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The Veronesean subrings of
Gorenstein rings
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L et k  b e  a  f ie ld  a n d  R = o R , „  b e  a N oetherian  graded  ring
w ith  R o =k  and suppose th a t R  is  g en era ted  b y  R ,  as a k-algebra.
F o r  d > 0  w e define R = 0 0 R „ d  and call it the Veronesean subring
of R  of order d .  N ote that R (d ) i s  M acau lay if R  i s  M acaulay (cf.
P ro p o sitio n  1 2  o f M . H o ch ste r an d  J .  A .  E a g o n  [ 3 ] ) .  W e  put
H  (n, R ) = [R „: k ] (n O) , and t (R) =- max {27. 0 such that R „*  (0 )}  if
R  is  A r t in ia n . T h e purpose of th is note is to  g ive

Theorem 1. L e t  R  b e  G orenstein a n d  {X 1, X 2, • • , X ,.}  b e  a
h om o geneo us sy stem  o f  p aram e te rs  o f  R  ( r  = d im  R > 0 ) . T hen
f o r  d >0 , R o > i s  Gorenstein ( 1 ,  R )  = 1  o r  t (R /  (X i, X2, • • • , X r))

deg X , mod d.
and to  show sim ilar resu lts in  ca se  R  is Artinian.*)

1 .  The case where R  is Artinian.

I n  th is  section R  is  a ssu m ed  to  b e  A rtin ian . W e  d en o te  the
k-dimension of the socle of R  by r (R )  and put t = t(R ).

Lemma 1 .  H (s , R )  =1  (s>0 ) H (n , R ) <1  f o r  e v e ry  n . s .

P ro o f .  It suffices to prove that H  (s + 1 , R ) <1. Since R, -=
and  H (s, R ) = 1 ,  w e  h av e  R ,= x R ,_ , fo r  som e x  E R ,. H e n c e  RH.,
= R ,(R ,_,x ) = R ax  and th is im plies that H (s + 1, R ) <1. QED.

T h e  referee showed to the author that our theorems give a generalization to some
results o f T . Matsuoka [4]. H e  proved Th. 1 in case R  is a polynomial ring.
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C o ro lla ry  1. Suppose th a t R  is  G orenstein and  H(1, R )>2 .
Then H (s, R ) =1  (# , s= t.

Proof. R , coincides w ith the socle of R  and hence H (t, R )
=1. Assum e th a t s < t .  T hen  it fo llow s from  L em m a 1 that
H (t —1, R ) = 1. I f  w e define  R* = Hom, (R , k ) , then R *  becomes a
graded  R-module w ith  {Hom,(R_„, k) }nez a s  its  g rad in g  (H ere  w e
understand R „= (0 ) for n <0 .). Since R  is Gorenstein, it is known that
R R *  ( —  t) a s  graded R-modules (H ere R* ( —  t) denotes the graded
R-module whose underlying R-module i s  th e  same a s  th at o f  R *  and
w hose grad ing  is  g iven  by [R* (— 0 ]  = [R * ].. , .)  by Ch. 4 of S. Goto
and K . W atanabe [2]. Therefore H (n , R ) =H (t — n, R ) fo r  n—  0,1,
•• • , t. T h u s  w e  h ave  H(1, R ) = H(t — 1, R ) = 1 an d  this contradicts
the hypothesis o f Corollary. QED.

R e m a rk  1. T h is  i s  in c o rre c t if  R  is  n o t  Gorenstein. For
exam ple, l e t  k  b e  a  f ie ld  a n d  R = k [X , Y ]/ (X ', X Y , Y 8+1) (s_2 ).

Then t (R) s  and H(1, R) = 2. B u t  H (n , R) =1  f o r  ev e ry  n = 2 , 3,

•, s. Hence the assertion of Corollary does not hold fo r  s > 2 .  In
th is  c a se  th e  so c le  o f  R  i s  (x , y 3) an d  r (R ) = 2  (H ere  x = X  mod
(X ' ,X Y , Y8+1) and sim ilarly  f o r  y . ) .  M oreover th e  c a se  s = 2  shows
that the converse of C oro llary is not true.

L e m m a  2. R ,  co in c id es  w ith  th e  s o c le  o f  R  ( )  0 :  Rd

=  l i n + d t - F 1  R n  f o r  every d >0 .

Proof. P u t  d =1. W e  h a v e  o n ly  to  p ro v e  0 :  Rd

D E n + d t -1 -1 R .  A s s u m e  th e  contrary a n d  le t  x  b e  a  homogeneous
elem ent o f  0 : R d  su ch  th a t x 0 ni-ci t-I-1 R „ .  T h e n  0<e<t +1—  d
w here e = deg x .  I f  we choose x  fo r which d + e  is sm allest am ong
th e  countre exam ples, then  x R d ,± (0). S in ce  xRd_ICO: 121, this
im p lie s  th a t  (0) *xR d _iC Rt. H en ce  e +  (d -1 )  = t. T h is  i s  the
required contradiction. QED.

Proposition. L e t  R  b e  G o re n s t e in  a n d  0 < d  < t .  Put

s= min { n  d Z  s u ch  th a t n + t + 1}. T h en  th e  s o c le  o f  Ro)
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co inc ides w ith  R s. T here f ore  r(R ° ) )=H (s ,R ) . In  p artic u lar R(d) is
Gorenstein H(s, R ) =1.

P ro o f .  T he socle o f R o)= ( 0 :  Rd) n R(d)

E  Ri,nR(d) (by Lem m a 2)

=R ,. QED.

Theorem 2 .  A ssum e th at  R  i s  Gorenstein.
(1) L e t H ( 1 ,R ) < 1 .  T h e n  R °) i s  Gorenstein f o r  ev ery  d>0 .
(2) S uppose th at  H (1 , R ) . 2 .  Then

(a) R(4) i s  Gorenstein f o r  ev ery  d >t.
(b) L e t t> d > 0 .  T h e n  R °) i s  Gorenstein t O mod d.

P ro o f .  ( 1 )  In  th is  case R(8) i s  a PIR  and hence it is Gorenstein.
( 2 )  (a ) F o r d > t  w e  have R (d )=k . (b )  L e t  t d > 0 .  T hen  R ° )  is
G orenste in  () H (s ,R )=1  where s=m in{ nE dZ  such that n +d >t+1 } .
The latter is equivalent to say that  s = t   by Corollary of Lemma 1. And
this m eans that t =-0 mod d. QED.

2 .  Proof of Theorem 1.

In  th is  section R  is assum ed to  be M acaulay and {X1, X 2 ,  • • • ,  X r }

denotes a  homogeneous system of parameters of R (r = dim R > 0 ).

Lemma 3 .  t (R/ (X14, X24, • • X rd ))  =  t  (R / (X1, X2, • • X,-)) +
Eri=,(deg X i) (d — 1) f o r  ev ery  d>0 .

P ro o f .  Put P=k [X „ X 2 ,  •  • • ,  X r ] .  Then P  i s  a  graded subring of
R .  Since R  is M acaulay, {X1, X 2 ,  •  • • ,  X,.} are algebraically independent
over k  and R  i s  a  finitely generated free  graded P-module (B y a free
P-module we understand a  graded P-module which is isomorphic to a
d irect sum of graded P-modules of the form P ( n ) ,n E Z .  Recall that
P ( n )  denotes th e  graded P-module whose underlying P-module is  the
sam e a s  th a t o f  P  an d  w hose grad ing is g iven  by [P(n)]„,=P„,„,.).
In  fac t, if  i s  a  fam ily of homogeneous elements o f  R  which
co n stitu tes a  k - b a s is  o f  R  (X 1, X 2 ,  •  •  • ,  X T ) mod (X1, X 2 ,  •  •  • ,  X r ) ,
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th en  {e i } ic i  fo rm s a  f r e e  b a s is  o f  R  a s  a  P -m od u le . T h us w e
h a v e  R =0P( —n)  a s  g rad ed  P-modules f o r  som e {an}n=0,1,...,t
(H ere  t = t (R / (X I, X 2 ,  •  •  •  ,  X T ) ) . ) .  T herefore w e obtain  R A X 1 d  ,  X 2 ,
• • • , / ( X 1 d  X ,  •  •  •  ,  X r d ) ] nr, and hence t (R / X2d,

• X rd)) = t (P/ (Xid, X2d, • • Xrd)) + t = E r i = i  (deg X i) (d — 1) +  t .
QED.

Pro o f  of  T heorem  1. Suppose that H ( 1 ,  R )  = 1 .  Then R =k [X ]
(a polynom ial ring over k  w ith  a  variab le X )  and hence R(d)-= k [X /
fo r every d > 0 .  Therefore w e assume that H (1 , R ) > 2 .  T h e asser-
tion is obvious in case  d = 1  a n d  hence w e assume th at d > 2 .  Now
suppose that r > 2 .  In  this case t(R/ (X id X 2d , • • • , X rd)) >r (d  — 1)> d
b y  L em m a 3. N o te  th a t  i f  w e  p u t A = R /  X y d , • • • ,  J O  th e n
R(d)/ (X i', X2d , • • • , X rd) R o)---A °) . Since R (d) i s  M acau lay  an d  {Xid,
X2", • • , X rd }  i s  a  system  o f  param eters o f  R(d), / V ')  is  Gorenstein

g lo b ally  i f  a n d  o n ly  i f  A (d) i s  Gorenstein (c f. C o ro lla ry  (4 .2 ) of
C h . 1, S .  G oto and K . W atanabe [ 2 ] ) .  Thus Theorem 2 is  applicable
since H(1, R )  =H (1 , A) and w e  have the assertion b y  virture of
Lemma 3  if  r > 2 .  For r =1, p u t  X = X i .  In  th e  fo llow ing w e w ill
p r o v e  th a t  t (A ) >d . A ssu m e  th e  contrary. T h e n  d > t  (A )>
(deg X )(d —  1). Hence deg X = 1  and t (A ) =d— l. T h ere fo re  R d= kX d
and so H ( d ,  R )  = 1 .  O n the other hand, since X  is  R-regular and X R ,

C R i+i,  w e  h a v e  th a t  H (i, R )  ( i  ( i =  0, 1, 2, • • •). Hence
H (1 , R ) < H (d , R ) and therefore H (1 , R ) = 1. T h i s  is  a contradiction.
T hus w e have t (A ) >  d  and  the assertion  follow s form  Theorem  2.

QED.

Remark 2 .  W ith  the same hypothesis a s  Theorem 1  we define
g (R )—  { d>0 such that R o )  is  G orenstein }. Then

(a) g (R) <0,3 O H  (1, R ) and t (R / (XI, X 2 ,  •  •  •  X7-))
*Eri=1 deg X .

(b) g (R) 0 0  R ( d )  i s  Gorenstein fo r every d >0 .

Examples. (1) Let k  be a field and R = k [X ,, X 2 ,  •  , ( r > 0 )

be a polynom ial ring over k  w ith  r  variables Then for
d > 0 ,  R ° )  i s  Gorenstein r = 1 o r r--=-0 mod d. (T h is  example is
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given  by T . M atsuoka [4].)
(2) L e t  k  b e  a  f ie ld  a n d  R=- ( r > 2 )  where

k  [{ X ii} ii,9<r] is a polynom ial ring over k  with 7-2 variables
and  ;42 denotes th e  id ea l g en e ra ted  b y  a ll th e  2  x  2  m inors of the
m atr ix  [X " ] .  T h en  R  i s  G orenste in  and H (1 , R )  =r2  ( c f .  S .  Goto
and K . W atanabe [ 2 ] ) .  I f  we put A = E i i - J = t  X i j  mod ;42 ( t= 2, 3, • -•,
2 r ) ,  { f t } t= 2 ,  3 ,  • • • ,  Zr constitu tes a  homogeneous system o f  parameters of
R  and t  ( R / (  f f2 / ,  3 / f 2 r )  )  =  r  1  (c f. S . G o t o  [ 1 ] ) .  Hence for d > 0 ,

R )  i s  Gorenstein r O mod d.
(3) L e t k  be a field and R =- k [X l, X 2 , •  •  •  ,  X r , +1 ] /  (X ;'++1 1  - f ( X i ,

X 2 ,  •  •  •  , X ,-4 -1 ) )  ( r>0  , n >0 )  where f (X 1, X 2, • • • , X r, X r+1) denotes a
homogeneous polynomial of degree n  + 1  w hich  does not contain  the
term  Xra++,1. Then H (1 ,  R ) + 1  and dim R = r .  Moreover if we put
xi =Xi mod ( x ;'++ii  - f ( X 1 ,  x 2 ,  •  • x r + i ) ) ,  t  (R / (x i, X „ •  •  •  ,  x i ) )  =  n.

Hence for d > 0 , R ( d )  i s  Gorenstein n . r  mod d. T h u s, i f  n = r ,
R (d) i s  G orenste in  fo r every  d > 0 .
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