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Introduction Let us consider hyperbolic mixed problem:

Au=f for (1, x,,.... x,) €(0, 0) x Q,
(P){ Bu=0 (j=1,...,10 tor (1, Xq,..., X,) €(0, 00) x 0Q.
Diu=0 (j=0,1,....,m—1) for =0, (x,,.., X,)€Q,

where A is a hyperbolic differential operator of order m and {B;}
are differential operators of orders {r;}. We say that the problem
(P) is L2-well posed if there exists y,>0 as follows: let y>y, and
e 7'fe L2((0, o) x Q), then there exists a unique solution u of (P)
such that

m=1

S\ e Dutt, 2, di
0

Jj=0

C n
Q—— -2yt , - 2 R
Ao, ar

where

lellg= X ID*@l2:q).
Ivi<k

Under what conditions on {4, B;}, dose our problem (P) become L2-
well posed?

Of course, already we know a class satisfying the uniform Lopa-
tinski condition, which assures the problem (P) to be L2-well posed.
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This class contains typically the Dirichlet problem for the vibration
equation, but dose not contain the Neumann problem for the vibration
equation, although it is L2-well posed. There are many results
to find out a more general class assuring L2-well posedness, for ex-
ample, by Agemi ([1]), Miyatake ([7]) in case of second order equa-
tions, and by Shirota ([11]), Agemi ([2]) in case of system or higher
order equations. In this paper, we shall also give a class assuring
L?-well posedness in a little more general situation. We shall define
a matrix S locally in chapter I, which plays an analogous role to the
Lopatinski matrix, and we shall consider a class satisfying condition
(S) about S in chapter II.

To fix our considerations, we restrict ourselves to the problem
(P) specified as follows:

Q=RL={(x, y); x>0, yeR" 1},

A=A, x, y; D, D, D))= > aylt, x, y)D¥DLD3,

k+i+|v|=m

Bj=Bj(ts Y D,, Dxﬂ Dy)= Z b,{,v(l, }’)D,;D.:’cD;’

k+14]v|=r;

_ .0 _ .0 =_.6_ _. 0
D, = 1—5;, D,.= lax’D’ ( lﬁyl’"" lay,,_1>’

where we assume

Assumption (A)

i) aw(t, x, ), bi,,(t, y) are constant outside a compact set,

ii) A is strictly hyperbolic with respect to t-direction,

iii) x=0 is non-characteristic with respect to {4, B;},

iv) {B;} are normal, i.e. r;%r; if ixj and O<r;<m-—1,

v) A satisfies Agmon’'s #-condition ([4]), i.e. real roots of A(t, 0, y;
7, &, n)=0 with respect to ¢ are simple or double for (z,n)
€ R"—{0}.
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Chapter I Necessary conditions for L2-well posedness.

§1. Preliminaries

If a variable coeflicient problem is L2-well posed, then the cores-
ponding constant coefficient problems, whose coefficients are fixed
at each point on x=0, are also L?*-well posed ([3], [6]). Therefore
we consider only of constant coefficient problems in this chapter.

Now let us introduce a supplementary problem for ordinary dif-
ferential equations with parameters (1, 1):

. Az, D, nv=g for x>0,
(P)

Bz, D, =0 (j=1,....,n) for x=0,

then we have

Theorem (Agemi-Shirota ([3])) (P) is L2-well posed if and only
if the uniform estimates for (P) hold in Imt<0, yeR"™ !, |t|2+|n|?
=1, that is

Imzlfol,- <Clgl  for Imt<O,neR"", |t|>+[n2=1,

where ve H™(R!) satisfies (P) and C is independent not only of v
but also independent of (t, n).

Next we shall introduce the Lopatinski determinant. Since A
is hyperbolic, roots & of A(z, & n)=0 are non-real for Imz<0, p
e R"', which we denote by &i(t, n),..., & (t, n) with positive imaginary
parts and ¢&y(t, m),..., &,_ (T, n) with negative imaginary parts. Of
course {¢¥(t, 1)} have their continuous extensions on Imt=0, ne R"" 1
Here we define the Lopatinski determinant by

(L [B(x, & ek
R(z, n) =det <2m’] ’A+(r, & n) dé)j,l\:l."'.u

for Imt<0 and ne R !, where

A &)= TTE=E ).
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Here we have

Theorem (Hersh([5])) Let (P) be L2-well posed, then
R(t, 1) %0 Jor Imt<0, neR" ',

which is called Lopatinski’s condition or Hersh’s condition.

By the well known analysis ([8]), R(tg, 1o)*0, ((79, o) € R") assures
the uniform estimates for (P) in a neighbourhood of (t,, #,) in Imt<0,
neR"™!'. What means the uniform estimate for (P) in a neighbourhood
of (tq, no) € R", where R(t,, no)=0? Hereafter, our consideration
will be restricted to such a point X,=(t,, #o) € R" and its neighbour-
hood U in C'xR" !, We denote

Us=Un{Ilmz20,neR""}.

We may think that {ET(Xo)=E&7(Xg).... EN(Xo)=¢7(X,)} are real double
roots, {&F 1(Xo)..., £vs,(Xo)} are real simple roots, and the others
are non-real roots (m=2d+s,+s_+2M, u=d+s,+M). We denote
for X=(1,n)eU_ ‘

EL(X; &)= ﬁ (E—Cdrna (X)),

and
( p+ = AKX O -
PJ (Xa é) C_éf(x) .1 I""o d9
{ OF(X, 5>=—‘gi_"—;’—§—1’_ J=lo sy,
_zi-1 AX, )
\Rf(X’ 6)_5 lEi(X, é) la 9M'
Moreover we denote
PE(X, &) QX O)
Pi(Xa 6) = . 3 Qi(X’ é) =( E 5
PE(X, &) (X, ¢
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"RE(X, &)
RE(X, €)=( : ,
RE(X, &)
and
PE(X, &)
"+(X’ é)
J: (X, ) =| 0*(X, Q) |, J(X, &)= .
J_(X, &),
RE(X, &)

Now we consider a linear space L of 1-variable polynomials of
degree less than m, in general. Let A(¢) be a fixed polynomial of

degree m. Then we can define bilinear form < , >, in L by
1 P()Q(¢)
<P 0>4=55 ‘% 4 9

where the integral is taken along a curve enclosing all the zeros of
A(f). We say that P and Q are orthogonal with respect to A, if
<P, Q> ,=0. Let us denote

PO=Fpe 0= % qp,

then we have

~f 91
<P’ Q>A=(p19"'~ pm)A( >’
qm

where

~_ 1 éj+k—2 o
A—< 2ni (g} A(&) “é>j,k=|...,m, | 4] 0.

Moreover let us define

(P1> (QI) <<P1»'QI>A“'<PI"Q1>A>
<t : | N : :
Py Qr <P, Q1>A"'<Ps’ QI>A



434 Reiko Sakamoto

where

PO= S pit™ out)= a8

We denote #{P,,..., P,} the linear sub-space spaned by {P,,.,P.].
Then we have

Lemma 1.1.

i) Let {Q,,..., Q,} be a base of L, then
. P, 0,
dim #{P,,..., P}=rank <| : |, D>
' P O

ii) Let {Q,...., Q,}. {0Q)..... Q,,} be two bases, then

5 (5 ) (G ()
R B Poa<|t ot Col=atl v o).
P P, o On On (Qm

iii) Let {Q,,..., Q,} be a base of L, and let {Q;,,,..., Q.,} be linearly
independent and orthogonal to {Q,..., Q,} with respect to A, then

P, o .
rank<{ ¢ |, > =dimZ{P,,..., P} —
P t

s

—dim(L{Py,..., P} N L{Q1s1se0s Q)

Proof. ii) Let

then we have

<P1\ (Q'l) /Q|>( 'n>
<[ ) : >,=9<( S T O P
p )\ o, 0./ \ ¢,

hence
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G (g e G
P =< , N ( ' >,4<( . ) . >;l'
P, On Q. on

ii1) We have
P, 0,
P, :
dim2{P,,.... P, Qi\4y, .., O, =rank < o >4
O | | i
Q;ﬂ Qlll
(ﬂ)(Qn) (ﬂ)(Qw)
< E [} E >A < E ] 3 >A
P, o P, On
=rank

( (o ) " Qi+ )
0 <{ : ( : >,
On On
(Pu ) ( 0, )
=rank<{ : |, Vo>t (m=1).
P, . P,

On the other hands, we have
dim Z{P,,..., Py, Qi1 1...., Q) ) =dim L{P,,..., P}
+dim2{Q, ..., QL —dim(L{P,,.... P} N ZL{01s 15, On})
=dim Z{P,,.... PJ+(m—=0)—dim(L{P,..., PN L{Qis1s..0, Qu}).
(Q.E.D)

Now we return to our special case, then J(X, &) is a base of L
in U_, and

L=2(PD)®@L(PHOL(OND DL (0, )®L(R")
BL(PN® DL (PHOL (D BL(Q)BL(R),

where the direct sum is orthogonal with respect to A(X, &) in U_.
Now we denote
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Ji(X)= <J;t(Xa é)s Ji(x’ é)>/1(,\'.§)’
FJ(X)
J(X)=<J(X, {), J(X, f)>fu.v,:)=( §E
J_(X) |

then we have

. " B, (X, &) ,
B(X, 5)=< : - |=<B(X, &), J(X, &> 4x.0
B,(X. &)

x <J(X, &), J(X, O)>3lx,0/(X, O
=<B(X, ), J (X, O)> axpd +(X) I (X, )
+ <B(X, &), J (X, > 4x,5) (X)W (X, §)
=B (X)) +(X)7 (X, O+ B_(X)J_(X)"'J_(X, &).

Since

BY(X) = <BUX. O, J.(X, ©>.a0= <BO. O, 59> 00

and
]
R(X)=|<B(X’ é)’ é; ) >A+(X,§) ’
n=
Bi(X) is a non-singular matrix in U_ from Hersh’s theorem, hence
{B(X, &), J_(X, &)} becomes a base of L in U_. Therefore we have
Jo(X, H)=S(X)J_(X, O+ T(X)B(X, &) in U_,

where

[ S(O==J(0BLX) BL(X)I(X),
l T(X)=J (B, (X)".

We denote more precisely
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PH(X, &) S(X) Sy.(X) §y5(X) P (X, Q)
o*(X, &)

S21(X) S32(X) S§,5(X) 0 (X, 9
RY(X, &) 831 (X)) §3,(X) S35(X) VU R(X, Q)
T (X)

\ T3(X) }

then we have

Theorem (Sakameto ([9])) [In order that the uniform estimate for
(P) holds in U_, it is necessary that

S(X) 3728,(X) S ) ([ Ti(X)
S, (X) Saa(X) 925,50 |, | To(x)
ESL () 938,00 3850 ) L Ty00
are bounded .in [_, where
/_={‘¥=(r0~i§v,u;))e_u_;.

§2. Definitions of Sand T

In the previous section we used J(X, &) as a base of L .in U,
which is no more a base at X=X, if d>0. We shall choose J(X, &)
as an another base of L in U in this section.

Now we denote for X=(t,n)eU

HyX, &)= =EHXN(E =X =(§ —ai(X))* = BAX), j=1....4d,
then a;(X), B(X) are holomorphic in U, real valued if X is real, and

—aTL(X)ﬂ;O, because of strictly hyperbolicity of A. We denote ¢;=sgn

7131—(X0). Let us choose the branch of /B,(X) such that

g;Re/Bi(X)<0 il B(X)>0 or Imp(X)=x0,
ImB(X)=0 il B(X)<0,
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then we have
Im{/B(X)=0 in U_,

and

E(X)=a(X)+ JB(X) in U_.

Here we denote

: AX, &) :
P(Xs é)=(é_a(X))7 s =l’”'s d9
f / A moxGy
’ A(X’ é) .
P(X, é)= ) ='s"'s dy
l i Hx, 5 7

and

Pl(Xy é) .
P(X, &)= : ,  PX, 9= : 5
Py(X, &) Py(X, &)

then we have
L=2{P,, P;}® - ®L{P, Pi®L(Q1)D - ®L(Q{,)DL(RY)
@ZQND - DL(Q; )DZ(R™)

in U, where the direct sum is orthogonal with respect to A4 in
Let us denote

[ VB:i(X)
VP ~< B ) ’

then we have

( PH(X, &) > (1 1)’ P(X, &) >
= in U,
P (X, %) I -1 (\/B(—X)P/(X, )

P(X, &) 1 I PH(X, &)
2( ~ ):( >< > in U_.
JBX) P (X, &), I -1 P (X, &)
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Since
PHX, &) =8, (X)P~(X, )+ S,,(X)Q(X, &)+ S;3(X)R" (X, O
+ T(X)B(X, &) in U_,

we have

P (X, &)
( P(X, §) ) <SH(X)+IS.2(X) Si3(X) Tl(X)> 07 (X, {)
2 —
JBX)P(X) S (X)) =1 8,,(X) S, 5(X) T(X)

R (X, &) '
B(X, &)

Since we may assume that
[S11(Xo)+4] %0, A=

we denote

R Py(X, ¢) R 4 P(X, &)
P(X, &)=\ : , PUX, &= : ,

P (X, &) Py (X, &)
v | / Pdo+l(X’ é) v, Pn,io'f-l(Xs é)
P(X, ¢)=( D , P o= ¢
Py(X, &) Py(X, &)
and

Jﬁ@ﬁ( VB, ) \/RY—)=< VBage 1 (X))

.\/ﬁdo(X) ;/ﬂd(X) >’

then we have
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P(X, &)

P'(X, &)

hence we have

2] (P 1
2 o /
N P

...................... e o

1 |1@
: R* !

X
— P’
2 : .
Ve 21 P
x R LR Q_
1 R~
B
Denoting
P(Xx, &
. P, o
"’+(X, €)= ’ J—(Xs é):
o*(Xx, &)
R*(X, &)

JBXO N\ P(X, 9 , ) )
2( s =(S1,(X)+ )P (X, &) +S,,(X) Q" (X, &)

+8,3(X)R(X, ) + T,(X) B(X, ¢),

I P(X, )
z( \/ﬁx 5 >=<S.1<'X)—A)P-(X, 5 +S,,(X)0 (X, &)
- +8,5(X)R™(X, ) + T, (X)B(X, &),

1
P'(X, &)
P(X, &) (T
o-(x, | i 8)

R (X, &)



Hyperbolic mixed problems

we have
Jo(X. &=8(X)J_(X, O+ T(X)B(X, &)
or more precisely
P(x, ¢ S00(X)80,(X)80,(X)805(X)
P'(X, &) 5,008, ,(X)8,,(0)8,5(X)
0*(X, &) 5,0(X)8,,1(X)8,,(X)8,5(X)
RY(X. &) S30(X)85,(X)5;,(X)85:(X)
To(X)
T | .
+ B(X, &) in
T.(Xx)
L T5(X)

On the other hands, we denote

_<PiX, Q) Pi (X, O)> ax,q)

Cj(X)

B <PI(X, é)a P,J (Xs é)>..4(/\‘,{) ’

441

in U_,

P(x, &)
P(X, &)

0 (X, &)
R™(X, &)

Pjo(X, O)=P(X, O = B X)c(X)PUX, &),

and
Py(x, &) Po(X, 8
. Pox, )| | Pux, 9
J+O(X9 €)= ’ J—O(Xa g): o
o*(X, & o (X,¢)
R*(X, & R (X, &)
/ ]+O(X, é)
JO(X’ 6)=( . ’
J-O(Xs C)

then we have
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<]i(X9 é)v jIFO(X’ é)>A(X,§)=0 in U.

Since J(X, &) and Jy(X, &) are two bases of L in U, we have from
lemma 1.1

B(X, &)= <B(X, &). Joo(X, > sx.ey<J +(X, &), T 1o(X, O >3k .e)
xJ (X, &)
+<B(X, &), J_o(X, &> yixey<I (X, &) T _o(X, E)> 7k, (X, &)
=B.(X)] (X)) T (X, O+ B_(X)T_(X)"'T (X, ).
Here we have

S(X)=—=J (X)B(X)"'B_(X)J _(X)!
in U_,
T(X)=J+(X)§+(X)~]

where the second terms are rational functions in U. Hence we have

from the last theorem in § 1

Lemma 1.2. [In order that the uniform estimate for (Py holds

in U_, it is necessary that

7' 800(X) 8o, (X) ¥7180,(X) §ys(X) ( To(X)
Sio(X) §,,(x) S, S| T.x)
1185:0(X) §,,(X)  50,(X) S0 || Th0
S30(X) 83,(X) 85,0 y8535(x)) yT5(x)

are bounded on 1_.
Now we define
Condition (N):
i) there existl_laimxo 5.(X)=38,/(X,) for (i, j)=(3, 3), and

S'oo(Xo) = -Svoz(Xo) = gzo(xo) =0,
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ii) there exists lim  S;3(X).(t—ay).
1-3X-Xo

Then we have from lemma 1.2

Theorem 1 Condition (N) is a necessary condition for (P) to
be L?-well posed.

Let
dim {ZL(B(X,, &) n LR~ (Xo, &)} =M,

then we may assume that

R } R7(X, &) . R/_wo+|(X, )
R™(X, {)=| : , R (X, ¢={: ,
Ry (X, €) Ry (X, &)

and
R-(Xo, &) e Z{B(X,, &), R-(Xq, O)} .

Moreover, we may assume that

Ry § Rirgr1 (X, )
R*(X,¢)=( : : R*(X,é)=( : :
Rizo (X&) Rig(X, &)

and
dim £{B(X,, &), R"(Xo, &), P(X,, €), 0 (X, &), P'(X,, &),

R*(Xo, &)y =m.
Now we denote

P(X, &) P'(x, &)
P'(X, &) P(X, &)
J.x,6=| 0t o |, T(XdH= 0(X, 8 |,
R¥(X, &) R (X, &)
R(X, &) R*(X, &)

then we have
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T (X, =8SX)J_(X, )+ T(X)B(X, &) in U,

or more precisely

P “ §00 g:o1 So2 §03 §04 P To:
i)' 1§10 §|| 3212 §13 §|4 i) : ?1:
o* =i §2o §2| §22 §23 §24 Q—"" 7‘2:3 in U,
R* ‘ §30 §31 §32 §33 §34 R~ ?31
R~ §4,0 z-n §42 §43 §44 L ﬁ+“ ‘ 7~~:4;

where §U(X), ’F,.(X) arc smooth in U, and
SsolX0)=541(X0)=S45(X )= S4a(X) =0.

Here we remark that

r (ﬁ—ﬁui‘zsi) (1 §34>'1 0 ) i)
3= =~ = = = ~ |-
—S8:iT, 0 I (0 53 (—n

Remark. Condition (N)-i) is equivalent to each one of the follow-

"

ing i)’ ~i)":
dim #{B, R-, P}=dim Z{B. R, P}=p+M —Mo+d—d,
at X=X0,
i) { dim #{B, R-, P, Q-, Q*}=dim #{B, R-, P, 0~}
=p+M—-My+d—dy+s_. at X=X,

dim #{B, R, P, Q-, Q*, P'}=dim 2{B, R-, P, 0-, P’}
=m—-M, at X=X,,
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“dim {Z(B)n L(R™, P)}=dim{ZL(B)n Z(R~, P, Q7))
=My+d, at X=X,,
)" dim{ZLB)N LR, P, Q7, 0" ) =My+dy+s, at X=X,,
dim{ZLB)N LR, P,Q, 0", P)l=My+d+s,

at X=X(),
P P
o* 1
rank < B, >, ,=rank< B, | QY >, ,=u—My—d, at X=X,,
o R+
R+

i) "

rank <B, <£+>>A=u—Mo—do—s+ at X=X,

rank <B, R*> ;=py—-My—d—s,=M-M, at X=X,.
Now we denote

R(X)=1B.(X),

then we have

J-

o - B Jio
=[<J T o>4" USull<| = |, | . >4l
J_ J_o

hence we have

- . - B Jio
R=|B,|=|<B, J o> J=I<J_,J_ o>, 'I< '\ > 4
-0 /

ROXO=c(X)[SeaX)] (e(X)%0).

Lemma 1.3. Condition(N) is equivalent to condition(N): it holds
at X=X,
‘P
P
0) rank <B,| Qt|> =u—M,,
0-
R+



446 Reiko Sakamoto

P

+

i) rank<B, |>a==pn—-M,—d,,

R*

P

il) rank <B, (
R

iii) rank <B, R*>, =M —-M,,

iv) R=—‘%—R=-~-=<j—>m_lﬁ=0 and (?‘7—{)“1‘(#0.

ot

Finally, we consider of S,,. Since
P_ P R
=L )-vE ( i
P.) \ P P

§00_\/ﬁ §Ol §02

=<_J17§7, 1-VEs,, VB, Vi3, VB T

a

we have

|Bil=|<B,J.>4l=|<J, J’—>A|_‘|<<

)>A=u—M0—do—s+,
+

goo_\/ﬂ Soi ‘

=< J> ]!

where

hence we have

_vB3,, 1-V}3,,

SOS

<,
J_

Ty

s

)

b:%!@l ~N< o
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B, |=c|H||B,],
where
J’/S'oo_\//T So
- Vi, 1-VE3,,|

H cx0.

Now we denote diagonal elements of Sy, by

5,
5= ).
PR

and denote S@ =S§,,—0, then we have

Lemma 14. Let (P) be L2-well posed. If we assume that |B,|x0
in U, and j-th row of (8§ So,) is zero on &;— \/B;=0, then

8;— B0 in Un{lmtx0 or B;>0} (j=I,...,d,),
that is,
(*) ¢;Red; >0 on z;=B;-06}=0 (j=1,..,d,).

Proof. If §;—/B;=0, then |H|=0, therefore |B,|=0. Hence we
have

8;—JBi=0 in U,uU._.
Moreover, we have from condition(N)
P;¢2{Q", R", B} for B;>0,
that is, j-th row of H is non-zero, hence we have
§,—JB;x0  for B;>0. (Q.E.D)
Lemma 1.5. (%) is equivalent to

(*)’ £;Red; >0 on v;=f;+(ms;?>=0.



448 Reiko Sakamoto

Proof. Since

z;=f;—0}=v;—{(Red;)?+2iRed;Imé;},

J

we have
o -~ x
0;=0)lz,=0+0;z;

and
Red;=Red;l.,-o+Re (1) —Red(Red)?+2Imd;Red;Imd,,
therefore
Reéj{l+Re5jRe5j—2lmSjlméj}=Re5j|zj=o+Re(5jvj),
which implies the equivalence of () and (x). (Q. E.VD.)

Remark. If M=0 at X=X, then |[B.(X)|=(=1)"*"*%|B, (-X),
therefore we have |B,(X)|%0 in U, from Hersh’s condition.

Chapter I1 Saufficient conditions for L2-well posedness

§1. Condition (S)

Hereafter, we deal with variable coefficient problems. Hence let
us denote X=(f,y;7,n) and let U be a neighbourhood of Xg=(t,,
Yo’ To» o) in R"X(C!'xR"'). Moreover, let X=(x,1t, y;1,n) and let
U be-a neighbourhood of Xy=(0, X,) in RZF1 x(C! x R"1).

Now, let us consider the matrix S(X) in U, which is defined in
chapter I such that

J (X, O=8(X)J_(X, &)+ T(X)B(X, &),
more precisely

P(X, &) S00(X) So1(X) 502(X) So3(X) Y ( P'(X, &)
P(X, 8 | |8,00X)8,,(X) §,,(X) §,5(x) || Px, &)

0*(X, &) §20(X) §21(X) §22(X) §23(X) 0 (X, ¢)
R*(X, &) ) (830(X) §5,(X) §5,(%) §530) ) LR~ (X, &)
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To(X)

T.(X)
+ B(X, ¢&).
T.(X)

T.(x)

Let

4,
3: '..
Odq

be diagonal elements of S, and

Vi
v=( .'- >a vl=ﬁj+(]m51)2’
Vo

P
p= » pi=¢{Red;}, —o.
Pao

Let us assume p>0. In general, let A(X) be a kxI-matrix, then we
say that A4 is bounded with respect to (v, p), if there exists a smooth
decomposition of A4 in Uy=U n{Imt=0} such that

Ao A,
A= :
A2 A

Ao=Ago+ AoV +VAg+vAg3V,
A=A +vA,;,

A2=A22+A23v,

where Aq is a dg x dg-matrix and
1 1 _1
|||A||lu.,=sl§lp ||P_7A00P_2||+5:]1P lp~2(Ag1 Ayl
1] ()

(Aoz> ) (Aos A13>
P72
A22 AZJ A3

< +oo(| |: matrix norm).

+ sup
Uo

+sup
Uo
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Now we denote |||A|||U=|||A|||UO+SLlljp{|lmt|“||A—A,,,,,=0||},then we say
that 4 is small with respect to (v, p), if A is bounded with respect to
(v, p) and ||A]|y—0 as diam(U)—0. Moreover we say that A is positive
with respect to (v, p), if A is hermitian and bounded with respect to
(v, p) and Ago=cp(c>0).

Remark.
i) Let D be diagonal, then AD and DA are bounded (resp. small)
with respect to (v, p), if A is bounded (resp. small) with respect to
(v, p). Especially when D(X,)=0, AD and DA are small with respect
to (v, p), if A is bounded with respect to (v, p).
ii) Let A, and A, are bounded with respect to (v, p), then A4,
is also bounded with respect to (v, p). Especially when A, is kxd,-
matrix and A, is dgx [-matrix, then A,A4, becomes small with respect
to (v, p).

Now we define condition(S):

Condition (S.1) R(X)=0 for X=(t, y; 1, n)eR"x(C'xR"1)n
{Imt<0}.

Condition (S.2) Let X, be real, then there exists a neighbourhood
U of X,, where

i) 833(X)=C(X)p(X)~ 1 Co(X)+Co(X),
where Co(X), C,(X), Co(X), @(X) are smooth, |C,(X)|=0, |Co(X)|*0, and

I\M"MO
|

o(X)= , 9i(X)=t—1,(t,y:n), Im17;>0,
(PI(X).

" Paro(X)
ii)

are smooth,



Hyperbolic mixed problems 451

iii) p>0,
iv) there exists a smooth positive diagonal matrix

¢=( wl."wd., )

such that the hermitian part of Y e Sy, is positive with respect to (v,
p);

V) §{)00) son goz
glo gl 1 gl 2
gzo ng L§22
is bounded with respect to (v, p), where S =S5,,—4.

Our aim in this chapter is to obtain

Theorem 11 Condition(S) is a sufficient condition for the prob-
lem(P) to be L2-well posed.

Now we state some notations used in the following. If e 7u
€ H"(R"*'), where (t, x, y)eR!' xR xR" '=R1*1 then we say that
ues#m(RY*), where inner products and norms are given by

(u, V),

= '+k+$|< (e7'DiDD3u(t, x, y), e "' Di DED3o(t, X, ) L2z
Jj v|<m

= Y ((D,—iy)/DtD(e™"u), (D,—iy)IDEDY(e™""v)) L2 ).

Jtk+|v|<m

lulr%t,'p:(uv u)m,y’ (u’ D)'y:(u’ v)O,y’ |u|y=lu|0,y-

Next, we define by a(t, y; D;, D,, y) a pseudo-differential operator in
R" with symbol a(t, y; g, n, 7):

a(t, y; Dy, D,, yu(t, y)=e?F; \[a(t, y; o, n, V)F, ,[e7'u(t, )11,
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where F is the Fourier transform and y is a parameter.
We say that a(t, y; D;, Dy, y) is of order s if a(t, y; o, n,y) is homo-
geneous of degree s with respect to (a, n, ). We denote

A(o, n,y)=02+n|* +72,
and we say that ue#§(R") if e"?' Asue L?2(R"), where
<u, 0>, =" ASu, eV A U) gy, <USZ,=<u,u>g,,

<, v>,=<u, v>,,  <U>,=<u>,,.

Moreover, we define pseudo-differential operators in R%*! as differential
operators of l-variable x with coefficients of pseudo-differential operators
in R":

P(t, x, y; Dy, Dy, Dy, y)=ao(t, x, y; D, D,, y)D}
+a,(t, x, y; Dy, Dy, y)D7='+---+a,(t, x, y; D;, D, y),

where aj1, x, y; D;, D,, y) are pseudo-differential operators in R® with
parameter x. We say that P is of order s, if a; are of orders s—m+j.
If a(X) is defined in U, which is homogeneous with respect to (g, 1, )
of degree s there, then it can be extended to be a symbol of a pseudo-
differential operator of order s. Moreover in our case, multiplying by
AS if necessary, we regard that pseudo-differential operators in RZ*1,
such as J,, B, are of order m—1, and pseudo-differential operators in
R®, such as «, B, v, p, @,..., are of order 0. Hereafter, we assume that
the functions, on which pseudo-differential operators act, are. restricted
to the following ones:

u(t, x, y)=al(t, x, y; Di, Dy, Yu(t, x, y),

where the support of a(X) belongs to a small neighbourhood of X,.
We denote by p positive numbers such that

p—0 as diam(0)— 0.

Now we denote for U=(u,,..., u,)
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«U»2=Re<p| i |, | i |>,+<v| i |>F4+y<| P |>7,
u,,o udo udo Ugy !

“310+1
+<| >2 (y>70),
Uy y

Nf—

then < U» <u<U>, and

Lemma 2.1.
i) let A be bounded with respect to (v, p), then

[<AU, V> |<CLU» gV,
i) let A be small with respect to (v, p), then
|[<AU, V> I<ugU» - «V>».

Next, we consider of the singularities of S(X) and T(X). Since
there exists a smooth m x u-matrix C(X) such that

I=(B.(X), BL(X))C(X),
we have
T(X)=J .(X)B"(X)=J .(X)B; " (X)(B.(X), B_L(X))C(X)
=(J .+ (X), =S(X)J_(X)C(X),
hence Ty(X), T,(X) and T,(X) are smooth and
T5(X) = C{(X)p(X)™' C5(X),
where C5(X) is smooth. Therefore we have

P(X)CT(XR*(X, &)
P(x, ¢
P(X, §)
0 (X, &)
R™(X, &)

=p(X)CT'(X)(S50(X) §3,(X) 532(X) Co(X))



454 Reiko Sakamoto

R (X, ¢)
+(C5(X) C3(X)) ) .
B(X, $)
Since
e (X)=A"Na, n, (e—iy—1dt, y;n), Imzyt, y;n)=0,
we have

<@;lt, p; D, Dy, )u>21 = <(D;—7;(t, y; D,))u>?_1,
TP <D =16,y Dy))u, u>_1 = <u, (Dj—7;(t, y; Dy))u>_1,}
+y2<u> 2_21_,,>(y2—C)<u>2_%,,,,

therefore

<

. p -1
<¢(t,y; Di, Dy, ) U>_%,y< 7 1.

Here we can define

§33(ta ys D;’ Dy’ )’)
=C(t, y; Dy, Dy, 9)o(t, y; Dy, Dy, )~ 'Cy(t, y; Dy, Dy, y)
+C0(t’y; D;9 Dy’ )))’

TJ(t’ y; D;a Dy9 '}’)
=C(t, y; Di, Dy, )o(t, y; Dy, Dy, y)7'Cs(t, y; Dy, Dy, v),

then we have
Lemma 2.2. Let us assume condition(S), then we have
R+u=(§30§31§32§33)j_u+ T3Bu+“' on x=0,

where

y<£<U>

Nl
~
Nf—
~

<S33U>_y +<TyU>_
L

and
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Lct us denote

1 ! 2
F2=T|Au|§+ T<Bu>%.r+lul'2"_l”"

<<]_u>>%l)=<<f"u>>2+<}’u>yz+<Q‘u>§+YL<R‘u>;7,
3 .

<<]+u>>i_%)=<<f’u>>2+<f"u>§+ <Q+u>§+y<R+u>f_;’y,

then <<.7_u>>(1)<CF will be shown in the following sections. For
2

simplicity, we denote lower order terms by I, _,, I,’,,_,_2L such that

m—1 .
”m—ll <C|u|r%1—l,y’ Ill’ll"l—zil <CZO <D_£.ll >I%I—I—%—,y1
j=

where

l["l—||+lll,"—l—%l <CF2

Lemm 2.3. Let us assume condition(S), then we have

i) <Jyu>? | <C{«J_u>2, +F?},
(-2) ()

i) <<Pu>>2<;z<<J_u>>i_J,)+CF2.
2

Proof. Since

P-s 50 8oy Sou ) (P Sos To

" ~ v R~

P u= SlO Sll gll P u+ 513 1 ( )u
B

o S:0 S21 82, 0 S3 1,

+ {lower order terms},

we have from lemma 2.1

P-5s

v

<| P u>y<C(<<.7_u>>(%)+F)

Q+
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and
<<Pu>><<<6P’u>>+u<f’u—513’u>7<u<<]_u>>(%_)+CF.
Moreover, we have from lemma 2.2
<R+u>f%’y<C(<<J_u>>2(%)+F2). (Q.E.D.)

Finally, we remark the ellipticity of E, then we have

Lemma 24.

2
0 -—;T<R‘u>% ,_+|R-u|3<§(uu|5+|u|,3,_,,,).

2
i) IR UFSCly<Ru>1y (I Auld+ lulde ).
Applying (i) of lemma 2.3 on y<R*u>?2; , Ve have
2!
Corollary

y(|R+u|5+|R~u|,%)<C{<<J_u>>2(%)+F2}.

§2. Green’s formulas
At first, we consider of Q*u. Integrating by parts, we have

((D—¢3 ) QFu, QFu),— (QFu, (D,— ¢4, ) QFu),
=i<Qfu, Qfu>,-2i(Im¢f, ;0% u, Q¥u), +1,_,,

where ¢F,; are pseudo-differential operators of order 1. Hence we
have

Green’s formula (Q):
(Au'a Q:}:u)y_(Q}:u9 Au)y
=i<QFu, Qfu>,—2i(Im¢f, ;0fu, Qfu),+1,_, (j=1,...,s4).

Here we have

Lmame 2.5.



i)

ii)

i)

i)

iii)

iv)
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PO uli+<Qu>F< (-l duli+luldy,).

yIQ+u|§<C{<Q"u>YZ+<—;}——|Au|§+Iul,f,_l,).>}.
Applying (i) of lemma 2.3 on <Q*u>2, we have

Corollary

y(Q*ulf,+|Q’u|,2.)<C{<<]_u>>a)+F2}.

In the analogous way, we have

Green'’s formula (P);
(Au, Pju),—(Pu, Au),=i{<Pu, Pju>,+ <Ref;Pju, Pju>}
—i{2(0ma; A P;ju, Pju),+2(Re B;Ima; A Piu, P)),
+(Im B; A Pju, Piu),+(m B; A Pju, Pju),}+1,, -,
(Au, Pju),—(Pju, Au),=i{<Pju, Piu> + <Pju, Pju>}
=2i{(Ima; A P;u, Piu),+(Ima; A Piu, Pu),+(mf; A Piu, Pju),
+1,_4,

2 _9; ,
|Pul}=i<Pju, Pu> , ,—2i(lma;Piu, P;u),

1,
-2

+ (Pju, BjP;u),+ (A~ Pju, A“)v+_)l,~l'""1’

i<P’ju>f_£_’y=(Pju, Piu),—(Pju, Pu),+2i(Ima;Piu, Piu),+1,_,.

Remark. Let y be a pseudo-differential operator of order 0 with

real symbol, then above formulas (i)~(iv) are also valid even if inner

products <u, v>,, (u, v), are changed into weighted ones <yu,v>,,

(xu,

v),
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From Green’s formula(P) for dy+ 1< j <d, we have
i) <Pu>ispu<Pu>;

v v v, v, l
+C{v|Pu|§+leuIy|Pu|y+uv|Pu|3+7|Au|§+Iul,z,,-l,r},
i)’ y|13'u|§<C{<1v’u>7<fv"u>y+y|Iv’u|§+%|Au|§+|u|,§,_,,, ,

i) ylPul2<p{<Pu>2+<Pu>2+y|Pul?}
b v b 7

+C<%|Au|§+|u|,§,_,,y>.

Hence we have

Lemma 2.6.

<}’u>3+'y(llv’ulﬁ+Ii"ul§)<y<f"u>§+c<—;}—1Au|$+Iul,%,_,,,.>.

Applying (i) of lemma 2.3 on <}3’u>§, we have

Corollary

2 2
( )+CF .

|-

<Pu>2+y(|Pul2+|Pult)<p<T u>

Finally, we denote

< B > < X1 > ( € )
ﬂ= .. ) 1= .. ) &= . )
Bdo Xdo . sdo

then we have from Green’s formula(P) (weighted with y) for 1< j<d,,

i) |<xPu, Pu>,+ <yReBPu, Pu>,

5 5 5 5. ]
SC{y|Pul?+y|Pul,|Pul,+uylP u|§+7|AuI3+|u|i-1,y},

i)” | <yePu, Pu>,+ <yePu, Pu>,—2pelmBAPu, Pu),
2 1

< C{IPul,|Pruly+ pyl Puld + 1 Aul, | Pul, + uldoy )
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iii)” ylPul2<C{y<Pu> y<1’A’u>__;,,+uy|f”u|2,,

_1,
2
|

ol Aul 4 uldo,),

iv)" y<Pu>2; <C{|Pul,lPul,+ul3-,,}.

1
ZI
Applying (ii) of lemma 2.3 on y<Pu>2, ,» We have
5
Lemma 2.7.
i) |<xPu, Pu>,+ <yRefPu, Pu>,|
<;1(<<]_14>>2(_2L)+y|P’u|,2)+CF2,
ii) IRe <¢Pu, P'u>,—(clmBAPu, P'u),
<u(<<]_u>>2(%)+le'uI$)+Cu‘F2s
iii) yIP'uI,2,<u(<<J_u>>2(%)+}'|f"u|§)+CF2,
iv) 'y<f"u>f% 7<u(<<.7_u>>2(%)+y|13'u|§)+CF2.

§3. Energy estimates

We shall obtain energy estimates for Pu and P'u in this section.

Lemma 2.8. Let us assume condition(S), then we have
| <y Pu, Pu>y— <ydP'u, 6P'u>y[
<u<<J_u>>§%_)+CF2.
Proof. Since

)+ {lower order terms},

we have
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<xPu, Pu>,— <yoPu sPu>,

Bu
+]r'n—l—%
| p'u
=2Re <Pu, y8(8% S, 5'02)" Pu >,
[ Q7u
. - R u
+2Re <y P'u, (So5 Tp) >,
. Bu
( Pu Pu
+<| Pu , (8% 8o, §02)*X(§‘000’ got sos) Pu >,
CQ7u O u
- - Iju \w' 5 "R u
+2Re<y(S0% Soi Soz)| Pu |, (Sy; To)(' >y
o Bu
5 R u - R u
+ <1805 To) , (o3 To) >,
Bu Bu
+I;n-1—%

=K1+K2+K3+K4+K5+,:"_1_%.
Since
XS(‘S‘(OOO) gOl §02)a (S.'(OOO) §01 S'OZ)*X(S’(OOO' §01 §02)

arc small with respect to (v, p), we have from (ii) of lemma 2.1
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Pu
K, |+ Kyl <pu<Pu»<« Pu >><,u<<.7_u>>2(%) .
Qu

On the other hands, we have

I:un R~u
|Kol+ Kal<p<| Pu | >_1, < >1,

ou Bu
% 1 2
< - 2 —
y<<<J u>>(%)+ v <Bu>%'.,>
and
R u 1 R u 2
Ks|<C< >Iu—< >1 .
I 5| Bu l Y H Y Bu 317
<y(<<J_u>>2l +L<Bus? > (Q.E.D.)
(2) "y 27

Applying (i) of lemma 2.7, we have
Corollary
|<xvPu, P’u>,|<u{<<.7_u>>2(1)+y|13’ul§}+CF2.
2
Lemma 2.9. Let us assume condition(S), then we have
Re <yePu, Pu>,>cRe <pPu, Pu>,
—C{<vﬁ'u>§+y<ﬁ'u>f%”+<I’u>§+<Q‘u>§

2
+—]—< R u>1 +F2} .
'y 2,7

Proof. We have

<ye Pu, P’u>,,— <eSooP'u, P'u >,
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v

Pu

o~ Qu | _
= <ye(8o, So2 So3 To) s Plu> +1, 1

R u 2

o Pu
= <ye(So; Soa) , Plu>,
u

R u

+ <e(So; To)< ) Pu>,+1I, -1

Bu

=LI+L2+I:H—1—%’

Since (0 S, S,,) is bounded with respect to (v, p), we have from (i)
of lemma 2.1

v

Pu .
IL,|<C< > . <Pu>.
Qu
Moreover, since

R7u N
|L,| <C< >.y<P'u>_% ,
Bu

we have

| <¥ePu, Pu>,— <yeSooP'u, Pu>,|

i’u 1 2 -21-
<c<<ﬁ’u>>{< >$+—y—<R‘u>, } +CF2,

0 u 2
On the other hands, we have
YeSoo+(WeSoo)*=Ag+v A+ A, v+V A3 v+y As,

where
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p‘%Aop‘"zl‘, A,p‘i‘, p‘%‘Az, A, Ay
are bounded and
Ag=cp (¢>0).
Hence we have
<{ye Soo+ (e So0)*}Pu, P'“>y
>cRe <pPu, l3'u>),—C{<vP’u>;’-+y<)‘3’u>f%,y +F2}.

(Q.E.D)

Applying corollary of lemma 2.8, (iv) of lemma 2.7, lemma 2.5
and lemma 2.4 respectively on <vP’u>§.y<P’u>21 , <Q u>?
g

and —]I)A<R‘u> » then we have

Nj—

Re<|//el3u,f”u>y>cRe<p}3’u,P’u>y—u{<<]_u>>2(_1_)+y|l3’u|§}—CF2.
2
Therefore we have, applying (ii) of lemma 2.7,

Corollary.

Re <p P'u, P'u>y+y|P'u|$<;t<<]-u>>2(l)+C‘,F2.
2

Now we sum up the above results of lemma 2.4, lemma 2.5, corol-
lary of lemma 2.6, (ii)) and (iv) of lemma 2.7, corollary of lemma 2.8
and corollary of lemma 2.9, then we have

&J_u>?

(%)+y|P’u|$ +7|Pu|2 < CF?,

if we take the diameter of U sufficiently small. Summing up volume
estimates of corollaries of lemmas 2.4 and 2.5, we have

Proposition 2.1. Let us assume condition(S), then we have

HNitln-1,, <C(Aul,+ <Bu>, ) for y=Yo.
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§4. Adjoint problems

In this section, we shall obtain energy estimates also for adjoint
problems of (P), which assure the existence of solutions for (P). At

first, we shall define an adjoint problem of (P). Let {r;};-, be

..... n

orders of {B;};-, ., then we can find {r;};-, 4, . such that

{rivecoryy=1{0,1,...,m—1}.

D;;n»l
C=| : ,
D;m

then there exist differential operators {C’, B’} such that

Let

(Au, v)—(u, A*v)=i{<Bu, C'v>+ <Cu, Bv>},

where A* is the formal adjoint of A. We say that {4* B’} is an ad-
joint system of {4, B}, and
[A*u=g for (x, y)e Ry, t<t,,

(P) Bv=0(j=1,....m—p) for x=0, yeR" !, 1<t,,
lD{v=0 (j=0,..., m—1) for (x, y)eRY, t=t,,
is an adjoint problem of (P).

Let By(X, &), Co(X, &) be principal parts of B'(X, &), C'(X, &),
and let Bp(X, &), Co(X, &) be polynomials of (t, & n) with complex
conjugate coefficients to By(X, &), Co(X, &), then we have

A(X, &) — A(X, &) _’< Co(X, é'))(B(X, 5))
¢ By(x, &) )\cw, &)

On the other hands, we have

A(X, &) — A(X, €) _'( Jio(X, &) )( J (0 ) < J.(X, 9 )
<=t J_o(X, &) Jixy )\ T, &)
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'<J+o(x, é'))(J:'(X) )(Tm S'm)( B(X, c))
J_o(X, &) i J\ o 1 Ni.x e )
hence we define
(C'(Y, E)) (T*(X) 0)(11‘*(1() ><J+o(x, 6))
B((X, &) \&w 1 VELICSYAVERC A WA

Now let us denote

B(X, C))

J_(X, &) =(F+(X), }’-(X))(
CX, &)

then we have

(B(x,@ > ( I 0 )(B(X,€)>
J.x o) \gx) £.0)\cw, e

(Ca(i, E))_(I ﬂ(X)>(C'()7,E)>
By (X, &) \o g )\BX. &)

Here we remark that

and

| F_(X) | =c(X)|B.(X), e(X)x0,

because

B. B_ B Jio B
= . < . >t .
0 <J_,J_ o>, C J_o C

Now we denote
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P(X, & P(X, &) Py(X, 8
o PXO | |PFPXY | . _ Py(X, &)
JiuX, §= _ = , Jho(X, 8= _ ,
0 (X, 9 0 (X, 0 0 (X,
R*(X, 8 R (X, ¢) R*(X, &)
P’(Xs E) p,(y3 é) pO(Ya E)
o P(X, &) P(X, &) | PX9
J/—(Xa E)= — = . J,-O(X’é)= _— REKl
0*(X, ¢ o*(X, & 0*(X, %
R (X, % R*(X, &) R (X, %
and
j;()?): <J'¢(Y, b, jl;to(X» £)>A(X.§)'
Since
JrolX, &) —Co(X) I Ji(X, &)
H ro 0
o —C(X) ’
J_o(X, &) 0: 1 JLJ_(X, ¢
where
I B(x)
Co(X)= o Cc(X), C,(X)= C(Xx),
B(X) I
( ¢ (X) > _ _
C(X)= , CX)=C(X),
Cd(X)
we have
Tro(X, &) ;TG (IUXH
. T 0
o _C‘(‘Y) : 1 _
J_o(X, &) 0 Ji(X, &)

Moreover, since
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J(X) J(X)
Ji(X)= JE(X) , Je(X) = J3(X) :
JE(X) J3(X))
where
I Ji(X)= <P(X, &), Po(X. > axen
J:Zt(X): <Qi(X’ é)’ Qi(x7 &)>A(X.-§)’
IJ:;(X): <R1(X, é)’ Ri(Xs é)>A(X,§)’
we have

JEX)=J%(X).

Hence we have

(C’()?,E)> (T*(X) 0> J-(X) )
B(X, & - S*x) 1 ( JiU(X) ,

E—CO()T) J.(X, &

0 J(X, &

*X) 0 ; —Co(X) VI U(X) J (X, &)

S x) I 0 Jv @ X

therefore we have

_ o _ J o(X, 8
(BL(X), By(X)=<B(X, 8, . _ > 4(%,8)
J;.O(Xa E)

=(§*(X),]) ............ SRR ........................
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Ci(X) s Co(X)

and

where
l §'(X)= -Ju(X)By {(X)BL(X)J - (X),
T(X)=Ju(X)By (X).

In the following, we consider of properties of S'(X),
from those of S(X). For simplicity, we denote

glO Sll S:I?. S'13 < ZO Zl )

S= - - - - =
SZO SZI SZZ SZJ ZZ 23
SSO SJI S32 533
< <& S S
SOO SOI SOZ 03
< G & ' < ’ ’
-, SIZ Sll SlZ 13 ZO 1
S = = s
’ : ’

2 3

and

following
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Cl Cl CO
(Zo‘( )) (Zo‘( ))(I—< )Zo)_l
0 0 0

Co Co
= X(I_( >Zo)—l x( >21+21
0 0

Co Co Co
22(1—< >Zo)" 22(1—< )Zo)"x< >21+23
0 0 0

then
§'(X)=-Jy(X)H*(X)J1(X),

that is,

3 J(X) J1(X) !
2o(X)=— _ JH¥X) - ;
J2(X) J3(X)

_ J1(X) =
2i(X)=-— _ JH3X)J3(X)7,
J2(X)
_ _ J(X) -1
ZQ(X)=-J§(X)HT(X)< _ ) ,
J3(X)

25(X) = —J3(X) H3I5(X).

Now we calculate H,, in order to see the properties of > ;. Let
us denote

5 §(000) So1” s02
2(00)=20—< 0">= §10 S{11 §12 s
§20 §21 §22

then 3¢9 is bounded with respect to (v, p). Therefore we have
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[ e I el
(7 HE oJeremanl”

(1 e ‘ 0>23°’+{smau}]_l

(T (s man]

el
o o e

+ {small}

and

=X+

(6-poya-co—
< -C )+ {small},
0

where ‘‘small” means ‘‘small” with respect to (v, p). Hence we have

_ J1(X) J1(X) -1
To(X)=— _E@@)* _
J7(X) J5(X)

((W)—ﬁ()?)é()?))(l—é()‘f)a“(?))-l . _ )
— —C(X)
0

+ {small}.

Let 8'(X) be the diagonal elements of S},o(X), and let
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560(0)()?):5'00()7)—5'()_(),
= _ (81X
Zb‘O’(X)=Z’o(X)—< 0 )
then we have

Lemma 2.10.

i) 359%X) is bounded with respect to (v, p),
i) 3(X)=—@X) - BX)CX)U=C(X)o(X)™" +{small},,),
i) Spo'@(X)=—J(X)SQX)*J(X)~ ! + {small}, )
iv) Y and Y4 are smooth,
V) T5(X)= —=J5X)THX)I3(X) + {smooth} .

Finally, we consider of diagonals of Soo for real X:

I
5' = '.. .
0 4o

Since
_ o0;—PBjc; _ Re(Sj+ilméj—(vj—(lméj)z)cv,-
- 9;¢; ) , < 9;¢; >
+,‘1m5.<1+R°_‘si‘L>,
4 1—516‘!
we have

Lemma 2.11. Let X be real, then
§;=Red(—1+a)+vic;+by)+ilmé,
where aj(X) and b{(X) are snooth and

a(Xo)=b{(X)=0.
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Let us define

vi=p;+(Imd))?2,

then
vi=p;+(Imd;+Ima;Red;+Imb;v;)?
=d;Red;+v(1+b)),
where
aj(Xo)=0X,)=0.
Therefore
vy =-— d’L—Red on v/, =0,
! 1+b;, i
and
Reé}=R66j{"I+Re(lj———a'i1—(cj+Rebj)} on v’j:O.
1+b;

Now we define
pi=—t/Red)v w0,
then we have
C1pi<pi<cypj

hence

Corollary. ‘‘bounded” (resp. ‘“‘small’) with respect to (v, p)
equivalent to ‘“‘bounded” (resp. ‘‘small”) with respect to (v', p').

Now we define

R I I'O(X—’ {-)Ek—l £
Ro(X) =det( 2ni % Jm dc)j,k=l,....l"“ll

(A(X, &) = 'jjf(«f—é‘;?ifm,

is
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then we have ([10])
Ry(X)x0  for X=(1,y:1,n)eR"x(C'xR" 1), Imt<0.

Here we define condition(S’):

Condition (S’.1) Ry(X)=0 for X=(1, y; 1, n)eR"x(C! x R"" 1), Im7
<0.

Condition (S’. 2) Let X, be real, then there exists a neighbourhood
U of X,, where
) 85X =C(X)e~1(X)C5(X) + Co(X),
where Cy(X), C\(X), C(X), ¢'(X) are smooth, |C(X)|=0,|C5(X)|=0,

and
|
\M— M,
"l

(p’(/?)= _ ’
0’1 (X) .

P mo(X)
¢(X)=T—15(¢, y; n), Im 7/,<0,
i) Si(X)((i, j)=(3, 3)) are smooth,
iii) p'>0,
iv) there exists a smooth positive diagonal matrix

=
Vi

such that the hermitian part of —y'eSy, is positive with respect to
', p),
00 8o, o,
v) ~’1o S‘,ll g’nz
S3% 821 8%
is bounded with respect to (v/, p).
Then we have



474 Reiko Sakamoto

Proposition 2.2. Let problem(P) satisfy condition(S), then its
adjoint problem (P') satisfy condition(S’).

Applying proposition 2.1 to the problem(P’), it holds the energy
inequality for (P’). Hence we have theorem II by usual techniques.

NARA WOMENS UNIVERSITY
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