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Introduction

The purpose of the present paper is to give some results concerned
w ith the theory o f Abelian differentials on open Riemann surfaces with
certain null boundaries. So far almost all the theories of Abelian differ-
entia ls on open Riemann surfaces h a v e  d e a lt  w ith  the meromorphic
differentials which are square integrable outside of compact subsets.
For instance Riemann-Roch's theorem and A bel's theorem  are formu-
la ted  in  te rn is  o f  those meromorphic differentials and their integrals
w i th  certain boundary  behav io rs. (cf. L. Ahlfors [1], Y. Kusunoki
[2 ]  [3 ] , M. Shiba [5] and M. Yoshida [7], etc.)

R ecently  Y . Sainouchi [4] has introduced som e m etric  conditions
on open Riemann surfaces and meromorphic differentials, and succeeded
in  a  systematic treatment o f meromorphic differentials with an infinite
num ber of polar singularities under these m etric conditions. On the
other hand M . Shiba has generalized the notion of the divisors on open
Riemann surfaces b y  m a k in g  use of the notion of behavior spaces
introduced by himself in  [ 5 ]  and proved a  duality  theorem  [6]. This
generalized notion of divisors makes possible to deal w ith certain infinite
divisors. H ow ever Sainouchi's treatm ent and Shiba 's one for infinite
divisors are different and it is desirable to unify two approaches.

I n  the presen t paper w e  g ive  a  generalization of the notion of
divisors on open Riemann surfaces w ith  certain null boundaries and
prove a  duality theorem  (Theorem  I) w hich includes the Sainouchi's
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duality theorem and also, in the case of our surfaces, a duality theorem
analogous to that o f  Shiba. We also prove an interpolation theorem
for multiplicative meromorphic functions.

§ 1  contains the preliminary facts and the definition of the gener-
alized divisors. In §2 we define a decomposition o f meromorphic differ-
entials. This decomposition will play fundamental roles in  §§ 3  and

4. §  3  is devoted to prove a  duality theorem. The special cases of
this duality theorem will be discussed also in  §  3 .  Finally in  §  4  we
shall be concerned with an interpolation theorem from which we derive
a theorem of Abel type for our divisors.

The author wishes to express his deepest gratitude to Prof. Y.
K u su n o k i f o r  h is  encouragement and comments. T h e  author also
thanks to Prof. Y. Sainouchi for his valuable suggestions. During the
preparation o f th e  present paper the author had useful conversation
with Mr. M. Shiba many times, without which the present paper could
not be appeared. I  am grateful to him for hearty and valuable sug-
gestions.

§ 1 .  Preliminaries and the definitions o f divisors

1.1. R iem ann  surfaces w ith certa in null boundaries and elementa-

ry differentials.

L e t W  b e  an open Riemann surface of genus g (1 g  O D )  and
{ W }1  b e  a canonical exhaustion o f W . We denote by g(n) the genus
of 14'n and = a  canonical homology basis o f  W  whose
restriction t o  W„, , — W„ forms a  canonical homology basis modulo

1(n)
boundary o f W„.,. — W„. L e t  W „ =  j  y , be the decomposition o f OW„

i=
into its connected components. We take a ring domain D„; containing

so that Dui n D ,,1 = ø  fo r i Oj and we put D„= 130„1. W e assume
1(n)

1=1
that D i, n D„,= 0  fo r  n  n i .  Let /4 , and u „  be the harmonic moduli
of D„; and D„ respectively, that is to say,

2n= —

" d dn = (aDonw „
*du,

where u„ is the harmonic function on D„ such that it vanishes identically
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on  (0D„) n PK and is id e n t ic a lly  e q u a l  to  1  on  OD„—(0D„) n Wn v i „

is d e fin ed  an a lo g o u sly . W e  put D =  u  D „  and define a  function
on D  so that

t i  =  E  +  1)„11„ o n  D„.
(=I

If  w e  d e n o te  b y  y  the conjugate harmonic function o f  u , th en  u+iv
maps conformally the dom ain D  w ith  su itab le  slits  on to  the domain

Co

D' = {(u, v)10<u <R= E u1, o<v<27r} w ith  su itab le  slits . In the follow-
i=

ing  we only consider an open Riemann surface satisfying the condition

(A) inf min 14', >0
1 ' i 1 ( n )

fo r  suitable choices o f  { W„},7_ , a n d  { D „ 1 } . O n  su c h  a surface we
fix { and {Dni} satisfying the condition (A). There are elementary
differentials with the following properties uniquely on  such  a surface,
Sainouchi [4], § 1
(I) dwi (1 j _ g ) :  the square integrable semi-exact holomorphic differ-
ential such that

i = I, 2,....

(II) d Y ( n  1 ): the semi-exact meromorphic differential, holomorphic
e x c e p t a t  p  and square integrable outside each neighborhood o f  p,
such that

(1) „= 0  w ith  1
A; '

(2) „ —( — ,  +re g . ternt)dz

for some local coordinate z about p(z=04-4p).
( I l l )  dr 1,,q: the m erom orphic d ifferentia l, holom orphic  except a t p
and q , where cli7p,4 h a s  simple poles w ith  residues +  1  a t p  and — 1
a t  q  respectively. Furthermore  i s  square integrable outside each
neighborhood o f fp} u {q}, semi-exact in W—C, w h e re  C  is  a path from



274 Osamu Watanabe

p  to  q , and

A ; 
d f lp .q = 0  w ith  I

T h e re  h o ld  so m e  relations between th e  above differentials, Sainouchi

[4], propositions 2, 3 and 4:

Proposition 1.1.

(1) dwk,
k

where the p a th  of in te g ra tio n  fro m  q  to  p  is chosen in

dY„ —  2 7 r i   w »( P),
k (n — 1)1

)s

(2)

(3)

wo=w— s-

where the tw o  pa th s  o f in te g ra tio n  are chosen in  Wo and do n o t in te r-

sect w ith each other.

(4 )  I f  w e  put

Y;,,,'„ =Yp,„(s)—Yp,,,(1)=1sdYp,„,

where the p a th  o f in te g ra tio n  is  ch osen  in  W0—{p}, then

1 '9n111::‘/  —1tdY( n - 1 ) !  Op" s P ' "

1 elmYp,q (q) = 1 01 dd n i tpqn'm (P).1)!
(n

F ro m  [4 ], corollary 1 to  theorem  4  w e  h av e  a lso  th e  following
lemma.

Lemma 1.1. I f  d u  is  a  sem i-exact holom orphic d iffe re n tia l o n  W

s u c h  th a t  i t  is  square in teg rab le  and h a s  no n o n  zero A-periods, then

dv vanishes identically.
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1.2. D e fin ition s  o f d iv iso rs . L e t  W* b e  th e  Kerékjdrt6 — Stoïlow
compactification o f  W  a n d  w e  p u t  OW= W* — W . W e  d e n o te  b y  P
a  regular pa rtition  o f O W . Since a  regular partition P  is induced by
a  consisten t system  {P „ } of partitions P„(W„) o f  W— P  induces a
partition of  SW,, f o r  e a c h  n  (cf. Ahlfors — Sario [ I ] ,  chap. I ,  § 6).

k ( n)
Let W„ = fl„.; b e  a  p a r t i t i o n  o f  W„ induced  by  P .  I n  particular

i=
we denote by Q the  canonical partition of OW and  the  induced partition
o f  Wn b y  Q  is  assum ed  to  be  the partition of  Th 4'Ç, into its connected
com ponents. Further w e denote by e( W) th e  se t o f  all canonical ends,
tha t is, the  set of complements o f  closures o f  canonical regions of W.
We associate with P  a n d  U e e(W) a  complex vector space denoted by
m(P, U) such that each elem ent 4) o f  m(P, U) is a  meromorphic diffe-
rential defined o n  U  and satisfies the  period conditions

5 4 ) = o  w ith  I k(n)

if  OW„ is contained in  U .  W e put

Ao(P, U)={(1) m(P, U)I(i) (I) is  holomorphic (ii) 4) has n o  non-
zero A-periods} ,

A d(P, U)= {4)e Ao(P, 114)11u< co} ,

w here 114)11u is  the D irichlet norm  o f  4) o n  U .  {m(P, U)}u.(w), {Ao(P,

U)}uec(w) a n d  {Ad(P, U)luE(w) becomes inductive systems in  a n  obvious
m anner. W e pu t their inductive limits

(P)m=limm(P, U), (P)A0=lim Ao(P, U), (P)Ad=lim Ad(P, U).

I n  p a r t ic u la r  w e  p u t  (Q)Ad= A d .  T h en  ev id en tly  (P)m p(P)A0 Ad.

g p=(P)mlAd a n d  g'p=(P)A0/A1 a r e  com plex vector spaces a n d  g'p
is a  subspace o f gp.

L et V  be a  subspace o f  .V p and put f 1 /V = ( V ) .  Let

(P)in --> g p, g p g p(V)

b e  the respective n a tu ra l m ap p in g . T o  each  e lem en t 4) o f  m(P, U)
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there corresponds an element rT of (P )in , a n d  hence a n  element ri onp

( c )  o f  g p (V ) .  F o r  simplicity we pu t n'Porip ( ) = <0 > p. Since V is  a
subspace o f  g ip , th e re  is  a  subspace 17 of (P )A 0  such that c o n t a i n s
A d  and V = P/Ad. It i s  e a s y  t o  s e e  t h a t  4), e (P ,  U ,) a n d  02e m

(P, U2) determine th e  sam e elem ent <4), > v = <02> v i f  a n d  on ly  if
there a re  a  suitable canonical end  U , a n  element dfi o f  Ao(P, U) which
determines an  element o f  I-7, and  an  element /1. o f A„(Q, U) such that

o n  U.

F ro m  n o w  o n  we represent elem ents of (P )m , (P )A 0  a n d  A d  by
their representatives.

Definition 1.1. W e  c a l l  a  subspace V  o f  9 'p  a  (P)-divisor at
boundary . A n  element cr of c i'( V )  is  c a l le d  a  Pr-singularity  if and

„on ly  i f  there  ex ist a  U e v(W) a n d  0 e m (Q , U ) s u c h  th a t  14 (up)nu11
<cc a n d  = <0> v. T h e  subspace o f  g ( V )  consisting o f  all Pr-
singu larities is  ca lled  t h e  space  o f  Pr-singularities a n d  denoted by
99 (Pr). To distinguish a  (P)-divisor at boundary a n d  a  usual divisor
( a  fin ite  o r  infinite linear com bination o f  p o in t s  o f  W  with integer
coefficients), w e call a  usual divisor a n  inner d iv isor. T he  inner divisor
.5 w e shall consider in  th e  following has the support I61 contained in

0 0

W0—D=W—L-7— D„.
n= 1

Definition 1.2. L et 6  b e  a n  inner divisor a n d  0  b e  a  subspace of
Y (P p ). W e  c a ll the couple  A= (O, 0 ) a  Pr-d iv iso r. A multiplicative
meromorphic function f  is  sa id  to  b e  m ultiple o f  4= (O, 0 ) if  and  only
if  (f ). . :6  a n d  <df > y e a .  A  meromorphic differential 0  is sa id  to  be
a m ultiple of 4  (6, 0 ) if  a n d  only  if  (4)) 6  a n d  <4) > v e O. W e use
the notation .4 I f  t o  show  that f  i s  a  m u ltip le  o f 4 .  4 1 0  also means
th a t 0  is  a  multiple o f  4 .  I f  6 is  a positive inner divisor and f  is  an
additive meromorphic function, then f  i s  s a id  to  b e  a m ultiple of
= (-6 , 0 ) if  a n d  on ly  if  (f)._ —6 a n d  < d f >  e 0. W e denote by  4 j f

this relation.
L e t  V  b e  a  (P)-divisor at boundary  a n d  dv b e  a n  element o f  V.
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L et q  b e  a  p o in t o f  W .  I f  the re  is  an  open  subse t F  o f  W* con-
taining q  a n d  d u  h a s  a  representative dû i n  17, i.e . r 7p(di3)=dv, such
th a t the restriction diiIF n u o f  dû is  semi-exact and square integrable,
th en  w e  say  th a t d u  is  reg u la r  a t q. H ere  w e have assum ed that de
belongs to Ao(P, U ) .  This definition does not depend o n  a  choice of a
representative dû. Indeed i f  d ir is another representative o f  d u  in 17,
then  the re  a r e  a  suitable canonical e n d  U ' c  U  a n d  a n  element ), of
Ad(Q, U ') such that d û '= a + ), o n  U ' .  Thus dû' is semi-exact on U' n F
and

Il(Is-'11wny 11(ii311urir +111,11v ny<Do•

The support of du is , by definition, the set

S(dv)=-. q  E  WI du is not regular) .

This is a  closed subset o f  W.

Definition 1.3. .Supp. V = \_) S(dv),
d,cy

where the closure is considered in W .
S ince  O W  is c losed  in W * a n d  S(dt) is  a  subset of oW, Supp. V

is contained in  O W . F o r  a  subset B  o f  W * F3 means the closure of B
and  /at B the  interior of B.

Proposition 1.2. L e t  V b e  a  (P)-divisor a t b o u n d a ry  and E  b e  a

closed subset of O W  such  tha t E n Supp. V = 0 . Then fo r  a  given repre-

sentative dû  in  i/ of du  e V, th e re  e x is ts  a n  in te g e r n , w ith  the fo llow -

in g  p r o p e r ty :  Suppose {P1/0 1 i s  a  ca n o n ica l e xh a u s tio n  o f  W and
1(n)

= [A") is the  d e c o m p o s it io n  o f W— l4' its connected

com ponents. L e t  W " )  be th e  u n io n  o f  W .i") w ith [Pt) n E ø. t h e n

dû1L1(") is sem i-exact and square  in tegrab le  fo r

P r o o f .  L e t q  b e  a  p o in t  o f  E .  T hen  q  Stipp. V =  u  S(dv) and
d v e V

th is  m eans tha t (10 S(du) fo r  a l l  d u  i n  V. Therefore f o r  a  g iven dv
there  ex ist a n  o p e n  subset F ,, o f  W * a n d  a  representative dû  i n  i%
o f  av such that d F ,1 n U  is semi-exact an d  sq u a re  integrable, where
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d f l  is  a ssu m e d  to  b e lo n g  to  A o (P, U ) . W e  m a y  assume th a t  F lc  U
and th u s  Fq n F q .  The set F=  i  F q  i s  an open neighborhood of

g eE
E .  Let g  b e  a given point of E .  T o each  positive integer n  there is
a  component U(11) o f  W— W„ su c h  th a t q  is c o n ta in e d  in  (Pin). We
p u t U(in)= U(")(q). T hen  ev iden tly  U(")(g)c U (m )(g) for n  i n .  T h u s
{ U(")(q)}  determines a  boundary com ponent w hich defines the point
q. H ence  the re  is  an integer n (g )  s u c h  th a t  L i( " ) ( q ) c F  if n> n(g).

{Int1.»"(q))(q)}qE, is  an open covering o f E .  Since E  is  compact there
is a  fin ite  num ber of points q ...... q.  o f  E  su c h  th a t t in t  1/1"illiz 1
is  an open covering of E . w h e re  w e  put UI"i)=U("(gi)l(q,).  N o w  let
n o  b e  m a x  n(gi). I f  n> n0 a n d  h it O f) n E 0 0 ,  th e n  th e re  is  an
i w ith  1 s  s u c h  t h a t  min t».;") n mi U (" 6  0 0 , and th u s  w e  have
(1;")c U (" iI . Therefore u  U y '1 = U ) is contained in F .  Since U (;)c  Uoi)
w e m ay  assume that W in) is contained in Fqi. Thus O W ? )  is semi-
exact and square integrable, and so is di.31U1"). q. e. d.

§ 2. A  decomposition of meromorphic differentials

In th is  section w e fix  an open Riemann surface W  satisfying the
condition (A).

2.1. S o m e  le m m a s . The following lemma 2 .1  is easily proved by
(4 ) of proposition 1.1.

Lemma 2 .1 . (1 )  I f  we put

dY  
h(p, g)—

d

Y
i

(g)— q'
dg dp (p),

then  h (p , 11 )=  h (g , p ) a n d  h (p , g )d p d g  is a  d oub le  d iffe re n tia l. h (p ,
q )dp  (resp . h (p , g )dg ) has  a f in ite  n o rm  o u ts id e  o f each neighborhood
of g (resp. p).

(2) dn's':," = (4-11 f:,q )dp= p)dr} dp,

where the pa th  o f in teg ra tion  is  chosen  in  Wo—
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Lemma 2 .2 .  L e t 4) an d  i  b e  meromorphic dif ferentials def ined in
a neighborhood of  O W  such that their poles d o  n o t  l ie  in  D = u D„

n=1

and

5 =o . t f r = o

f o r all  y , c o n tain e d  in  th e  com m on dom ain of  (/) an d  lit. If ,  D„ is
contained in  th e  com m on dom ain o f  (/) and t h e n  w e  h a v e  a n  in-
equality

(2.1) w (144P<17cMCID„WID„
min Din

T h e  p ro o f  o f  lem m a 2 .2  is c o n ta in e d  in  t h e  p r o o f  o f  [ 4 ] ,  lemma

3. N e x t  w e  s h o w  a  sim ila r  in e q u a lity  a s  i n  lem m a 2.2. W e  put

CID„ n w„ ar);,0 and  OW ) = OD„—

Lemma 2.3. Under the sam e conditions as in  lem m a 2.2, we have

min oin
< -,711011v,J11P D„. d 4) D „ d „

P r o o f . Let u  b e  th e  ha rm on ic  function  o n  D „  s u c h  th a t  iiieD(„"
=0 a n d  u laD(„e)= v„. W e deno te  b y  y  th e  conjugate harmonic function

o f  u. T h e  fu n c t io n  u + iv  m aps D „  w ith  s l i t s  conformally o n to  the

p la n e  d o m a in  {(u, 010 < u < u„, 0< y < 27r} w i t h  s l i t s .  W e  p u t  C(r)
={pe D„lu(p)=r}  fo r  r  w ith  0 < r < v„. C (r) is  a  u n io n  o f closed curves

in  D „  a n d  th e  com ponent o f  C (r)  con ta ined  in  D „ ,  is  hom ologous to

A. T h e  p a rt D„(r) w h ich  is  su rrounded  by  OM° a n d  C(r) i s  a  un ion

o f r in g  dom ains in  D „ .  B y  the Stokes' theorem

(10)=5 c,r)(» +1„ .0 0

d D (1'447; 5.,(000» Ic D , , ( r )  

1)
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+ 11 4'11 D„(r)110 Dn(r)

M D„MO D„

In  exactly the same way as the  inequality (2.1) we call show  that

in f

T h is  completes a  proof.

c(r)(50)
<-)7r114)11D„IltPlID„

min Din
l j1 ( n )

Lemma 2.4. Let 52 b e  a  re la tiv e ly  c o m p a c t s u b re g io n  o f W  with

W, som e no. Then

1417

is  con tinuous function  on  (S7 n x (S2 n W0). M o re o ve r if w e  put

11,(p)=  w h(p (1)12 dq(74

then H a(P)Id pl is  a  continuous invariant fo rm  o n  Q .

P ro o f . S in c e  p ro o fs  fo r  th e  c a s e s  o f „,„ a n d  110(p)idpi are

sam e , w e  g iv e  a  p r o o f  f o r  t h e  la t t e r .  W e  put -1,17„ „ = W„ u D „ . The

bounda ry  o f  fi-;, is  N Y :). I f  n  is s u f f ic ie n t ly  la rg e  s o  th a t  W „  5 2 ,

then  by the Stokes' theorem

2  2 1 h(fl' q) 24 4  = (Ih(P' q)dg)h(P'q)clq

2h ( p ,  q ) d q ) h ( p ,  q ) d q .
es26

B y  le m m a  2 .3  th e  f ir s t  te rm  o f  t h e  r ig h t  h a n d  s id e  te n d s  to  0  for

n Thus we see

lif2( p)= — (Sh(p,q)dg)h(p, q)dg.
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Since th e  integrand is continuous with respect to p  a n d  00 is  compact
w e see  that  H 0 (p )  is c o n tin u o u s  w ith  respect t o  p. T h is  completes
a  proof.

Lemma 2 .5 .  L e t  y  b e  a  d iv id ing  cyc le  and b e  a  continuous
d iffe ren tia l fo rm  o n  y .  Then fo r  a  fixed  b ranch  o f Ilf:7 on y

dF(t)=d,1

is  a  d iffe ren tia l on  W—y and has a fin ite norm  outside of a sufficiently

la rg e  com pact subse t o f W, where d , means th e  exterio r d iffe rentia l

op e ra to r w ith  respect to  I .  H e r e  th e  p o in ts  q  a n d  s  are assumed to
be fixed in  W, and do  n o t lie  on y.

P ro o f. W e choose W„ s o  large th a t  11'Ç„ contains y. W e show that
the  norm  o f  dF(t) o n  U= W— 1,17„ is finite. W e  d iv id e  y  into small arcs
y; I )  so that each  y ;  is contained in  a  coordinate neighborhood.
If we put

dF1(0= a(p),
• Y

th e n  w e  have  dF(t)= dF;(t). H ence  it su ffices  to  sh o w  that each
i=1

dFi(t) is o f finite norm o n  U .  Since y; n U = 0  we obtain

dF,(t).= {1 (011f:,q let)a.(p)}dt =- cr(p)Y11(r, t)dr} dt,
Jyyi

where the  second  equality holds by lem m a 2.1. Let f( r )= ' o(p) and
pi, g, the end points of y , th e n  b y  the  integration by parts

d N O =  — f(p)h(p, t)d p} di + if(p)1P' h(r, Odr -

Y

— f ( q d r , h(r, t)dridt.
. q

W e have  on ly  to  show  tha t the  f irs t te rm  on  the  righ t hand  side  is
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o f finite norm on U , since w e can show in exactly the same way that
the second term  is so. W e put

dGi(t)=- i1 f(p)h(p, t)dpidt.
Yi

W e m ay assume th a t yi is  a plane curve. By definition o f the integral
we may write as

dG i(i)={  u rn E f ( f i ) I i ( z i ,  t)(zi—z.1_,)}dt,
ni—000

w here  4  is  a division of yi b y  points z1, z 'j being a point on

y i between z i a n d  z1_1. Let Hu(zi, zk) be  the  inner p roduct o f h(zi,

t)dt and h(zk, t)dt on U , then by the Schwarz's inequality we obtain

zk )I •• z1)  N/Hu (z o z k ) •

W e put H u(z i, z i)=H ,„(z i)=H „(z i) for sim plicity. Now we put

dGiA(0=
i

1 .1.(zri)11(z'i, t)(zi— zi_t)dt
=

and i =  +  hi. Then

III

ti1G% ,I(1)12 d e';:d11 = E E .1(zW (4)11,(z,.,
j= lk = 1

Ill

\ H„(fi)N1H„(ZOIZi —  Zj—  11 IE E If(z'.) Zk— 11 If(z'k)1

--= ( H„(z;)1zi— z _ 11)2 .

Thus by the Fatou's lemma

IG(t)12d.dti5lim5 ii(t)12ddn
U

y \I I  ti( P )1 (1 1 0 2  •

S in c e  0 -1 „ (p )Id p i is a  c o n tin u o u s  in v a r ia n t fo rm  b y  le m m a  2.4

j=1k=1
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If(P)IN/H„(p)Idpi is finite. H e n c e  th e  n o rm  o f  dG,(1) o n  U  is finite
and s o  i s  the n o rm  o f  dF i(t). q. e. d.

2 .2 .  A  decom position of  m erom orphic d if f erentials. In  th is sec-
tion  w e define  a  decomposition o f  meromorphic differentials and this
decomposition will play important roles in §§ 3 and 4.

Proposition 2.1. L e t d v  be  an  e lem en t o f  g 'p  w ith  a  representa-
tiv e dij in  A o(P, U ). L et f i x  q  in  W ,, then

1i(db)— — 2  l i m d HS''P",  dû(s),7ri P ow„ 

i s  a m eroniorphic  dif f erential o n  W  an d  is  a ls o  a  representative of
d v , th a t  is, qp(i(d t7))=dv . H ere  11,,'„ is a  s ing le  v alued  b ranch  o f
th e  integral of  d  ' ,  o n  1170 — C , w here C  is  a  p ath  f ro m  g  t o  p  in

Proof. First w e rem ark that for n  s u c h  th a t  W„ c U 11t di3(s)
w„

does not depend on the p o in t t. For let t' be  ano the r point of W,
— U D„. T h en  the difference dr4y„— dH7,,:,; is a  holomorphic square
integrable differential o n  W  s u c h  th a t  a l l  o f  its A -p e r io d s  a re  zero.
By lem m a I .1 it van ishes iden tica lly  and  the re fo re  H sp,:„ — 1174 does
not depend on s. Hence

(s)=1 17 di3(s)+

ew„

Choose a  sufficiently large nc, s o  th a t  awn is conta ined  in  U  fo r n
n o .  Then it is easy to see that

—
1 

. 1imd /7 d6(s)=
'TC1 011'„

2 ITid P1 '„di)(s)rc p e  W„o
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1— d 118'tqa( s ) + d b ( p )  p  1 4 /„09ni P rw „0

Since /7;',,,t, has n o  n o n -z e ro  periods a long each dividing cycle  i n
W—C', w h e r e  C ' is  a  p a th  f ro m  s  to  t  in  W , a n d  a lso  h a s  n o  non-
zero A-periods, we see

A  27ri

i((li3) = 0SA ,

1 
?rri d

g
d (S )  =0,

P'Y ni no

fo r n> no and for all 1. Therefore

i(di5)= 0  and

L , ,
01-1 d17(s)=-

f o r  n> n o  a n d  f o r  a l l  1 .  T h is  m eans that i(a)e  A o (P , W— W„o). The
differential

I
— d , di3(s) is o f  finite  norm  o n  a  neighborhood77ri 

o f  ew by lemma 2.5. Hence the above differential belongs to A d(Q, U')
for some canonical end U' c W— W„.. Since

1
i(df)=c117+ (' — di)(s))--17r-i 61)ew,,„

outside of W,„ d13 mod A d .  Hence rip(i(di5))= ay. q. c. d.

Proposition 2 .2 .  L e t q  b e  a  meromorphic  d if f e re n tial o n  W  and
assum e that q  is represented as

/1= a + 26

o n  a  canonical e n d  U ,  w here a E  M ( Q ,  U ) ,  e Ao(P, U )  and A  e Ad(Q,
U ) .  W e p u t  (0 = 6 , - 6 2 ,  w here 6 ,  an d  6 2  are positiv e  inner divisors,

k2(,,) " i b  • k an d  p u t 6 2 ( 0 =  E  niqi=6,1141„. I f  th e  singu lar part o f  ti is  1 -  :1k  -dz
.J=1 k=1

at  g1 then,

k2(n) k 2 ( n ) b
1-1,,(P)= 11," E  E ik

i
b1,

=2 I  
—

DO

k  1 -i= 1  k = 2  — i.k –  1  + ( 5  
A

11) 11'd  •
1 

1- - - H a ( s )
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conv erges to a (m ulti-v alued) m erœ norphic f unction H  uniform ly  on
compact subsets of  W 0-1621 and

1 (2.2) ;1( p) = d p(lim H „( p) — lim2rri (I)( s ))
P ' l

= limd H „( p) —urn - d 178,1 4)(s).
?

1
I d  P  OW „  P

P r o o f . W e remark at first that

(2.3)
k2(n)
E b,1 =O

fo r  sufficiently large n. L e t p o  b e  an  arb itrary  p o in t o f W , and

and K  b e  a  relatively compact simply connected neighborhood o f po
in  Wo such  tha t K  n 1621=0. It is sufficient to  show the uniform con-
vergence o f  H „(p) o n  s u c h  K .  W e  c h o o se  n ,  s u c h  th a t  KcW ni.
Let En denote the restriction of S  t o  W u .  For a  fixed g  i n  W1—
— 16 2(1)1 w e  ta k e  a  p a th  p  from  q  t o  Po and a narrow  strip  K ' p
such that K  u  K ' is simply connected domain in  147„, - S  W e
d e n o te  b y  U  a simply connected neighborhood o f {g } U { g ,}  such that

n (K  U K ')= 0 an d  U jc  W „ fo r  q; e 14/,„ w h e re  w e  have assumed
q1 e W, — S .  T h e n  b y  the Stokes' theorem

0  =(d  P, *ii)(1'
k  2 (n )

W 11—(KUIC )— Uj
i = I

= nsp',`0+1
p (

k2
6") u ; )

lisi,1,11V+
O ( K U K ' )

f i s i ! q n +ew „ i= 2

on
+  

) 
( 1  d  7 ;  1  — d

i=i A j 5AJ BJ P.
If we use (2.3) and proposition 1.1, then we see

k 2( n)
B P  n ( s ) =2 n i E  b "HP 'q —

k  2 ( n ) .ti e l i . i l  i
0 (  u  I I d 1= 2

i = 2

k 2 ( n )  n h
2 7 ri E  E  k''`k e lk - 1

1=-1 k=2
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O n the  other hand

5 = — 27r11
P 
ri(s), d11,,,i,= —27ti 1, dwi.

oucuw ) - ' q B; q

Therefore we have

q q ( S ) =
1 1 

77ri 27ri

for each sufficiently large n. By lemma 2.2

< 27v Din Ildflp,,MD„/111 11D„•
-  min

• 1 ( n )

Since p e K c W „, there is a n  no such that

117; 2(s)
77-c

—  m i n  D',
5 . is  1 (n )

fo r  each integer n _ n o .  Since ildrip.q11 w_ w,,_z is continuous with respect
t o  p  o n  K  by lem m a 2.4 and lim ildllp,q11w_w„_, =0, fo r  a  given e' >0u-03
there is a n  integer n'c, such that

Ildll p,q1110„<lldr 4,11w -w„-1<e'

fo r  each n n'0 a n d  fo r  each p e  K .  Since (//7,,,, a n d  4) have  no  non-
zero A-periods o n  their respective dom ains, it is easy to  see that there
is a n  integer n ; such that

17,,rq(P(s)=5 (1)(s)OW „ PW„,

for integers n > m _ n ; .  Therefore fo r  a  given a> 0,

11 P  q (S )  • IP't 0(s)—  11,,(P) 1<a)7rt o w „ "

for each n >max (no, n'o, WO and pe K .  This completes a  proof.

Corollary. Let A =(5, 0) b e  a  Pr-div isor on  W  and ri be  a  mero-
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morphic dif ferential .such th a t  A n .  I f  n has two representations

11= T 1  + 0 i+ ) , I = T 2 + 0 2 + 1 2

o n  a c an o n ic al  e n d  U ,  where r1 e m(Q, LI) w i t h  Mt,  n(uD „)<
E / (P , U ) and 1  e  Ad(Q, U), then

k 2 ( n ) k  2 ( 17 ) n• .L g ( n )

d wH „,(P )= E ulk YP!qk- I E
i =2 k=2 k — I g" J---16 A j ) q

Hs”'taTi(S) i= 12,
2niew„

tend  to  the  sam e lim it.

.= 0,P r o o f . Since 1117 IIU n(U D )<  C O  and
Y!,

Lim  I _
n - c o  27ri 0

by lemma 2.2. q.e. d.

L e t .4=(6, a )  b e  a  Pr-divisor o n  W, i b e  a  meromorphic differ-
ential such that 41n. Then ri has a  representation

(2.3)

o n  a  canonical e n d  U , where (/) e Ao(P, U), À.e Ad(Q, U) a n d  T E m(Q, U)
such that 11TIlun(up„)< . If w e 

p u t

hy(n)(p)=  Jim  dH„(p)=d lim H (p ),
n—ono n -40 0

t v(q)(P)= — 217rilim d p5 rik4)(s),
n•-,o0

th e n  M O  a n d  tr(n) d o  no t depend  o n  a  representation (2.3) b y  the
above corollary.

Definition 2.1. The decomposition

11= h v(10+ ty(n)
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is called V-decomposition of n.

Proposition 2.3. t (n )  h as  n o  non-z ero A -periods. hv (n) is sem i-

ex ac t i f  n  has no residues. hv(n)=0 f or ev ery  su f f ic ien tly  large

n. Furthermore "v (f l) has a f inite norm  on  t j  D .
n=

P r o o f . From  th e  constructions o f  4 ( 0 ,  a ll th e  A-periods o f  M O
and  those of a r e  equal, a n d  M g )  is  semi-exact if ri has n o  residues.
Therefore

ty(11)= 4 (0 = 0 .
A i A A i

T o  show that h v(11)11 u D„<00 it is sufficient to prove that h ( i i )  has a

finite norm  on Uc, =( j D „) n U , where U  is  a  canonical en d  o n  which
n=

n  is represented as I/ =  + (to +

Ilhv(011uo=11n—tv(011uo-IITIluo+110—tv(011u0+11 60.

F r o m  proposition 2.1 (/)= tr(n) mod A d  a n d  thus MO— tv(011uo< co.
Therefore hr(q)11,0 < co. O n the other hand if ),, c U ,  then

hr(i).= (r + + lv( 1))
y1.

=  T A +1 (0 — 1;40=0.
Y q. e. d.

N ow  le t  5  b e  a positive inner divisor a n d  0  b e  a n  arbitrary sub-
space o f  Y ( P r ) ,  w h e re  ,9 9 (P ) is  th e  space o f  Pr-singularities. I f  n

is a  sem i-exact m erom orphic d iffe ren tia l w h ich  is  squa re  integrable

outside of a  com pact subset, (n)... and  furthermore has no non-zero
A-periods o n  a  canonical en d , then clearly z1 = ( 0)1q. T his means
that such a  differential as above has V-decomposition.

Proposition 2 .4 .  dn.-- d = hv(dY„,„) and dr ,,,,=hy(d17 p.q).
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§ 3 .  Duality theorems

A s in  § 2, w e fix  an  open Riemann surface W satisfying the condi-

tion (A).

3.1. T h e  m ain  duality theorem. L e t  a W=a U [3 U y  b e  a  regular

partition  o f OW su c h  th a t 13 U  y 00 and O E m ay be em pty. W e denote
th is  partition b y  P o .  Since Po is regular, a , /3 a n d  y  are closed sub-
se ts  o f  W*= W u W . W * is a  com pact H ausdorff space  a n d  there-
fo re  W* is  a  norm al space. H ence a, /3 a n d  y  a re  separated by open

subsets o f  W * . Let U(Œ), U(f3) a n d  U(y ) b e  o p en  neighborhoods of
a, [3 a n d  y  respec tive ly  such  tha t they  a r e  m utually  disjoint. U(a)

U U(13) U U (y ) is a n  o p e n  neighborhood o f  OW a n d  i f  w e  p u t  (awn)
n U(a)=a„, (OK) n U(fl)=13„ a n d  (awn) n U(y )=y „, th e n  a =  Ufl„U y„

k t k 2

is  a  p a r t it io n  o f  W„ induced  by  P o . Let 6, =  E m jp ; and  62= E njqi,
z=i J=1

1 co , b e  positive inner divisors in W0—D „  su c h  th a t  1611
n1621=0. Q  is  th e  canonical partition of aw L e t V , b e  a  (Q)-divisor

a t  b o u n d a ry  s u c h  th a t  Supp. V, c /3. A 1=( — 6,, a) i s  a  Q-divisor.
L et P  b e  a  regular partition  of OW which is a  refinement o f  130, that
i s  t o  say, each p a r t  o f  P  is contained in  a  p a r t  o f  P o .  L e t V 2  be  a

(P)-divisor a t  b o u n d a ry  su c h  th a t  Supp. V2cy a n d  le t  42=(-62, 02)
be a P2-divisor. W e consider the following two complex vector spaces.

N (4 1 )={ f lf : a n  a d d it iv e  meromorphic function such that

(1)I f  ( 2 )  1  d f = 0  f o r  all .)r, a n d  (3) d =0
Yri A i

for all ,

W(A2)= {duldu: a  meromorphic differential such that

(1) 42Idu and (2) du=0 for a ll /3„il
■1.1

k( n)
w h ere  awn= fin, i s  t h e  p a r t i t io n  o f  W„ in d u ced  b y  P  which is

used to define  (P )n i a n d  (P)A 0, etc.. W e  assume th a t the partition of
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OW„ induced by P  is  a  refinement o f the  partition  of O K  induced by

Po.
L e t f  b e  a n  elem ent o f  N (A ,) . Since < I f>  v ie  0 ,, d f h a s  the

1/1-decomposition

df=hvi(df)+tvi(df).

If  dv is  an  element o f  W(t12), then d u  has th e  1/2- decomposition

dv= hv2(dv)+tv2(du).

Since df has no  residues, iiv ,(df ) is semi - exact and thus

t (d f )= df hv,(df)=0.

F ro m  th is  w e  see  th a t df, hvi(df) a n d  tv,(df) have single valued inte-
grals o n  Wo — O il. N ow  choose  single valued integrals f ,  iiy ,(d f ) and

tv,(d f) o n  W0 - 1611 s o  t h a t  f=1hvi(df)+51v1(df). W e  p u t  61(n)

=611W„ a n d  62(n)=621K. Let U 0 i  be simply connected neigh-
borhoods o f  p ieb i(n ) a n d  q; e 52(n) i n  W„ n Wo respectively. We as-
sum e Ui n vi=o, Uj n 17i= 0  fo r  j  i  a n d  U, n 01= 0  f o r  a l l  i and  j.
Since df is semi-exact, by the Stokes' theorem,

0=(df, *hv,(dv))w„-u

=- —1 fhv2(dv)+27ri E  Res (fliv,(c10)
OW „ p ie 6 1 ( n )  Pi

+2rci E  Res (fhv,(dv))+
q ie 6 2 ( n )  q i

g(n)

±

d
) 1 hv,(dv) — hv2(dv) df}
(JA., 13; A, vi

= —ow„iltv,(df)+tv,(df)}11v2(dv)+27ri E  Res (fliv2(dv))
P iE d  IG O  p i

on)
+ 2 n i  E  Res (fh

2
v (dv)) — E hv,(dv)

q i c 6 2 ( n )  q i  • j=  I JA J B j
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Since h v,(df )11u u„ < co and MI/PM UN< 0 0 ,  we have

50w,(5hy,(4))hv2(dv)---=

by lemma 2.2. H ere w e h a v e  used t h e  fact that h
2

v  (d v )=0  for
Y 

sufficiently large n. Therefore

urn { — (5( v ,(d f ))h v2(d v)+ 2n i E Res (fhv ,(dv ))+
OD OW P j e b  i ( n )  Pi

goo
+ 27ri E  Res (fhv ,(dv ))—  E hv,(dv) f l =O.

qies2(H) q i j 1  J A i J B j

From this identity we see the  following lemma.

Lemma 3 .1 .  L e t  f  e N (4 ,) a n d  dy e W (L12). Let lii,i(df) and
5 tv i(d f ) be  single v alued integrals o n  W 0-15,1 respectiv ely . T hen in
order that

21(f , dv)=-

(5tv ,(df ))hv 2(dv )+2ni E Res (fhv ,(dv))}
p , 0 0  I. OW p i e b i ( n )  p i

converges, it is necessary  and sufficient that

2 t( f , d v )=

on)
Jim E  hv,(dv) d f - 2 n i  E  R e S  ( f h  P M }
n - . 0 D  j =  1  AiJ B j g j e d  j ( n )  NJ

converges.

P r o o f . W e have only to show  that ,( f , dv ) a n d  ..29t(f, dv) are
independent o f  t h e  choice o f  th e  b ra n c h e s  ç tv i(d f )  a n d  f . Since
1 hi,2 (dv )=0 for sufficiently large n , we see

hv2(dv)= 0  and E  Res (hv2(dv))=0.ow „ y j e 6 2 ( n )  NJ



292 Osamu Watanabe

H ence i f  . tv ,(d f )  and f  a re  replaced by constan ts  in  ..291(f, du), it i s
easy to see , ( f ,  ( 1 0 =0 .  T his m eans 2 1 ( f ,  d v )  does not depend on
th e  special branches of 1tv ,(d f ) and f . B y th e  same reason 2 t(f , d v )
does no t depend  o n  t h e  choices o f  th e  b ra n c h e s  o f  1 tv ,(d f )  a n d  f .

q. e. d.

Lemma 3 .2 .  Let f E  N (4 ,)  and dye W (42). Then

- r2 f f , du)= (tv1(cif ))4,2(ciu)
11- .o e  fin

and

-261(f, dv)=1im (1ty ,(df ))tv2(dv )
7t,

exist and  22(f , dv )= S °1(f , du).

P r o o f . I f  w e  put Wn =OE„ u fl„ U y „ fo r la rge  n ,  th e n  f3„ a n d  fl„,
are  hom ologous to each other. By the Stokes' theorem

fl,n( ty1(df))ty2(dv)-11„(ty,(d.f))1v2(du)

= tv,(df).Ç iv2 (dv)-1 t,„(civ) tv,(df)},
Ai Bi Bi

w here E ' m eans tha t th e  su m  is  ta k e n  w ith  respect t o  241, B. c o n -
ta ined  in  t h e  p a r t  o f  W„,-14,„ surrounded by fl„, a n d  fin. T h is  sum
vanishes for sufficiently large n  and m  by proposition 2 .3 .  Thus

fl, (1tv ,(df ))iv2(dv )= (iv ,(df ))tv 2(dv )

and 2 ' 2(f , du) exists. B y  the  sam e reason w e see that ..V2V, dv) exists.
Again by the Stokes' theorem we have easily

0=(tv,(df), *tv2(dv))w„

= — aw
„

6tv ,(df ))tv ,(dv )
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= — 5 (1tv,(df))1v2(dv)— 51,„(11v1(df))(v2(dt))

— (tv ,(4 ))1v 2(dv ).

Since w e have assum ed that Supp. VI Œ 1 an d  Supp. V2 y, w e  se e  b y

proposition 1.2 that t ( 4 )  and tv ,(d v ) are semi-exact and of finite

norm in a neighborhood of Œ.

IIM v v 2(d V)=-0
n a n

by lemma 2 .2 . O n  the other hand we see easily

L( .tv ,(d,f))t „,(dp)— (f tv ,(cif) ) 4,2(d v).

Thus (tv 1(df ))tv 2(dv )= 0  and f r o m  th is  f a c t  w e  h a v e  .992(f, dv)

q. e. d.

We introduce the following three spaces.

No(J1)=. 'j e  N( 4, ( f ,  d v )  exists for all d v  in W(t12)1

No (tl 1 I142)= N0(4 1)11: s in g le  valued, ( f ) .-  62 — 61 and

dv)= 0 for all du in W(A2)}

W(A211A1)= { dye W(42)1(11v2(d0)-(51— 6 2  and

tim (5tv ,(d.f ))du= 0  fo r a ll f  in Notzl I)} •fin 

Theorem  I. dim, N0(4 1)/{N0(21111•42)+ = dime Vii(42)/ WO 21i LI 0,
w here d im , s tan d s f o r th e  com plex  d im ension and the above formula
perm its of  inf inite dimensions.

P r o o f . W e define  a  bilinear m apping of N0(z1,) x W(42) o n to  C
b y  T (f , d v )=..V ,( f , d v )+ 2 (f , (Iv). W e  d e n o te  b y  K r  the right kernel
o f  T and by K1 the  le ft kerne l o f T  W e have only to show that
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K,=No(zli 1142)+C an d  K,=W (421141)•

Let f  be an element o f  K 1 . For simplicity we assume that 6200.

All the normalized Abelian differentials of the first kind are in W(zI 2).

Since 1v2(dwi)= 0 , w e have 2 2(f, dwi)= 0 and hence T (f ,  d w i)=  , (f ,

dw.)= O. S in c e  2 ,  = 2 ,  2 t(f, dtvi)= O. This means that all the B-

periods of f  are zero. Since f  is semi-exact, f  is single valued. Next
we substitute d K  fo r  d v , where I 5_nn i—  I and 1 j  k 2 . Since

tv2(d 0, w e have 2  ,(f, d =  0  an d  this m ean s  f(")(q1)=0

fo r I I f  k ,  2 ,  then we put dv=d/7 . Since tv,(d//q),qi)= 0,

2 , (f , d flio ,q ,)=0 . Therefore we have f (q i )= f ic h ) .  In both cases of

k2 2 and k2= I we obtain (f— f(q ,)) 62--,5,. But it is easy to see

that 2 2 (f (q ,), d v )= 0  and i(fig  dv)= 0  for all dv in W(.42). There-

fore

-292(.f --itg 1), L■92(f, dv)=T(f, du)— (f , du)

= — 21(f, du)--= —  ,(f--f(qi), (10=0.

This means that f= f  —fig , )-1-f(q, ) G N0(4, IA 2) + C .  Therefore K Ic  No

(At102)-f-C.
I t  is easy to sec that K, C. Now assume that f  is an element

o f  No(d 1102). Since f  is single valued, all the B-periods o f f  are

zero. Since 62 — 61, E Res (f liv ,(dv))= 0  for a l l  n. Thus
qiebz(n) qi

— rt(f , dv)= 0  and hence ..? , ( f ,  dv)= 0 for all dv in  W (42 ). Of course

22 (f, dv)= O. Therefore T(f, dv)= 0  for all d u  in W (A2) and this means

KID No(d 1142). We have proved K t= N 0(411142)+ C.
Now we shall prove K r= W(A 2114 1). Let dû be an element o f Kr.

It is easy to see that Ypi,„„ I 5._ tn..171j— I be long to  N0(41). In  fact

since tv,(dY ) = 0, 2 1( Y„,„„ du ) 27ri Res ( Y,, .,„, liv,(du)) exists f o r  all
P1

d u  in  W (42 ). Furthermore 22( Yi„j„,„ dv)— 0  fo r a ll d u  in  W(42) and

therefore 2' i( dû)= O. Therefore Res (11i,j ,„ // ,(di3))= O. W e  c o n -
PJ

elude that (11 2(di3)).(51 — 62 and

T(f, dû)
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= (1
cw„ tv,(d.i))11v2(dû) + urn — f  (1t,,(df ))tv ,(dO F

--"X ' 16

for all f  in  N0(z11). Since Supp. V, c13,

urn (1/' (tif ))/iv ,(A )= 11m (1tv ,(c1f))/11„(a)
n w-00 „ n-00 /3,,

by lemma 2.2 and proposition 1.2. Hence we obtain

lim Otv i(df))(li 3 =0
n -.CO „

for all f  in  N0(41). We have proved dû e W(42101), i. e. K r  W(42101).
Conversely le t dû be a n  element o f  W(421141). Then

T(f, dû)=Iim i—S (51v,(df))11v2(cli3)-5 Otvi(df))tOdi3)}
n-003 aw „ fin

= n(1t v 0.0)h v2(di) — a.(t i(df))t,2(di3)}
n-Ko fl

—111T1 Ç (tv,(df))1t5=0.

Therefore di) e K r a n d  th is  m e a n s  Kr= WO 21% ) . T h is  completes a
proof.

3.2. D ua lity  th eo rem s fo r d iv iso rs  o f re s tr ic ted  types . In  th is
section we shall prove two duality theorem s by restricting the types of

k 2
divisors. L e t  6,= m ip j a n d  62= E n iq j b e  tw o  positive inner di-

1=1 i=1

visors in W 0 —D „  such  tha t 011 n 1621=Ø. W e introduce the follow-
?I=  1

ing two complex vector spaces.

A-4( — S O =  U lf :  a n  a d d it iv e  meromorphic function such that

(I) (f)„.> „  — , (2 ) 1  df— 0 , f o r  a l l  j, (3) (If =0
A;

fo r  a ll y  a n d  (4) Ildf MU D „ < °°1

W(— 62)= Iduldv : a  meromorphic differential such that
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(1 ) W O> —62, ( 2 )  1  du= 0  fo r all A  and

(3) u D„ < C°1 •

T h e n  cif/4— 60= fdl I f  M (— )}  d e f in e s  a  subspace o f  (Q )m . I f  we
d e n o te  b y  0  th e  z e ro  dimensional subspace of a n d  i f  w e  put
a i= qo !1 Q (d P (-6 ,)), then 0 , is a  subspace of ..,V(Q0). Similarly W( 52)
determines a  subspace of (Q )In . I f  w e p u t  a 2 -,--- <2.17,2(W(— 62)), then â2
is  a  subspace o f  Y (Q 0 ).  Since Supp. 0 = 0  and  Q  is  the finest partition
o f  OW, the conditions of theorem I are  satisfied fo r  a n  arbitrary regular
partition Po of OW into three parts / 3  and y.

L em m a 3 .3 . If  w e put d =( —  61,( ) a n d  ti2=( — (52, a2), then

N (A 1 )= i ( - 1 ) , W ( L 1 2 )  [V( — 62).

P ro o f . F ir s t  w e  show  th a t  N(41)=31-4( — 5,). Let JE, ) ,  then,
b y  d e fin itio n  o f  n il ,) , w e  se e  ( f ) .  —5  a n d  <tlf > 0=71P1Q((in e al.
Therefore, as is easily seen, df=  /70(df) a n d  th u s  IldflluD„=11110(dAIUD„
< 00 . It is ev ident tha t f  has no non-zero A-periods. Furthermore df

h a s  n o  residues. T h is  sh o w s th a t 5.
(If= O. H e n c e  w e  c o n c lu d e  .f

E 6 0 ,  i. e . N(d1)cli-4(— 61). Conversely  i f  w e  take  any  e lem ent g
of A-4( — 6,), « I d > ,  e 0, a n d  (g) — SI. Hence A11g. Furtherm ore

dg =  0  and dg =  0  b y  d e fin itio n  o f  A-A— Sp. Hence N(4 1)D

M (-51), i . e .  N(A1)=A-4(-- 51).
N ext w e show  that W(42)= W(— (52). It is clear that W( — 62)OE

W(A2). L e t d u  be  an  e lem en t o f W (A 2). By definition of W(A2), we
s e e  (d v ). — 6 2  a n d  <dv> 0 e IIPIQ (H (— (52))=a2. If w e  c h o o s e  a
canonical end  U , then

dv = dw + I,

o n  U , where dw E  W( — 5 2) and 2E Ad (Q , U ). Therefore

II dv II Un(UD„) --'ç Ild ") 11 U n(LI D„) +  Pk < CC) •

This means that II doll U 0 ,,<  co. Furtherm ore .5 dv = O. H ence dv belongsy:,
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to W( — 62), i.e. 14/(212)= W(-- (52). q. e. d.

In  th e  present case o f  4 , a n d  d  2  th e  bilinear mapping T: N0(d1)
x W(42)-+C degenerates to 2', since Supp. 0 =0 .

T ( f , d u )= i(  f ,  du)

= lim {— (1to(df))110(du)+27ri  E  Res (fho(dv))}
„ p je .3 1 ( n )

= urn 2ni E  Res (f llo(d0)
11 - . 0 0 p i e 6 , ( n )  p i

since 1 0 (d f )=0  for all f  in  N (d  i) . W e put (5 = 6, — 52. If w e put

( —60= fle 114( 6 0 1 2 1 (1 , dv ) exists f o r  a ll  d v  i n  IV( —62))

(5)= e M0( — 6,)11- is  a  single valued meromorphic func-

tion such that ( f ) .  —SI

th e n  t h e  space A /0( —  5) is nothing b u t  N o(d 1142). Similarly W (ô )

= {du E 6 2 V d r )  6 1  is W( 2114 1 ) .  W ith  th e se  notations w e  have

the following duality theorem.

Theorem II. (Sainouchi [4], theorem 5)

dime 31-40( — 5,)/{M 0( — c5)+ CI =clinic — 52)/ W(6)

N ex t w e  sha ll be  conce rned  w ith  ano the r d iv iso r. L e t  P o  b e  a
regular p a r tit io n  o f  a W  in to  th re e  p a r ts  a , /3  a n d  y .  Further le t  P

b e  a  regular pa rtition  o f a W  w hich  is  a  refinement o f  Po. L e t VQ

b e  a (Q )-divisor a t b o u n d a ry  a n d  V p b e  a  (P ) -d iv iso r  at boundary
such that Supp. V Q  )6' and Supp. Vpc y. We put

,W (V Q )={ f lf  is a  sem i-exact holom orphic  additive function

such that ri (df)e VQ and 1Aidf= 0 for all j}

,9(V p)-= Iduldu is  a holornorphic differential such that dv = 0



and

W02111210= cclv E 9( Oivo(dj)
fi * X  p „ -

du =0 for all f  in di(VOI

298 Osamu Watanabe

and iip(dv)e

Further we put

.1/(VQ11Vp)--tf e.-1(VQ)If is  single valued and lim ftvp(dv)=0

for a ll dv in g(Vp)).

(1/1,1117Q)=Idv E lim (5tvo(df))dv=0 for all f in .,741/01 •H-.00 „ -

Then we can prove the following theorem.

Theorem III. clinic ,,e( V0/1-.14 /VI Vp)+ =dim c .2(Vp)I (VMVQ).

P r o o f . Let {0 }Q  a n d  {0 } , ,  be the ze ro  dimensional subspaces of
Q(VQ) and g p (V p ) respectively, and consider th e  QvQ-divisor di

=(0, {0},2) and Pvp-divisor { 0 }p). It is easy  to  see  that N (A1)
=,..1(VQ) and W (A 2 )= 9 (V ) .  For these LI, and LI 2, the bilinear map-
ping T: N(A1) x W(42)—>C is written as

T (f, JO = lim (
.
t ( ( f ) )/ i (d v )— 0i,,Q(df ))1v,,(dt))

H-co -

and this exists for a ll (f, du) in N (d i)x  W (d 2 ). In  fac t i f  n and nt are
sufficiently large, then

5ew„(IvQ
( d f ) h v p ( d v ) =

L„,(5
t v (cif)

)
h v p ( d v )

since hvp(dv) h a s  no non-zero A-periods outside of a  large W„0 and

tv,(dp h a s  no non-zero A -periods. T hus N o(d ,)=N (d ,)= ,,g (VQ ).
Therefore

No(d 1142) = If E di( V o ) l f  is single v a lu e d  and 2(.i> dv)=0

for all dv in g(Vp)1
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But if je  N 0(41102), then the VQ-decomposition of d i  is

d f h vQ (d f)+ IvQ (c lf)= tvQ (d f)

since hvQ(df )11 D„ < c o  and h y (d f )=  0  f o r  a l l  j .  F ro m  th is  fac t
A ;

w e  s e e  Y 2(f, dv)= lirn ftyp(dv). T here fo re  w e  have  p roved  N01,611
Pl * y „,0 0  

Z  12) = .1/(V Q11V p) a n d  W(/1111 2)= -9( V1,11 VQ). Theorem 1 completes a
proof.

§ 4. Interpolation theorems

A s  in  t h e  preceeding sections w e  f ix  an open Riemann surface
W satisfying the condition (A).

4.1 . A n  in te rp o la t io n  th e o re m  f o r  m u ltip lica tive  m e ro m o rp h ic

fu n c t io n s .  Let P  be  a regular partition of OW  and V  be  a  (P)-divisor
a t b o u n d a ry . Let a  b e  a Pr-singularity and  6  b e  an inner divisor in

Wo — D„ s u c h  th a t  the d e g re e  o f  6(n)—(51W„ is zero  fo r  e a c h  n.
n-= 1

kt,,) koo
W e m ay  put 6 (0 =  E E q . L e t  yj be a singular I-chain in Wit— TS

i=1
H )

such that Oyi=q.— p 
J
• and put C ( u ) =  EJ 

Theorem IV. Let {x A . X B Y ,liz i 1 b e  a  sequence o f complex numbers.

T h e n  th e re  e x is ts  a  m u ltip lic a tiv e  m e ro m o rp h ic  fu n c tio n  f o n  W  s u c h

that

(4 .1 ) (f)= 6 , < d lo gf> y= a

and

(4.2) cl logf= ZA,, d logf — X B J,
A ; B;

i f  and o n ly  if the  fo llo w ing  con d itio ns  (4.3), (4.4) and (4.5) hold:

k( n) g) n) .1)
(4.3) M „(P )=  E ZA, du 'i

- j= 1 q
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converges uniformly on compact subsets i n  Wo— E cm, (4.4) 11dM u D„
1= 1

<  0 0  a n d  < dM > ,= o-, where M (p)= lim M„(p), (4.5) there is a  halo-
n*co

morphic differential 0 such that

( i ) (/) =0  for all j, (/) =0  for all fi„; and qp(4)) e V,
A;

n)
(ii) lim {2ni dw•+ E

n -,0 0 C ( i i ) i =  I B i

where t11=d w i dwj.
B j

I f  the  cond itions (4.3)—(4.5) h o ld , then one  of the desil'ed function

f is given by exp (M + 50).

P roof. Let us assume that there exists a  function f  satisfying the
conditions (4.1) and (4.2). Then d logf has V-decomposition

d logf= logf)+ ti,(d log!) .

T h e n  qp(tv(d logf)) E V  and < h,,(d log f)> y= a .  B y defin ition  o f  V-

decomposition

k(
1171(p)---- E 112`,!qi +  E zA, dtv;

i= i= q

converges uniform ly on compact subsets of Wo —1(521 and hy(d logf)

=dlim  M „(p). T h e re fo re  111„(p) converges un ifo rm ly  on compact
n — )00

subsets of Wo — C (i) and 11dM M U D„ =  h  V (d  lO g f)11U  <  .  Furthermore
i=

< dM > v= cy. L e t  U ;  b e  a  sim ply connected neighborhood o f {p ;}

U {q ;}  su c h  th a t if p1, g je IS(n)j , th e n  U; OE Wn. W e assume vi n u; =0
if  i o j .  W e put ty (d log f)= 0 . 0  satisfies the conditions (4.5), (i). By
the Stokes' theorem

0 = (dw j, *d logf )w _ k( n) u,t 1= 1

O n)

= —( S i ) '  logf )+ ty(d log f))+  E (1dw J.)d log 1+
,. 1= 1e U i



Meromorphic differentials 301

9(n)( IS dwi5+ d logf — 1 d log f 
dWi =1A - B i A i B i  

Since 111/v(d logl)11u D n <  CO,

Jim( d w i) /7  v ( d  lo g f ) =  0

by lemma 2 .2 .  On the other hand

k(n)
dw,)//,,(d logf)= —27ri1 dwi.

t=t1mt0 C(n)

Moreover since = 0 for all i ,  we see
A ,

lim (5dwi)0 =  — .
n -.n W,B j

Therefore

goo
Jimd w  • +  E  ToZA,} = X + 1 0 .

„ - . Q 0 coo i= B;

Hence we have shown that (4.3), (4.4) and (4.5) hold.

Conversely assume that (4.3)--(4.5) h o ld . By making use of M(p)

o f (4.4) and d) o f (4.5) we put dF = dM+ 4) and f=exp ( d F ) .  Then

it is  c lea r  th a t ( f )= 6 an d  < d logf >,— <04 + 4)> v= <dM>v=

since <  >  v  =O. Since the Ai-period o f M  is

(IF = 1 dM 4)=5 dM =ZA j •
A j A j A j A j

By the Stokes' theorem

0 =(dwi, u

= —5aw.(5dwi)dF —27r11 dw.i+g) dwi5 d.F• .
C(n) i= 1 A i B i A B i

Hence
goo

dw • + -run  } =  dF +1 4).J i = 1  JC(n) B j
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If we compare the above identity with (ii) of (4.5), we see

e. d  log f=x . q. e. d.
a) a j

Corollary. L e t  V  b e  a  (Ç ) -d iv is o r  a t b o u n d a ry  and o  b e  a  Q,,-

s in g u la r i ty .  Le t (5 be  a n  in n e r d iv iso r in  Wo— D„ such  tha t deg. 5(n)
n= I

=0 f o r  each n. Then there  ex is ts  a  meromorphic fu n c tio n  f  such that

(4.6)( f ) =&< d l o g f  >  v = o -

i f  a n d  o n ly  i f  th e re  e x is t a  sequence {n,i, o f in te g e rs  and a

semi-exact holomorphic d iffe re n tia l 4) s a tis fy in g  the fo llo w in g  p ro p e r-

ties:

k( n) 9( n)

(4.7) M „(p )=  E 17;!qq.+ E 27rin4i dw;
J=I J=1

converges un iform ly on com pact subsets of W0— E c(j),
i=1

(4.8) IldMIlui)< C O  a n d  <dM>v=o-, where M(p)=1imM„(p),
n ,co

(4.9) ( i )= 0  f o r  a l l  j  and qQ(0) e V,
A;

g(n)
(ii) lim 27ri {1 dw;+ E =27rin, +5 4).

n-00 coo i = 1
J Bj

4 .2 .  A n  in te rpo la tion  theorem  f o r  a  s in g u la r ity  o f  res tric ted  type.

In  theorem I V  we substitute the zero dimensional subspace of
for V. Then we have the following theorem due to Sainouchi [4].

Theorem V. I n  o rd e r  to  e x is t  a  meromorphic fu n c tio n  f  such that

( f)= .5  a n d  lid logf U D „ <  (3°1  i t  is  n e ce ssa ry  a n d  su ffic ie n t th a t th e re

is  a  s e q u e n c e  In " nBilg;=, o f integers such that

k(n) n)

(4.10) M „(p )=  E E  2.7rinAi1 dw •
j 1 j 1

converges un ifo rm ly on com pact subsets o f  W0— C(i),
i=1
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(4.1 1)<  (X ) ,  where M (p)= lim  Al„(
-r CO

goo
(4.12) li

C (n
m dw i+ •E  tunAif B i .

) 1= 1

P r o o f .  Suppose  that there  ex ist a  desired function J.. We define
Q0-singularity e  b y  <d logf >0. By corollary to theorem IV, there are
a  sequence {nAj, n ” = ,  o f  integers a n d  a  se m i-e x a c t  holomorphic

differential 4 ) satisfying the conditions (4.7)—(4.9). S in c e  Q(0) e V= {0}
from  ( i )  o f  (4.9), 4) is square integrable, sem i-exact and h a s  n o  non-
zero A-periods. Thus 0 = 0 .  Therefore (ii) o f (4.9) is of the form (4.12)

in  th e  present c a s e . Conversely assume th a t  (4.10)—(4.12) h o ld .  I f  we
p u t  < dM > 0 = cr, then  by  coro lla ry  to  theorem  IV  w e  h a v e  a  mero-
morphic function such that ( f ) =5  a n d  <d  log f >0=c. O n  a  canonical
e n d  U, d logf = dM  +1, w here ). A d(Q, U). Therefore logfd u <  0 0  .

This completes a  proof.
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