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Introduction. L e t k  b e  a  commutative fie ld  and  o- be its involu-
tion , i. e . an  autom orphism  of k  su ch  th a t 0 -2  id en tity . L e t  V  b e  a
sym m etric  bilinear (resp. sym plectic  ; resp. H erm itian) space over k
w ith respect t o  a .  Let U( V )  denote th e  group o f  all isometries o f  V.
W e shall concern w ith the conjugacy classes of the elements o f  U( V).
T he problem has been studied by many mathematicians, a n d  there are
known substantial amount o f  results. F i r s t  o f  a ll, the re  is  a  canonical
injection from the  se t o f all con jugacy classes of U([10) fo r  a  symmetric
bilinear (resp. symplectic; resp. Hermitian) space V , in to  the set of the
equivalence classes o f  th e  pa irs (V, x )  consisting o f  symmetric bilinear
(resp. symplectic ; resp. Hermitian) spaces V  a n d  its isometries x (c. f.
G . E . W a ll [9 ]  a n d  J. M ilno r [4 ]) . T h e  equivalence problem of the
p a irs  (V, x )  w a s so lv e d  b y  J. W illiam son [10] under t h e  assumption
th a t the base field is perfect a n d  o f  characteristic 0 2, a n d  then solved
b y  G . E . W a ll [9 ] under th e  weaker assum ption called " trace  condi-
t io n " .  T h e n , to  d e te rm in e  the  con jugacy  c la sses  o f U( V )  w e  must
determine th e  im a g e  o f  th e  above canonical in jec tion . T he  problem
to determ ine th is im age can  b e  red u ced  to  th e  fo rm  o f  our Problem
3.3, § 3 (when k  is  perfec t). W hen the base field k  is finite, the latter
p rob lem  is so lved  by  G . E . W a ll [9 ], in  fa c t h e  g a v e  a n  explicit de-
scription o f  a l l  th e  con jugacy classes over fin ite  fie lds. W hen k  is  a
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lo c a l f ie ld , J .  M iln o r  [4 ]  g a v e  a n  a n sw e r to  th is  p ro b le m . (S e e  o u r

Le m m a  3 .4 .)  U t iliz in g  h is  re su lts  w e  g e t a  s im ila r an sw e r w hen  k  is

a n  a lg eb ra ic  num be r f ie ld  (Theorem  3 .6  a n d  3 .7 )  a n d  g iv e  a  com-

p le te  se t o f lo ca l in v a r ia n ts  to  each  con jugacy  classes. S in ce , it tu rns

o u t  th a t  loca l invarian ts correspond t o  the loca l con jugacy c lasses, we

can describe our resu lts as the  Hasse princ ip le  for the conjugacy classes

(Theorem  4 .7 , 4 .8  a n d  4 .9 ) .  N am e ly  th e  fo llow ing  m ap  i s  injective

a n d  w e can  e ffective ly  characterize  th e  im a g e  o f  c i n  te rm s  o f lo c a l

invariants.

the conjugacy classes the conjugacy classes
e;

in  U(V) "  {  in  U(V„)

where y  ru n s  a ll the prime spots on ko = {x e kicrx = x}.

T o  o u r b e s t kn ow led g e , the  in je c tiveness o f the  above  e was re-

m arked  fo r  t h e  f ir s t  t im e  b y  M .  E ic h le r  [0 ]  ( fo r  th e  spec ia l case  o f

regu la r con jugacy  c la sses in  th e  a n is o tro p ic  o r th o g o n a l group 0(V)),

and  its genera l va lid ity  w as rem arked by H . H ijikata [1].

In  the  firs t tw o  sections, w e sha ll sum  up  the known results, mostly

from  [4 ] a n d  [7 ] , in  a  form  convenient fo r  ou r la te r use.

T h is  paper is  p repara to ry  to  m y subsequen t paper to  ge t the  class

num ber fo rm u la  o f positive defin ite quadratic form s by m eans of Selberg

Trace Formula.

F in a l ly  I  express m y  h ea rty  gratitude to  P ro fe sso r H . H ij ik a ta  for

h is  k in d  guidance and encouragement.

§1 . The conjugacy classes of the unitary, symplectic and
orthogonal groups

1.1. F ir s t  w e  g iv e  s o m e  d e f in it io n s .  L e t  A  b e  a com m utative

r in g  w it h  1 .  L e t  a  b e  a n  in v o lu t io n  o f A  ( i. e . a  is  an automorphism

o f  A  and a2 = id e n t ity ) . a  m ay  b e  id e n t ity . L e t  M  be  a  finitely gener-

ated A -m o d u le . L e t  Y =1 o r  — 1 . A n  s -H e rm it ia n  fo rm  o n  M  ove r A

w ith  respect to  a  is  a  m app ing F: M  x M—*/1 satisfying

i) R a u  -4-  by , w)= a F(u, w)+b F(y, w),
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(ii) F(u, y)=1F(E, u),

for a n y  u, r ,  W E  M  and a, b e A .  W e ca ll the pair (M , F )  an s-Her-

m itia n  Module o v e r A  (w ith  respect t o  a). If a=  identity  and e =1,

w e ca ll F  a  symmetric bilinear form and (M , F ) a  symmetric bilinear
m odule over A .  I f  M  i s  a free A-module, w e ca ll (M , F )  a n  e-Her-

m itia n  sp a c e  o v e r  A .  W e o ften  ind ica te  e-H erm itian  sp a c e s  b y  M,

N ,... instead of ( M , F ), (N , G ),... if there is no confusion.
Let (M , F )  b e  an a-Herm itian space over A .  And let fe,,..., e„;

b e  a  b a s is  o f  M  o v e r  A. W e  s a y  (M ,  F )  is n o n -d eg en e ra te  if
the (n, n )-m a tr ix  (F(ei, et)) i s  in v e r t ib le .  W e  o f t e n  w r i t e  (M, F )=

(F(ei, e1)) for brevity.

Assume A = 0  A i and "A i= A i .  Let 5  be  an  e lem en t o f  A  such
i= t

th a t  6=(E,,...,E,.)e A,0•••0/1,. w ith  c1= 1 o r  — 1 e Ai. E ven i f  w e do
not assume (5= I or — I, we can similarly define 6-Hermitian forms over
A as a b o v e . A  5-Hermitian module over A = 0  A i is alw ays a direct

i=1
sum of er-Hermitian modules over Ai.

1.2. L et k  b e  a (commutative) field and a  be its involution.
(a m ay be identity.) W e put a= 1 or — I. L e t  (V, f )  be  an  e-Hermitian
space over k  w ith  respect t o  a  a n d  U (V , f) deno te  the  g roup  o f all
isometries of (V, f ).

F o r  a  m o n ic  polynomial p(X )= X" + c, X"-1 + ••• +c„ with en 00 ,
we define its "dual" polynomial p *(X ) by

p*(X )=(ec„)- I X "(°p )(X -1 )

where (6p)(X )=X"+6c1 X"-1 + ••• +6c,,.
L e t m (X )  b e  the m inim al polynomial of X E U ( V , f ) .  F or any

polynomial h (X )e  k [X ], w e have

f(h (x )u , r)= f(u , (if 11)(x- ') y) for a n y  u, V E V.

Thus we have

Lemma 1.1. (I) m*(X)= m(X).
( 2 )  P u t  R = k [X ] lm (X ) .  T h en  V  i s  a n  R-module by  the  m apping
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(X i , x ) .  T here is an  involution a o f  R  such  that ŒX  = X -1 and  alk =a.
A nd f (au , v )=f (u , "ay ) f or any  u, y e V  and  a e R.

1.3. W e define  a n  equivalence re la t io n  in  th e  se t  o f  th e  p a irs
((V, f ) ,  x )  consisting of the 8-Hermitian spaces (V, f )  a n d  its isometries
x. L e t ((V, f ) ,  x )  a n d  (( W, g), y ) b e  su c h  p a ir s . T hen  ((V, f ) ,  x )  and
((W, g), y )  a r e  called equivalent i f  th e re  ex is ts  a  m apping  ço: (V, f )

g )  w h ic h  is  a n  isomorphism a s  & Hermitian spaces a n d  cp(xu)
=p p ( u )  f o r  a n y  u e  V. W e  in d ic a te  th is  b y  th e  n o ta tio n  ((V, f ), x )
,at((w, g ) , y ) . Then we clearly have

Lemma 1.2. L e t ( V, f )  b e  a n  v .-Herm itian space ov er k  w ith re-
spect to  a and  x , y e  U ( v , f ) .  Then the follow ing are equivalent.

(I) x  an d  y  are  conjugate in  U(V , f ).

(2) v, -=((v, f), y).

1.4. L in ea r  fu n c tio n  7 . L e t m (X ) b e  a m onic polynom ial whose
constant te rm  is  n o t  z e r o .  W e assum e tn * (X )=In (X ). P u t  R =k [X ]l

m ( X ) .  Since m *(X )= m (X ), there  exists a  u n iq u e  in v o lu tio n  a  o f  R
such that "X = X -1  and  odic= (r. T h e n  R --R,ED•••OR,. where R i(i =1,...,

r )  are  a-indecomposable, i .e .  R i  a re  n o t  direct sum s of non-trivial a-
stable subalgebras. Since a  stabilizes Ri, a  induces t h e  involution a,
o f R 1(i=1, r ) .

Let m i be the radical of R i and d i be the positive integer such that
14, =  {0} a n d  m P - 1  { 0 } . a; induces the involution o f  Ki= R1/m.
I f  o- identity, then obviously Eti is n o t  id e n t i ty  (i =1_, r). A nd if

= identity and ai = identity, then R i=k [X ]l(X  —1)di or k [X ]/(X - 1 ) .

Lemma 1 .3 .  (Springer-S teinberg [7 ], p. 2 5 4 .)  W e  u s e  t h e  above
notation. A ssum e th a t  a l l  d i 's  a re  no t iden tity  o r  char k 0 2 .  Then
there ex ists a  k -v alued linear function /  on R  such that

( I )  T he sy m m etric bilinear f orm  (u, v )1-4/(uv ) o n  R x  R  is n o n -
degenerate.

( 2 )  7(au)= a(7(.3 u)) f o r any U E RR
where 6=(171,..., cr)e R=R,@•••OR,.
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{with ei= I if di 0 identity,

c1= (-1 )d i-  ' if di — iden 1 ity.

P r o o f .  W e p rove  th e  above lem m a only  w hen ki(i =1,..., are
separable extension fields of k. (F o r  th e  general proof, see Springer-
Steinberg ( lc ,  c i t . ) . )  n t i  i s  a  p rinc ipa l ideal a n d  m i  is generated by
an  element i t  such that

fŒ in i= n i if d10 identity,

a in i=  — n i if rii = iden tity . (c. f .  Lemma 2.9.)

Since R i  i s  a  separable a n d  com m utative algebra, w e can show  that
there exists a  un ique  subalgebra E i  o f  R i  such that E1 k1. T h e n  2E1

= E 1  b y  th e  u n iq u e n e s s  o f  E . ( c .  f .  A . M alcev  [3 ] a n d  E. J. Taft
[ 8 ] . )  Any element a e  R  can be written uniquely a s  a= a0+ a1n i+ a2nt

+••• + ad- 14 ' 1  w ith  a0 , a ,,..., ad,_, e Ei. W e  p u t  li(a )=  Tr Eilk

T h e n  I  is  a  k-valued linear function o n  R i which satisfies th e  required
condition in case R =  R i .  Define the k-valued linear function /  o n  R
as follows.

/ :  R=Ri®•“®R, k

(c 1, cr)
t 1

 /1(c1) .

= 

Then /  satisfies the  required condition.

1.5. L e t V b e  a  vector space over k  a n d  x e GL( V ) .  m (X ) is  the
minimal polynomial of x. We assume m *(X )= -- in (X ). The notation and
th e  assumptions a r e  a s  in  1.4. V  is  a n  R-module b y  th e  mapping (X
i—*x). W e assum e the assumption o f  Lemma 1.3, therefore there exists
a  k-valued linear function /  o n  R  with those properties listed in  Lem-
m a  1.3. H erea fte r  w e  fix  th is  func tion  / .  W e  h a v e  t h e  following
three lemmas (c. f. Springer-Steinberg [7 ] , p. 254).

Lemma 1.4. (I ) L e t  f  b e  a  (no t necessa rily  non -degene ra te )
v,-Hermitian fo r m  o n  V  o ve r k  su ch  th a t .); E U ( V ,  f ) .  Then there exists
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a un ique  i-H erm itian  f o rm  F(f )  on  V  ov er R  w ith  respect to  a  such
that

f (au, v )=/(aF(f )(u, y )) f o r an y  u , v  E V  a n d  a E R.

(2 ) f  is non-degenerate if  an d  on ly  i f  F ( f )  satisf ies the following
condition.

( * )  For any  u 0 0  E  V, there ex ists y e V  such that F(f )(u, v )00.

Lem m a 1.5. L et f 1 , f 2  be  E -H erm itian  f orm s on  V  ov er k  such
that x e  U (V , f )(i=1 , 2). A n d  let F(.1;)(i=1, 2 ) be  the  un ique ly  de -
term ined (5-Herm itian form s o n  V  ov er R  by  L em  ni  1 .4 . Then the
follow ing are equivalent.

(1) (( v, f  1 ) , x)=-((V ,f2). x).
(2) (V , F(f i))-(V , F(f2)) (as 6-Herm itian m odules over R ).

Lem m a 1.6. L et (V , F) be any  (5-H erm itian m odule ov er R  w ith
respect t o  a .  S in c e  R  i s  a k -alg e b ra, V  i s  a  v ector space ov er k .
I f  w e def ine g: Vx V— *k by  g(u, v )=/(F(ti, y )), w e  g e t an e-Herm itian
space ( V , g) ov er k  w ith  respec t to  a an d  x  e U(V , g )  w h e re  x  is  the
im age of  X  in R =k [X ]lm (X ).

Definition 1.7. U n d e r t h e  n o t a t io n  o f  L em m a 1.6, w e  p u t
/((V , F))=(V , g).

1.6. T h e  p ro b le m  in d e te rm in in g  th e  c o n ju g ac y  c lasse s  in
U(V, f).

L e t  (V , f )  b e  a  non-degenerate E-Hermitian s p a c e  o v e r  k  with

respect to  a. We assume (70 identity o r char k02.

Theorem 1.8. L e t  C  b e  a c o n ju g ac y  c lass  in  G L (V ) . Fix  any
e le m e n t x  e C . m (X ) is  the  m in im al poly nom ial o f  x .  T h e n  V  is  a
module ov er R =k [X ]lm (X ) by  the mapping (X I— x).

(1) If  C n U(V , 0 0 0  f o r  som e non-degenerate e-Hermitian form
g  on V  ov er k  w ith respect to  a ,  then m*(X )= m(X ).
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C onverse ly  w e assum e m *(X)= m (X). L e t  a  b e  a n  in v o lu tio n  o f

R  s u c h  th a t 1 X = cqk=cr. W rite  R=R,EF)•••()Ri., where

r )  a re  a-indecomposable subalgebras  o f  R  ( i . e .  R i a re  no t d irect sum s

o f a -s ta b le  subalgebras). T h e  ra d ic a l o f  R i  is  g e n e ra te d  b y  a n  ele-

ment it1. d i  i s  th e  p o s it iv e  in te g e r  s u c h  th a t rq i = 0  a n d  n(1,--*O.

A n d  p u t  Vi=  RIV. Then the fo llo w in g  a re  equivalent.

(1) C n U(V, g ) = Ø  f o r  som e non-degenerate c-Herm itian f o r m  g

o n  V over k  w ith  respect to a.

(2) F o r  1<i <r, Ri-modu  le  Vi has the fo llo w in g  jgrm.

Vi= Vi,oCD• • • 1 with
(i) V ,1  is  a  fre e  m odule over ' =0,..., (11-1).

(ii) 1 f  a =  id e n t ity  a n d  R i= k[X]l(X  + 1)d i, th e n  th e  ra n k  o f

a s  a  m o d u le  o v e r  R iln P - i R i m u s t b e  a n  e v e n  n u m b e r  i f

( -1)dc e= —1

0 0  A s s u m e  C  s a tis fie s  t h e  a b o v e  e q u iv a le n t c o n d itio n s . P u t

6 =(c,,• Er) E  R  where

Ei = ( _  O d u -1  E R, a= identity  a n d  Ri=k[X]l(X +1)di,

ei= 1 e R i otherwise.

L e t  {(V, Fi)ji e I }  b e  t h e  s e t o f  th e  rep resen ta tives  o f th e  equivalence

classes o f  th e  8(5-H erm itian form s o n  V  o ve r R  s a tis fy in g  th e  condition

(*) in  Lem m a 1.6.

Then

the conjugacy classes

in  U(V, f) which 1- 1 (17, Fi)

a re  conta ined in  C }/((V, F i)) (V , f)

E

w here /  i s  a  k-valued l in e a r fu n c tio n  s a tis fy in g  th e  cond itions lis ted
in  L e m m a 1.3.

P r o o f .  ( I )  By Lemma 1.4, 1.5 and 1.6, we see that (1) is equivalent
to  the following condition.

( 3 )  There exists an c(5-liermitian form  F  o n  V over R  with respect
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to  a which satisfies the condition (*) in Lemma 1.4.
The equivalence o f (2) and (3) comes from Lemma 2.7 and corol-

lary 2.12 in §2.
(II) is an easy result o f Lemma 1.4, 1.5 and 1.6.

The above theorem - shows t h a t  the p rob lem  to  de te rm ine  the
conjugacy classes in U(V , f ) consists of the following problems.

(a) The equivalence problem of the H erm itian form s o n  V  over
R  with respect to  a satisfying the condition (*) in Lemma 1.6.

(b) Let F  b e  an 66-Hermitian form on  V  over R  w ith respect to
a. Determine the isom orphism  class o f  l(( V , F)) from  the isom or-
phism class of ( V, F).

Remark 1 . 9 .  If a= identity and — I, then (V , f ) is  a  symplectic
sp a c e . The non-degenerate symplectic spaces having the same dimension
are a ll isom orph ic . S o  the prob lem  (b) is  triv ia l in  th is case . T hus
in considering the problem (b), we may assume c= I.

§ 2 .  Hermitian forms over local rings

H e re  w e  s tu d y  the H erm itian modules of so m e  type o v e r  the
commutative rings w hich are the direct sum s o f complete local rings
w hose m axim al ideals are princ ipa l. B u t firs t w e  consider the Her-
mitian spaces over more general rings.

2.1. T he trace condition (G. E. Wall [9 ] , p. 17). Let R  b e  a  not
necessarily commutative ring w i t h  1  and 9'1 its ( J a c o b so n )  radical.
W e  assume th a t  the 9i-topology o f  R  is H ausdorff and is complete.
(9i-topology o f  R  is the topology w hich is obtained w hen w e take
{91mItn =0, 1,...} as a basis o f neighbourhoods o f 0 E R .  9i-topology is
Hausdorff<=>n91"= {0}) Let a be an involution of R  ( i.e . a  is  an anti-

automorphism and a 2 = id.).

Definition 2 . 1 .  (c.11 G . E . W all [9], p. 17.) W e  say  t h e  p a i r  (R,
a) satisf ies the  trace condition if  the follow ing is valid.

(T r) For any  positiv e  in teger  n i , i f  there ex ists x  E91" such that
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= ;ix (ti =  +I), th e n  x= y+nay f or som e y e 91'".

Remark 2.2. I f  2  i s  an  invertible element in  R , R  satisfies the

trace condition. And there  are som e cases w hen R  satisfies the trace

condition even  i f  2  is  n o t  an invertible element in  R  (cf. [9], p. 18).

Let R x denote the set of all invertible element in R .  Define (Rx)+

= {X E Rx lax =  x }  and (Rx)- ={xE RxIŒx= — x } .  Put = R / R , and de-
fine Rx, (Rx)+, (Rs)- similarly. Denote cp: R—>T2 the canonical mapping.
Then we have the following lemma due to  G . E . Wall.

Lemma 2 .3 .  (A pprox im ation  Theorem. [9], p. 18.) A ssu m e  R
satisf ies the trace condition, then

(1) T he canonical m appings (R x ) - - (K x )+  a n d  (R x ) - - (R s ) -  are
both surjective.

(2) F o r  a n y  x , y  e (R x )+  (resp . (R x )-), i f  th e re  e x is t s  e l  e l? '
such that iicp(x)acd=cp(y), then there ex ists a e Rx such that a x2a= y.

2.2. Non-degenerate Hermitian spaces. Let A  b e  a commutative
ring w ith  I and in  its (Jacobson) radical. L e t  a  b e  an involution of
A .  W e  assume th a t  the in-topology o f  A  is H au sd o rff  and is com-
plete. R em ark  tha t th is cond ition  is  sa tisfied  i f  A  is  a  complete local
ring. N ow  let (M , F ) be any non-degenerate 8-Hermitian space o f rank
n  o v e r  A  (v =  + 1 ).  I f  w e  put M = M /in  M , M  is a module o v e r  A
= Afin. A n d  F  induces canonically the 8-H erm itian form  F  o n  M
with respect to  the involution of A  induced by a.

Lemma 2 .4 .  Define a n  involution *  o f  a  m atrix  algebra M(n, A)
as following:

F o r  C =(cii)e  M (n , A ) ,  l e t  C*—(Œcii). T h en  (M(n, A ), * )  satisfies
the trace condition if  and  only  if  (A , a) satisf ies the trace condition.

P ro o f . It is  an easy  m atter to  show the lemma i f  w e notice that
the radical of M(n, A )  i s  M(n, in )  and th a t  (M (n, m ))s=M(n, in s)  for
any positive integer s.
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Combining Lemma 2.3 a n d  Lemma 2.4 we get the  following Propo-
sition.

Proposition 2 .5 .  A s s u m e  th a t  A  satisfies th e  t r a c e  c o n d i t io n .

Then

(I) Any non-degenerate  e-Hermitian space  over A  is  in d u ce d  b y

some non-degenerate e-H erm itian  space  over A.
(2 )  Let (M , F) a n d  (M ', F ') be non-degenerate E-Hermitian spaces

o v e r  A .  T h e n  (M , F )  and  (M ', F ')  a re  is o m o rp h ic  i f  an d  o n ly  if

F) and (A4', F') are isomorphic.

2.3. T h e  H erm itian  m o d u le  w hich  sa tisfies th e  c o n d it io n  (*).
(See  below .) L e t A  b e  a  d ire c t sum  of (commutative) complete local
rings whose maximal ideals a re  principal a n d  a  be  any  involution of A.
The following lemma is obvious.

Lemma 2.6. I f  A  is a-indecomposable ( i.  e. A  is n o t  a direct

su m  o f n o n -tr iv ia l a-stable subrings), th e n  (A, a )  is  one of the fo llow -

in g  tw o  types.

(1) A  is  a  c o m p le te  lo c a l r in g  w h o s e  m a x im a l id e a l is  principal

and of is  any invo lu tion .

(II) A =  B B  w h e r e  B  i s  a  co m p le te  lo ca l r in g  whose m axim al

is  principa l. And a is  g iven  by

BC■13 B B  ( (x , (y, x)).

Let A =A ;  where A; (i=1 ..... r) are a-indecomposable. Then
i=1

induces the  involu tion  a ,  o n  each  A i .  N o w , le t  (5= (yi,..., e A  be
given, w here ei= I o r  —1 e A i  f o r  i =r .  W e  stu d y  h e re  th e  (5-
Hermitian module (N , G) which satisfies the following condition.

( * )  F o r  a n y  u * 0  N ,  th e re  ex is ts  v  N  s u c h  th a t  G(u, v)00.

Obviously we have  the  following lemma, a n d  thus w e  m ay  assume A
is oc-indecomposable.

Lemma 2 .7 .  Let (M , F) b e  a n y  S-Hermitian module o v e r A  with

respect t o  a .  I f  w e  p u t  M i= A iM ,  th e n  th e  5 -H e rm it ia n  fo rm  F
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induces ei-Hermitian f o r m  F i  on each  M  o v e r A , (w ith  re s p e c t to  ai).

C o n ve rse ly , let (M  F i )  b e  a n y  g,-H erm itian  m o d u le  o v e r  A ,

(i=1,..., r). T h e n  w e  o b ta in  a  6 -H e rm it ia n  module (M ,  F )  o v e r  A.

M o re o v e r (M ,  F )  s a tis fie s  th e  c o n d it io n  ( * )  i f  a n d  o n l y  i f  each

(M i, F i) satisfies the cond ition  (*).

2.4. T h e  trace  c o n d it io n  (continued). H ereafter in  t h i s  § ,  we

assume th a t  (A, a) i s  one of the tw o  types listed in  Lemma 2 .6 .  Let

i n  b e  the radical of A .  W hen A  is of type 1 ( in  Lemma 2 .6 ) , in

i s  the maximal ideal. W h e n  A  is of type II (in  Lemma 2 .6 ), in =

in 'e m ' where in' is the maximal ideal of B .  We put )71= A/m. a induces
the involution d  o f A , since a  stab ilizes in . A ny g-Hermitian module

(M , F)  over A  induces an g-Hermitian (M , F) over A.

Lemma 2 .9 .  Assume (A, a )  s a t is f ie s  the  trace  cond ition , then

there exists a  generator it o f  i n  su ch  tha t Œtr=tirt,

where n= —1 if  5  is  id e n tity  and a is  n o t id e n tity ,

11= 1  otherwise

P r o o f .  W e m ay  assume in { 0 } . Let i t  b e  a n y  g e n e ra to r  o f  in.
T hen  "n = u n  for som e u e A '. S in c e  /2 = id., u l u  1 (mod in). There-
fo re  i f  d  is  no t iden tity , the re  ex ists  an element y e A "  su c h  th a t  u

vecur ' (mod in) by Hilbert's Theorem 9 0 .  T hus œ (tur ) (  v  )  (mod n2).
I f  d  is identity, u + I (mod n 2 ) .  So, in any  case w e m ay  assume In
- tirr (mod n2). Then Œ i t _ ?Jit Efll2. S i n c e  2(œn — n)(17r— WO,
there exists an element b e n12 such  that In—  tin =  b + (-0 1 1 ) .  Then we
have a(rr+rib)=n(n+ rib). Moreover rc-i-tib i s  a  generator of ni, so  w e
m ay assume n = i n  ( 7 =  + I ) .  But if 5  is identity  and arc=n, th e n  a
is  iden tity . This completes the proof.

Proposition 2.10. ( I )  I f  5  is  n o t id e n t ity ,  (A, a) satisfies the trace

condition.

( 2 )  Assume th a t  5  is  id e n t i ty  and m 0 {0}. Then (A , a) sa tis fies

the trace condition i f  and o n ly  if  2  is  an invertib le  e lem ent in A.
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Pro o f . (I) A ssum e there exists an  elem ent x e in s  su ch  th a t
= fix (ti = + I). S ince  5  id ., th e re  e x is ts  a e A '  s u c h  t h a t  a+2a =
e A x. Then x =17-' bx = (a +2a)x = a x + re(b- ' ax). Thus the trace
condition is satisfied.

(2) Assume A  satisfies the trace condition. Since 5  is identity, A
i s  of type I (in  Lemma 2.6.) Let n  b e  a  generator o f  in  such that
air= —  (c . f. Lemma 2.6). n  0 0 ,  s in c e  in  {0 } .  T h e re  e x is ts  an ele-
m e n t  u n em = n A  s u c h  th a t  ir = (un )-2 (un ) b y  the trace condition.
Therefore 7t m.2.un (mod 7r2). Thus 2 is an invertible element in A.

2 .5 . Jo rd a n  splittings. ( S e e  O. T. O'M eara [6], p. 243 and
Springer-Steinberg [7 ], p . 256 .) A  is a  commutative ring and a  i s
i t s  involution. W e  assume th a t  (A , a) i s  one of the tw o  types listed
in  Lemma 2.6, and t h a t  (A , a) sa tisfies the trace condition. Let n
b e  a  generator of the radical in such that =qn  (ti=  +1 ). (See Lem-
m a 2.9.) Let (M , F ) b e  an E-Hermitian module over A  (w ith  respect
to  a) which satisfies the condition ( * )  in 2.3. W e now give the decom-
position of (M, F ) which we call the Jordan splitting of (M, F).

Theorem 2 .1 1 . (Jordan splittings and their uniqueness.)
C ase 1. W hen 7000 f o r any  positiv e  in teger n , M  i s  an A -f ree

m odule and  ( M , F ) has the following decomposition.

M = M 0 0 •• • Q M  (as A -m odules) with

(a) i 0 j F(Mi, MJ)=  {O}.
(b) F(M i, M i)gnt A  f or any  i  an d  if  we put

Fi(x, y)=n-iF(x, y) e A  f o r x, yE M1, then (Mi, F1) i s  a  non-degenerate
nie-Hermitian space over A.

T he sequence o f  th e  isom orphism  classes o f  th e  Herm itian spaces
{(Mi, F,)Ii=0, m }  a r e  uniquely  determ ined. C onv ersely  t h e  se-
quence o f  th e  isom orphism  classes o f  the  H erm itian spaces {(M1, Fi)li

=0, 1,..., m l determ ines the isom orphism  class of  (M, F).

Case 2. W hen na =0 a n d  n d - ' 0  f o r so m e  p o sitiv e  in teg er d,

(M , F ) has the following decomposition.
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M =M 0C)••• M d _ i  (as A -modules) with

(a) i j F ( M  M  ; ) =  {O},
(b) n d -iM i=0  and  M i is  a f ree  m odule over A lnd-i A.

A n d  f o r an y  x , y e  114 n d - iF ( x ,  y ) =0 , th ere f o re  w e  can  w rite  F(x, y)
=niFi(x , y )  w ith Fi(x , y )e  Alita- i A .  T hen (M i, F1) i s  a  non-degenerate
nie-Hermitian space ov er A lnd-jA  w ith  respect t o  the  inv o lu tion  in-
duced by  a.

T he sequence o f  th e  isom orphism  classes o f  th e  Herm itian spaces
{(M i, Fi)ii=0, d  —  1 }  a r e  un iquely  de term ined . C onv erse ly  the
sequence o f  t h e  isom orphism  c lasse s  o f  th e  H erm itian  spaces {(M,,

Fi)li=0 ,1 ,..., m }  determ ines the  isom orphism  class of  (M , F).
I n  a n y  c ase , th e  sequence o f  t h e  isom orphism  c lasse s  o f  {(Mi,

Fi)li=0 , 1,...} o r  {(1171,, Fi)li =0, 1,...}  i s  a  com plete inv ariant f or the
isom orphism  class of  (M , F).

Pro o f . (M , F) is  an a-Hermitian module over A  w ith respect to  5.
Put N =  e M IF(x, M)= 01. T hen there  ex ists a  subspace M , o f  M
s u c h  t h a t  M= MoCIN a s  A -m odules. T hen  (Mo, Flmo) is a  non-
degenerate Herm itian space. Let --é r l b e  a  basis o f  M o over A.
Choose a  representative element e i in M  which is mapped onto ë, e Mo
( i= 1 , . . . ,  r) .  If w e put M 0=-A e1 +•••+A er, then Mo is an A-free module
and (M0, F I R )  i s  a  non-degenerate Hermitian space over A .  So we
can decom pose M  in to  M = M o e M ' w here  M'-= {x MIF(Mo, x)=-
T h en  F ( M ',  M ') g n A . T hus w e  m ay  assum e  F(M , M )g itA  fro m  the
beginning.

Assume th a t  n "  0 0  fo r  a n y  positive integer n  (Case 1). T h e n  A
is  a  dom ain i f  A  is  of type I  (in  Lemma 2.6), and if A  i s  of type It
in Lemma 2.6, B is  a domain. So in any case, (u,  F(u, y ) defines
an ai -Hermitian form on M.

Assume that m " =O  and ird - ' 0 0  for som e positive integer d  (Case
2). In th is case F(M , M )g .nA  implies that it"-' M = 0 b y  the condition
(*). S o  M  i s  a module over A ind-1A . Moreover i f  w e  put F(u, y)
=nG (u, v ) for any u, y e M , then G(u, v ) is determined as an element in
A ln d -1 A . And (u, v) I—*G(u, v) i s  an 8q-Hermitian fo rm  o v e r  Alnd-1 A.
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I f  we repeat the  above process, w e get the  required decomposition.
G iv e  s u c h  a  decom position M =M oO M , S-• • (DM , .  Let M(i)

= {x e MIF(x, M)g T h e n  M(i)-=n1M0Oni-'1111C)•••10M1SM1,1C)
•••■CDM,..

Assum e t h a t  r r n  0  f o r  a n y  positive integer n  (Case 1). Then
(u, v)I- 1* v )  defines an Eiji-Hermitian form o n  M ( i) .  This induces an

Efrii-Hermitian fo rm  G. o n  t h e  A-module N i=M (i)/{ M (i+1)-F7rM (i— l)}.
(W e put M(— 1)= O.) Then we can easily show that

(N1, G i ) ^ ( M  F i )  a s  H erm itian modules ( 1 = 0 , 1 , 2 ,...) . T h u s  the
isomorphism classes of {(M i, Fi)li= 0 , 1 ,..., r}  d o  n o t d e p e n d  on  the
particular decomposition. (See Proposition 2.5.)

S im ila rly  w e  can  sh o w  th e  uniqueness of the Jordan splittings,
when rrd =0 and 7rd-1 00 fo r some d  (C a s e  2 ) . (See Springer-Steinberg
[7], p. 256.)

Corollary 2.12. W e assum e ird  =0 an d  n d - i 0 0  f o r  some positive
integer d. L e t  N  b e  an y  A -m odule. T hen the follow ing are  equiva-
lent.

(1) T here ex ists a n  e-Herinitian f o rm  F  o n  N  w hich satisf ies the
condition (*).

(2) N = No(E)•• • (DIV,,_ , (as A -modules) with
(i) N  is  a f ree  m odule over A le- jA .
(ii) W hen ei= identity , th e  ran k  o f  N  a s  a m o d u le  over

A lnd-i A  m ust be an ev en num ber if  e(-1)i = — 1.
Pro o f . This comes from the above theorem and  the  following fact.

"L e t s '=  1  o r  — 1 . Then there exists an E'-Hermitian space of any rank
over A  w ith  respect d  except when 5= identity a n d  e= — 1 . When d
=identity and e' = — 1, the  rank must be even."

Definition 2.13. U n d e r t h e  n o tatio n  o f  T heorem  2 .1 1 , w e w rite

(M , F)= (1111,
i=1

T his is called the Jordan splitting of  (M , F).
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§ 3 .  To determine the  isomorphism class o f  / ((V , F ) )  from the

isomorphism class o f  (V, F )

3.1. W e  k e e p  the notation and assum ption o f  § I. I n  th is § ,
w e  assume k  i s  perfect. And w hen  a  =  id ., w e  assume char k  2  in
addition. The k-valued linear func tion  / on R  i s  the one constructed
in the proof o f L em m a 1 .3 . /  d epends on the choice o f ni (i=1,

r). (See the proof o f  Lem m a 1.3.) (V, F )  i s  an &5-Hermitian module
over R  w ith  respect t o  a .  S o  (V, F )  i s  a direct sum  o f ev,-Hermitian
modules (Vi, F1) o v e r  R i  w ith  respect a ,  w h e r e  V i=R iV  and ai =

d i - 1
(i=1,..., r). L et (Vi, F1)= (Vi n i F i )  b e  the Jordan splitting of

i=o
(Vi, F1).
P u t  Ili = -  1  i f  a = identity and Ri= k[X]l(X+ Odi,1

Lemma 3 . 1 .  ( 1 )  / ((V , F ))=  '16 F1)), w h ere  /1, are as
t=i

in  the  proof  o f  L em m a 1.5.
di-1

(2) / • F i)) = 1 t(( Vi p irf F1)).
i=o

(3) W hen d i - j  is  an  even integer, then

n iF i))=  ( O 1  \  ED • •• 0 ( 0 I  .

1 o ) 1 0  )

(4) W hen di- j  is  an  odd integer 2s+ 1, then

/ 1((V , , =  0 1 C) • • • 0 (  0 i '\ T r A 1 i k 4 F i j » ,

o ) i  o )

w here rilTrRak((Vid, F,)) is Vi,J considered a s  a  v ec tor space  ov er k
w ith  th e  H erm itian  f o rm  (u, v) i- 7TrAdkFid(u, y) w ith  respec t t o  o-.
(See Definition 1.7)

(4) W hen k i is  a d irec t sum  of  two f ields, then

I otherwise
Then we easily have the following lemma whose proof is omitted.
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rIfTrrida(Vi,i, Fij))= (0 i r • • • c l o  I ) .

By Theorem 1.8, Theorem 2.11 and  Lemma 3.1, we have

Theorem 3.2. W e  u s e  th e  n o ta t io n  o f  Theorem  1.8. L e t  C  be

a  conjugacy c la s s  i n  GL(V) w h ich  sa tis fie s  th e  e q u iva le n t conditions
i n  Theorem  1.8, (I). Assum e k i  i s  a  f in i t e  extension f ie ld  o f  k  fo r
1< i‹.s a n d  k i  i s  a  d ire c t su m  o f  tw o  copies o f  f in i te  extension fie ld

o f k f o r  s+1<i <r.

Pu t ni j=dimR, Vi,i and

qi= — 1  i f  c = id e n tity  a n d  R,=k[X]l(X+1)di,

{ 1 otherwise.

T hen  the re  is  a fo llo w in g  1-1  correspondence.

The conjugacy classes in  U(V,f)1 

w hich  is  con ta ined  in C .

(a) H , ,1 (1 < i <s, 0 j  < d i - 1 )  ru n s  th e

equivalence classes o f  nw-dimensional

eqff-i-' -H erm itian spaces over k i  with

respect to  a ,

1 0 1 0

1- 1 (...,

  

1 ‹i<s, 0.-<f<di — 1,

d, —i is  o d d .

.........E D ( 0  1 ) , - ( V , f )

(b)

 

1 0

F o r th e  d e fin it io n  o f TrAiiklii,j, see Lem m a 3.1, (4). When r=identity

and e= — 1, the condition (b ) in  th e  r ig h t s id e  o f th e  above correspond-

ence is unnecessary.

W e must solve the following problem.

Problem 3.3. L e t  k  b e  a  f ie ld  a n d  E  a  finite extension field of
k. L e t  a  b e  an  invo lu tion  (0 identity) o f  E  s u c h  th a t  ak= k. Put
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(T=Œlk. Given any non-degenerate s-simensional Hermitian space (W, F)

o v e r  E  w ith  respect to  Œ . D eterm ine  the isom orphism  class of the

Hermitian space TrEik(W , F) over k  w ith respect t o  a  from  the isomor-
phism  class o f ( W , F), w here TrEm(W, F) is W considered as a  vector
space over k  w ith the Hermitian form (u, 0—TrEAF(u, y )  w ith  respect

to a.

J .  Milnor [4] gave  an a n sw e r to  the above problem  w hen k  is
a  loca l fie ld  and  o-= identity . (See L em m a 3.5.) In  th e  following,
utilizing his results w e give a  sim ilar answer when k  i s  an algebraic
number field.

3.2. W e in troduce som e notation a n d  conventions. Let k  b e  a
field and R  a finite (commutative) k-algebra. T r i l f k  (resp. NR/k) denote
the trace (resp. the norm) of the regular representation. I f  k  is  an al-
gebraic number field and y i s  a prime spot on k , and if W  is  a  (5-
Hermitian module o v e r  R  (w ith  respect to  s o m e  involution a of R),
t h e n  W  induces the 6-Hermitian module W  R o = R O ,k , with
respect to the involution of R „ induced by a.

I f  V  i s  a  symmetric bilinear space over a local field, S( V )  means
the Hasse symbol o f  V. I f  V  i s  a  symmetric bilinear space over an
algebraic number field F  and if y is  an y  prime spot on F ,  then Sy( V)
=  V „).

Now we consider the problem 3.3. W e use the notation of Prob-
lem 3.3. W e  w rite  W  instead o f  ( W , F) . Let W o b e  the Hermitian
space of the sam e  rank  s  as W  over E  w ith  respect to  a  su c h  th a t
Wo = / I . O "\.

\O .• I )
Put K = tx e El2x=x1 and ko= Ix e kicx =xl.

Lemma 3.4. (1 ) W hen a= identity,

det (TrEik W) det (TrEik Wo) mod (kx )2.

(2) W h e n  a  id e n tity ,
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det (TrErn W)= NK/ko(det W)det (TrElk WO mod Nkiko(kx).

Pro o f . (1) S e e  J. M iln o r  [4 ] , Lemma 2 . 2  a n d  Theorem 2.7. ( 2 )
is similar to (1).

Lemma 3 .5 .  (S ee J. M i/n o r [4], § 2.) A ssum e k  i s  a local f ie ld
and  a= id..

(1) T he Hasse sy m bol S(TrE/kW ) o f  the  sym m etric bilinear space
TrEik W is  g iv e n  b y  S(TrEmW )=S(TrEmW o)dW , w here d W  i s  th e  Her-
m itian inv ariant o f  W, j .  e . d W =1  o r  — 1 according as  det WE NE/k(Ex)
o r not.

(2) W hen k  i s  the f ie ld  o f  re al n u m b e rs  an d  E  i s  the f ie ld  of
com plex  num bers, th e  index  1(TrEfkW ) of  Tr Elk W  ( i .e .  th e  num ber of
n e g ativ e  e n trie s  w h e n  w e  p u t T rEA W  in to  a  d ia g o n a l  symmetric
m atrix ) is  g iv en  by  l(T rEm W )=21(W ), w here l( W ) i s  th e  in d e x  o f  W
( i .e .  th e  num ber o f  negativ e entries w hen w e p u t  W  in to  a diagonal
Herm itian m atrix ).

Lemma 3 .6 .  A ssum e k  is a  l o c a l  f i e ld  a n d  a= identity . T he
H erm itian inv ariant of  the Herm itian space  T r Elk  ov er k  w ith respect
to  a is  g iv en  by  d(TrEik W)= dW d(TrEm W0), where dW  is  the Hermitian
inv ariant of W.

Pro o f . By the  local class field theory,

(x, E/K)1k=(Niciko(x), k/ko) for any x e K x .

T h u s  det WE N E / K ( E x )  i f  a n d  on ly  i f  NK/ko (det W) e Nkiko(k There-
fore we have the lemma from Lemma 3.4, (2)

Theorem 3 .7 .  A ssum e k  is a n  algebraic  num ber f ie ld  an d  a=
id e n tity . L e t v  b e  an y  prim e spot o n  k  an d  {w w g }  b e  the set of
all  prim e spots on K  w hich div ide v . T hen

Trro, W) -= Sr(TrEik wo) { 1Ï dW„,.} ,
t= '
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where dW„,,=1 o r  — 1 accord ing as det W  e N E K ( E )  or not.

When y  is  a  re a l sp o t, w e  m ay assum e {w1,...,

thefie ld  o f com plex num bers). Then

/,(TrEik W)= 2 ± / (W)+ s([K: k]— r).

w here  .1„(T rE /kW ) (re sp . I,(W )) i s  th e  in d e x  o f  (TreikW)v (resP.

P r o o f .  (TrEAW)=Tr.E„ik„

= T r E a , „ (  
I 

Ww.) C.' Og Ewt)
i ti= 

g

=  0  (Tr Ew Wm) (•.' TrEakv= 0  Tr Ewi irk)
i= I t= 1

Thus Sv(TrEikW)=S((TrEikW),)=S(C)(TrE,d4W„,;))
i=1

= { H (det WO, det(Tr"j/k,,Ww))1{ S(TrEwak,W„,,)},
i=

where ( ,  )  denotes the Hilbert's symbol.
Similarly

Sy(TrEAW0)

= H  (det (TrE„dk,, ( W )wi ) det (TrEs, 1,„(W0)))1 {  j j  S(TrE ( W 0 ) .1)}v

Thus Sv(TrEik W )S,(TrEik W0)= 1151 Ww )1 { n s(TrEw,,,k„(wow,} •
i = i =

So we get the first assertion of the theorem if  we prove

S(TrE,„./k„ Wm)=S(TrE/k„(K)w1)dWw, for a n y  i.

But this is Lem m a 3.6, if  Ew , is  a  fie ld . A nd  if is  a  d irec t sum of
tw o copies of Kw ,, we clearly have W ( W o )  a n d  d = 1, therefore
the above equation is trivially valid.

The second equation o f the  theorem is easy and  we om it the proof.

Similarly we can prove
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Theorem  3.8. A ssum e k  i s  a n  algebraic  num ber f ie ld  a n d  a-0
id e n tity . Let y  b e  an y  prim e spot on  ko= tx e klffx=x1 an d  {w1,..., wg}
be the set all prim e spots on K  w hich div ides v . T hen

d(( TrEik =d ((T rE fk  Wo))  { ñ  d Wm) •

R em ark  3 .9 . (1) U nder th e  n o ta tio n  o f  Theorem 3.6, St,(TrEik W0)
=  1  i f  y  is non-dyadic a n d  a n y  p rim e  sp o t o n  E  which divides y is
unramified over y.

(2) U nder th e  n o ta tio n  o f  Theorem 3.7, d((T rEi,W 0))=1 i f  y  is
non-dyadic a n d  a n y  p r im e  sp o t o n  E  which divides y is unramified
over y.

§ 4 .  Hasse principle for the conjugacy classes

4.1. H asse  principle f o r  t h e  H erm itian  form s over a k-algebra.
L et k  be  a n  algebraic number field. L e t  R  be  a  finite k-algebra gener-
a te d  b y  o n e  elem ent (i. e . R = k [X ]//n(X ) w ith  m(X )0 constan t). Let
a  b e  a n  in v o lu tio n  o f  R  such  tha t 2k  =  k. P u t  o-= al, and k 0 =
Ix ekilx = xl. W rite R = C) Ri, where R i (i=1,.. , r) are a-indecomposable

i=
subalgebras. L et itti b e  the radical of Ri (i =1,..., r). d i  is  the positive
integer such that 114. = {0}, ' { 0 } .  a  induces the  involu tion  a i
o n  e a c h  R i  a n d  thus induces the  involu tion  d i  o n  each ki = Ri/ini.

is  genera ted  by  a n  element 7E1 su c h  th a t  œ'n, = g i n ,  w here  th= —1
o r  1  according a s  di= identity o r  n o t .  (See L em m a 2.9.) W e assume
k i  is  a  finite extension field of k  for 1 < i••<..s and  R i is  a  d irect sum of
tw o  c o p ie s  o f  a  fin ite  ex tension  fie ld  o f k  f o r  s + 1 < i < r .  L e t  6
=(s e r )  e R  w ith  s1= 1  or — 1 e  R i (i =1,..., r). L e t  (M , F )  b e  a
6-Hermitian m odule over R  w ith  respect t o  a  satisfying the condition
(*). (See 2 .3 .) Then (M , F) induces canonically a  6-Hermitian module
over Re= R Oke (k 0 ), f o r  a n y  p r im e  s p o t  y  o n  lc,. W e  in d ic a te  th is
Hermitian module by (Me, Fi,) or (M, F)e.

Proposition 4 . 1 .  L e t (M , F)  an d  (N , G )  be 6-Herm itian m odules.
Then the follow ing are  equivalent.

(1 ) (M , G).
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(2 )  (M, G)„ f o r an y  prime spot y  on k ip.

Pro o f . (1) (2 ) is trivial.

(2) (1). P u t  M i=R ,M  a n d  F i=F lm ,. Then (M , F)= th  (M i, Fi).
i=1

Sim ilarly  w e w rite  (N , G)= é (N i, G i) . T h e n  (M, G )„ implies
i= t

(11-1
(Mi, (Ni, Gi)„ (i , r). L e t  (M i, Fi) = (114 (resp.

j= 0

(N i, Gi)= 
d i - 1

C) .)) b e  th e  Jo rd a n  sp lit t in g  of (M 1, F i )  (resp.
j=o

(N i, G d ). (R i)„ is  n o t  a-indecomposable i n  general. B u t  i f  we apply
the uniqueness o f  th e  J o r d a n  splittings very  carefu lly , w e  see  tha t
(M (N  G , ) „  im p lie s  (M ij, GI,1), f o r  0 di — 1.

T h u s (M ,,  Fi,j)v = (N i,»  G i,i)„ f o r  a n y  i, j a n d  y. O n  t h e  other
hand  (M, F)(N, G)-=-(1171i,1, (N, ,1, f o r  a n y  i, j. Therefore it
suffices to prove that (M ij, F i j ) = ( N i , j ,  i , j )  i f  a n d  o n ly  i f  (Mi.1, F

Gi,j)„ f o r  any  y. B u t  th is  is  tr iv ia l w hen  R ,  i s  a  d irec t sum
o f  tw o copies of some algebraic extension field of k. Thus our asser-
tion com es from  th e  following lemma.

Lemma 4.2. L e t  E  b e  a  f in ite  e x ten sio n  f ie ld  o f  k  a n d  a  be
an  inv o lu tion  (m ay be  iden tity ) o f  E  s u c h  th a t  " k =  k .  P u t  o.=71k,
K = {x e ElŒx=x1 an d  ko= {x E kicix=x} .

(1) L e t y  b e  an y  prim e spot on  k o  and wg}  b e  the set of
p rim e  sp o ts  o n  K  w hich  d iv ide  v . T hen  any  H erm itian  space  ov er
E „=E C )k k „ w ith  respect t o  oc i s  a  d ire c t su m  o f  Herm itian spaces
over E„,,= EGic Kw, g).

(2) L e t  V  a n d  W  be non-degenerate  H erm itian spaces ov er E
w ith  respect to  a .  T h e n  V  W  i f  an d  o n ly  i f  1/„'-' W,, f o r  an y  prime
spot y  on  ko.

Pro o f . Since .E,,= E„,,, (1) is  trivial. (1 ) implies that i f  1/„--'1V„
i=1

fo r any  prime spot y on k 0 , th e n  V.„„.", W„, fo r any  prim e spot w o n  K,
th e re fo re  V  W  b y  t h e  u su a l H a sse  p r in c ip a l fo r  th e  H erm itian or
quadratic spaces. (See W . Land lieu [2 ] and O . T . O 'M eara [6].)

Now we ask the  following question,
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Problem 4 .3 .  F o r  a n y  p r im e  s p o t  y  o n  /(0 there corresponds a
(5-Hermitian module (M, F)(„) over R ,  w ith  respect to  a . W h e n  d o e s
the re  ex is t a  6-Hermitian m odule (M , F )  o v e r  R  s u c h  th a t  (M, F)„

F)(v) for any prime spot y o n  10

To answ er th e  above problem  we give a  preparatory lemma with-
out proof, w hich is easily derived from  Theorem  2.11. (See  a lso  the
proof of Proposition 4.1.)

Lemma 4.4. L et M i b e  an  R i-m odule. L et G  be  any  ci-Hermitian
f arm  o n  (Mi),=-- M k v  ov er (R i),= R iO k k ,, w ith  respect t o  oci which
satisf ies th e  condition ( * )  i n  2.3. T hen (( W u, G )  h a s  the  following
decomposition.

iL=0‘11 (M1) (as(as R i-m odules) with

(a) lO i ' G((Mi)v,j, (Mi)v,f)= {0 } ,
(b) ncli-i(M1)v.1=0 and ( M ,) „,  is  a  f ree m odule ov er (R,174i-iRi)v.

A n d  f o r  a n y  x , y E n P - iG (x , y )=0 , th e re f o re  w e  c an  w rite
G (x , y )=4G i(x , y )  w i t h  Gi(x, y) e (Rifirri R i)v . T h e n  ((Mi)v,i, Gi) is
a  non-degenerate rilci-H erm itian space  ov er ( R i ln - iR i) v  w ith respect
to  the involution induced by

T he sequence o f  th e  isom orphism  classes of  th e  Herm itian spaces
{ ((M  ,L , G i)}  is uniquely  determ ined. ((M i) j ,  G i)  induces canonically

th e  rd , -H erm itian  space  ((M i)vd, G.i) o v er (R i)v =(R ilniR i)v . A nd the
sequence o f  t h e  isom orphism  c l a s s e s  o f  t h e  H erm itian spaces

G i)1j=0,..., di— 1} is a  com plete  in v arian t  f o r th e  isomor-

phism  class of ( (M ),  G ) .  W e write ((M i)v , G)=d6i n/G1).
i=0

W e easily  have th e  follow ing tw o propositions. Combining them
we see that Problem 4.3 is solved completely by the  usual Hasse princi-
p le  f o r  th e  Herm itian spaces o r  sym m etric bilinear spaces. (See W.
Landherr [2] and O . T . O 'M eara [6].)

Proposition 4 .5 .  Let M  b e  a n y  R -m o d u le . P u t  M i=R iM  (i

r). T hen M •••() M r. A s s u m e  f o r an  p rim e  sp o t v  on
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1(0 there corresponds a  6-Herm itian form  F( ,) o n  M „ ov er R„= RO„ k„

(with re sp e c t  to a). F
( v )  

in d u ces  81-H erm i t ia n  f o r m  (F i )m  on

e a c h  ( M ) ,  and (M e ,  F („))=  th  (( * )„ , (F i)(0 ).
t=1

d i - 1
0  (0 4 ni(F i)(„),i) b e  th e  decomposition a s  i n  L em m a 4.3. Then

the follow ing are equivalent.
(1) T here ex ists a  6-H erm itian f orm  F o n  M  ov er R  such that

(Mr, F v),(M v , F(v)) f o r any  prim e spot y on  k.

(2) Fo r i =1,..., s and j=0 ,..., d1-1, there ex ists an ;/e-H erm itian
space W ij over Ri such that

(F ,),v ,j) f o r  an y  p rim e  s p o t  y  o n  1(0.

Proposition 4.6. W e u se  th e  notation an d  assum ption of  L em m a
4.2. A ssum e th at  f o r an y  p rim e  spot y  o n  k o  there corresponds a
H erm itian  space  Vo,,) ov er E v w ith  respect t o  a .  L e t  {w1, N I  b e
th e  se t o f  p rim e  sp o ts  o n  K  w hich div ide v . S ince V a direct
sum  of  H erm itian spaces ov er E ,,= E O K K ,(i= 1 ,. . . ,  g ) ,  so  for
an y  prim e spo t w  o n  K  there corresponds a u n iq u e  Herm itian space
1/(mo o v e r E . T h e n  the follow ing are  equivalent.

(1) T here ex ists a  H erm itian space W  ov er E  su c h  th at V,v)., W„
f o r any  prim e spot y on  ko.

(2) T here ex ists a H erm itian space W ov er E  su c h  th at 1 4,) , W,„
f o r any  prim e spot w on K .

4.2. H asse  principle fo r  th e  co n ju g acy  c la sse s . L e t (V, f )  b e  a
non-degenerate e-H erm itian space over k. P u t  G =  U (V , f ) a n d  GL
= G L (V ) .  W e consider G  and G L  a s  algebraic groups defined over ko,
where /co={xE kl6x =x}. F o r  example, G (k 0 ) i s  the ko-rational points
o f G .  Then Proposition 4.1 and Theorem 1.8 shows

Theorem 4 .7 .  (H . H ijik a ta  [1 ]) Fo r x1, x2EG(k0), x, an d  x ,  are
conjugate in G (k 0 ) if  an d  on ly  t f  x ,  an d  x2 are  conjugate in  G((ko)„)
f o r any  prim e spot y  on  1(0.

By Theorem 1.8 and  Proposition 4.5, we have

L e t  (( M (F i)(0) =
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Theorem 4.8. W e u s e  the notation of  T heorem  1 .8  an d  Theorem
3 .2 .  L e t C  be  a  conjugacy  class of  G L (k 0) w hich satisf ies the equiva-
le n t  conditions in  T heorem  1.8, (1). F o r a n y  prim e spot y  o n  k„,
C  determ ines th e  conjugacy  class C ,  o f  GL((ko)v) an d  each conjugacy
class D  o f  G(k ) determ ines the conjugacy  class Dv o f  G((k  0).

(1) T here is a follow ing 1- 1  correspondence. 

The conjugacy  classes in  G((k„)v){
i- i

w hich is contained in C .

(a) (1-i(,i)00 (1 < j s , 0.< j < d i - 1 )  runs the '
isomorphism classes of n1,j-dim ensional
4 ,- i-1 -H e rm itian  sp ac e s  o v e r (Ri)„
w ith  respect to  Eti,

(b) C){Tritak(Hi,j)(011i <  s ,  0  j  <di-11
1 0 ( 0  1 \  ( : ) • • • 0  / 0  1

0/ \ I  0 /

f( • •3 i , j ) ( v p •  •  • )

W hen e = - 1  and o= identity , t h e  condition ( b )  in  t h e  rig h t s id e  of
the above correspondence is unnecessary.

( I I )  A ssum e f o r  a n y  p rim e  sp o t v  o n  k „  th e re  corresponds a
conjugacy  c lass  D(,) o f  G((k 0),) w hich  is  con tained  in C .  A n d  we
assume

D ( v ) ( •  • • 5  WUXI)), • • •)

b y  the above correspondence. T hen the follow ing are ev iv alen t.

(1) T here ex ists a  conjugacy  c lass  D  o f  G k  s u c h  th at  .0,--D(v)

f o r any  prime spot y  on  k„.

(2) F o r 1< i < s ,0 < j < , ,d i - 1 ,  there  ex ists  n f ,- i-L H e rm itian  form
ov er K i w ith respect to  d i such  that ( W i,i)v--.(Hij)(,) f o r an y  prime

spot y  on  k„.

F o r  sem isim ple elements i n  the orthogonal group, the existence
theorem o f  prescribed local behaviour ( th e  second part of th e  above
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theorem) has another form. The minimal polynomial of the semisimple
element has the following form.

m(x)= r m,(x) where
i=

( i ) F o r 1  <  i < s, m i(X ) is a  m o n ic  ir r e d u c ib le  polynomial and
mi(X)= mt(X).

(ii) For s + 1 < j r, m i(X )=  p i(X )pr(X ) w ith  p i(X ) is  a  m o n ic  ir-
reducible polynomial and p?(X)0 pi(X).

(iii) m i(X)0 m i(X)

Theorem 4.9. L e t  G  b e  an  orthogonal g ro u p  a n d  m (X ) b e  the
poly nom ial as ab o v e . A ssum e that f o r  an y  prim e spot y  o n  k  there
corresponds xveG(kv) whose m inim al poly nom ial is  m (X ) .  Pu t (1/,)„,,(x)
= fu e Vvimi(xv)ti =01. A ssum e dimk(V,),„,(x„)(i=1,..., r) are  independent
o f  y , i. e .  th e  elem entary  div isors o f  xv  a re  independent o f  v. T h e n
there  ex ists  X E G (k )  s u c h  th at  x  an d  x ,  a re  conjugate i n  G(kt,) if
and  only  if  the follow ing conditions are satisfied.

(i) S((V,),„,(x0)=1 f o r alm ost all v (i= s).
(ii) ris((vv)„,,(x0)= I (i= S-1).
(iii) I f  (X  — 1)(X  +1) div ides m (X ), then  there  ex ists  de  kx  such

that det (Vv)(x_ , d mod (k)2.

P ro o f . T h is  c o m e s  f ro m  t h e  fo llow ing lem m a w hose proof is
om itted. (c. f. the  proof o f Theorem 3.6.)

Lemma 4.10. L e t  E  b e  a  f in ite  ex tension f ie ld  o f  k  an d  a  an
involution o f  E  su c h  th at  alk= id e n tity . A ssum e th at f o r  an y  prime
spot v  o n  k  there corresponds a H erm itian space W o  o f  ran k  s  over
Ev w ith respect to  a. T h e n  the follow ing are  equivalent.

(i) T here  ex is ts  a H erm itian  space  W  o f  ra n k  s ov er E  such
th at Wvf.-_- W an y  prim e spot y on k.

(ii) Wo,),:._- I 0  f o r alm ost all v, and  FIS(TrE,A,W(0)= 1.(

0 1
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T h e re  is  a n  analogue o f  Theorem 4.9 f o r  semisimple element in

the  unitary group.
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