1 , 2 ) fo r  th e  dynamical system (2 .5 ) .  It is easy to

see that

—  1(3 . 4)r as
2

If ( 0 )  does not vanish, then 06(t) h a s  an inveraiant measure density,

w ritten  by  th e  equations (2 -3 ) and  ( 2 . 4 ) .  W e estim ate f ri ,(0 )c /0
(i=1, 2). F o r  a n y  a > 0 ,  th ere  ex ists  som e e  such  that a ie  U5
x ( (2i-1/2)n), and

f2 2 r

p i

6 

(0) dO f  v i e  (0 )d 0  + f  (0 )d 0  ,0 1,

where 'l 2n-) \ E i U 6 ( ( 2 i- 1 /2 ) n )  and 12— E1 U 5((2 i-1/ 2 ) n) . Ap-
plying Lemma 1 to  the equality (2 .4 ), w e  have

f  f  (0 )c1 0  —  f   1   (1+ .9 ( 0) dO
,, 206 (0)

(0)



{ A i' —  _  T ( )  
A25 — ((20' (0 ) /1112 (6) ) ) ,0-(1/2),,

r ( ) 
(3 . 6)

((20° (0) / 1 2 (0 ) ) ) „
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2e-113 W E 6(3.5) 1 I f, Pi' (0) dû —

W ( a l e ,  A1 A26 + 0 (2/3))(an

1
2 g  

1)26 (0) dO = o (s2)

in  which

Th is  an d  th e  equality (2 .4 ) prove th e  equality (3.1).
I f  T. (0 ) vanishes an d  if  ri* ln , then it is not difficu lt to obtain

th e  equality (3 .1 ) in th e  sa m e  w a y  a s  in  C a s e  2  o f  t h e  p roo f of
Theorem  2. However, if r ir f o r  some i  (it does not a r is e  that Ti

=2"="47 b y  v ir tu e  o f  t h e  assumption that ara(-1-70 >0), th en  the
circumstance is different. We cannot state i f  a  natural boundary point
- in  is  repelling!' I f  it is  repe llin g , th en  there  ex ists  an  invarian t
measure density 1,(0), given by

1 1n<o< —7r2 ( )
 W E (e, 0)IT 2

v6 (0) = v& (0 —n) 3r3<0<-7r

0

2

otherwise,

w h e re  w e  assu m e  th a t r2= in , without losing generality, and Ç  is

some point in (ri, 170. Estimating f02°  (0) dO in  the same way as in the
equality (3 .5 ), we obtain

(3.7)

Sy ' (0) d0 — (1 -  o ( 0 )2 

08 (in' — 6 ) W 6  irc —

12

w h e r e  A , ' i s  g iv e n  b y  t h e  e q u a lity  ( 3 . 6 ) .  I t  f o l lo w s  f r o m  the

eq u a lity  (3 .7 ) that

f  (0)d()__
f(2 5 -1 / 2 )7 r  

-5V6 (0) dO — 2 ( 1 - o 21) „_
r  (a!) W° (e,

"  See [8].
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f  ( 0 )  d 0  = o ( (0)d0)
1, 1,

which proves the equ a lity  (3 .1 ) by  v irtu e o f th e  equation ( 2 - 8 ) .  I f

is attracting, then the equation ( 3 .1 )  is  clear.

C a se 3 . O c (n )  = 0  and Oc.' ( in ) = 0 .  It holds that

10' (0) >0 0 * I - n-,
10s (0) = 0 0= jir, fir,

fo r  sufficiently small e. Thus, it is not difficult to obtain the equality

( 3 .1 )  making use o f Lemma 2  in case that T. (0 )  does not vanish, or

th a t T(6) vanishes at 0  I  (2 i- 1 / 2 )7 r  (i =1, 2 ) .  But, if T. (0 ) vanishes

at 0=  (2i - 1/2)n-, th en  w e  see , b y  ca lcu la tin g  W , th a t r+ 0  o r  irc
— 0 is attracting. T h e  equality ( 3 .1 )  is obtained.

C a se 4. Oa(-.1-7r) =0 and Oci (47) < O .  F o r  th e  dynamical system

( 2 . 5 ) ,  there a re  tw o  stable equilibrium points (2i — 1/2)7r and two

unstable equilibrium points 8 i '  (i = 1 , 2 )  such that

2 i —1
r as a—A

2

Thus, there is little different in  proving th e  equality  ( 3 . 1 )  between

Case 2  and Case 4.

C a s e  5 .  O c(ir) < O .  In  this case, the dynamical system (2.5)
has two stable equilibrium points a i '  and two unstable equilibrium

points 13i€ (i = 1 , 2 )  such that

81,2i —17ra1 
2

as e -->0

2i —  1
7r a s  s —› 0 .

2

I f  / i (0 )  does not van ish , th en  there  ex ists  an  in varian t measure
,tee (d0), written by the equalities (2 .3 )  and ( 2 . 4 ) .  Estimating f 02"ve (0) d0
according to the same procedure as in Case 2 ,  we obtain the equality
(3 .1). I f  T. (0 )  vanishes, then ri ( i = 1 ,  2 )  by  v irtu e  o f  th e  as-

sumption that O c ( in )  < 0 . Thus, an invariant measure density, given

(3 .8 )
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b y  the equality (3  .3 ) , exists. F o r  any d > 0 ,  there exists som e e > 0
su ch  th a t ce ie G U ( ( 2 i - 1 / 2 )  7t) and E U 6 ( (2 i  —  1/2) 7r). L e t  J,
= Ei U g ( r i ) ,  J , = E ,  U 0( (2i -1/2)7r), and J, [0, 27r] \ J A J , .  Estimat-

ing 502i/ (0)d0d 0  in  th e  same manner a s  in  C a se  2  o f  t h e  p roo f of

Theorem 2 , we see

f  ( 0 )  d B  M
J,

Pie
21316,828V (d)c/O__ E vs (0)ci0 — (1 + o (s))ai. T l (a15) TV (a16, 8 )J,

f  vs (0) dO —
J,

L)  (1 + o (e)) d0 ,
(1)

(3 .9 )  e

where M  is  a constant independent o f  s , and

/ 3 !  / - ( 1  J(2d)6(°)V1 - 1
2 ) L gf2 (0 )  I 0=8,'J

B 2 6  =  F  ( 1 ) [ ( 2 ° 6 ( e ) ) 12 T 2 ( 0 )  0=,,,c

T h e  equality  ( 3 . 9 )  proves th e  equ a lity  ( 3 . 1 )  b y  v e r tu r e  of the

equalities ( 2 .8 )  and (3 .8 ) .

4 .  A  proper node.

I f  th e  matrix B  is  (IV ), th en  it is  c lear tha t 0(t) = 0 ( 0 )  for the

system (0 . 4). However, there is a  counter exam ple such  tha t f o r
some S > 0  a n d  some 00

(4 .1) lim Poo { l i m  (t)EU6 (lim 0 ( t ) ) 1  = 0 .

E x a m p le .  L e t th e  matrix C  be such that

(0 c!))c1
 C  c l< c 2  •

Then, we can solve the stochastic differential equation (0 . 2') :

(4 .2 )  x ,0  (t) =xiE (0) exp { (b + ei (B, (t) —  B, (0) )1 ( i= 1, 2).

Applying the law of iterated logarithm  to the solution ( 4 .2 ) ,  we see
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that for xie (0) *0

• x( t )  0lim
t—  x 1 8  ( t)

a.s. .

Thus, for any s> 0

Pe° 06( t)  =0  o r  7r} =1 00* 0 ,  7r ,

from which the equality (4.1) holds.

From the above-obtained relations between the systems (0.1) and
(0 . 2) , we have the following remark:

R em ark . I f  t h e  o rg in  i s  a  sp ira l p o in t , a n  im proper node ,
o r  a  p a d d le  p o in t  in  th e  s y s te m  ( 0 - 1 ) ,  t h e n  th e  s y s te m  (0.2),
p re s e rv e s  th e  p ro p e rty  o f  t h e  o rig in  i n  t h e  s y s te m  ( 0 .1 )  w ith
p ro b ab il i ty  arb i t rari ly  close t o  on e , fo r s u f f ic ie n t ly  s m all  e .  But,

i f  th e  o rig in  is  a  c e n te r or a p ro p er n o d e  in  th e  sy s te m  (0  .1 ), then
it  is  n o t  n e c e s s ari ty  t ru e  in  th e  sy s te m  (0 .2).
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