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§ 1 . Introduction and main theorems

In  this paper w e shall discuss o n  th e  in itia l value problem of the
fundamental system o f  differential equations f o r  compressible viscous
isotropic Newtonian fluid, especially setting more weight o n  th e  problem
o f  t h e  uniqueness o f  th e  s o lu t io n . T h e  s y s te m  to  b e  t r e a te d  is  as
follows:

( I .1) '

( I) 2 ev   = f— (v .1 7 ) v —  .1 7  p +  P v + p -d i v  v +  I — (Fit•f lyet P P

div y + —
1

(I 7 vk)I ky + p ,

0 V' (I 7' v)d i v  v  (1.1) 03 FPO+( 0 4 7 0 +  p c v p c v  p o  0  ( v • V )0 ,et PC v puv

(p , density >0; y, velocity vector; p, ft, viscosity coefficients ( p +  y  0 ,  y > 0 ) ;
p ,  pressure > 0 ;  B , absolute temperature > 0 ;  C v , specific heat at constant
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volume; K, heat conductivity; V', dissipation function p(div v)2 + lei.; •

0  (eu= ,3 v i+ v i); the space is o f 3 dimensions).
uxi v.v.;

N ota tions. For an index vector m =(tn ,, m 2, in3) (m is, nonnegative

integers), X E R3, t e 121, a n d  r  (nonnegative integer), 1x1 a n d  .1)10",'! are
conventionally defined a n d  1m1 m , +m2+1713. F o r  a  nonnegative

integer n  a n d  a e (0, 1), 1/1-+/ is  a  Banach space o f  scalar functions

defined o n  R i =R 3  x [0 , T ] (T e (0 , + co)) such that

(1.2) W p+' { f (x ,  t): f 11(7 ''') ± I DripTfl(?)
2r+Im1=0

+ DçDTf IN-2) +  E ID D'fc'fi(xa,)T < + co},
2r-Flml=0Vti— 1 2r+Iml=n

IiIYs u p f i x, 01,

I f I (N.2)--- sup f(x , t) — f(x, t') I

(x,t),(x,e)eR4- 11/2

(r# t•

I f(x , t)— f(x ', t)I fl (x",)T = sup
"(x,t),(,e,i)E 4 Ix— x'I

(x-sTx')

(1.4) Ifl Ve) E., fl (x';)T+

H " ( n ,  nonnegative integer; a e (0, 1)) is a  Banach space o f  scalar

functions defined o n  R3 such that

l in + 1 = MUM ("+œ)=-(1.5) IDTul(co+ ID7,7u1(2)
iIm1=0 mi=n

where

(1.5)' 1u1(°)—= sup I u (x ) I 1u(x)—u(x')1 , lul (a) sup
xeR3 x,x'eR3 lx—x'1"(x x,)

where

(1.3)
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F o r a  nonnegative integer n  and a e (0, I),

{w(x, t): ± Dr,Drpv I (19 ) +  E 1g/411,1(T.)
r+Imi=n

+ co }

By, (w(x, t):r+ 1± 1 Dr, w 1(79) < co , Dr,DT w(t- +11)11
in 

I= 0 

n) are continuous} .

F o r a  vector function g (x , t)=(g )=,, g E H P " im plies gie (i=1,...,
k )  a n d  IgIV) denotes E't=ilgil(79), etc. F o r  th e  Holder exponent oc =1,
notations such a s  10 ,8 ,  are used.

2 1
<v>fio_=  E  ID TO T0)+  E  IDTvi(,21,2),

{

imi=o 1.1=0

' <v>  'TO E ) - E  1 I DTv I ,c(Œ,'T + I DTI) 1̀,Œ,I1-.2)} .
imi=2

(1.8) p,0 (0 , a*) x  (0, + c o )  (0 < a*=const. + cc).

For n=0, I,

11;;;Hg„,0)=- { g(p, 0): g  is defined o n  g m ,  n  times

(1.9) partially differentiable there, a n d  all its derivatives of

th e  n-th order a re  locally Lipschitz-continuous there} .

(1.10)
P(Dx; +1:1)-= +11+ /71 div,

P P P

' P D K  a  b)-.= K  P + (a•V )+ b.'  p C v " PCv

Remark. According to our definition, R i, is not defined fo r  T=0,
nor are  Hr., I hiti"-.), etc.

Theorem 1  (existence). W e assume that

(1.6)

(1.7)



(2.1)
d  _ ,

{  

d . r  
X , ( T  ;  X , t)= V (X -v(T  ; X , t), T ) ,

x, t)= x, ((x, t) e R , 0  T  T).
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II, 17, K, p e II 11„'",.L(.9 p,o), C v e I-IR,+»9 p,o), f e 14  (for an{
(1.10)

Then, under the initial condition

v(x, 0) = vo(x) e H2+*, 0(X , 0)=00(X) e H2+2 (0 < ,-=-

inf DO/ P(x, ()) = PO(X) e H '  (0 < /50 in fP o

fio 1Pol(°)<a*),

f o r  som e Te (0 , +  oo), th e re  e x is ts  a  s o lu tio n  (v, 0, p)e fli+Œ x

x I31-.+1 satisfying (1.1)—(1.11).

P ro o f .  Essentially, we have only to take procedures analogous to
those in  [5], [6]-corrig . and add. to  [5 ]  (also, cf. [7]). Q. E. D.

Theorem 2 (uniqueness). Under the assumptions that

u, 17,  K ,  p e Cv E H V ( 9p,0); Je
(1.12)

Ifx1(xq, I.Ox9•<

i f  (v, 0, p) e l ir a  X  [(11j-+OE X  BPŒ ) n {(0, p): 0<  inf 0, 0<  p (0)<a*}]
satisfies (1.1)—(1.11), then (v, 0, p) is unique in  th e  above convex set.

(The proof is to be m ade in the following sections.)

§2. Characteristic mapping, etc

For v = (v,, v2, v3) e (TE (0, + ), c e (0, 1)), we consider a  sys-
tem of ordinary differential equations

arbitrary TE (0, + 00), IX e (0, 1)).

By the  assumption that v e H P ", we have a unique solution curve pass-
ing (x, t) that satisfies (2.1). I f  we put

(2.2) xlax, .„(0; x, t),
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th e n  it  is  o b v io u s  th a t  the transformation (x , 0-4(x16(x, t), to= t )  is a

o n e - to -o n e  m a p p in g  f ro m  R  o n to  k . W e  d e n o te  the inverse trans-

fo rm ation  by  (xv(x1O, to), t= to )  and n am e  (4 ,  to )  th e  v-characteristic

co-ord inates after (I.1)'. H encefo rth , fo r s im p lic ity , w e  o ften  omit

the supertix or suffix `v ' unless misunderstanding arises. For an arbitra-
ry function g(x, r) ((x, OE R i), we define

(2.3) g,„(xo, t0)-=g(xv(xo, to), t=t0).

Lemma 2 . 1 .  I f  y and g elli+2, then

P ro o f . First, 41(7'0)=1019). We remark that

(2.4) axo, ax,  _
axok

a5-c •From the fact that 1-(t •' x, t) (j, j = 1, 2, 3) satisfy
ax; 

d   05, ay.a 5 6 ,  
, T ;  x, x, -  (t ; X , t) ,

C P C  101X
(2.5)

aye, ( I ;  x , 0 = 6 „ ,( i , j= 2, 3; T),axi

it follows that

ox
(  x  0 ,  x ) = c le t

o
i ( x  t ) ) = e -

p ( x ( r ; x , t ) , T ) d r

OX)
(2.6)

0 0(N . B .:  x°1 (x, t )=( 0 ;  x ,  t ) ,  f (x , x0 )•,"(xo , x )=1 ).ax • ax

Thus, by (2.4), (2.6), and the equality

ax k   ag  
(x°, 4)— a x o , ax,

we have

(2.7) ,,a4v 1(0)<6.e3TI° vIV)•117g < + co, (1= 1, 2, 3).
O X 0 i  T



d D 2 i   ( T ;  X  1)— 4)2 VI
1

' aXmaXk
°-37ic 4)5C-rn

aX i

02.,k
ax eX

j

(2.8)'
a t  ax,ax,

025c-,
( t ; x, t ) =0 ,0x,0x;
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(2.8)
020% 02x,  Og OXi 3 x

ax0 ,0x0 ; axo,axo., ax, ex(); ax„, axm ax,'

Next, from the relations that
we have

02 ^ (0)
g  v I GO, =  1, 2, 3).

0x0i0x0i IT

A fter sim ilar calculations, w e obtain  the  conc lusion  t h a t  #v eHi+a.
Q.E.D .

It is to  be  noted  that (2.1) implies

(2.9) d  
X (X 0 , T )  = ( x 0 ,  1 ) 9 X (X 0 , 0 ) = x 0 .Ch.

Thus, x(xo, to) is expressed in  such a  way that

to»,
X '-- X0 ± 1

0  

10 0 , T V T .

Hence,

Oxi _ b i i+( tv   aili Ox , ■ -I
n kx 0  T )U T n — û

eXcli Jo oxoi "  u t o  '
(2.10)'

a2xi s io  02v,
 =  (x0, T )d t.

X 0 JO X Ok (;) L/X 0i8X 0k

Lemma 2.2. T he m apping f ro m  1 4 +1  into itself , w hich

w e call the characteristic mapping, is one-to-one.

Pro o f . Let .F v  =  F v * , e .,  Or= ' . T h e n ,

v(xv(xo, to), to)=v*(xv*(xo, to), to).

(2.10)
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M o reo v e r, it  h o ld s , b y  xtkr; xo, 0)=-xv(xo, r) and xv.(r; xo, 0)=xv*(x0,
T), that

d „ ,
d r  

x - tx 0 , r )=  v (x v (x o , r ) ,  r )= P v (x 0 , r ) , . .0 x 0 , 0) = ;

(2.11) dœ x v  tx ,o , r )= -v * (x v * (x o , r ) , r )= P „,(x 0 , r ) , x v * (x o , 0)ch

= X 0 .

Therefore, we have

d 
d r

(xv(xo , r)—  xv*(xo , r)) =0, (xv — xv*) (xo, 0)=0.

Hence, xv(xo, -c)= xv*(xo, r) and v(xv(xo, r), -c) = v*(xv(xo, r), r )  f o r  a n

arbitrary (xo, r) e IT. This shows that v(x, v*(x, t). Q. E. D.

U nder th e  assumption (1.10), let (y, 0, p)e H i+a x H i+1 x B ra
satisfy (1.1)—(1.11). Then, (by, Ô,, (xo, to)(e s i n c e  p v  o b v i o u s l y
belongs to  B ra) satisfies th e  following system o f  equations a n d  initial
condition, w hich are expressions of (1.1)—(1.11) in the v-characteristic

co-ordinates:
ax'0,

d v =  P 0 (x 0 )•  f (x , x 0 )-  ,

"  ( 'x 0  t )  p ( v x °. 1"• PO' °) (p + )(,ô, °)  )t)
at, ° i d

+f ( x o  +  
o
13(x0, t)d r, to )+  —0 (v x 0 i-P it t•  rx o  •• P  •)v

Jo J J
t 1

pLV X o—P k . 07X O j f 7  U )k  + X ° I . P iX 0 i• Pt 

— x0i-P ;P(P, 0),

( X ° ,  t o — p ( p r x o , p i;  K Xoi•P iK  
at0 PCv' p'C'v '

(2.12)
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_ v ,x 0 .p
p c ,"  P0)0+07 xos.P it )  

pc„

( , O, p )(x o , 0)—(Po, 0o, Po) e H2+2 x H2+1 x H

where we note th a t 17x0 is to be expressed in  terms o f  
O b

i (cf. (2.4),Oxoi
(2.10), (2.10)'). N o w , besides, le t  (v*, 0*, p*)e satisfy (1.1)-(1.11).
T h e n , th e  sy stem  o f eq u a tio n s  a n d  in it ia l c o n d it io n  th a t  (f):,„

e .Yecf satisfies a re  in  form  quite th e  sam e w ith (2.12). By Lemma
2.2, in  o rd e r  to  show th a t  Y/' 0, p)=- r*a-(1)*, 0*, p*), it suffices to
dem onstra te  tha t 12' ( , ,  6,, 0 , pt.). W e  a v a il o u r -
selves o f  th e  fa c t th a t e a c h  of a n d  Y;"* i s  a  so lu tio n  with inde-
pendent variables xo and  to that belongs to Al,.

§ 3 .  Conclusion of the proof of the uniqueness

Hereafter, we replace the assumption (1.10) by (1.12) and , moreover,
assume that inf.°, inf 0*> 0  a n d  ipr ,  p*IV) <a*. Since p '„  a n d  M.
are  expressed in  term s o f  0, and  f)*„., respectively, our problem reduces
to  s h o w in g  th a t  (1,, Ô ) = ( ,  0:*). F r o m  n o w  o n ,  w e  d e n o te  4„
a n d  #*„. (g = v, 0, o r  p )  sim ply by  a n d  fy*, respectively. ( U, 0)

_Ô*) e H 4  x  H f +  satisfies the following relations:

t o ) =  P ( r 4 ; • ,
&  PO, 0) ( P +  fi)(1/' (i) )1/(x o, to)

OU
No

+ I P ( F 4 ' , ; ;  •••) —P ( r— r",) }i )+ L f(x 0 + 1 °b (x o , or)d t, t o )

+ x6i•r7 iP(r), 0)1 — [ i t * ] ,  (c f . (2.12))

+ N , [ , *] ,

( x o ,  to) =' P(V i; • ..)0 +  P (17  x iorP  i; ...)Oro

1
P ( r *)}()+1-  (P  xr)i.frs ;0 

L  P.cv(P,O)

(3.1)
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' Pr 10 + N2 [ , -Y2*],

, ( U , 00) (x0, 0)=(0, 0),

where `1 / --> r ' denotes the replacem ent of v, 0 ,  a n d  p  b y  v*, 0 * , and

p * , respectively.

Lemma 3 .1 . P[Y]—.a___a,( ;  and az,-(; in (3.1) as linear

operators are , respectively , uniform ly  parabolic in  Petrow sk y 's sense.

a v y
P ro o f . W e p u t J  = a n d  J L e t P ,  b e  the principal

part o f P [Y 2 ] .  Then, from

del (Po(J1kik)— /11)=0 R3)

it follows that

— (J/kk)2 I" ;  ()) (double roots),

(3.2)
jik„s..02(211+ ,7)(p . 0 ) 4  \

We n o t e  th a t  (J,„(!4)2= .t(J'.J)(2„ (.1', transpose m atrix o f  J ,  etc.) and
th a t J' •  J i s  a  sym m etric real m atrix, thus, its eigenvalues being real.
By virtue o f the  above fact, the relation (2 .6 ), det =095 (4 , x ), v  14 ,

and the continuous dependency of the  eigenvalues o f Jt • J  on its elements
a s  independent variables, we have

(3.3) max Re — C(T; v) (  < 0 ,  if  and  on ly  i f  1 1 #0) ,

w here C (T ; y ) i s  a  positive  constan t depend ing  on ly  upon  T  a n d  v.
aA similar discussion is  a lso  m ade as to

•
Q. E. D.ato

W e sha ll estim ate , fo r N ,  a n d  N 2  i n  (3.1), IIN1(x0,10)Vr20) and
1/V2(x0, t())11,7:.(0< 7.0 T ) .  First, we have inequalities
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(3.4) f ( x 0 + ( o 13(x 0, r)cit, to)— f (x 0+1i° f )* (x  t)dr, to)

< Ifx1r 1u1(4) • T o  (0 __ to To),

if (x0+1,°P(x0, t)d-c, to)— f( xo+Y )13*(xo,  r) dr, to ) }

—{x0—■)4}1=1...11--1...12(21fxrlulfr°0). T op-Œ  x

a
10 (32 if(x0A + 5.0 13(x ,  Twr, to)-101-4)*)}d/1.

To.{31./.IPLF Ifx1Y,1(1+Ir ,90). T0)}(iu i!,V+ LOOP.)
X Ix0—x'012,

where x0A=.1x0 + (1 —)).x'o. In th e  same w a y , f o r  arbitrary to  and
e[0, To],

(3.5) if(xo  +14) 0(x0, r)ch, to)— f(i) f)*)} —  {i — t'}
0

- 131.f,-1P+1v1P).1.fxl!„9-T0+1.111!,!,-)r.T0IT6-1

l ui!,90)1(0 — / 61./2.

Thus, we have

(3.6) f (x0+io0(x0, t)dr, to)— f(6— >6*)

_-5_1(,(To; Ifx1(79), 'f '(L)  11;1(2'1-, 1iV)+1Pb1(79))(1u1(190)+

+leul(TV) (o< T o  T),

where KI(To; ) is defined o n  [0, T ] a n d  Ki(To) \ K1(0)=0 a s  To \O.
Next, it holds that

(3.7) I fi(xo, te)— P*(x0, i0)1 = p 0 ( x 0 ) 1 / ( x v ,  x 0 ) - - 1 — f( x 0 " ,  x 0 ) 1 - 1

'poi")) [enlyulV"+1"`IV' •2{1 T( if7 bi(79) I r  t* r i

(a)

To
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X ToLIV-U1(4)=1P01(0)•KATO)IPUI7P0),

where K2(ro)-= [ H A  (0 < T 0  T ) and K2(0).-_- 0. Moreover, we have

(3.8) 1 0 (xo , P*(xo, ion - {x0-,x6}1

(21))01(°).K2(T0)1hil',90))'- q 11IPP—eP*1(xo, to)d,1

If‘7Po 'f (xv , x0 )-1 -P0• f (x v , x o t
f (x v , x 0 )2  f

TO

-J( 0 ) ,

• 1.x0—x'012 K3(T0)(1Pul(790)+IPtu

x Ix° (0< T),

wher K 3(7. 0)\ K 3(0) = 0 as T 0 \0 . S im ila r ly ,  w e  have

(3.8 )'I  { P(xo, to)}  — * (x 0 , 10)} — {t 0— 6 } 1 -_slt 0 — t' 01 K' 3(T 0)

x VUI vo) , (o 0, r T ).

Remark. In (3.4) t o  (3.8)', the following inequality has been used:

(3.8)" AYB'-)'...5_ A + B , (A , B _O , y e (O, I)).

It is the  most burdensome to obtain estimates for le(174 -  P x )  Vo)
a n d  l -  Pf)* I , w hich appear, f o r  example, i n  estim ating l(P[17-]

-  P [V * ])  'OA; a n d  I V.V6i • e  ip (P, 0 )- 17 ip , (p* , respectively.
The estimation of

(3.9) {f,' — 3*) x0,40}—{x0—,x6 }, {•••} - {t -t'0}

reduces to estimating

F1 (x0, to; x'0, to)= po • (fr (xv(xo, to), x0 )-1  - (v-÷t)*)-1)}1

F1(•••; x o , ro)={ •••11- Ito--+rol

F2(x 0, to; to )= {po • ( / (x " (x , x0)-1 -,,f(v- v*)-1

—{X0—X,012, F2(•••: ro)={•••il2—flt0-41612.

X x o

(31.0)
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T h e  procedures o f  estimating Fi(xo, to; x'0, t o )  a n d  F1(••.; xo, I's) a r e
such a s  i n  (3.8) a n d  (3.8)'. T h e  e s tim a tio n  o f  F2(x0, to; x ,  t o )  is

to- -
reduced to have estimates fo r  i5

o  
riFi(b—t)*)(xo, t ) d t t  —  {x0-+X '0 } 3.

3

(3.11)
1 1{ - } 3 -  I X 0 - " X 0 1 3 1  To I eiP JO (x )To• I X 0  -  -V0 11,

(N. B.: e ie jU l (77,)-- I f7ifribl(TŒ0)+ I PiPib*I V.) < + oo

Finally, we have

(3.12) IF2(• .• ; x6, Ixo —x'ola • K4(r0)(1Pul̀ TV+IfquIV.)

-F-I'VPUI(x",)T0),

where K4(T0)\K4(0)=0 a s  To \O. Similarly,

(3.13) IF2(x0, to: xo, 16)1-Ito—trol'i2K4(7.0)(Ir

+1.67U14),

where K4(1'0)\,K4(0)-=0 a s  To \O. The estimation of It7(Vx1i—e'xte ) V())
is almost similar to that of j 'e Besides, we utilize, for
example, the following inequalities:

(3.14) icv(,5, 6)— cv(A*, 6*)15(lcv,„1°+ Icv,9120)(IP —P*1+

+ 16 —041),

1(cv(P, 0)— cv(0*, 0*))(xo, to)—(...)(x6, to)I

X'01 (P5 0)fr P±CV,O(P% -0'61— 1Y —*Y2*11000A,
0 •P

to)d)„,

where go=[infp A infp*, Ip10) VI P*1(79)1 x [inf0 A inf 0*, I 1041 (To)]

and I C I 0m a x  iC„(p , p o r  0 ). Thus, we have:
(p,OiC90

Lemma 3.2.
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(3.15) 11/\111Vfo)- K(T0)' (4<U>)+K(To)(<U>+ 110A)0+1)),

VV2d(i /C(T0)(<1J>V'0W1001-10+1)), (0< T;

Mild(4=lh1(790)+Ihi(4)),

where K(To)\ K(0)=0, K(To) \ K(0)> 0, an d  ' K(T0)\' K(0)> 0, a s  To \ 0.

(N. B.: a c c o rd in g  to  o u r  d e f in it io n , < U>4)..=(), e tc ., a re  not defined,

bu t K( To), etc., are defined fo r  T0=0.)
0S in c e  th e  c o e ff ic ie n ts  in  PP/1— at-0 a n d  'P[P]—  at(; be long  to

f i l •  a n d  Lem m a 3.1 h o ld s , w e  ca n  co n s tru c t b y  m e a n s  o f  t h e  theory

o f  system s o f  lin ea r equa tio n s  t h e  fundam ent solutionals P  a n d  '

corresponding t o  P[i%]— a n d  ' P[^ 7]—  a , respectively. F u r -

therm ore , Lem m a 3.1  guarantees t h e  un iqueness o f  th e  s o lu t io n s  u

and  w in  Hi+1 of the system s o f  linear equations

(PLY/1— 101=g E H . ,  u(.vo, = /40 E  H 2 + ',
„

(3.16)

aato)ox„, to = h e  H I, w(xo, 0) = W0 E H2+2.

T hu s , wc can  express U  and O  b y  a v a ilin g  o u rse lv e s  o f  f ' a n d  ' t  as

follows:

u(xo, to dto= Î(x0, to; ToN -rocho,
0 R,

(3.17)
0

e (X 0 ,  1 )=1 clto 'Axo, to;o, t0)N2(0, to)(go.
o R3

R em ark . L e t  I- a n d  T  be the  fundamental solutions corresponding

a ato  P(I),)— (v • V)— —6-i- and ' P (D ) —(v • V)— -6t- respectively. T h e n ,  it

holds that

Axo, 10 ;

(3.18)

T 0 )-=  r (X '(X 0 ,  / 0 ) ,  t  =  / 0 :  ( ; = X 0 (0 ,  2 0 ) ,  t  = To) X

x t )
0(,;0, t 0 )
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, 0( )
r (x o , to; 0 )= 'T ( ) — to ) •

The above fact is related with th e  uniqueness of the  so lu tions in  fif+2
of (3.16).

We can estimate U  and G  o n  th e  basis o f  (3 .1 7 ) in  a  way analo-
gous to that in  [ 5 ] ,  [ 6 ] .  Thus, we have:

Lemma 3.3.

(3.19)< U> CI( To)K(T0)( < U> Y()+ A)0+1) )

+ C I(TOK(To)' < U >4),

110 gl+ C i(To)' K(T 0)( <U>  (.1-10) + Il 0 ),

' <U > i(TOK(To)' < U >V10) + ,( T oK (7-0)(<u > +

+110.610-0), (0<T0 ,

where Ci(To), 'CI( To) \  COY= 'C i(0 )=  0  and el( T o )  e i ( 0 ) >  0 ,  as To

By Lemma 3 .3 , for a  sufficiently small value of 7'0 e (0, T ] ,  it holds

— To)K( To)> 0,

C (T 0 )i(T 0 ))1z(T 
(<u>(,12-110610+a)),T.— 1—,.(7-0)K(T0)

<U>W+11011(4+2)1C1(7.0)1(Cro)+'Cl(TOrK(TO)

+ 1 (7 .0 )K (T 0 )C 1 (T 0 )K (T 0 ) t  ( < u > : 2+ derflo ")).—ei(To)•K(TO)

Therefore, by th e  property o f  { .••} ,, f o r  a  sufficiently small value T1

o f  To E (0, T],

0 (•• •1j ,( T,)<  1.

that

(3.20)
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T h u s , <U>W +1101VT'i+1)=0, i. e ., ( U, 0 )(x 0 , to )= (0 , 0 )  (0  to T).

H ereafte r, it rem ains on ly  to  m ake  a  fin ite  num ber o f  repetitions of

the sanie procedure. Finally, Theorem 2  has been proved.
W e  a d d  th a t, u n d e r  (1 .12) w ith  the condition on f  replaced by

fe 114-, it  is  k n o w n  o n ly  th a t the uniqueness of the solution o f (1.1)—

(1 .1 1 ) h o ld s  in t h e  convex  set ye91, n to), 0, p):IDTvIN-< oo (1mi = 3),

infO>0, IPIV)<a*1 (cf. [5]).

KOBE COLLEGE OF COMMERCE,

4-3-3, SEIRYODA1, TARUM1-KU,

KOBE
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