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§ 1. Introduction

Let p be a prime and G a compact, l-connected simple Lie group. In
general, when H, (G; Z) has no p-torsion, the cohomology mod p H* (BG; Z,)
of the classifying space BG of G is a polynomial algebra. When H,(G; Z)
has p-torsion, however, H* (BG; Z,) is of complicated form.

Let E; be a compact, 1-connected exceptional Lie group of rank 7 (=86, 7,
8). Then H,(E;;Z) has p-torsion for (1=6;p<3), (1=7;p<3) and (1=8;
p»<5). Of these the module structures of H*(BE;;Z,) for {=6,7 have al-
ready been determined in [5] and [9] respectively.

The purpose of this series of papers is to investigate the structures of
H*(BE;; Z,) for i=6,7,8 and also of H*(BEs; Z;).

Let {G:p} be the set of all compact, associative H-spaces X such that
H*(X;Z,) =H*(G; Z,) as Hopf algebras over the Steenrod algebra 4,.
(We do not necessarily assume the existence of a map between spaces induc-
ing an isomorphism.) For every space X of {G:p} we have the Eilenberg-
Moore spectral sequence {E., d,} such that

(1. 1) E,=Cotor,(Z,, Z,) with A=H*(X:Z,),
(1.2) E.=G:H* (BX; Z,).

(Refer, for example, to [12] and [13] for the construction and the properties
of the Eilenberg-Moore spectral sequence.)

In the present paper, Part I of the series, we determine the E,-term of
the Eilenberg-Moore spectral sequence for X, of {E,: 3} and for X; of {E;: 3}.
The main results are Theorems 4. 10 and 5. 20.

The paper is organized as follows. In § 2 we construct an injective re-
solution of Z; over H*(X;; Z;). In sections 3 and 4 we determine Cotor,
(Zy, Zy) for A=H*(X;;Z;). In the last section, § 5, we construct an injec-
tive resolution of Z, over H*(Xy; Z,) and determine Cotorg(Z,, Z;) for B
= H*(X,; Z;). The calculation in §5 is quite similar to but much simpler than
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that in §§ 3 and 4.

§ 2. An injective resolution of Z; over H* (X} Z,)
First we recall the Hopf algebra structure of H*(X;;Z,) (over .4)
from [7]:
(2.1) As an algebra
H*(X;; Zy) = Z[x5] / (x8°) QA (s, x7, T115 T1ss Tras Tazy Las) 5
where deg x;=1;
(2.2) The coalgebra structure is given by
$(z) =0 for i=3,7,8,19,
B (27) = 2Q - for j=11,15,27,
$ (Zss) = 2@ %0 — 2R so
where ¢ is the reduced diagonal map induced from the multiplication on

X

Notation. A=H*(X;;Z,) and A=H*(X,; Z,).

We shall construct an injective resolution of Z; over A using the same
construction and the same notation as those in § 3 of [8].
Take L to be a graded Z,submodule of A generated by

2
{xa, X7, Xg, L19, X115 X135 La7, Xy xsa}~

Let 6: A—L be the projection and ¢: L—A the injection such that ¢ef=1,,
We name the set of corresponding elements under the suspension s as

(2. 3) sL = {a,, as, ay, as, b1z, b1g, bes, €11, €30} .

Define §: A—>sL by § =sof and 7: sL—>A by t=tos™'. Let T'(sL) be the
free tensor algebra over sL with the (natural) product ¢. Consider the two
sided ideal I of T'(sL) generated by Im (o (6®0) op) (Ker 8), where ¢ is the
diagonal map of A. Then I is generated by

(2.4) [a,B] for all pairs (a,B) of generators of T (sL) except (as, by)
(j=127 16r 28)’ (ag’ eae) and (a‘h C”),

[as, b5] +cpnay-s for 7=12,16,28,
[aQa eas] +C17bss

where [a, Bl =af— (—1)*Ba with x=deg a-degf.
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Put W=T(sL)/I, that is, W= Z,{a,, as, e, s, b2, b1g, bss, €11, €555. Note
that W contains the polynomial algebra

R=1Z,[a,, as, ax, by, b, by, €3]
We define a map
d=—o (IRB) opot: sL—T (sL)

and extend it naturally over T'(sL) as derivation. Since d(I) CI holds, d
induces a map W—W, which is again denoted by d: W—>W by abuse of
notation. It is easy to check that dod=0 and so W is a differential algebra
over Z,. Using the relation

dof +po (6RH) 0¢p=0,

we can construct the twisted tensor product W= AXW with respect to 0
[14]. Namely, W is an A-comodule with the differential operator

d=1Qd+ (1Q¢) - 1RIR1) o (3R1).
More explicitly, the differential operators d and d are given by
(2.5) d(x:®1) =1Qa;4, for i=3,7,8,19,
d(x5®1) = 1®cy— 2s&Qas
d (z;Q1) =1Q®b;4, +2sQay-, for j=11,15,27,
d (2®1) =1Qes + 2: @b — 26" Qazn;

(2. 6) da;=0 Sfor i=4,8,9,20,
deg=ay®,
db;= —aqa;_g Sfor 7=12,16, 28,
deg= — aby+ ciray .

Now we define weight in W=ARXW as follows:

. 2 .
2.7) Az, x4y, X, Ts, Ts, L, Xis, Lo, Lss

W: a, as an, a, Cu, by, by, by, ey

weight: 0 0 O 1 2 2 2 2 6

(The weight of a monomial is the sum of the weights of each element.)
Define a filtration

(2. 8) F,= {x|weight x<lr}.
Put EEW=3 F,/F;_,. Then it is easy to see that
EoW’—;—' A(xs, 7, Z19, T11, L5y Lats xas) ®Zs [ﬂ«t, asg, dz, Oy, bm, Dsg, C’se] ®C(Q (xs) ),
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where C(Q(x3)) is the cobar construction of Z;[xs|/(xs’). The differential
formulae (2.5) and (2.6) imply that E,W is acylic, and hence W is acyclic.

Theorem 2.9. W is an injective resolution of Z, over A= H*(X;;
Zy).

By the definition of Cotor we have
Corollary 2. 10. H(W:d) =Ker d/Im d=Cotor,(Z,, Z;).

§ 3. Elements with neither a, nor c¢; in Cotor,(Z;, Z;)

We define an operator @ by
3.1 Pa;=0 for i=4,8, 20,
0b;=—a;_s for j=12,16, 28,
Oess= —byg ,
and extend it over R=Zj[a,, as, as, 012, b1s, bss, €55] so that it satisfies
3.2) 9 (P+Q)=0P+0Q and 0(PQ)=0P-Q+P-00Q

for any polynomials P and Q.
Then we have

Lemma 3.3. For a polynomial PER we have
0*°P=0,
[aq, P] =c¢s0P,
dP =a0P+c,0°P.
Proof. (By induction.) Suppose that °P=0 holds for any polynomial
P of degree up to I. Then
9*(xP) =0°z-P+x-0°P=0.

Thus 0*P =0 holds for a polynomial of degree /+1.
Suppose that [a,, P] =c¢;0P holds for any polynomial P of degree up to
[. Then

[as, zP] = [y, ] P+ x[ay, P] =cy0x- P+ xc;0 P =¢,0 (xP).

Thus the relation holds for a polynomial of degree /+41.
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Suppose that dP=ay0P + c;;0°P holds for any polynomial of degree up to
[. Then

d(xP)=dx-P+z-dP
= (ag0x + c,0°x) P+ x (a0 P+ ¢;0°P)
=q,0x - P+c;0°x- P+ (ayx —c;;0x) 0P + ¢, 20" P
=ay0 (xP) +c;,0* (xP).

Thus the differential formula holds for a polynomial of degree [+1. q.e.d.

Lemma 3.4. Let P be non-trivial in R. Then P is a non-trivial
cocycle if and only if 0P=0.

Proof. If P is a cocycle, dP=0. Then by the differential formula, we
have 0P =0.

Conversely, if 9P=0, so does #*P, whence we have dP=0 by the diffe-
rential formula. Since P contains no a,, it is not in the d-image, hence it is
a non-trivial cocycle. g.e.d.

We shall find cocycles in the following steps:

(1) cocycles in Z[ay, as, as, by, bie),

(i)  those in Z[a,, as, @, b1, big, bas],
(i) those in Zy[a,, as, as, by, big, bos, €30 s
(iv) those in Z;{a,, ¢y},

(v)  other cocycles.

(The last two steps will be done in §4.)

(i) Cocycles in Z;[a,, as, ts, by bg)

Clearly, a,, as and a,, are cocycles.
A cocycle of degree 1 with respect to &,, and b4 is of the form P= Ab,
+ Bb,, with A, Be Z,[a,, as, a,,]. The relation 0P = — Aa,— Bas;=0 yields an

indecomposable cocycle
Voo =dgh, —a,byg .
A cocycle of degree 2 with respect to b,, and b, is of the form
P=Ab,*+ Bb,y +Cbypb,, with A, B, CE Z,[a,, as, as].

Then 0P = (Aa,—Cag) b, + (Bag—Ca,) b,s=0 gives rise to
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Aa,—Cay=0 and Bay;—Ca,=0,
from which we obtain a decomposable cocycle
P=agb,,’ +abis’ + aash ;b= v,
A cocycle of degree 3 with respect to &;, and by is of the f(?rm
P= Ab,,*+ Bb,s* + Cby,*b1s+ Db,,b,4.
Then 0P = —Casb,*+ (Ca,+ Dag) by,bys— Dab, 2 =0 gives rise to C=D=0.

Thus we have two new cocycles
Xy =01 and xgz=20"
A cocycle of degree 4 is of the form
P =0, (Aby;+ Bbys) + Cby,*b1s* + byg* (Dbyy + Eby,) .

Then 9P =0 implies that C=0, since no term with b,,b,s* appears except for
Cab;by'.  Further 9P =0 gives rise to 0 (Aby,+ Bbyy) =0 (Db,,+ Eb,g) =0, that
is, P is decomposed in cocycles &,°, b, Ab,+ Bb, and Db,,+ Eb,. So no

new cocycles are obtained.
Similarly, any cocycles of degree higher than 4 is decomposable.

We have obtained

Result (i). The following are all the indecomposable cocycles in Z,
[44» ag, A, by, bm]3

ay, as, A, Yo(= agh,,— aby), s (= blza) , X (= bwa) .

(ii) Cocycles in Z,[a,, as, azg by bigy bis)

A cocycle of degree 1 with respect to by is of the form P= Ab,+ B with
A, Be Z,[a,, as, ax, b1z, by5]. Then 0P=0A by—a,yA+0B=0 gives rise to

0A=0 and 0B=a,A.

So by Lemma 3.4, A is a cocycle and thus an element in Z,[a,, as, as,
Va0» Lss, Las], for which we have to find, if any, a B such that §B=a,,A. Note
that it is sufficient to choose one such B, since the difference of two cocyles

P=Aby+ B and P’'= Aby+ B’ is a cocycle without by:
P—P' = (Aby+B) — (Aby+B) =B—B.

Note also that, if there is a cocyle P; corresponding to A;: P;= A;b;+ -
(=1, 2), then cocycles corresponding to the sum A, + A, and to the product
A} A, exist and are decomposable:
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P1+P2= (A1+Az)bzs+“' »
A P,=A Al + .

Now A is an element in Z;[a,, as, @, Yoo Tss» Ls). In particular, for A
=a,, ag and yy,* (=02 (—b,’b,s")), we can choose B= —a,b,, —asb;, and a0
(—b’b?) respectively, and we have corresponding cocycles

V32 = by — asb;s ,
V3o = dgbog — dzob1s
—Yes = 0* (— bnzbmz) bzs + azoa (— blzzblﬁz) =—0" (blzzbwzbzs) .

Thus for A=a,A’ +asA” +y,'A”, we have a decomposable cocycle P=1y; A’
+y5e A" _yssA”-

A monomial in cocycles for A that has no a,, as nor v, is of the form
o' Tod Tis" OF Vootao'Zsd Zs* (where 7, j, k are non-negative integers), for which
there is no B satisfying the conditions. Neither is there B for A = ay 'z xs"
+ A’ and yuan'Ts'zs + A’ whatever a cocycle in Z[ay, as, @, Yoo, Zss, Zia] A’
is.

We have thus

(3.5) The indecomposable cocycles of degree 1 with respect to by, are
Va2, Ve and Yes.

A cocycle of degree 2 with respect to by is of the form P = Ab,’+ Bby
+C with A, B, Ce Z,[a,, as, as, b15, b1s]. Then the relation

aP:aA'bzsz+ (a20A+aB) by + (—azoB+0C) =0

gives rise to

0A=0, 0B= —auA and 0C=a,B.

Again by Lemma 3.4, A is a cocycle, that is, an element in Zi[a,, as, @z, V20s
Zsg, Zyg]. The difference of two cocycles P= Aby’+ Bby+C and P’'= Aby
+ B'by+C’ is a cocycle (B—B’)bg+ (C—C’), that is, a cocycle of lower
degree with respect to b,. So it is sufficient to choose, if any, one correspond-
ing cocycle for a cocycle A.

Once again, if there is a cocycle P; corresponding to A; (=1, 2), then
there exist cocycles corresponding to A;+ A, and to A, A,, which are decom-
posable.

For a cocycle A of the form 8*D with D& Zy[a,, as, as, bys, b15], we have
actually a corresponding cocycle P=0*(Db,’). So we have a cocycle for each
of the following:

(3° 6) ‘142 =0 (— blzz) » asz =0" (—‘ bwz) , dydg= o (— blzbw) >
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ayYa0 = 0’ (blzzble) y AgYao = 0’ (— bl2b162) > yzo2 =0 (— blzzblez) .
Cocycles P=0*(—b,2by’), 0°(—bi’hys®) and 0°(— by,bsbys) corresponding

respectively to af, as® and a,as are yy’, vs¢ and yyys respectively, and hence
they are decomposable.

Now we put
Vo = 0% (b12°016D58%) = AVaobos® + +++
Var =0 (b12b16"b2s") = — agyubas’+ -+,
Vog = 0° (012°015°b3") = — 55" los" + -+ .

Lemma 3.7. The cocycles g, vy and ye are indecomposable and
there is no other indecomposable cocycle of degree 2 with respect to by

Proof. First we study A in Z[a,, as yn]. For A=a, we have B
=aybp+ (0-kernel), but no C in Zi[a,, as, as, b1, b1s] such that 0C=ay'b,,
+ (other terms), thus there is no cocycle beginning with a,b,*. Similarly, there
is none beginning with agb,’. For A=y, there is no B in Z[a,, as, @z, by,
bis] such that 0B= —ayy,. and so there is no cocycle that begins with v,0.s%
Recall that there is also no cocycle that begins with 3y,0,;. And we also see
that there is no cocycle beginning with Ab,’ whatever a sum of a,, a; and
¥y A is. We conclude that the cocycles 35, ys and vy, are indecomposable.

We have seen that each monomial of degree 2 in a,, as and y, has a
corresponding cocycle (decomposable or indecomposable). Therefore any poly-
nomial A in a,, as and v, of degree higher or equal to 2 has a corresponding
cocycle, which is decomposable except for 3g, vs and ye. Thus there is no
other indecomposable cocycle for A& Z[a,, as, yu].

Now we consider cocycles in Z[ay, as, az, Yoo, Lsgr Lis] = ZLs[ay, as, Vao] R Zs
[azm Lsgs 1'48] .

As we have noted, there exists a cocycle corresponding to Aas' zsz,s"
provided there is a cocycle corresponsing to A (here in particular, to A&
Z,[a,, as, vn]), although it is decomposable.

Since ay, by, and by are not in the image 0 (Z;[a,, ds, b1z, 015]) and since 0ay,
=0x4s=0x,5=0, the elements a,, xy and xs are ‘immobile’ under @& when
seeking B or C. It follows that there is no cocycle corresponding to Aay, Zs
x4° + (other cocycles) if there is none corresponding to A. Therefore there
is no other indecomposable cocycle of degree 2 with respect to by q.e.d.

Finally, g =5," is the only indecomposable cocycle of degree 3 with re-
spect to Dy It is easy to see that there is no new cocycle of degree higher
than 3.

We have
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Result (ii). The following are all the indecomposable cocycles in
Zy[ a4, as, as, bis, by, 5]
gy Ag, Apo=0"€s .
Tn=00" T=bigs  Ts =0y’ =0 (—buess’) ,
Voo = sl — asbyq
Voo = Aybog — Anobyo = 0" (— b36)
Vo = Aghog — Azgb1s = 0" (— b1gCss) »
Vos = 0% (12’016 D2g) = Y20’ Oos+ 7
Voo = 0° (015D 16D2s") = AYaobos’ +
Vga = 0" (b1ob162b0s®) = — AaVaobos’ + 0
Voo = 0% (D12°016°b2s") = — VaoTbas” + 0+ .
(Result (i) is included in Result (ii).)

The following will be needed in the calculation in step (iii).

Lemma 3.8. The elements Y, Yso» Vs Yoo and the following elements
appear in the image 0°(Zs[as, as, @, bio. big b))

al=0"(—by"), ag =0"(—by"), Ayt =0"(—by’)
Auas =02 (—biubie),  Agsn=0"(—biby), dasds=0"(—0bishss),
Ay =0%(b1?byg),  asya="0"(—bibi),

Y= 0% (—b1s2bss) , AneYse=0" (b1oDss") .

AgYso= 0" (— b16°bss) . Azoyss = 0" (D16D2s’)

oY — AgYsz = — AaoYao— AaYss = AsYss + AsYse = 0° (812D16D2s)

Y =00 (—bilbi?) . ¥t =0 (—bu’bu’), i’ =0"(—biba’) s
Vosz = 0° (D1°b1obas) s Vao¥se = 0" (— b12b16°0s) 5

Vsz¥se = 0" (— biabiobas’) ,

and P-0°Q=0*(P-Q) for any cocycle P and any polynomial Q.

Proof is by direct calculation.

(iii) Cocycles in Zy[asy ag, (o, bygy bygy bas, €40]

A cocycle of degree 1 with respect to ey is of the form P= Aey+ B with
A, BE Zy[a,, as, s, by, big, bsg]. Then 0P =0A e— Aby+0B=0 gives rise to

0A=0 and Abx=0B.
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Thus A is a cocycle, for which it is sufficient to find, if any, one cor-
responding cocycle just as in (ii). For a cocycle A of the form §°C with
Ce Z,[a,, as, ay, by, bis, bys], we have actually a corresponding cocycle P=3?
(Cey) and for A of the form 9°(Cey) with C as above, we have a correspon-
ding cocycle P=9*(—Cey?).

Result (iii-1). We have the following indecomposable cocycles of
degree 1 with respect to ey:

255 =0"(ess’) = —aplye+ -+,

2y =0"(bs’ess) = —ales,+ -,

24 = 0" (brabigese) = —aazess+ -+,
25 = 0" (D1g°ss) = —ag’ese+ -+,

2gs = 0" (b1s€s’) = Yulss+

270 = 0" (Dyglss’) = Ysglas+ -,

2g0= 0" (b1,°D16€3) = AY20€36+ "
2gs = 0" (b1abis"€ss) = — Qg€+,
%20 =0" (b12°brg’€s5) = — Va3t "+
2104 = 0% (01°016°bogess) = YesCso+
2116 = 0" (B1°b16bos’€ss) = Ysolse =+
2120 = 0" (D12D16° 0o’ €36) = Yaslse+ "
2152 = 07 (D15°D16"os"€36) = Yooao+ " .

Proof. We have indecomposable cocycles — s, Zgs 2725 106> 216> Z120 and
2,5 corresponding respectively to dsg, Vs2, Vss» Yes- Yso» Vss and yee. Therefore, if
each term of a cocycle A contains one of @y, V2, Vss» Vess Vso, Vss OF YVeg, @ COCY-
cle beginning with Aey is decomposable.

Cocycles that we have to consider next as A are polynomials in a,, as, Vs,
Xse, T and xg. Recall that g and x, as well as x5, =by' are ‘“mmobile’
under @ as before and so there is no cocycle corresponding to Az xs®
+ (other cocycles) if there is none corresponding to A. In particular, we have
none corresponding to Ty . Tslk.

We have now only to consider those A in Z[ay, as, Vso).

For A a sum of a,. asand y,, there is no B satisfying Ab,,=0B, whence
there is no cocycle that begins with a,ey, agess or yyese. So the cocycles
corresponding to a,’, a,as, as’, a;yw, Ay and v,® are all indecomposable. Any
monomial A in a,, as and v, of degree higher than 2 has one of ap?, a.as, ad,
AN, QgVa OT Yo, Wwhence any cocycle corresponding to such A is decomposable.

We have shown that the cocycles in (iii-1) are all the indecomposable
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ones of degree 1 with respect to e q.e.d.
A cocycle of degree 2 with respect to ey is of the form P = Aey?+ Bes,
+C with A, B,Ce Z,[a,, as, . by, bys. bss]. Then 0P =0 gives rise to
DA=0, Aby=—0B and Bby=0C.
Therefore A is a cocycle, for which it is again sufficient to find, if any, one

corresponding cocycle. We have actually

(3.9) There is a cocycle P=0*(Dey’) corresponding to a cocycle A of the
form 0*D with D& Zi[ay, as, @z, D1z, big, D).

Result (iii-2). The following are the indecomposable cocycles of
degree 2 with respect to eg:

2 2, 2 2 2
wy=0" (b)) = —ajes +°
2oy = 0% (bbrgesst) = — audsss’ + -
84 12016€36 a4Qg€sq ,
_ 2 2 2y _ 2 2
weg = 0" (big’ess’) = —ag€sw + 5
Y 2y _ 2
W= 0" (D15025€35°) = — AuQnolss +*** 5
_ a2 2\ 2
Wigo = 0 (b16D2s€ss’) = — AsAn€ss +°°°

Vog = 0% (515°D16€36") = AYn€ss"+ **+

Vg0 = 0% (Br1oDrs’ess®) = — gym€se + **+ »

Vs =07 (B1,2b35e552) = — Ayysmess +

Vi = 0" (b1b16b2sess’) = (Qaoeo— AsYsa) €36” +
= (— An¥20— AsYss) e +
= (ayse+asys) €ss"+

Ve = 0% (b1s2bses’) = — AsYsslss-+ *** »

= 0" (b1s’b1s’€ss’) = —Yao'lss’ +

U0 = 0" (b1°D16D3s8ss") = Yao¥selss’ +

o5 =07 (D12D1°bsess”) = — VaoVse€s6. + *** »

Prao= 0% (0:1,°D,16*brsess’) = Vesss® ++*+ »

Prsz=0% (D10 15brs’ss’) = Yaolsss+

DPiss= 0" (D1:b:15°bss €5s”) = Vealsso

Preg=0" (blgzbmzbzszeaoz) = Voslss. + ** .

Proof. By virtue of (3.9) we have 23 cocycles corresponding to the 23
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elements in Lemma 3.8. Of these cocycles 17 are indecomposable and the 6
corresponding to ., dsVs:, @z0¥ses Viz'» Yo and ygyse are decomposable.

The cocycles Py, Piszs P1ss and pigs corresponding respectively to Yes, Vao, Ve
and yy are indecomposable, and any cocycle which corresponds to a monomial
A having one of yg, ys. vss and 3y is decomposable.

Note again that there is no cocycle corresponding to Ay x.¢ ze" + (other
cocycles) if there is none corresponding to A. In particular, there is no cocy-
cle corresponding to s xs’. Thus we have only to consider polynomials
in ay, as, an, Ya, Y3 and ys as A.

For A=a, and a4, there is no B satisfying the conditions, that is, there
are no cocycles beginning with either a,e; or azes’. Recalling that there is
no cocycle beginning with either a,es or ases, we conclude that g = — a,’es’
+oor, Wy = —a,azesy + -+ and wg= —as’e,’ + -+ are indecomposable.

For A=a, we have B= —b,’+ (0-kernel) but no C in Z[a,, as, asx, b,
by, bys] such that 0C= Bby,;= —b,'+ (other terms). Thus there is no cocycle
beginning with ayes’ and we conclude that weg= —a,axes’+ -+ and wiy
= —agamess+ -+ are indecomposable. However, a cocycle beginning with
a,’esy is decomposable, since z,® begins with ayley’.

There is no cocycle corresponding to y,, as there is no B such that 0B
= — v, and there is no cocycle beginning with y,ess. Therefore, v = a,yuess
4o Vo= — AgYaese + o+ and uy;, = —Y,'€ss + -+ are indecomposable.

For A =a,ys, we have B= —y,b,’+ (0-kernel) but no C such that 0C
= — y,bs" + (other terms). Thus there is no cocycle beginning with a,yses.
On the other hand, we have a cocycle v, = (@y¥20— @sVs2) €s6* + *+* = (— @2eYs0
—a.ysy) ess + . Hence we conclude here that there is no cocycle beginning
with either agys,es’ or a,yswess, and also that v, is indecomposable.

For A=1yy and vy, we have B=20,,b,"’+ (0-kernel) and bb,s" + (0-kernel)
respectively but no C. that is, there is no cocycle corresponding to ys or ys.
We conclude that v, 76, % and u,s corresponding respectively to —a,ys,
— QgVss, VauYs: and — ¥V are indecomposable.

One can easily see that cocycles corresponding to as¥s, @adss Yso'» Vso
and v,V are decomposed in terms of the elements 253= —dyey+ **, 2= — Vs
€yt Zgg= —Yplpt o and 2= —ygept o

We have proved that the cocycles in (iii-2) are all the indecomposable
ones of degree 2 with respect to e q.e.d.

Obviously we have

Result (iii-3). The element x,3=-es is the only indecomposable cocy-
cle of degree 3 with respect to es,.

It is easy to see that there are no indecomposable cocycles of degree higher
than 3. Thus we have shown
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Proposition 3.10. Cocycles in Results (i), (iii-1), (iii-2) and (iii-3)
are all the indecomposable ones with neither ay nor c¢;.  Any cocycle that
has neither a, nor cy is trivial if and only if it is 0 as a polynomial in
Z, [44, g, Az, B1a, big, Dog, esa] .

We see

Remark 3.11. (1) The generators are in the 3*-image except a,, as,
Vaoy Tser Tag And Tyg;
(2) a, and ag are in the 9-image. but not in the 0*-image;
(3) ¥, Zsg, Xug, Tys are not in the 0-image.

Using the above and Lemma 3.8 we see that

(3.12.1) A cocycle is in the 0°-image if and only if it has no term of
i d. & i 4.k " i J.. k.
the form a,xey' i Tis', AsTsg Tig Ties'r Tss Tas Tios' OF YVaoTss Lag Luog 5

(8.12.2) A cocycle is in the 0-image but not in the 0*-image if and only
if it is a sum Of A Tes Xid Tiog's AsZss Tid T1os® and 0*-image:

(8.12.3) A cocycle is not the 0-image, if it is a sum Of Ty X Tios,
Voo Lag T1osw and any other terms.

§ 4. Elements with «, and ¢; in Cotor,(Z,, Z;)

Now we study cocycles with a, and c;.
(iv) Cocycles in Zi{a,, ci}

Clearly a, is a cocycle and ay’=dc;;. It is easy to see that x,= [a,, c17]
is also a cocycle. The following lemma provides a convenient manner of writ-
ing elements in Zg{a,, c;7}.

Lemma 4.1. An element «, in Zi{a,, c} of degree n can be written
as follows:

k-1
— i k-1
Qg = Ay, +120 Log C1700ak—2i-2F EX2s. Qg ,

k-1
_ ¢ k
Qe = Ay, + iZE’ Zag €170k ~21—1 T EXag 5

where a; are elements in Zy{ay, ci;} of degree j and o, €€ Z,.

Proof. (By induction.) Suppose that the lemma is true for degrees up
to 2k. Then
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7
Qo +1 = QlaCr7 + A a4

k=1
_ : k
= (datay -, +.20 ZLag C1yllpi—pi-1 + ELg) €y
i<
k-1 .
Wi i ’ ’
+ (O oyt 2 Tag €1 i1+ €7 T0") g
=0

k-1
_ 1
=d (Ape-1€17+ A 3-15) +i20 Lag €17 (Mpimgi—1C17+ Q3 —21-1a5)
+ Engk(:” + elxzekag + afgk-lagz‘
Now the last term «a_;a," can be rewritten as follows:
2 = k-1 2
14 -
a1y = (d gy -» +1:20 Log Cr7lop—si-2+ &7 Ta" 'ag) ag

k-1

2 ” k-1 1 2

=d (Agk-2a5" + " 235" "'ciyas) + iZ’, g €170k —2;-2A9 «
e

Thus i+, can be written in the required form.
Similarly,

/7
ok s = Qo +1C17 + A pp 114y

k
i k
= (dcto+ izv_‘a Tag Crzllag —z1 + €557 Ag) €y

k
i k
+ (da’ o+ tZ Zag Crl’ 31— 0: + &' X26" ) Ay
=0
k k+1 k
=d (AaiCrr+ Q' 505+ € 26" C17) + 206" — 605" ciay
k . 2
T ’
+ Z Tag Crr (Qa—2iC1r + O gi—2:09) — Qppaty’,
=
and the last term «,.a," can be rewritten as

k-1

2 1 ” k 2

Qo @" = dpi—; + _Z;.} Tog Crlap—si—1 +E&" Tag") Ay
iz

k-1

— 2 ” k [3 2

=d (Q-1as" +&" Toscrr) + 2 Log C17llok 2119 «
i=0

Hence, ayi4, can also be written in the required form. q.e.d.

Proposition 4.2. The elements a, and x5 are the only indecomposa-
ble cocycles in Zy{a,, c;;}.

Proof. Writing an element d_, in Z;{a,, c;;} of degree 2k—1 as in Lem-
ma 4.1, we have

k-1
_ i/ 2
Ay, = 20 Lag (Ag"Uaie—2i-2 — CrllQog—2;-3) .
i=
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Thus dat,—; =0 gives rise to pp-z-,=0 (0<<i<k—1) (and also dyk-s:-2=0).
Conversely, if Qpp_pi-,=0 (0<<i<<k—1), then da-; is clearly 0. So -, is
a cocycle if and only if it is 4+, a,.
Similarly,
k-1
dag, = iZ—o xzat (@ Clpp—21—1 + C17d0pi—p;-1) =0

if and only if Qoo =0 (0<<i<<k—1) if and only if = + 2"
Therefore a, and x,, are the only indecomposable cocycles in Zs{a,, ¢i7}.
q.e.d.

(v) Other cocycles

We shall find other cocycles with a, and c¢;;. We shall use the letter f
to denote elements in W.

Lemma 4.3. An element f, of degree n with respect to a, and cy,
can be written as

k-1
Sor= iZo xzetcufzk-zi—l + 22" P+ (d-image),

k-1
Jers1 =§ Zao'Crifan—2i+ Zos" (P +asQ) + (d-image),
where P and Q are elements of R=Z[a,, as, as, b1z, by, bss, €35).

Proof. We shall use the letter ¢ to denote, as before, elements of Z,
{ay, c;;} and the letter P to denote elements with neither a4, nor c¢,;. Now,
the following identities will be needed in the calculation:

dttyi—;+ P=d (-1 P) + - d P
k-1
=d(ay-P) + (dazk—z‘l‘g -Tzetcnazk—zi—z+5xzsk_la9) dpP
=d(azlc—1P+szk—zdP'“exzek_]as;P)

k-1
+ t—zo 20 C1rllk—2i-s (a0 P+ c,;0°P)

k-1
= 120 Zyg'Cyr foe-2i-1 + (d-image),
and

dazk . P = d(afsz) - azde
E-1
=d(auP) — (daty.-, +§ Lag' Crrllo—ai—y + EXa0") AP

k-1
=d(aul — azk—1dP—'€xzskP) “120 Z0' C1rllar—2i-1 (ay0P +¢,0°P)
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k-1 : .
= 20 ZLag C17.fox—20+ (d-image) .
Consider now an element of the form «,,P:
k-1 :
Qo P = (datye—, +.ZO Zpg'C17lak—2i—1 + EXns") P
k-1 i .
=da-y P+§ Lo €17 (Qai=2i-1 P) + Z26" (eP)
= k .
= ;xze C1r (for-io1+ Qok—2i-1 P) + 256" (€P) + (d-image).

Thus an element f,, of degree 2% can be written in the required form.
Similarly,

k
Qo4 P = (dts + Zﬂ Zag C1rllai—ai + Xy ay) P
k-1 :
= gxze cr (a2t + Qop—2:P) + X5 (¢, P + €2y P)

and an element fy4,; can also be written in the required form. q.e.d.

Writing an element of W as in the previous lemma, we have

k-1 : k-1 ;

(4.3.1) dfu= ;ﬂxza Ay’ fok-2i-1— ,?_,‘Oxze Crlfpr-zi—1 F Xag" (ag0 P +c;0°P).

Thus df,,=0 gives rise to fy-p-1=0 (0<i<k—1) (and dfs-p;i-1=0)

and 0P=0 (that is, P is a cocycle), and the converse is clear. Therefore
we have

(4.4.1) dfe,=0 if and only if fu is of the form for, = 2" A, where A is

a cocycle with neither a, nor cy.

Similarly,

k=1 k-1
(4. 3. 2) dfzk“ = tz_oxzataszf;k-zi —tZo xzuicndfzk—zi + xzakasz (P— aQ)
- xzekfn (a0 (P~ aQ) + Cnazp) - xzek“azQ~

Thus dfex+:;=0 if and only if fo =0 (0<i<k—1), P=0Q and 0P
=0*°Q=0. That is,

4.4.2) dfoxs:=0 if and only if fu., is of the form
Jors1=Zad" (c10Q + asQ) with 0"Q=0.
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Thus we have only to determine cocycles of the form
f; = C”@Q +a9Q With 62Q = O .

In case 0Q=0, f; is a product a,Q with Q a cocycle. We obtain no new
cocycle.

In case 0Q=~0, 0Q is a cocycle as 9°Q=0. If there is another Q' such
that 0Q’ =0Q, then the difference of fi=a,Q+c;0Q and fi'=a,Q’ +¢;0Q is
a decomposable cocycle a,(Q—Q’). Thus, it is sufficient to choose one Q for
a cocycle 9Q.

Now, if 0Q is in the §*image, say dQ=0R, we can choose Q=0R, but
then

_f; = agaR + C”@zR = dR .

By (3.12.2), the only cocycle of the form #Q but not of the form *R

is a sum of
A Tss Tag Tr08", AsTss Ted T and  0*image 0°R’.

In particular, for 8Q =a, and a,, taking Q= —b&,, and —b,, respectively, we
have

—Yau=—abp+cpa, and  —yu= —agbis+cas .
For Q=Y a(, j, k) auts xs 216" + 2B, J, k) asxos’ i 10" +0* R’ ( (3, j, k),
8@, j, k) EZ; and 7,7,k=0,1,2, ---) we have a decomposable cocycle
—>« @, J, k) VorTse' 1'48 Ly — Zﬁ(l N3] VosTss' x48 Tyt +dR’.

Thus we have

Result (v). We obtain in (v) two new cocycles
Yo =asbp—cpa, and Y= asbg—cpas.

Now we can express (4. 4. 2) more concretely as follows (incidentally we
repeat (4.4.1) just for convenience).

Lemma 4.4. (1) For an element fy. of degree 2k, df,,=0 if and only
if fax is of the form x,’ A with A a cocycle with neither a, nor cy.

(2) For an element fy.., of degree 2k+1, dfyu1=0 if and only if fors: is
a sum of

k K i 7 h k i,. 7 h
Zag" A9 A, Tog Vorsg Tus’ Tros'  ANA X" YasTsg Lag Lios'»

where A is a cocycle with neither aq nor ci.
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Now that we have found all generators of Cotor,(Z,, Z,), we shall check
the commutativity among them and seek relations between generators.

Proposition 4.5. Cotory(Z,, Z,) is commutative.

Proof. To begin with we have the following d-images:
4.6.1) ad=dcy, yn'=d(cnby?), yii=d(cubid).

Agyn T Ty =Yy — Xaey = — [y, ya1] =d (ciby2)
AgYa5+ Loy = Vos@o— Loy = — [Qg, Vo] = d (C1obig) .
Var¥es T ZoVao = VasYur — Laa¥ao = — [Var, ¥as] = d (c1rbriobie) ,
(@5, 2] =d (c1r),
[or, Too] =d (c®bia) s[5 220] = (€1°Bre)

In W, [as P] =c¢;;0P holds.

If A is a cocycle with neither a, nor ¢,
we have

4.6.2) [a, A]=0.
Since A commutes with ay, ¢y, a,, as by, and by, we also have

(4.6.3)  [yu, A1 =0, [y:5. A] =0 and [z, A] =0.

Therefore commutativity holds in Cotor,(Z,, Z,). q.e.d.

Recall that the differential operator d augments the degree with respect

to a, and ¢;; by 1. Therefore, ) f,&Ed-image occurs with different degrees
only when each f,&d-image.

Lemma 4.7. The following elements are non-trivial:
xzukxaeix.xsjl'msh, xzskyzol'asixaj-rwsh’
-’Czakmxsstijxmsh, xzekasxsaixmjxmsh,
xzekaoxsaixquxmsha 1'23kasyzoxseix4ijwsh»
xzakyzlxsetxmjsth, xzekyzsxsei-ralsth

and they are linearly independent, where k, i, j, h are non-negative in-
tegers.

Proof. By Lemma 4.4 a cocycle f5r., of degree 2k+1 is of the form
Soker= xzekan + xzokza (Z, 9, ) 3’2Jxaaix4ijwsh + xzekZB (4,4, h) y25x36ix481x108h

= xzek (ay (A+ 20( (4, h) blzxseix«;ijmsh + ZB (@, 7, h) bxexaaix«mjsth)
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+cn(— Za (Z, 4, h) a4xseix4ijwsh - 23 #.4, asxsstxmjsth) ),

where «(i,7,h), B(,j,h) €Z,, A is a cocycle with neither a, nor c¢;; and
SN (7, 7, h) agxss g Trog" + 308 (4, J, B) @sXss' Tas 10" is mot in the 0°-image by
(3.12.2). On the other hand any element f,, of degree 2k is written as in
Lemma 4. 3:

k=1 ‘
Jo= Zo Zag iz Fak-zi1+ Zos" P+ (d-image) ,

and its d-image is calculated as in (4. 3.1):
k-1 E-1 ,
dfu= '2—0 ZLog' Ag fok—ni-1— Z_,:) Zos' Crrllfpn-si-1 + 236" (aoaP+ 0’ P).

Comparing our cocycle fyie1 with dfy, we see that f,.,, is not in the d-image
so long as it has a term X s X Leg Lios® OF Tzg VasLso Las Tios'. That is to say,
La6 Vo1 L Lag Trog" ANd  Log"VosXss Tag Lios” are non-trivial, and they and xfa, A (if
the latter is non-trivial) are linearly independent.

Comparing x;sa,A again with dfy, we see that x,‘a,A is in the d-image
only when A=0P and z,‘a,0P=d(x*P). Referring to (3.12.3), we see
that

k i 4. n k i .. R
Lo AgXss Lyg X108 » Lag A9Y20TL38 L8 L108

and their sum are non-trivial.

A cocycle of degree 2k+2 is, by Lemma 4. 4, of the form x,**'A where
A is a cocycle with neither a4y nor ¢;;. And any element f,.,; of degree 2k
+1 is written as in Lemma 4. 3:

k-1
Sore1 = Zﬂ Z96' C17.f 2u-2i + Zao" (7P +asQ) + (d-image),

and its d-image is calculated as (4.3.2):

k-1 K-l
df s = Zﬁ Loo' Ao S ok-20— Zo xzatcndfzk—zi, + xzskagz (P—0Q)
_xzakcw (a0 (P—0Q) + 6‘1702P) — xzek+182Q .

Comparing ;"' A with dfys), we see that x,"*'A is in the d-image only

when A=0*(—Q), and then
xzek+laz(_Q) :d(xzsk (09Q+0170Q))~
So by (3.12.2) and (3.12.3) we see that

k i, h k P SR & n
Lag" 3o Lag? Trog",  Tag' VaoTss' Las Laos»
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k i 7 h k i 7 h
Lag AgX3g Xyg X108 5 Lo AgLsg Lyg L108

and their sum are non-trivial. q.e.d.
We prove

Lemma 4.8. A cocycle with a, and cy; is either trivial or a linear
combination of cocyles in Lemma 4. 7.

Proof. Recall from (4.6.1) the relations:
a’=dcy, yu'= d(017b122) s Yo =d (Cnbwz) s
gV = — Tt +d (cby,) , AgYss = — Tosas+ d (C17bys)
VorYes = — Tp¥ao + A (C17D12016) -

Thus any cocycle is reduced to a cocycle, each term of which has at most one

of as, ¥ or ¥
We have shown that

(4.9.1) x0°Q=d(—a,Q—c,00),

and a,0P=dP, in pariticular,

(4.9.2) a,0°Q=d0Q), awa,=d(—byn), awas=d(—by).
Finally, we have the following d-images:

(4.9. 3) ¥20°Q = d (a,Q+0,,0Q), ¥2:0°Q = d (asQ + 0,,0Q) ,

Vouly = d(bl22) s Ya5dg = d(bmz) s
Vards + AgYa0 = Yagtly — tgVao = d (b13D 1)
Varyeo=d (— b:zzbla) s Ve5Y20 = d(blzbmz) .

Using these relations we see that any monomial in cocycles is either trivial
or equivalent to one of cocycles in Lemma 4. 7. g.e.d.

Theorem 4.10. For A= H*(X;; Z,). we have as algebra
COtOl’A (Zih ZS) = ZS [agv yZIy y25’ Tags Ay, Ag, Aoy L3gs x487 T4y X108 »
Vaos V322 Yaes Ves> V805 Vs Yoo Tses Laar Zugy Tszy Toss 2725 Lo »

Zeas X785 104> 116y Z1205 132> Wao, Wy, Weg, TWes, Wigo »
Vg, V100» V108> Vitzs Vnier Uiizs Lioes thizss Praos Prses Piser Presl /0
where 0 is the ideal generated by
i) elements which are 0 as polynomial in Z,[a,, as, as, b1y, bis, Dg, €55) ,

. 2 2 2
i) ay, Yu'» Ves»
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Aglo1 F XTossy  AgVos + Lo, Ya1Yas + Tag)zo0
iii) a0°Q, ¥x,0°Q, y2502Q7 x2082Q7
A9y, Qaglg, Vpds Yaslg, YaYa0, Yas5Y20.
V15 + AeYV20 = Yos@y — AgY20 = Yars + Yascly.
(See Results (i), (ii-1), (ii-2), (iii-3) and (v) for the expression of the
generators in terms of a;’s, b;’s, c;; and ey See also Remark 3. 11 for prac-
tical use of the §*image.)

§ 5. Cotory(Zy, Z,) with B=H* (X Zy)

The Hopf algebra structure of H* (Xy; Z;) is very alike that of H* (X;;
Zy) ([6] and [7]):

5.1) H* (Xy; 2y) =Zy[x5]/ (x5") @A (x5, X7, X9, X1y, Lysy Tiz)
where deg x;=1;
5.2) é () =0 for i=3,7,8,9,
¢ (x)) = 2s@x;5 for j=11,15,17,
where ¢ is the reduced diagonal map induced from the multiplication on
X,
Notation. B=II*(X,:Z) and B=H*(X,; Z,).
We construct an injective resolution of Z; over B quite similarly to that
in § 2, taking M to be a graded Z,-submodule of B generated by
{5, 21, 23, X9, 21y, Ty, Xz, xsz}
and naming the set of the corresponding elements under the suspension s as
(5. 3) sM = {ay, as, ag, do, biz, g, big, €z
Now, we put
V=T(M/J
= Z3 {d~l‘ dg, g, Ay, bl2, bxe» 1’187 617} /Js
where J is the ideal generated by

5.4) [«,B8] for all pairs (a,B) of generators of V except (as, by)
(j=127 167 18) aﬂd (ag, 017)7

[ag, b)) +cppa;—s  for j=12,16, 18,

where [a, Bl =af— (—1)*Ba with x=deg w-deg j.
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We construct the twisted tensor product V=B®V as in §2. Then the
differential operators 4 in V and 4 in V are given by

(5.5) d (x;:®1) =1Ra;., for i=3,7.8,9,
J(xf@l) = 1®(317_$s®‘19
d (x,Q1) =1Q®b;.1 4+ x2sQay;_;  for j=11,15,17;

(5. 6) da; =0 Jor i=3,8,9, 10,
dcl-/:agz,
dbf = ——Qydj_g f07‘ j= 121 16: 18.

Note that V contains the polynomial algebra S=Z,[a,, as, ai, bss, brs, b1s] -
Quite similarly as before one can show

Theorem 5.7. V is an injective resolution of Zs over B=H* (X,; Z,).

Corollary 5.8. H(V:d) =Ker d/Im d=Cotory(Z,, Z).

Before we calculate H(V:d) we observe that the Hopf algebra H* (X,:
Z;) is obtained by replacing xy, and x, in H*(X;; Z,) with z, and x,, re-
spectively and by omitting xy in H*(X;; Z;). This corresponds to the fact
that V is obtained by replacing a, and b, in W with a,, and b, respectively
and by omitting e; in W. Thus the calculation of cocycles is done almost
similarly to but more simply than the case of X

Parallel to the case of X; we shall find cocycles in the following steps:

(1)"  cocycles in Zj[a,, as, ay, b12, b1s]

Gi1)"  those in Zj[ay, as, @, b1z, b1s, b1s] s

(iii) " (this is not necessary, since there is no ey),
(iv)’ those in Z{a,, ci1},

(v)’ other cocycles.

In order to calculate H(V:d) we define an operator which we denote
also by 0:

(5.9 Oa;=0, 0ag=0, 0a,,=0,
0b,, = —a,, 0by= —as, 0bs= —a,,

and extend it over S=Z[a,, as, ayw, b1s, by, b15] by (3.2). Lemmas 3.3 and
3.4 again hold for P in S.

G)’, @di)’, @ii)’ COC)’CICS in Z; [Ch, g, gy D13y by, bls]

The calculation of cocycles with neither a, nor ¢,; is as above except that
we have no step (iii):
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Proposition 5.10. We have the following indecomposable cocycles
with neither a, nor ci:

a,, as, Q,

Lo =b1°, Ts=0b1s", Tou=0y5,

Voo =ashis— Ab1e, Voo = Ab1s— A1ob1a, Voo = AsDis— @100,

Vs =0 (812°015°b1s) » Voo =0" (b15°016b15")

Vo = 0% (b12D16°018%) , V2= 0" (013°016°015%) .

Lemma 5. 11. The elements yss, Yoo, Yo, Y1s and the following products

appear in the 8*-image:

al=0"(—by". ag =0"(—by"), a' =0 (—by),

aas=0"(—bpby), @an=0"(—buby), asayy=0"(—byebys),

Aye =0 (b1’big),  agYa=0"(—bybi’),

ayn =0 (—bi'bw), a10yn=0"(bubi).

sy =0"(—b1b1s) , A1y =0" (b1D1s")

AVt AgYos = — AgYVas + AroV20 = — 1020 — AsVes = 0" (D12016D13)

V' =0 (—b2’bi’), ¥’ =0"(—bi'by’) . v’ =0"(—bibys),

VaoYe2 = 0% (B15°b16D16) s Vaodoo = 0" (— b12b1’Br) , VaaYos = 0" (— Dizbiols’)

and P-0°Q=0*(PQ) for any cocycle P with neither a, nor cy.

Lemma 5.11 is just the interpretation of the corresponding Lemma 3. 8.
Note the following:

(5.11.1) The generators ay, Yu, Y and xs correspond to a,=0"€yq, Vs
=02 (—bpess), Vo="0"(—bess) and zs=0"(—byey’) respectively in the case
of X;, but they are not in the 9°-image;

(5.11.2) In Lemma 5.11 we have a 0*-image
A10Y20— A2z = — A10V20 — AsYVas = Qg2+ AsYos = 0’ (b12616015)
though a,y:, as¥e: and agy., are not in the 0°-image, which did not occur
in the final résumé of 0*-image in X; (Remark (3.5)).
Remark 5.12. Of the generators,

1) Vs, Yoo, Yoo and g are in the 0*-image;
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2) a,=0(—0by), as=0(—by) and a,y=0(—by) are in the d-image, but not
in the 0*-image;

(3)  ¥aor Vo2, Vog» Tag. Tyg and xs are not in the 0-image.
Using the above and Lemma 5.11 we see that

(5.12.1) Monomials in cocycles with neither a, nor c,, except the ones
in (5.12.2) and (5.12.3) are in the 0*-image;

i o,k [ k i J k
(5.12.2) AyTys Tys Tsg' v AgLsg Tag Ty, A1oTag Tag Tss s
[ i ik i J. &
A4Y26 T35 Tag' Tsg' > AVaolag Tag Lsiw AN A10Y20L36 L' Ty
are in the 0-image. but not in the 0°-image:

{ 7 k i J k i 7 k i 7 k
(5.12.3) 45’ Xad Tss"+ Va0Tsg Ta5 Loy » VorXsg Lus Ty and YeTsg Ts Ty
are not in the 0-image.

Note (cf. (5.11.2)) that
aqyzaracix«aejl‘sak = _alo.\’zoxaai-rquxﬂk + (az-image) s

PN P DU it 5. k 2
AgVas T Lig Tas® = QY20 Xss Tag Tsa® + (0%-image) .

From now on until the end of the calculation of Cotory(Z;, Z;), we shall
always replace a,YsXse i Tsi® and agyVsZse T s by the right hand sides of the
above relations.

Such replacement done, we have the following:

(5.13.1) A cocycle is in the 0*-image if and only if cach term of the
cocycle is in the 9°-image;

(5.13.2) A cocylce is in the 0-image but not in the 0°-image if and only
if it is of the form

a sum of aAIsel»Tqajxsoaka asxaetx.iijmkv P
+ (0%-image) ;

i 7 k i i k
Q10Z95 L4g’ Tss® AN A15Y30Ls5 Tos Trg

(5.13.3) A cocycle is not in the 0-image if and only if it is of the form
(a sum of monomials in (5.12.3)) + (any cocycle).

(iv)’ Cocycles in Zg{a,, ci}

No change is needed in step (iv)’ and we obtain

Proposition 5.13. The elements ay and x,,=[ay, cy] are the only
indecomposable cocycles in Zi{a,, ci1}.
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(v)’ Other cocycles

The argument is almost the same as in (v) and we have

(5.14.1) For an element f, of degree 2k with respect to ay, and cy,
df=0 if and only if fa is of the form

fou=x A with A a cocycle with neither a, nor cy;

(5.14.2) For an element fy.., of degree 2k+1 with respect to a, and cy;.
dfyei1=0 if and only if fus: is of the form

Sk =xzek (49Q+0170Q) with 0°Q=0.

Using these formulae we see that we have only to determine cocycles of
the form

fi=aQ+c,0Q with 9°Q=0.

In case 90Q=0, f, is a decomposable cocycle a,(QQ with Q a cocycle.

In case 0Q0, 0Q is a cocycle as 9°Q=0. If 9Q=03*R for some R, then
choosing Q to be dR, we have f;=a,0R+c;0°R=dR, which is a trivial cocy-
cle. By (5.13.2) a cocycle of the form #Q but not of the form #*R is a

sum of
QX3 Tig? Tos, AsTan Tod Tsi¥, W10Ta0 Ti6' 2", @10Ye0Tss T4 25 and  (9*-image).
In particular, for a,=0(—b,,), as=0(—0by) and a,;=0(—b;), we have
Vo1 = Agb1y— €11y, Yos = Asbig— Cray and ¥y = aglig— Cridyy
And for 9Q of the form of a sum above, we have a sum of
- yz:-'rsaixaajitsqk y T 3’25xaaix4ijuk»
—y27a,0x38ix4gjx54k, —y27y20x38ix4aj.r54" and (d-image).
Thus we have three new indecomposable cocycles with a4 and ¢j;, namely,

Yo, Yes and y.

Remark. The cocycles vy, and y,; are the same as in (v), and the co-
cycle in (v) that corresponds to yy is a trivial one agby— cpan=d(—ey).

Looking at (5.12.1) ~(5.12. 3), we see that we have found all cocycles
to be found in (v)’.

Result (v)’. We have three cocycles in step (v)':

Vo1 = Aghis — €11y, Yos=aobig—Crias  and  yyu=ashiy—cudy,.
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We have seen also

Lemma 5.14. (1) For an element fy of degree 2k, dfy,=0 if and
only if fu is of the form z,*A where A is a cocycle with neither a, nor
Ci7+
(2) For an element fo,, of degree 2k+1, dfyii1=0 if and only if fixs: is
of the form ‘

r i Jo R i ok
& a sum Of yuZsg Lo Tsi"y VesTag Lag' Ly
Lag Qg

[V Sy i f.. h
Var g Lyg' Loy AN YyrV20Zss Xas' Tos"s

where A is a cocycle with neither ay nor cy,.

Here we have the following d-images:
(5.15.1) In addition to the d-images in (4.6.1) we have
vu' =d(cnbis), [Var, o] = d (c17°Dss)
QoYa7 + Xagiy = Yn@e— Lagro = — [ag, Y] =d (c1ibis) ,
Vo1Yor — L26¥20 = Var¥ar + LogVaa = — [3’21, V] = d (Cbrobis) ,
VasYa1 — LoeVas = Vor¥as + LogYes = — [Vosy Yer] = d (C1rbiabis) .

In addition to the relations (4.6.2) and (4. 6.3) we have similarly

(5.15.2) [y, P]=0 for P with neither a, nor cy.
Thus we have
Proposition 5.16. Cotorg(Z;, Z,) is commutative.

Lemma 5.17. The following elements are non-trivial and they are
linearly independent.
ko i f. h k i ok k i 7. h k i f..n
Lag L3g Xag Lsg o Tag (l4xae‘x4sfx54 , Lpg AgX3g Lag Xsg 5 Lag A19T36 Lag Lsq »
.k i F. h k., i F..h Koy no i3 . b Kk i . J..h
Lag YV20Lsg X'4g Lsg 5 X2 Y2oL'sg Lug Lsg » Lag Y26Ls36 Lug L4 » Lag A10Y20L36 L4g Ls5g »
Lk i 3 k IR PO S k i f.. h K, i J.. n
Lo aexaazxmjl'u s Zag AgYV20T30 s Lsg ; Lz AeY2aTss Las Ls » TLzg A9YaeLsg Lag Loa s
ko ot F R ke i f_ R ko o i do. R k i n
Lag Y21L3g Xag L5 5 Log Y25L3g Lug Ly 5  Log YorLsg Lyg Tsg » 26 V21Y20T36 1’431-1'54 .
Proof. The argument is the same as in the proof of Lemma 4. 7.
A cocycle fy4; of degree 2k+1 is, by Lemma 5. 14, of the form
. k i J. .k k .. 5. h
. a sum of Zp" Vo1 Tss' Teg Tos's Xog' YasTss' Tug Lss's
g g A+

P g 1 7 h o, k i J h
Lo Vaplag X Tsgw AN Xog" VorVaoLae Las’ L

= l’zak (CloQ + C170Q) >
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where the 9Q was taken not to be in the §*image and A is a cocycle with
neither a, nor c¢,;, Comparing fu,; with dfy as in the proof of Lemma 4.7,
we see that such an f,x.; is not in the d-image so long as it has a term
xze"y21xseix4s’x54h, xzekyza-tseix4s/x54hy xzakyuxssfxquxmh or xzekymyzoxssiijxmh- In
other words, xzekyzlxseixmj-ruh, xzakyzsxse{ijxmh’ xzaky27xssix4ijs4h and xzckymyzo
Zas T s are non-trivial and they and xy*a, A (if it is non-trivial) are linearly
independent.

Comparing x,a,A again with dfy;,, we see that x,a,A is in the d-image
only when A=0P, and then x,/’ad@P =d (x5 P). Referring to (5.12.3), we
see that ' @eXse'Tus Tols Tas" AeYorTss Tus' Tss"y Xog*AaVnXas' Tus' Tad"s o AsYeoTss Tas'
s and their sum are non-trivial.

Again by Lemma 5. 14, a cocycle of degree 2k+2 is of the form x,"*'A,
where A is a cocycle with neither a, nor ¢;;, Comparing x,* "' A with dfy., as
in the proof of Lemma 4.7, we see that x,*"'A is in the d-image only when
A=9*(—Q), and then

xzak 1o (-0Q) = d(xzek (asQ +¢1,0Q) ).
By (5.12.1) ~(5.12.3) we see that
xzekxasix4ajx54h, xzakmxseix«tijs«ah, xzskasxseiij-ruh, xzskaloxsaixajxmh,
xzekyzoxaetx4ijs4hn xzekyzzxaatx4sj$54", xzekyzsxsaiijxuh, xzakawyzoxsstijxmh
and their sum are non-trivial.

We have shown that the elements in the lemma are non-trivial and that
they are linearly independent. q.e.d.

Finally,

Lemma 5.18. A cocycle with ay, and cy; is either trivial or a linear
combination of the cocycles in Lemma 5.17.

Proof. Recall from (4.6.1) and (5.15.1) the relations
as =dcy, Vo' = d(cuby®), Yo' = d(cubid), Vo' = d<517b182) s
Yo = — Xty + d (C1zb1s) AgY2s= — gy + A (C1big) , AsYsr = — Taglyo+d (cubis),

V21Yes = — LogV2o + d(¢17b1zb1e)~ VarYer = LaeYVor + d(cnblzbw), V25Yer = LogYes + d(017blebw)~

Therefore, any monomial in cocycles is reduced to a monomial that has at
most one of dg, ¥u, Va5 O Y.
We have shown that

(5.19.1) z,0°Q=d(—aQ—c,0Q),

and a,0Q=dQ, in particular,
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(5.19.2) a0’Q=d(0Q), asa,=d(—by), awas=d(—by), awa,,=d(—by).
Finally we have the following d-images:
(5.19.3) 3,0'Q=d(a,Q+0,00). y0°Q=d(asQ+,,00),
¥20°Q = d (2100 + 5,s00) ,
yuna,=d(by"), visas=d (by’), Vuaw=d (b,
VorAg + Qg Voo = Vas@ls — Ag¥ao = d (b15015) ,
Vo110 — AeYze = Vor@s + Qo5 = d (b12byg)
Vo510 — AgYas = Var8s + As¥as =  (D15Dss) ,

Varyeo=d (— blzzbw) , VasY20 = d(blzbwz) ,
VarVoe = d (b1s°b1s) YVor¥ee = A (— b1,015%) ,
VosYos = d (b15°b15) , VeV = d (—bigbig") ,

Var¥e0 — VesVae = YasVer + VarVes = — YerVeo — YuVes = d (—b12b16b1s) .

Using these relations we see that any monomial in cocycles with a, and
¢y; is either trivial or equivalent to one of the elements in Lemma 5. 17.

q.e.d.

Thus we have

Theorem 5.20. For B=H*(X;; Z,), we have as algebra

Cotory(Zs, Zs) = Zs[ag, Zes, Yo1, Yes» Yar, Qa, Ag, Ao, Tsg, Lag, T,
V20r Vozs Voo Vssr Yoor Your Y1e] /7 »
where 1 is the ideal generated by
1) elements which are 0 as polynomial in Zs[a,, as, ayo, b1, byg, b1s];
i) ad’, o' Vess Vo'
AoYa1 + gy, Ag¥Vas + Taeds,  AgYar + Laedlyo,
Va1Yes + LaVo0 Vo1Yer — LYoz, VasYar — Lages

i)  ay0°Q, y20°Q, ¥:0°Q, y20°Q, 1:60°Q,
AgQy, QAgdg, Aoy,
Va1dys Vasdg, Varlio
Vs + QY20 = Yoss — AgY20
Vo110 — AeY22 = Yy + AgYaz
Vosd1p — AgYas = Varclz + AeY2e »
Vo1Veo, YosV200 V21Ve2r YarVezs YesYaes V21Yae »
Var¥20 — YasVee = VasYar + Va1¥ee = — Var¥Veo — Va1 Vee
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(See Result (v)’ and Propositions 5.10 and 5.13 for the expression of

the generators in terms of a,’s, b,’s and cy. See also Remark 5,12 for

practical use of the #*-image.)
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