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Introduction Let us consider hyperbolic mixed problem :

(P)

Au =f

Biu ( j= p)

for

tor

(t, x1, .... x„) e (0, oo) x 52,

(t, x,,..., x„) e (0, co) x 00.

lit =0 (j-=0, 1, .... tu— ) for t =0, (x,,..., x„) e S2,

w here A  is a  hyperbolic differential operator o f  o rd e r  n i  and {Bi}
are differential operators o f  o rde rs  fr11. W e  s a y  th a t  the problem
( P )  is L '-w e ll p o sed  i f  there  ex ists yo > 0 as follows: let y >yo and
e_YtJE L2((0, co) x S2), th e n  th e re  e x is ts  a unique solution u  o f  (P)
such that

e-2"11D111(1, • )11Z- dt1 ,0  0

( YD

 e -2 "1 1 f ( t, • )112 dt,
y  ) 0

where

11(soU = E IlDv(pIlb(D)•
1,1<k

U nder w hat conditions on {A, dose our problem  (P )  become L2-
well posed?

Of course, already w e know  a  class satisfying the uniform  Lopa-
tinsk i condition, w hich assures the problem ( P )  t o  b e  L2-well posed.
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This class conta ins typ ically  the  Dirichlet p ro b lem  fo r the vibration
equation, but dose not contain the Neumann problem for the vibration
e q u a t io n ,  a l th o u g h  i t  is  L2-well posed. T h e r e  a re  many results
to  f in d  out a more general class assuring L2-well posedness, for ex-
am ple , by  Agemi Miyatake ([7]) in case of second order equa-
tions, and b y  Shirota I]), Agemi ([2]) in case of system or higher
o rd e r  e q u a tio n s . In  th is  paper, w e  sh a ll a lso  g iv e  a  class assuring
L2-well posedness in  a  little  more general situation. We shall define
a  m atrix 3 locally in chapter I ,  which plays an analogous role to the
Lopatinski m atrix, and w e shall consider a  class satisfying condition
(S ) about g in chapter II.

T o  fix  ou r conside ra tions, w e  re str ic t ou rse lves to  the problem
(P)  specified as follows:

S2— RT=t(x, y ); x >0 , y  R "-1 }  ,

A= A (t, x , y ; D„ Dx, Dy)= akir(t, x, y)MDVJyy,

y; D„ Dx, Dy)= E bi1,1„(t, y)D'ID1Dvy,
k+1-1-111=ri

0 0 0  D , - - i ,  D  —(— i i
Ot ' Y ay i " '

where we assume

Assumption (A)

i) x , y ), N ,,,(t, y ) are constant outside a compact set,

ii) A  is strictly hyperbolic with respect to  t-direction,

iii) x=0  is non-characteristic with respect t o  (A,

iv) {Bi} are normal, i.e. r i  if i = j  and 0<ri<m— 1,

v )  A  satisfies Agmon's # -condition ( [4 ] ) ,  i.e . rea l roo ts  o f  A (t, 0, y;

T, 17)= 0  w ith  respect to are simple or double for (T, ti)

E R" — {0} .
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Chapter I Necessary conditions for L2-well posedness.

§ 1 .  Preliminaries

If  a variable coefficient problem is  L2-well posed , then  th e  cores-
ponding constant coefficient p rob lem s, w hose  coeffic ien ts a re  fixed
a t  e a c h  p o in t  o n  x = 0 ,  a r e  a lso  L2-well posed ( [3 ] , [6 ]) . Therefore
we consider only of constant coefficient problems in  this chapter.

N o w  le t  u s  introduce a  supplementary problem f o r  ordinary dif-
ferential equations with parameters (T,

then we have

1 A(T,
(P)

13(t, D„, 11)v =0

f o r  x > 0,

f o r  x=0,

Theorem (Agemi-Shirota ( [3])) (P) is L 2-w ell posed  if  and  only
i f  t h e  u n if o rm  e s tim ate s  f o r (P)  h o ld  in 1m <0, e R"-1,1T12 +11112
=1 , that is

11111 <CM f o r  l in t  <0 , n  R n -1 ,  I T I 2  + 1 1 1 1 2  =

w here y  e  H m (R ) satisf ies (P) a n d  C  is in d e p e n d e n t n o t  o n ly  o f  y
but also independent of (t, j) .

N e x t  w e  s h a ll in tro d u c e  t h e  Lopatinski determ inant. S ince  A
is hyperbolic , roo ts o f  A(r, q ) = 0  a r e  non-real f o r  Im r<O,

R " - ',  w hich  w e  deno te  by  -ter, II) w ith positive imaginary
pa rts  and  .T(-r, ti) w ith  n eg a tiv e  im ag in a ry  p a r t s .  Of
course {0(T , n)) have their continuous extensions on Im T=0, E R "1.
Here we define the  Lopatinski determinant by

rigk - i d
R (r, J)= det ( B ie r,  ,2

ni A l-(T , , n) ) ; , k =  I ,•  •  •  ,

for Im T < 0  and n e R "-  , where

A+(r, 1)= 11 ( - .x r ,  0 .
j=,
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Here we have

Theorem (H ersh ([5 ] )) L e t (P ) be L2-well posed, then

R(r, 11),“) fo r r<O, e R " ,

which is called Lopatinski's condition or H ers /i's  condition.

By the well known analysis ([8]), R(ro, ri0)*0, ((To, rio)e R") assures
the uniform estimates for (P) in a neighbourhood of (r0, no) in 1m r <0,

ii e R"- '. W hat means the uniform estimate for (P) in a neighbourhood

o f  ( t o ,  1/0) e Rn, w h e r e  R(ro, q0)= 0 ?  Hereafter, o u r  c o n s id e ra t io n
w ill be  restric ted  to  such  a point X, --(To, r io )e R " and its neighbour-
hood U  in C' x R"- We denote

U ± =U  n { in IT Z O , e R"-i}

W e m ay think that R4,-(X0)= 1-(X 0 )=,--,-(X 0); are real double
ro o ts , W ,± ,(X0),..., U-„±(X0); are re a l simple ro o ts , and the others
a re  n o n -re a l ro o ts  (m =2‘1 + s+ + s _ +2M , p=d+s+ +  M ) .  W e denote
for X = ( t., n ) e  _

E ± ( X ; ) =

and

j= 1,..., d ,

j=1,..., s± ,

j= 1 ,..., M.

Moreover we denote

P ± ( X , ) = ( ) , Q ± ( X , ) = ( ) ,
J I M  0 Q 4(X,
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and

R  ( x, 0 1
R I ( X , ) =

104 (X , )

P I (X , )

J ±(X , =  Q ±  (X,

R ±(X ,

(J-F(X,
J(X ,

J_(X , ) •

N ow  w e consider a  linear space L  o f  1-variable polynomials of

deg ree  le ss  than  n i ,  i n  genera l. L e t  A( ) b e  a  fixed polynomial of

degree m .  Then we can define bilinear form <  ,  > A  in  L  by

<p, Q > A =  I  P ( 0 0 0   cg,
27ti A( )

where th e  in teg ra l is  taken  a long  a  curve enclosing all th e  zeros of
A( ) . W e  s a y  th a t  P  a n d  Q  are  orthogonal w ith  respect t o  A ,  i f

<P , Q> A = 0 .  Let us denote

p( ) —
i

— , Q (0 = E
=1 i=1

then we have

< P , Q> A=(P1 ..... JA
,._(q  1

p , ,,)A
) ,

where

c j+k - 2

2n A (0 ,ki j =1...,m,

Moreover le t us define

(

)'s

P I )  ( Q 1 ) > P1, :Q1 > .14••• < Pl: Q t>  A  )

5 A = sl<P Q i> A * * * < Q t>  A

i  q i  1 . • • • • • q , i
= ( :

P i
: : ,

q im .......... gun

I
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where

inn i

P g )= pij J 121( ) =
J = I .1= I

W e denote Y { P, P i  t h e  linear sub.-space sp a n e d  b y  {P ,, .
Then we have

Lemma 1.1.

i) Let {Q1,..., Q„,} be a base  o f  L , then

dim .29{Pi,—, = rank < ( q-1 )>
\ P )

ii) L et {Q,,..., Qm}, {Q'1,..., be two bases, then

Q, q't Q.»
Q . Q . / \ /( P »  ) =  < ( ■P.1 7 )> A <( A ) .

iii) L e t {Q,,..., Q„,} be a b ase  o f  L , an d  le t  {qt.* Q„ } be linearly
independent and orthogonal to {Q,,..., Q1 } with respect to A , then

rank < (  Pi 1 ,
A

g .1  ) >  =dim ..99{PI, P —
Ps 6it 

—dim (2{P1,..., Ps} n {Q;+ 1,• • •, Vfl.})

P roo f. ii)  Let

then we have

< ( (9 '1  )> A =

Q„, )

9  4 9 1Q. (Q .Q:1  )>.

hence
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= ( P1>  A ‹

( q :Ps )

iii) W e have

 

P ,

dim 2{P1,..., Ps, Vi+1, .., E }= rank <

     

q..1 \> A

s i  \ Q !

 

P I ) qt+1
, 6n, > A

Q ;+ 1C : t +  1

) Qm

  

= rank

  

0
<

  

=rank < (  
1:1 )> A +(m  t) .

O n the other hands, we have

dim 21P1 ,...,  P .  Q't+ Q;n1 =dim

Q }  —dim G r{Pi,...• Ps} n { Q + 1 ,..., T .} )

=dim Y{P1,..., Ps} +( (Y { P ,,..., Ps} n V„}).

(Q. E. D.)

N ow  w e re tu rn  to  ou r spec ia l case, th en  J(X, i s  a  b a s e  of L
in  U _, and

=  ( Pt) ( P ( Qt) ( ) 0.29(R+)

0-r( PT) CD- 0 -99 ( P (,) e -29 (Q7) 6 —0-29 (

where th e  d ire c t s u m  is  orthogonal w ith  respect t o  A(X, i n  U
Now we denote
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J ±(X)=-- <J ±(X , J ±(X , A(v„,

.1(x )= <J(X  , f (X , )›. 4(v
(.1+( X ") 

J ( X )  /

then we have

( B ,( X ,
B(X, = < B(X , J(X , ) >  A x , )

B„(X, /

x < J(X  , J(X , To1x 4(X ,

= <B (X , J + ( X ,  )> Atx,of +(X)-I .1 +(X ,

<B (X , J _(X , A (x,4)J -(X )-1J -(X  ()

= B +(X )J 4.(X )-li + ( X ,  )+ B _(X)J _(X ,

Since

J+(X,0B+(X )= < B(X , J+(X , )> A(, (, )= < B lX ,
A - ( A 5 1  

> A +(x ,;),
,  

and

R (X )=1<B (X , A  itx,ol,
)

B ± (X ) i s  a  non-singular matrix i n  U _ from Hersh's theorem, hence
{B(X, J _ (X , )}  becomes a  b a s e  o f  L  i n  U _ . Therefore w e have

J(X , )=S (X )J _ (X , T(X)B(X , in U_,

where

1S(X)= — . I +(X )B+(X )- B _(X )J _(X)-1 ,
T(X )=J+(X )B+(X )- ' .

We denote more precisely
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P + M

R+(X,

S 1  ( X )  S 1  2 ( X ) S 1 3 ( X ) `  P - ( X , ( ; )

S '2 1 (X )  S 2 2 (X )  S 2 3 (X ) 0 2 ( X ,  )

S 3 1 (X )  S 3 2 (X )  S 3 3 (X ) R -(X ,g")

T i(X )

T 2 (X )  B (X ,

T 3 (X ) ,

  

then we have

Theorem (Sakamoto ([9])) In  order that the uniform  estim ate for
(P ) holds in  U it is necessary  that

S 1  1 (X ) Y -1,51 2(,r) S13(X ") T I(X )

S 21(X ) S22(,17) y 2S 23(X ) T 2(X )

, ' S 31(X ) 72S 32(X ) TS33(A ") , T 3(X )

are  bounded in  1_, where

1 _ = X —(ro— U _ .

§ 2. Definitions of g  and T

In  the  prev ious section  w e used  J ( X , )  a s  a  b a s e  o f  L  i n  U ,,

w hich is n o  m o re  a  b a se  a t  X = X 0  i f  d > 0 .  W e shall choose i(X ,

as an  another base of L  in  U  in  this section.
Now we denote for X=(-c, U

0 = ( - 4 1 . ( X ) ) ( — T ( X ) ) = ( oc1(X))2 —  fij(X), =1,..., d,

then  Œ1(X), 13i(X) are holom orphic in  U , real valued i f  X  is  rea l, and
0  • (X)# 0 ,  because o f  strictly hyperbolicity o f  A .  W e denote ei=sgn
e t
a •I3J (X 0 ). Let us choose the  branch of \//3i(X) such thatat

r.i R e  [ I i ( X ) < 0  if f li(X )> 0  o r  Im  f li(X ) 0,

Im,/fli(X),>.0 if fli(X )<O ,
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then we have

and

Here we denote

Reiko Sakamoto

Im \ f i(X) > 0 in U_,

X)= Œ(X)± vl i(X ) in U_.

‘ , „  A ( X ,  p,(X, Hi(X,

A (X  ; =1,—, d,r i (X , )=  H i(x ' ,

j = I ,• • • , d,

and

/ P 1(X, / P',(X,
P(X,

\ Pd4,
P' (X , ') =  

P x ,

then we have

L =  { Pi, Pd}e...e2{Pd , Pd} o-r(Qt)ED...@2(Q's',)e..r(R+)

1 1 ) .2 9 ( Q T ) ( 0 • • • @ Y ( Q ) e - r ( R - )

i n  U , w here th e  d ire c t s u m  is  orthogonal w ith  re sp ec t to  A  i n  U.

Let us denote

0 3 ( X ) =
(  Jfii(x)

.,/fid(x) ) '
then we have

i.e.

(  P + ( X , ) \  (  I I  \ P(X,

P- (X , ) I — I \113(X)P' (X, )

P(X, (  I I  \ (X,
2

?)P' (X, I —1 P -(X , (;) )

i n  U

i n  U_.



( Pdo+i(
P(x , 0= :

x, )
, 13 ' (x , )=

I  P0+ ,(X ,

\ ) 'Pd( x,

, 4 (x )  =
13d0+ (X)
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)..=--S II(X )P -(X , S 12 (X )Q -(X , )+ S13 (X )R -(X ,

+ T I(X )B (X , 0 in U_,

Since

w e have

P(X, ( S  , ( X ) + 1  S I 2(X) S 13(X) T i( X )

f l( X ) P '( X ) S ,,(X )—  I S, 2(X) S1 3(X) T i( X )

Since we may assume that

—  I do

I Si i(X 0)-E d  =
I - \ \  d—do

we denote

P I(X , F I (X ,
P(X, = ( x, :

i'do(Y, ivdo(X, ()

and

,/fl ,(x ).

..,/13d. ( x )

then we have
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riOGY) )57 (X, 0 )
= I( X )+  4 )P -(X , +  S  12(X)Q-(X,

1 1"(X,
+  S 1 3 (X )R -(X , ) + T1 (X) XX,

' 1 (P(x, \

\_,\113(x)

hence we have

P

Q+

R+

=(s, 1(x) -  A)P- (x ,  ) +s 1 2 ( x )Q- ( x,
+s 13(x)R-(x, )+ T1(x ) B(x,

s1 1 - 4 S 1 2  5 1 3  T 1

S 2 2  S 2 3  T 2

5 3 2  S 3 3  T3
S21

S31

(s1,4-4)-1 - ( S i  + ' SI 2 ( S I  + 4)-1S, 3 - ( S i  + 4)-1 Ti

Denoting

/5(x, ) /P' (x, \

k(AT, , o
1)(x, ) ' f+(x,

Q + (x , 421x,

\R+ (X, 0 \R- (X, 0/
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we have

LF(X, g(X),L(X, cf,)+  r a ) B ( X ,) in U

or more precisely

/15(x,

(x,

g 0 0 (x )g 0 i(x )g 0 2 (x )E '0 3 (x )

g 1 0 (x )g 1 ,( x )1 2 (x )E  1 3 (x )

'2+ (X 20(X )3.21(X )3-2 (X )g 23(X ) Q- (X  ,

R+ (X

7-*()(X) •

30(X )g 31(X )g32(X ).g33(X ) / R ( X ,

T i (x)
B(X, in U_.

T2(x)

,  T3(x)

O n the other hands, we denote

< P i  (X, ) >  A x  
c i( X ) =  <  (AT, 0, p i (X , (;) > Aoc„;:

P fo(X (.".)= P ,(X , -13,(X )ci(X )Pi(X ,

) = P'i(X , )-c ,(X )f ),(X ,

and

15 (X , )

P 0 (X ,

Po(x, )‘

P'o(x, ‘;‘')
40(x, .) = , 0=

Q+ (X , '2- (X

R+(X, 1?--- (X ,

1+0( x, )

.70(x, ) =
(

J . - 0 ( x , (';' )

)

then we have
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< i± (x , ) >A( x4)= 0 ill U .

Since J(X, a n d  .70(X, are tw o  bases of L  in  U , w e  have from

lemma 1.1

B(X, <B(X , j+o(X , )> A (x4)<1 4-(X , 1-0(X, 0>;ii1x,4)

x  +(X,

+ < B ( X , ) , . 7 - 0 ( X , )  A IX ,0 <j- (X ,) .  1 -0 (X , 0 >7 4 (1 X ,4 ) ..7 _ (X ,

Here we have

'S(x )= -1+(x )i)+ (x )- 11)_(x ):1_(x)-1

1 Tuo=i+(x)ii+(x)-1
in U_,

where the second term s are rational functions in  U .  Hence we have
from the last theorem in § 1

Lem m a 1.2. I n  o rd e r t h a t  t h e  unif orm  estim ate f o r  ( P )  holds
in  U _ , it is necessary  that

)r l - g o o ( x )  g01(x) T-13‘02(x) g0 3 (x ) ( To(x)

glo (X ) 3 -11 (X ) S 2 (X ) g1 3 (x ) 141(x)

7-1g20(X ) 21(x ) 322 (x ) 8123(x) T 2 (x )

S30(X )

are  bounded on l_.

Now we define

Condition (N) :

:131(-17) g 3 2 (x )  y g 3 3 (x ) , "Yr3 (X )  /

i) there exist lim gi1(X0) for (i, j)4 (3, 3), and

g00(X0)= g 02(X0)= 20(X0)= O ,
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) there exists Jimg33(X).(r—o-0).

Then we have from lemma 1.2

Th eorem  I Condition (N )  is a  necessary condition f o r  (P )  to

be L2-well posed.

Let

dim f2(B(X0, (`-)) n ..r(R-(xo, ))). =  40,

then we may assume that

7R -ko +  (x,
0R I X ,  4 :

R TCY,
, ) =

Ri40(X,(;)) \ k ila ,  

and

TZ-(X0, )e  29{B(X0, •

Moreover, we may assume that

Rt (g,
il+Gr, =

R,-40(x )  1

( Rk1.4.,(X, \
1? +(X, :

and

dim 9{ Buc0, k -(xo, ),13(x  0, 0, 12-(x0, 15'(x 0,

R+(x 0, = ni.

Now we denote

then we have



13 1 SOO SO I S O 2  S O 3  S O 4

P' S10 S11 S I 25 I3  S I 4

0 + =i S 2 0  S 2 S 2 2 S23 S 2 4I
= = = =

+ Slo S 3 1! S 3 2 S 3 3 S 3 4

R / S 4 0  S 4 I S 4 2 S4 3 S 4 4
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§ (X )7 (X , ()+ T(X)B(X, in U,

or m ore precisely

where S ii(X ), T i(X ) are smooth in  U , and

§40(X0)= '41(X0)=§42(X0)=§44(X0)=0.

Here we remark that

S 3 3 -5 3 4 5 -4 4 5 4 3  5 3 4 5 4 1  \
333=

—5-44543 A"- 4

I  5 3 4 \ ( I

0  I / 0

0 )

34

/ O \C )

/ 0 0 ,1

1 143— 4 \ I  5 3 4  ( 1 O \ '1'3 \

Remark. Condition (N )- i)  is equivalent to each one o f  th e  follow-
ing i)' —

dim y o ,  R-, 13) = d i m  {B, k- , 13} = M  —  M o +d—  do
a t  X = X0,

i)' dim .r{ B , R -, P, Q -, Q +} dim Y {B , k-, 15, Q-}
=p +m - mo + d — do + s_ a t  X = X0,

d i m  {B, R-, P, Q-, Q+, Pfl}  =dim 2,{B , k-, Q-, 151
.=,111— M0 a t  X = X(),

-5% T / \ O i /  0  h i.) — 1'4/
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dim St9(B) n _22(R, P)} =dim {Y(B) n £8 (R , P, on ] ,

= Mo + do

dim {..r(B) n 5/(R-, P, Q+)1= - do+ s+

dim 12(B) n P, Q+, P'n= Mo+d +s+

at X =  X0,

at X =X0,

a t X = X0,

      

P

Q +  A= P—  M O — do

R+

 

rank <B, > , =rank < B, at X=X0,

       

rank <8, (P+ )> A  ru= —  M 0 0—(1 —sR ' + at X = X0,

rank <8, R+ >  A = p — M o — d — S + = M — M o  at X =  X0.

Now we denote

Roo = 113 +(x) i
then we have

IB l i+ o \
R.-113+1=1<B, j +0> Al=1<i _0> Al-'1<L > Al

-0 )

B  \  ( J -F o
=1< 1 -, j-o> Al-IrS4411<(,_ )>

J _1 J-0

hence we have

P(X)= c(X)I44(X)1 (c(X) ro).

Lem m a 1.3. Condition (N )  is equivalent to condition (N )': it holds
a t X = X0

 

P
P'

Q+ > A= P— M O,

Q-

12+

0) rank <B,
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rank <B , Q '

ii) rank <B ,

R F

R +
> A = P— Mo— do— s+,

iii)

iv)

rank <B,

K—

R +> A = M — MO,

a y1°-' 11 =0 and a( at
Mo

P#0.
OT aT

Finally, we consider o f  go,. S ince

( p _ ■ f

P J
fl y

\ PP '

7 3 0 0  V fi 301 3 0 2 3 0 3 TO

-1/T9g143 /-A/vflgi -A/i3

we have

I B + 1 = 1 < B ,J 4 - > A 1 = I < L ,f - > A 1 - 1 1 4  B ) ,  (
f_
j+ )> A

 

goo—,/f3 g 01

/-4 /3311

 

= I < J,E-> A1-'
< ( B  ( 4 )

> A

   

where

\

JL =

hence we have
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1B+I=eIHI I+1,

where

113oo o
H=1

—1.3g10
c k 0 .

Now  w e denote diagonal elements o f 300 by

( ,
=

and denote g(0%) = goo (5, then we have

Lem m a 1.4. L et (P) be L2-well posed . If  w e  assum e that 113+1#0

in  II+ and j- th  row  of  (glo°0) go,) is  z ero on Si— \ /fli =0 , then

\/[37i- 0  in U n { I M  #  0  or (j=1 ,..., do),

th at is,

(*) vi Re (5;,..0 on 13i—  (53 =0 (j=1,..., do).

P r o o f . I f  (5i— \//3i=0, then IHI = 0, therefore I /3+ I =O. Hence we

have

() in U ±  u U_.

M oreover, we have from condition (N)

( R-, 13} f o r  Ai >0,

that is, j - th  row  o f H  is  non-zero, hence we have

.037* 0 for f l. > O .( Q .  E .  D)

Lem m a 1.5. (*) is equivalent to

(*)' Re S i  0 o n  vi_=_13i+(1m6;)2=0.
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P ro o f. Since

z; = — (53 = v.; {(Re J)2 + 2i Re (5; Int cif} ,

we have

and

Re 6j= Re + Re ( vi) — Re (Re j)2 + 2 Im 3i Re Si Im Si,

therefore

Re 6;{ I + Re 3.; R e  — 2 Im (5;} —Re = 0 + Re (3;v;),

which implies the  equivalence o f (*) and  (*)'. (Q. E. D.)

R em ark. If  M = 0  a t  X  = X 0, th en  1B+(X)1=(-1)"+.•+MB.}(— X )I,

therefore we have 1/3,(X)1 = 0 in  U ,  from Hersh's condition.

Chapter I I  Sufficient conditions for L2-well posedness

§ 1. C on d ition  (S)

H erea fte r , w e  dea l w ith  variable coefficient problem s. H ence let
u s  denote  X  =(t, y; T , ti) a n d  le t  U  b e  a  neighbourhood o f  X 0=(t0 ,

y o; To, rlo ) in  R " x  (C1 x R "- '). Moreover, le t  g =(x , t ,  y; r, t i )  and let
17 be a neighbourhood o f X-, =(O, X0) in  RV- ' x  (C ' x R"- 1).

N o w , le t  u s  consider th e  m atrix  g(X ) i n  U ,  which is defined in
chapter 1 such that

) = g(X)j - ( X ,  )+  r(X)B(X,

more precisely

P(X,

13" (X,

Q + ( x , )

R+ (X,

/g0 0(x )  g o l ( Y )  02 (X ) g 0 3 (X )

gio ( Y) S 1 1 1 0 0  , , ( Y ) 3  1 3 (x )

g„(x) gn(x) g22(x) g 23(X)

\S 130(X ) g 31(X ) S.- 32(X ) :3 - 33 (X ) , R - (X,
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BGY,

Let

I  (5

be diagonal elements o f  300, and

ba.

v=( v = II; + (1m i)2

P = (
P i  \

* Pao

Let us assume p O. I n  general, let A(X) be a  kx /-matrix, then we
sa y  th a t A  is bounded w ith  respect t o  (y, p ), i f  there exists a  smooth
decomposition o f A  in  U0= U n{lmr = 0 } such that

( A o  A , \
A =

A2 A 3 )

/ Ao =A00+ A011, + VA02+ vA03v,

A , =A  „ + VA13,

A2 = A22 + A23v,

where Ao is  a  do x do-matrix and

IIIA MOO =s u p  11p-1-A00p-111 +sup  Ilp-1(A0 1,411)11
Vou .

 

(A 0 2  ) Ao3
p--2- +sup

A22
Vo 1(A23

A 13 )
0001 11:

A3

 

+sup
VO

matrix norm).
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Now we denote III Alllo = MIAMI( i 0+ sup Om 1-1-1 II A -Aim T=0III, then we say
U

th a t A  is sm all w ith respect to  (y, p ), i f  A  is bounded w ith respect to
(v, p) a n d  III Alllu -30 a s  diam (U)-01 Moreover we say that A is positive
w ith  respect t o  (y , p ), i f  A  i s  hermitian a n d  bounded w ith respect to
(v, p) and A n ?. cp(c>0).

Remark.
i) L e t  D  b e  diagonal, th e n  A D  a n d  D A  a r e  bounded (resp. small)
w ith  respect t o  (y , p ), i f  A  is  bounded  (resp. sm all) w ith  respect to
(v, p). Especially when D(X0)=0, A D  a n d  D A  a re  sm all w ith  respect
to  (v, p), if  A  is bounded with respect to  (v, p).

ii) L e t  A , a n d  A 2  a r e  bounded  w ith  respect t o  (v , p ), th e n  A1A2
is  a lso  bounded  w ith  respect t o  (v, p). Especially when A ,  i s  k x do-
m atrix a n d  A2 is do X /-matrix, th en  A ,A2 becomes small with respect

to  (v, p).
Now we define condition(S):

Condition (S.1) R(X)r 0  for X  =(t, y; T , tt)e R n  X  (C 1  X  R ' ' )  n
{imt<o}.

Condition (S .2 ) L et X0 be real, then there exists a  neighbourhood

U  o f X0, where

i) g3300= C i(X) a)  C 2 (X )±  C o (X ) ,

where Co(X ), CI(X), C2(X), yo(X) are smooth, ICI(X)I IC2(X)I4 0, and

mo

tp (X )=
4 91(X)

(r9 140(g )

,  tp i (X )= T -T i ( t

3 0 0  3 - 0 1  3 0 2  3 - 0 3

3 - 1 0  S l l  g 1 2  g 1 3

g 2 0  g 2 1  3 - 2 2  3 2 3

g 3 0  3 3 1  3 3 2

are  smooth,
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iii) p >0,

iv) there exists a  smooth positive diagonal matrix

such  tha t th e  herm itian  p a r t  o f  ti/ e ', 1 „  i s  positive w ith  respect t o  (r,

14,

3i3o0) 3 0 1  3 0 2

3 1 0  3 1 1  3 1 2

3 2 0  3 2 1  3 2 2

is bounded with respect to  (v, p ) , where g(0°0) = goo —6.

O ur aim  in  this chapter is to obtain

Theorem 1 1  C ondition(S ) is  a  sufficient c o n d itio n  f o r th e  prob-

lem (P) to be L 2-w ell posed.

N o w  w e  s ta te  so m e  notations u se d  i n  t h e  fo llow ing . I f  e-YEti

e Hm(Rvi- '), w h ere  (t, x , y ) E R 1 x R  x R "- th e n  w e  s a y  th a t
u e .*"17(R1+11), where inner products and  norms are given by

(u , v)m,y

= E (e-Y rDil x , M IY v(t,x ,Y ))1.2(14:")J+k-fivi<m

= E ((p,— iY )-11)Dvy (e -ru ) , (D ,—  iy )i v))L2(R',Y' 1)-

=04, U L ,y , 0 4 , 0 7 = 0 , 00,y, IuI =

N ex t, w e  d e fin e  b y  a(t, y ; D;, Dy, y )  a  pseudo-differential operator in
R n  with symbol a(t, y ; o-, q, y):

a(t, y ; D't, D y, y)u(t, y )=e7tFT ,;,[a(t, y ; o pi, y)F„,,,[e-v tu(t, y )]],

y )



452 Reiko Sakamoto

where F  is the Fourier transform and y is a parameter.
W e  sa y  th a t a(t, y; D;, Dy, y) is  o f order s  i f  a(t, y; a, y ) is hom o-
geneous of degree s  with respect to  (u, ij, y). We denote

A ( ,  ' j , ±  ifil2  + y2 ,

and we say that u  e  1 0 R ")  if e '  A  su n L2(R"), where

< U , 1.) >  =  -Yr Asti, C Y ' A  NO L 2(R „), < u>s2,y= <u,u>s,y ,

<u, v >y = <u, v > <u>y =<u>o ,y .

Moreover, we define pseudo-differential operators in R !',+' as differential
operators o f 1-variable x  with coefficients of pseudo-differential operators
in Rn:

P(t, x , y; 4 ,, D ,  y )= ao(t, x , y ; D'„ Dy, y)DT

+ a l(t, x , y; D;, Dy, y)D'xn- 1 + ••• + a,„(t, x, y; D , Dy, Y),

where c i i ( t ,  x , y; D;, Dy, y) are pseudo-differential operators in  R "  with
parameter x .  W e say that P  is of order s , if a i  are of orders s — m + j .

I f  a(X ) is defined in  U , which is homogeneous with respect to  (• ,  j ,  y)

of degree s  there, then it can be extended to be a symbol of a pseudo-
differential operator o f order s. Moreover in o u r  case, multiplying by

A t' i f  necessary, we regard that pseudo-differential operators in  R V  ,
such as .1±, B , are of order m - 1 ,  and pseudo-differential operators in
R ", such as a, fl, v, p, are of order O . H ereafter, w e assume that
the functions, on which pseudo-differential operators act, are restricted
to  the following ones:

u(t, x , y )=a(1, x , y; D'„ D ,  y)v(t, x , y),

where the support of a ( g )  belongs to  a  small neighbourhood o f  go.
We denote by p . positive numbers such that

f l  - 0  0 as diam (t7) —0 O.

Now we denote for U  = (u ,, . . . ,  uk)



2 {«  U »  =-- Re <  p >  <  v _ 2 }
I

u 1 \ ui

2\ l i d o \ Lido,
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<
Udo+

> 2
Y

Uk
Yo),

then < U >  ‹p < U > y  and

Lemma 2.1.
i) le t  A  be bounded with respect to (r, p), then

1<AU, V>yl<C<U>- < V > ,

ii) le t A  be small with respect to (r, p), then

I<A U, V>yl<p<U> • < V >  .

Next, we consider o f  t h e  singularities o f  g (X ) and T (X ). Since
there exists a  smooth m x p-matrix C(X) such that

1 =--(fL(X), _(X))C(X),

we have

T(X)=14X)D.T.'(X)=j+(X)RV(X)(144.(X),13_(X))C(X)

—3(X),7_(X))C(X),

hence To(X), 71(X) a n d  T2(X) are smooth and

T3(X)= C,(X)cp(X)- ' C3(X ),

where C3(X ) is smooth. Therefore we have

(p(X)Cji(X)R+CX,

=q)(x)cT '(X) ( 3 0 ( X )  S3 ,(X) -s32(x) coa»
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+(c 2(X) C3(x )) 

/  R - (X , ) \

\ B(X ,

Since

(pi(X)= A - 1(cr, q, y)(o-- iy — i(t, y; g)), l m  Ti(t, y; g)

we have

< (t, p; D;, D,,, y)u >24,y= < (D; — r (t, y ;  Dy))u> 24,y

+iy{<(,D,—Ti(t, y ; Dy))u, — <u,(D;--ri(t,y;Dy))u>_40,1

+ y 2  <  u> > (y 2  _ C )< u  > 2 _

therefore

<01,y; D;, D ,, )- 'U > < U>
- Y y

Here we can define

(y >yo).

g 3 3 ( t ,  y ;  D'„ Dy, y)

=C,(t, y ;  D;, Dy, y)(,9(t, y ;  D;, Dy, y) iC2(t, y ;  D;, Dy, y)

+Co(t, y ;  Dr„ D y, y ),

r30, y ;  D;, Dy, y)

=C,(t, y ;  D;, Dy, y)cp(t, y ;  D;, Dy, y ) -  C3(t, y ;  D;, Dy, y),

then we have

Lemma 2 .2 .  Let us assume  condition (S), then we have

R-I-u=(:S"30g3ig32g33).. _u+ r3Bu+••• o n  x=0,

where

< 3 3 3 U > -  +  <  T3U> <U>
2,Y -1,Y y

and

< • • • >  I I .
y n t - 1 - 2 , y
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Let us denote

1 1A 12 + 
, 
u

,
F 2  = - 1 / 1 2 + <B u> t 1 1 -1,7,

Y Y y 2'7

< j - U > 2 1  =<P.U>2+<'PLI>)2,-1- < 1 2 -U > )2 +  --I  < R - u > ?
(-2-) Y 1,7'

<14.u>2(_.1)=<Pu»2+<P'u>+<Q +u>)?+y <R +u>_21,7 ,

th e n  <.7_14> t < C F  w ill b e  sh o w n  in  the  fo llow ing sections. F o r

simplicity, we denote lower order terms by /„, /' such that

m-t
<1);;u> 2 _  I_

where

Lemm 2.3. Let us assume condition (S), then we have

I) <l+u»2(_1)<C R i_u>2(-1 )+F21 ,

ii) < P u >  2 < p <  ti + C F 2 .
(2 )

Proof. Since

 

/ (a 3 0 1  3 0 2 / 3 0 3  To

g i 3  7 1

, g 2 3  72/

    

3 1 0  3 1 1  3 1 2

3 2 0  3 2 1  3 2 2

  

+ {lower order terms} ,

we have from lemma 2.1

 

u >  < C ( < l _ u »  + F )(2)
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and

<15u> <SP'u> +11<Pu -(5fru> y<p<j_u •1 +CF.
(1)

Moreover, we have from lemma 2.2

< R+u > 21 --<..C(< i_u> 2 1  + F 2 ) .
( j.)

Finally, we remark the ellipticity o f E , then we have

Lemma 2.4.
2

i) ---
I

< / t u > 1  +1R-ul? ‘,
Y Y

2
ii) y1R + 1 /1 ,2 < C iy< R + ll>  1 + (1 AU lli+ IU11-1 ,),) if•

- I d  y
Applying (i) of lemma 2.3 on y<R+u> 2 1  , we have

Corollary

YOR+ul , +1 R-u 1D< Cf < i_u >2(1)+ F 2 1 .

(Q. E. D.)

§ 2. Green's formulas
At first, we consider o f Q ± I I .  Integrating by parts, we have

((Dx—VT+,)Qu, Qu)y—(Q.fu, (D.— a-i)Q îu)y

=i<Qitzu, y —2i(Im aFfQ.1u, Q1u)y+1_1,

w here  U , ;  a r e  pseudo-differential operators o f  o rd e r  1 . Hence we
have

Green's formula (Q) :

(Au, Qu)—(Qu, Au),

= i <W u, W u> y —241m (j=1,..., s±).

Here we have

Lmame 2.5.
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ii) Y Q+ u I Qf u > + - I A u  +  u  1 y)} •

Applying (i) of lemma 2.3 on <Q+u>;i, we have

Corollary

( Q +111 +  Q- u I , ) C { < 2(1) + F 2} .

In the analogous way, we have

Green's formula (P) ;

(A u, P u) y— (piu , A u),=  < Piu> y + < Re fli P iu , P iu>

— i{2(Im ai A P .? ,  P1u)y+2(Re f lm ai A P i' u, Pi)y

+(lm f3i A Piu, P'iu)y+(lm f3i A P i' u, 19 0,1+  I ,  1,

ii) (A u , P u ) y—(Iriu, Au)y= i < P•u, P i' u > y +  <  1 4  P u  >

24( I in a • A P u , ) (1111 ql A P i' u, (1m /"Ii A P u ,

iii) p iu> — 2i(Imajp; u, Pfu),

f l iP iu ) ,+  ( A-1 Piu, A u)y+

iv) i<P'•u> 2 piu)y+ 2i(Im aiP iu, P itt)y+ 1„_, ,.r y

R e m a rk . Let x  be a  pseudo-differential operator o f  order 0  with
real symbol, then above formulas (i)— (iv) are also valid  even i f  inner
products < u, e> ,, (u , v)), are changed in to  w e igh ted  ones < ru , e> y,

v)y•



13=
X1

*Xdo
, X=

\ fldo !
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From Green's formula(P) for d o +  I j  ‹d ,  we have

i). < Pu> p< i'" u> ,

+C{y1Pul,i+yli'ul,CPuly+ttYlkul;,+yi

-f i r  yi < qu12 <fiu> I
Y Y

y iP til,i‹p t< Pu>,i+ <.fru >;;+ yl PulD

+ c -i A uki( IY

Hence we have

Lemma 2.6.

<Pu>q,+y(IPul,+Cfruq,)-<p<iru>;,+C(Iy

Applying (i) o f lemma 2.3 o n  < P u > ,  we have

Corollary

<Pu>,i+y(Ifiuq,+1-Ful,i)‹p<f_u>2(D+CF2.

Finally, we denote

then we have from Green's formula(P) (weighted with z) fo r  1(i<d0,
j)" 1<xPti, Pu>y+ <zRe/3/3'u, fru>,1

<c{y1Pul,i+ylPulyll'uly+PYIP.uq,

ii)" 1 <  P u ,  13'u> y < u , Pu> y —2(1Jelm 13 A P'U, Pu)yi

CtylPUL,IPtily -1-itYlPu lAULIPUly+
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iii)" Y1151112 <C{Y<P'/I>
- '

y <PU> 
-

I
'  

y+PY115'14127Y 2. 2

iv)" y<P'u>21 <C{v1Puly115'illy+luV n-i,y}  •

Applying (n) o f lemma 2.3 on  y <Pu> 21 we have

Lemma 2.7.

i) I <x Pu ,Pu> y+ < X Re /115'14, fvu

<p(<.1_14>2(1)+TIP'u)+CF2,

ii) IRe <c Pu, P'u> y-(r. im )3 A P'u,

<11(<f_u>2(1)-Fylkul)+C„• F2,

iii) 'Y I P u I ‹ p (  < j_u>2(1) +y I P"u Li) + CF2,

iv) y <f ru >_ 2 1 .y <p (<i_ u >2 (1 )+y lk u l)+C 1 7 2 .

§3. Energy estimates

W e shall obtain energy estim ates fo r  Pu  a n d  P'u  i n  th is  section.

Lemma 2.8. L et us assum e condition (S), then we have

I< Pu, Pu> <x6P'u, 6 P 'u >I

‹ ,u <j_ u >4 ) +C F 2 .

Proof. Since

( f_u
Pu=SP'u+(gb00) go! g02 50 3 To) +flower order term s,

B u )

we have



+2 Re < r5  fru , (3 0 3  TO >v

 

Pu
Pu ,( g ô c 'd  g o i
Q u ,

 

u
Pu
Q u ,

  

< 30 2 )* Z((3 0°O) 5501 03 )

  

+  Re < x  -SA )  501 502)

Z Pu
Pu
Qu

(go3  T0)(
\, Bu

  

I  R -u  \ I R u
+<x(303 To , (30 3  To >

\  Bu \ Bu
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< P u ,  Pu>,—  <z( P'u, (5P'14>,

=2 Re <6P '14, (g(o°o) goi goz go3 To)
/ u

\  Bu

< Z( 3(0°0) S 01  S 0 2  S 0 3  TO)

4. I ;71 —  1 —1

P u
=2 Re <P 'it, z6(g(0°O 501  302 ) fiu

I Q -u

( 3(0°O) 30 I 30 2 S 0 3  TO)

>y

Bu

= K ,+ K 2 + K 3+ K 4+ K 5+ /;,,--1 -1 .

Since

Z 3( 30°01 S01 50 2 ) ( 
)

0°O) Sot 30 2 )* X( 3(0°0) 30 1 go 2)

arc small with respect to (y, p), we have from  (ii) o f  lemma 2.1
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15"u s

C +II ‘31-.<41<ku <  P u  > < p< i_ u> 2 (1 ).
Q u

O n the  other hands, we have

u
IK21+1K41<il<

( 1 2 - 1 1  \

> i .  < I
 B U

2
< P ( < ] _ U 2 1 ) + - < B u > ,

(1 y

and

/ 12-u \

Bu  /
>;,<p— <

Y

I  12-u \ 2
>

\  Bu 2'

< /./(< .Lu> (1)+ -71 <Bu>12,7). (Q.E.D.)

Applying (i) o f lemma 2.7, we have

Corollary

1<xvP'u, P'u>yl<tit<j-u>2(1)+YIP'tillill-CF2.

Lemma 2 .9 .  Let us assume condition (S), then we have

Re <iPePti, frti >  y  C Re <p P'u, P'u >7

— C i< vk u> ,2+ y< P "u> 21  + < P u> ,+ < Q -u> ,i
2.v

+F2}.2.7

P ro o f. We have

<mie Pu,< t l i c E .0 0 P 'u ,  P 'u > ,



+ <0(3-03 To)

=L1 +L2+/,_1.

Since (0 go,

BR-
uu ), P'u>y+1:7,_1_1

S 0 2 ) is bounded with respect to  (v, p ) , we have from (i)
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= < 08(30 I .Ç 0 2  S Ø 3  TO) , ku> y + 1 -■-21-

Q u

R u

Bu

= < 08(301 '302) P'u >
(

Y
Q u  )

o f lemma 2.1

I L I I <C <(  P u  ) >,<P 'u >
\ Q -u

Moreover, since

(1?-u
IL 2I<C < > 1  <15' u> I

-2 .7Bu j 2

we have

l< tin  Pu, <qm goofru, P'u> yl

C <  u> 
{ < (P u

> + —yi < u } 2 + CF2.
1

Q-u 2'Y

O n the  other hands, we have

11/8 S 0 0  + (/ ,e  goo)* =Ao+viii+ A2v+v A3v+y A4,

where
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p- L40 p-1242, A 3 ,  A,

are bounded and

A o c p (c>0).

Hence we have

< flPe goo + (1Pc g00)*1/5'ti, P'u >7

c Re <0 3 'u , Pu > -C { <v f ru >2  + y< /5'u> 21 + F21.
Y

(Q. E. D.)

A pplying corollary o f  lemma 2.8, ( i v )  o f  lemma 2 .7 ,  lemma 2.5

a n d  lemma 2.4 respectively on < v fru >  y < > 2 1  ,
- 2 '

2
and _ ! < R u > ,  then w e have

Y

R e<tilet'u,k u>y ,>-cR e<pf ru,P'u>,— tit<i _u> 2 1  +ylku121—CF2.

Therefore we have, applying (ii) of lemma 2.7,

Corollary.

Re <pf ru,15'u>,+y lPuk i<p<1_u>2(1)+C ,F2.

N ow  w e sum  up the  above results o f  lemma 2.4 , lemma 2.5, corol-
la ry  o f  lemma 2 .6 , (ii) a n d  ( iv )  o f  lemma 2 .7 , corollary o f  lemma 2.8

and corollary o f lemma 2.9, then we have

C i_u >2 1 +yll:Pu l?, +ylPu 1 CF2,
(1 )

i f  w e  take  th e  diameter o f  U  sufficiently small. Summing up volume
estimates of corollaries o f  lemmas 2.4 and 2.5, w e have

Proposition 2 . 1 .  L et us assum e  condition (S), then we have

Y lulm-Ly<C(IA uly+ <Bu> ) for
fa
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§4. A d jo in t  problems

In  th is  section, w e shall obtain energy estim ates also for adjoint
problems o f  (P ) , w hich assure the existence o f  solutions for (P). At
firs t , w e  sh a ll d e f in e  a n  ad jo in t problem  o f  (P). L e t  try' „  b e
orders of {/31}i= , th e n  w e  c a n  f in d  s u c h  t h a t

{r,,..., r„,} {0, 1,...,

Let

C=

then there exist differential operators {C', B'} such that

(Au, v)— (u, A *v)= i{ <B u, C'v> + <Cu, B 'v>}

where A * is  th e  formal adjoint o f  A .  W e say  tha t {A*, B' }  is  a n  ad-
joint system o f  {A , B.}, and

f A *v =g for (x , y ) e R , t  <to,

(P") 1 B 'iv  =0 (j=1,..., in — p) f o r  x = 0 ,  y e R"-1, t < to,

( D i1v=0 (j=0,..., tn— l) fo r  (x , y )  e  R , t = to,

is  an adjoint problem of (P).
L e t  B aX , C aX , b e  p r in c ip a l  p a r t s  o f  B'(X , C'(X ,

a n d  le t  ko(X , C aX , be polynom ials o f  (r, 1 7 )  with complex
conjugate coefficients to  B aX , CaX , then we have

A(X, —  A ( X ,  ( C o ( X , ) B ( X , ) )
B 'o(X , ") ) C(X,

O n the other hands, we have

A(X, A(X, -')\( .7_7_1(X) \ I i . f ( X ,  ) \

n :I:1(X) )
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t/ \ . 7.7)(X) \ ( T(X) (X ) \ (  B ( X , ) \

:17)(X) 0 I

hence we define

(C"(X, !)\  / T*(x) (31\ /j.T.1*(x) (i +0(x,

) \ 3 * ( x ) j1 1 * (X ) 1\ 1 _ 0 (X , 0  ).

Now let us denote

j - (X ,

B ( X , ) \ ,

C ( X , ) )

then we have

(13(x. \ I I 0  \  I B (X , )\

I \/ + ( X )  o f _ ( X ) ) C ( X ,  ) )

and

C o (X , )\  ( I  ,n (X )\ [  e " (T C , ! ) \

\ B ' o ( X , ) 1  \ O  / ( X ) ) '  ( X ,

Here we remark that

li-(x)I =c (x)I g+( x)I, c(X ) 0,

because

B .<[ B /  .7 .4 .0 \ >  .([  B \  ( .4 \ >  (B

\ J - 0 )  A 4 ' ) ,  . 7 - - 0 )  A

=c3-±

o <1_, i _ o > j B< ( c ) ,  C 0.1:0) B> V ( c ) .

Now we denote



, =

f,o(X,

Q—(x,

\R -F(X,

P o (X ,

(X,

Q+(X,

R -(X ,

(X, =

iL(X, = . ko cx, 0 =
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i'±(x )= <Y ±(x, j '±o( x,

and

Since

/.7, 0 ( x, — Co(X)
0

— C, (X )

I ,.1_(x,

( Poo  )

Co(X ) = y )C (X), C , ( X) = C(X),
fi(x)

c  (X).
C (X )= t C (X )=  C ( X ),

) '

where

0

we have

L o(X,  )/

Moreover, since

—  (X)
o
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w e have

1.1,(X)

   

J 1 ( X)

J1 (X )

J1(X)

       

.11(X)

JI(X )

, P±(X)=

          

J i(X )= < P(X , P6(X , )>

JI(X )=-• <Q±(X, QI(X , ) >  A x , '

\JI(X )= <R 1(X , R±(X, ) >m x ,»

where

Jt(x)=.4(X ).

Hence we have

ï T * ( x )  o \  JL-10-0

\3*(x) 11\

c0(X ) \ P_ (X,
o

o ) ,  P+(x,

  

-00 (X )  -.7L -1 (X)
o " J (X , ! )

                  

t (x ),,Y+(X, ! ) ,*(x)

      

therefore we have

f j (X ))=  <'( X , !),
/ Jr_0(X,

\ 35+0(x, )

> A (X, ')

   

— Co(X )
o

   

=(3*(x), I)

       

—  (  X)
o
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( C, ( X )  \ /Co (  X )  )

= (3*(x ) - , I - S (X ) ),
0/0

and

.4 (X , " )=  g'(X).7L(X, Pap-3'(X, v),

where

g'(X)= -.P, (X)it- I(X)BL(X),V-1(X),

P(X )= .P.,(X)IT.,- 1(X).

In the following,
from those o f g(X).

we consider
F or simplicity,

' s 0 0  5 0 1 5 0 2

of
we

5 0 3  \

properties
denote

of g'(X), following

=
5 1 0 5 1 1 5 1 2 5 '1 3 /  E 0 E  1

5 2 0 5 2 1 1522 5 2 3 E 2 E3

5 3 0 1531 5 3 2 5 3 3  /

5 '0 0 5 0 1 5 0 2 5 '0 3  \

=
1512 15'11 5 1 2 5 1 3 j  1'o

5 '2 0 5 2 1 5 '2 2 5 '2 3 E'2 E'3

;5 '30 1531 5 '3 2 :5'33

and

H= (g --(
, 0,

(Co )
))(I— g)-1

0

( C I " (C0 (C0
Eo Eo /—

)

0/ 0) 0,

E 2 E 3 / O

(C I \ Co \ /Co
E 0— 1G0(1— (14 ) E

0/ \ 01 0/ 0)

E 2 E 3i



( H 0  H

then

\Hz H 3 )
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( E 0— )
(c

i  

0)
( E o—

x
co  

) E o ) - '

/c o  \ (C o  \
E0)-' LAI —

\ oj

C  \
/C 0  1  E 0 )-1 \

0/ \ 0/

/Co \

\ 0/

E o y i  x  (C o  
0  ) E id-E 3

[1' (X) = — .7',(X)H*(X).L- 1(X) ,

ro (X ) =

that is,

/ J1(X)

\ .11(X)

(J 1(X)
)H  t(X )

J (X)

Ji (X)
\

EA(x)=— H I(X).ti (X)- 1 ,

E'2(X) = — .11(X)Ht(X)(j 1(X) .1.1(x) \J 1

f '3  (X ) = — .11 (X) H (X) .

Now we calculate Ho, in  order to see the properties o f  E '0 . Let
us denote

EV))=E0—

(0130) 3 0 1 302

3 1 0  3 1 1  3 1 2

\  3 2 0  3 2 1  3 2 2  /

then E(o0) is bounded with respect to (y, p ) .  Therefore we have
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I 2C 0
— 1

I
{ (

E0 =  I—
\ 0 1

\ (c 5 ■
fiC

0  /  \ 0 /
(0o) 

} }_

,

1/ I-06 / 0 \ }-1
= E(0°) + {small}

\ I )  \ 0 /

/(./— OW 1 \ /C  \ }-1
= /— E(0°>+ {small}

\ // 0/

((/ -0 (5 )-1  \  { / 0  \
/+ E V +  {small}}

// \ 0/

and

Ho dE ci2c i )

0
1{I_J

\ 0
C°  )E0}

\ 

d E (0 0 )± (6 - v7(1-06)-1 +(0 E(00)]

0)1 1)1 0) f
+ {small}

( (6 — pc)(1- 0.5)- 1
= E(0°) +— c ) +  {small},

0

where "small" means "small" with respect to (v, p). Hence we have

E'0 (X) = —
I J1(X) \ (J  i(X )

EV (X)*
/

( (6 (x ) -s (x )c (x ) ) ( I -0 (X )6 (x ) ) -1
-c(x)

o

+ {small}.

Let (5' (X) be the diagonal elements of groc,(X), and let
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g'00(°)(Y- ) = S'oo(X)—(Y(X),

(6' (X ) \
E6')(X)= ro(X)—

o

then we have

Lemma 2.10.

E'0(0)(x) is  bounded w ith  respect to  (y, p),

ii) S'(X)= —(6(X)— 13(X)0(X))(1 — (X) 6(X))- +

iii) 3-60(°)(X )= i i (X ) g la a r j , (X ) - t +
iv) I :1  and a re  smooth,

y )  E',(x)= —J-.(X)E4Axvi(X)+ {smooth} .

Finally, we consider of diagonals o f  g'00 fo r real X :

\

(5. do/

Since

_ Re (5, +i Im 5 — (vi— (Irm5i)2)ci
— Re bici Im Sic.;

•—Re 6,(1 +  --'61ci )+ vie, (1 +  (5 i c i

1 —(5;ci

Re 
( .1

.ci•
+ Im 6i ( I +   1 6  c

we have

Lemma 2 .1 1 .  L e t X  be real, then

6"i = Re bit—  1 + a il+  vi(ci+ bi)+

where d i(X) and b ( X )  are sm ooth and

a i(X 0) = b i( X 0) = O.
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Let us define

then

v'i =f li+(1 m 6 i+Im ai Re (5i + Im b1vi)2

= (71 Re b i+v i(i +5 i) ,

where

iii(X 0)=  13i(X0)=. O.

Therefore

•v • — —  d i . .  R e •
1 +  b

on

and

Re (5"; = Re 6 ;{ - 1 + Re a ;  +c7-1.6. (ci + Re b i)} on v; =0.

Now we define

E  R

then we have

c1pi<p'i<c2 pi,

hence

Corollary. "bounded" ( re s p .  "sm all" )  w ith  respect t o  ( v ,  p )  is
equiv alent to "bounded" (resp . "sm all") w ith respect to (V , p').

Now we define

R(X)=clet( 21 . if-1°a '  °"̀-1
-7r1 A -(X , /j,k=1 , rn - g

(A -(X , 1-f( -7(K))),
i= I
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then we have ([10])

R ( X ) 0 f o r  X = (t, y; T, 17) e R" x (C' x R"- 1), Im t<0.

Here we define condition(S'):

Condition (S'. 1) R (X )= 0  for X =(t, y; T, x (C' x R"- '), IM T
< 0.

Condition (S'. 2) L e t X0 be real, then there exists a  neighbourhood
U  o f X0, where
i) 3 (X) =  (X)yo" -1 (X)C2(X)+ Co(X),

w here  C (X ), C',(X), C 2(X ), q '(-X ) a r e  sm oo th , IC1,(X)I*0, IC 2 (X )I* 0 ,

and

q'1 (X)

(P'm 0(X) /

(p'i(X )=  — y; q), lm

ii) g.(X)W, j)* (3 , 3 )) are  smooth,
iii) p'
iv) there exists a  smooth positive diagonal matrix

su c h  th a t th e  hermitian p a r t  o f  --i//eg'00 i s  positive w ith  respect to
(y', p'),

0°3) 3 '0 1  3 0 2

y) 3'1 0 3'1 I 3'1 2

g2 0 g'2 'g'2 2
is bounded with respect to  (y', p').
Then we have
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Proposition 2.2. Let p ro b lem  (P) satis f y  co n d itio n  (S ) , th en  its
adjoint problem  (P') satisfy  condition (S ').

Applying proposition 2 .1  t o  t h e  p rob lem (P ') , it h o ld s  t h e  energy
inequality fo r  (P '). Hence we have theorem II by usual techniques.

NARA WOMENS UNIVERSITY
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