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§ 1. I n t r o d u c t io n

Let p  be a prime and G a compact, 1-connected simple L ie  g rou p . In
general, when H *  (G; Z ) has no P-torsion, the cohomology mod p  H* (B G; 4)
of the classifying space B G  o f G is a polynomial a lgeb ra . W h en  H *  (G; Z)
has P-torsion, however, H * (B G ; 4) is  o f complicated form.

L e t E , be a compact, 1-connected exceptional Lie group of rank i (1= 6, 7,
8 ) .  Then  H *  (E ,; Z ) has p-torsion fo r  (i=  6; p<3) ,  (i = 7 ; P < 3 ) and (i = 8;
p < 5 ) .  O f these the module structures of H * (B E ,; 4) fo r  i = 6, 7 have al-
ready been determined in  [5 ]  and [9 ]  respectively.

T h e  purpose o f this series o f papers is to investigate the structures of
H* (BE,; Z 3)  fo r  i= 6, 7, 8 and also o f  H* (BE3 ; Z5).

L e t  -(G: p l  be the set o f a l l  compact, associative H-spaces X  such that
H *  (X ; 4 )  H *  (G ; 4 )  a s  H op f a lgeb ras  over the Steenrod algebra „qp•
(W e  do not necessarily assume the existence of a map between spaces induc-
ing an isom orphism .) For every space X  o f  {G :P} w e  have the Eilenberg-
M oore spectral sequence {Er , dr }  such that

(1.1)C o t o r  ( 4 ,  4 )  w ith  A = H* (X ; Z 9 ) ,

(1.2)g 4 H *  ( B X ;  4 )  .

(R efer, fo r exam ple, to [12 ] and [13] for the construction and the properties
o f th e Eilenberg-Moore spectral sequence.)

In  th e present paper, Part I  o f th e series, we determine the E 2 -term o f
the Eilenberg-Moore spectral sequence for X, o f {E8 : 3 } and for X , o f (E7 : 3) .
The main results are Theorems 4. 10 and 5. 20.

T h e  paper is organized as fo llo w s . In  § 2 we construct an injective re-
solution o f  4  over H* (X ,; Z 3) . In sections 3  and 4  we determine Cotor A

(4 , 4 ) fo r  A -= H* (X,; Zs ). In  th e  last section, § 5, we construct an injec-
tive resolution o f  4  o v e r  H* (X6 ; Zs ) and  determine CotorB  (4 , 4 )  fo r  B
= H* (X,; Z s ). The calculation in § 5 is quite similar to but much simpler than
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that in  § §  3  and 4.

§  2 .  A n  in je c t iv e  r e s o lu t io n  o f  Z3 o v e r  H* (X,; Z3)

First w e recall th e  H o p f algebra structure of H* (X 7 ; Z3) (o v e r  L AO
from  [7] :

(2. 1) A s  a n  algebra

1-/* ( X 7 ;  Z 3 )  -= ' .1 3 [ X 8 ] /  (x83) O A  (Xe , x 7 ,  x 1 1 ,  x 7 5 , x 1 9 ,  x 2 7 ,  x 8 5 )  3

w here  deg x i  = i;

(2. 2) T h e  coalgebra s tru c tu re  is giv en by

0 (x i ) -= 0 f o r  i= 3, 7, 8, 19,

(x j )  = X 8C D X J_8 f o r  j=  11, 15, 27 ,

(x 3 5 )  X 8 C D X 2 7 —  x 1 3 2 0 x 1 9

w h e re  0  is  th e  reduced  d iag o n al m ap induced f rom  the  m u ltip lication  on
X 7 .

N o t a t io n . A = H * (X ,; Z 3)  and À-  = 1/* (X 7 ; Z3) .

We shall construct an injective resolution o f Z , over A  using the same
construction and the same notation as those in  §  3  o f  [8 ] .

Take L  to  be a  graded Zr subm odule o f  A generated by

{ 1 3 5 1 7 5 1 8 5  1 3 9 5 X 1 1 5 1 3 5 ,  1 27, 1 8 1  X 35}  •

L e t 0: A -->L  be the projection and t: L — >24. the injection such that to0 = 1A.
W e name the set o f corresponding elements under the suspension s  as

(2. 3) sL -= {a4 , 618 , a 9 , a 23 , b12, b18, b28, C. 17, e30} •

Define 6: A — >sL  by -6 = soe a n d  sL --> A  by c o s '.  Let T  (sL ) be the

free  tensor algebra over s L  with the (natural) product (p. Consider the two

sided ideal /  o f T  (sL )  generated by Tm (00 (606) .0) (K er 0 ) , where 0 is the
diagonal map o f  A .  Then  /  is generated by

(2. 4) [a, 43 ] f o r  all  p a i r s  (a, 43 )  o f  generators o f  T  (sL ) ex cept (a 9 ,125 )
(j = 12 , 16 , 28 ) , (a3 , e33)  a n d  (a„ c 17),

[a9 , b5 ] f o r  j = 12, 16, 28 ,

[a 9 , e36] c a b n

w h e re  [a, 43] = a43—  (-1)* 43 a  w ith *-= deg a • deg d.
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P u t W = T (sL) / J  that is, W =  Z 3 (a4 , as, a9, a20, b22, b18 2 8 , 6 '1 2 , e3 8 1 . Note
that W  contains the polynomial algebra

R=- Z 3  [a , 678, a20, b12, b 1 8 ,  b28, esd•

W e define a  map

d = - o (  ® 6 ) (sL)

and extend it naturally over T  (s L ) a s  derivation . S ince d ( 1 )  C I  holds, d
induces a  map W -> W , which is again denoted by d :  TV --> T V  b y  abuse of
notation. It is  easy  to  check that dod= 0 and s o  W  is a differential algebra
over Z 3 . Using the relation

do0 + (0 C )0 )  =  0  7

we can construct the twisted tensor product W =  A C )W  w ith  respect to  0
[1 4 ] .  Nam ely, W  is  an  A-comodule with the differential operator

d= 1®d+  (1 0 0 ) 0  (100  0 1) 0  (q5(D1) .

M ore explicitly, the differential operators ct and d  are given by

(2 .5 ) j ( x 6 C ) 1 )  = 1 ® a , f o r  i=  3, 7, 8, 19,

c-/ (x8
2 0 1 ) = 1 0 c 27 - x 8 C)a 9 ,

J( 1 1 ®1) =1C)b i , +  x 8 0 a ., _ ,  fo r  j =  11, 15, 27 ,

d- (x 35 C )1 ) =10e s, +  x 8 0 b 2 8  -  x82 ®a28;

(2. 6) da, =-  0 fo r  j  = 4, 8, 9, 20,

dci, =4/8 2

A  =  - a9 a5 8 fo r  j=12 , 16, 28 ,

d e 3 6  =  a2b28 + Cl7a20 •

Now  we define weight in  W =  A C )W  as follows:

(2. 7) A : 7-- 1 7 x- 3 ,  - 7 ,  - 1 9 ,  1 8 ,  1 8 2, X I I ,  1 151 1 27, 1 35

W : a„ a 9 ,  a„, a 9 , c„, 13 1 2 , b „ ,  b , , ,

weight: 0 0  0  1  2  2  2 2 6

(T h e  weight o f  a  monomial is th e  sum o f th e  weights o f  each element.)
Define a filtration

(2.8)F r =  {x I weight x< r} .

Put .E0 TV Then it is easy to see that

A (1 3 , 1 7 , 1 19, X I I ,  1 15, X27,  1 3 5 )  0 : 1 3 [ad, a8, a23 , b12, b2 6 , b28, e38] C)C (Q  ( 1 8 ) )
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where C (Q (x 8 ) )  is  the cobar construction of Z 3 [z 8 ] / (x8
3). T h e  differential

formulae (2. 5) and  (2. 6) imply that E o W  is  acylic, and hence W is acyclic.

T h eo rem  2. 9. W  i s  an injective reso lu tion  o f  Z ,  ov er A = H * (X 7 ;
Z 3 ) .

B y the definition o f  Cotor w e have

C o ro lla ry  2 . 1 0 . H (W  : d) -= Ker d/Im Cotor A  (4, Z3)

§  3 .  E lem en ts w ith  n e ith er a ,  n o r  c 1 7 i n  Cotor d  (Z3, Z3)

W e define an operator d  by

(3. 1) Oa -- 0 f o r  i -= 4, 8, 20,

Fib = — a5 _8f o r  j = 12, 16, 28 ,

Fi e8, — b . ,

and extend it over R.= Z 3 [a4, a 8 , a 2 0 ,  b 1 2 ,  b16, b28, e36 ]  so that it satisfies

(3. 2) + Q) =O P  +0 Q  and
 

(PQ) = OP • Q + P • aQ

f o r an y  p o ly n o m ials  P and Q.

Then  w e have

L em m a 3 . 3 .  F o r a Polynomial PE R   w e  h av e

03P =0 ,

[a8 , P] = c,,OP ,

d P  a 9 a P  c i 7 a2 P

P ro o f .  (B y  induction.) S u p p o se  that 03P  =0  holds fo r  any polynomial

P  o f degree up to 1. Then

03 (x P) = 0 3 x • P x  •  a sP =0 .

Thus 0313 = 0  holds for a polynom ial of degree 1+1.
Suppose that [a8 , P] = c i 3 OP holds for any polynomial P  of degree up to

1. Then

[a 8 , xP] [ a 8 , x ] P  x [ a 9 , P] = c i pax  • P x c i 3 OP = c„6 (xP) .

Thus the relation holds for a polynomial of degree 1+1.
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Suppose that dP = ct,OP + c i 3 O2 P  holds for any polynomial of degree up to

1. Then

d (xP) = dx • P + x • dP

= (a 9 6 x + c x ) P  +  x  (a 9 8 P  c A 2 1')

= a,ax- P c 1 7
2 x. P (a ,x—  c, 7 0 x) OP + c 1 7 x02 P

= a9 6 (xP) + c 97 02 (xP) .

Thus the differential formula holds for a polynom ial of degree 1+1. q.e.d.

L e m m a  3 . 4 . L e t  P  be  n o n -triv ial in  R .  T h e n  P  i s  a  non-triv ial
cocycle i f  a n d  o n ly  i f  O P  O.

P ro o f .  I f  P  is  a  cocycle, dP = O .  Then  by the differential formula, we
have OP = O.

Conversely, i f  0.13 = 0 , so does 02P , whence we have d P --0  by the diffe-
rential form ula. Since P  contains no cz,, it is  not in the d-image, hence it is
a non-trivial cocycle.  q . e . d .

W e shall find cocycles in the following steps:

(i) cocycles in  Z3 [a ,  a8 , a 2 0 , b92 , b le ]

(ii) those in 2 3 [a, a85  an, 12
12, b16, b28]

(iii) those in  Z 3 [a4 , a8 , a 2 0 , 1'99, b18, 1, 98, e36],

(iv) those in Z, {a,, c 9 7 )

(y) other cocycles.

(The last two steps w ill be done in  § 4.)

(i) C o c y c le s  in  Z 3 [a 4 , as, a 2 0 , 
b

12, 
b

10]

Clearly, a4 , a ,  and a,, are cocycles.
A  cocycle o f degree 1 w ith  respect to b 92 and 1?9 8 is of the fo rm  P = A b

9 2

+ Bb i ,  w ith  A , B E Z3 [a4 , a8 , a20 ] . The relation OP = — Aa4 — Ba8 = 0 yields an
indecomposable cocycle

Y 2 0  =  a 8 b 1 2  a 4 b 9 8  •

A  cocycle o f degree 2 w ith  respect to b 12 an d  b„ is  of the form

P = Ab922 Bb16 2 C b i z b „  w ith  A , B, CE Z  [ a 4 , as, a29].

Then  OP =  ( A a  Co s ) b (13a8— Ca4 ) b 0  gives rise to
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A a,—  Cas = 0  a n d  B a5 —Ca4 =0 ,

from which we obtain a  decomposable cocycle

P  a 8 2 b132
 a 4 2 1 ,1 6 2 „

L / - c4,4c4.8,12c/i6 — 31202 .

A  co cyc le  o f degree 3  with respect to  1.21 an d  1218 i s  o f th e  form

P= A b 12
3 + Bb 16

3 +Cb i s
z b„+ Db 12 b3 8

2 .

T h en  OP = —Cas bi s
2 + (C a,+D a s )b i s bi s — Da4 b18 2 = 0  gives rise to  C-=- D = O.

Thus w e have tw o new  cocycles

X38 —  b12 3 and x 4 8  b p : 3.

A  co cyc le  o f degree 4  is  o f the form

P=l2, 2
3 (Ab12+Bb1e) +C17, 2

2 b„2 +bp,' (Dbi,+ Eb16).

Then 0 P =0  implies that C = 0 , since no term  with b1 2 121 8
2 appears except for

Ca4 b11 b2 8
2 . Further OP = 0  gives rise to 0 (Ab i s + Bb i s ) ( D b i s + E k e ) = 0, that

is, P  is decomposed in  co cyc les b13
3 , b 18

3 , A b, s + Bb, s a n d  Db i s + E b „ .  S o  no
new cocyc les are obtained.

Similarly, any co cyc les  o f  degree higher than 4  is decomposable.

W e  have obtained

R e s u l t  ( i ) .  T h e  f o llow ing  a r e  a l l  t h e  indecom posable cocycles in  Z s

[a4 , a 8 , a 2 8 , 1)1 2 , bu d

a4 , a 8 , a n ,  Y20  ( a3b12 a4b1e) , X36 b 123) • X 4 8 b163) •

( i i)  C o c y c l e s  i n  Zg [n o  aB, a20, bu, /he, b29]

A  co cyc le  o f degree 1  with respect to bs s  is of the form P = Ab28+B with
A , B G Z s [a4 , as, a2 0 , b11, b18]. Then OP = 0 A  bs s  — a20A. +0B -=  0 gives rise to

&A = 0  a n d  0B = a s s A

So by Lemma 3 . 4 , A  is  a  co cyc le  and thus an element in  Z 3 [a4 , a8, a20)

312 0 , z 38 , x „,], fo r  which we have to find, if any, a B  such that 0 .8=a 2 ,A .  Note
that it is sufficient to choose one such B , since the difference o f two cocyles
P = A b s s + B  and P ' A b s s + B ' is a  co cyc le  without b28:

P  P ' = ( A b s s  + B) —  (Ab s s + B') = B—  B' .

N ote also that, i f  there is a  c o c y le  P i  corresponding to A ,: P i = A,122 8 + •••
(i-=1, ,  then co cyc les corresponding to the sum AH- A , and to the product

A ,A , exist and are decomposable:
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P i+  P 2  =  ( A t+ A2)1,28-1- • • • ,

A 1 .P2 = A1A2b28+ • • • •

N o w  A  is an element in  Z 3  [at, a8, a20, Y20, X3(3 , x48 ] •
 In particular, for A

=a., as and 31202 =  b 1 2 2 b 1 6 2 )  )  we can choose B = — a2 0 b 12, —a 2 o bi e  and ana
( —b1eb 18

2 )  respectively, and w e  have corresponding cocycles

Y32 = a4b28 a 2 0 b 1 2

3/22 = a8b28 a 2 0 b 1 6

— Yea = 6 2 ( — b122 b162 ) b28 C / 2 0 0 b122 b1e2 )  =  — 82 (b122 b162 b28) •

Thus fo r A = -  a t A ' + a 8 A "  -1-y202 A"' , we have a decomposable cocycle P = 3/32 A '

+ noA" —

A  monomial in cocycles fo r  A that has no a., a, nor y 28
2 is  of the form

as o ix s s i x.,,k or y2 0 a 2 o
i x s ,i  x ,,k  (where j , j ,  k  are non-negative integers), fo r which

there is no B  satisfying the conditions. Neither is there B  for A = a2o i zn i x48k

+ A ' and y 2.0a20
4 x s e

i x 48
1' ±  A '  whatever a  cocycle in Z 3 [a4 , a 8 , a20, Y2o, xse, x 4 8 ]  A '

is.
W e have thus

(3. 5) Th e  indecom Posab le  cocycles of degree 1  w ith respect to  b2 8 a re
Y32, Yse and Yo•

A  cocycle o f degree 2 w ith  respect to 1 ,
28 i s  of the form  P  A b 2 8

2 B b 2 8

▪ w ith  A , B, CE Zs [a., a 8 , an) , b12 , 1)18] .  T h e n  the relation

OP =  A •  1 , 2,2  +  (a2 0 A  OB) b2 8 4- (— a20B+ OC) =0

gives rise to

a A = 0 ,  O B =  —  as o A  a n d  OC=a 2 0 B

Again by Lemma 3. 4, A  is  a  cocycle, that is, an element in Z 3 [a 4 , a8 , a2 0 , y„,
x36, x48] • The difference o f tw o cocycles P=  A l2 2 8

2  d- Bb28+ C  and P' = Ab28 2

▪ b28 - 1- Cv  i s  a cocycle  (B— B') b 2 8 + (C— C') , that is ,  a  cocycle o f lower
degree with respect to  b2 8 . So it is sufficient to choose, if any, one correspond-
ing cocycle for a  cocycle A.

Once again, i f  there is a  cocycle P ,  corresponding to A , (i=1, 2), then
there exist cocycles corresponding to A 1 -1- A 2  and to  A 1 A 2 , which are decom-
posable.

For a cocycle A  o f th e  form  01D  with DE 1 3 [a 4 , a,, a 2 0 , 1,1 2 , h16 ],  w e have
actually a corresponding cocycle P = 0 2 (D b 2 8

2 ) .  So we have a cocycle for each
of the following:

(3. 6)a 4 2  =  02 ( —  b1 2
2 )  ,  a8

2 = 02 (— b 18
2 ) , a.ae = 02 (— bi2bio
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a 4Y20 —a2 (1)122 1, 16 ) , a83,20= ( _ b i 2 b . 2)  y 2 0 2  0 2  b 22 b i 6 2 )

C o cyc les P = 6 2 ( — b122 1, 282 )  ,  5 2  -  b16
2 b28

2)  an d  0 2 (  b 1 2 b 1 6 b 2 8 2 )  corresponding
respectively to a4

2 , eze  and a4 a8 a r e  3.,32
2 , 3 ' 3 6 2 a n d  3,

32y 38
 respectively, and  hence

they a r e  decomposable.

N o w  w e  put

3'80= (1 )122b i6b282) = a4Y20b282 + • • ,

Y84= 82 (1)12b182 b282 ) = — a8n0b282 + •

Y96 = 6 2 ( 6 122b162b282) 228 +  •  •  •= Y20 U28

L em m a  3. 7. T h e  cocycles  Y 80. A 4  a n d  y ,,  a r e  indecom posable and
there is  n o  other indecompo sable cocy c le  o f  degree 2  w ith  respect to  1)2 8 .

P r o o f  F ir s t  w e  s tu d y  A  in  Z 3 [a 4 , ao, n o ] .  F o r  A  a 4 , w e  have B

= a2obi2+ (8 -k e rn e l) , b u t  n o  C  i n  Z, [a d , as, an, b12, bl e ] such that OC= a202 1)12
+  (other terms), thus there is no cocycle beginning with a 4 b2 8

2 . Similarly, there
is  none beginning with a 8 b2 8

2 . F o r A =  y 2 0 ,  there is n o  B  in Z 3 [a 4 , a,, a,,, 1 ,
1 2 ,

b 1 8 ]  such that O B =  — a203/20, and so there is no cocycle that begins with n 0b2 8
2 .

Recall that there is also no cocycle that begins with y 2 0 b2 8 . And we also see
that there is no cocycle beginning with Ab 2 8

2 w hatever a  sum o f a4 , a , and
y 2 0 A  is. We conclude that the cocycles -AO . Y 8 4  and y 9 ,  are indecomposable.

W e  have seen that each monomial o f  degree 2  in  a 4 ,  a, and y „  has a
corresponding cocycle (decomposable or indecom posab le). Therefore any poly-
nom ial A  in  a 4 ,  a, and y 2 0

 o f  degree higher or equal to 2 has a  corresponding
cocycle, which is decomposable except fo r  no, Y84 and  no . Thu s there  is  no
other indecomposable cocycle fo r  A E Z 3 [a„ as, Yso]

Now we consider cocycles in  Z 3 [a 4 , as, ass, 3'20 , 1 383 1 4 8 ]   Z 3  [a 4 , a 8 , Y2o] 0 4
[a20, 1 36 , X 48 ] •

A s  w e  have noted, there exists a  cocyc le  corresponding to A a 2 0 1 X 2 6 jX 4 8 k

provided there is a  cocycle corresponsing to  A  (h ere  in particular, to  A  E

Z 3  [a 4 , a,, n o ] )  ,  although it is decomposable.
Since a„, b 1 2 and b1 6 are not in the image 0 (Z 3 [a4 , a8 , b 1 2 ,  b „ ] )  and since Oa,

=axm i= 0 X 4 8  =  0 , the elements a , , ,  x „  and x 4 8 a r e  'i m m obile ' under 0  when
seeking B  o r  C. It follows that there is no cocycle corresponding to A a 2 0

1 x 3 6
/

-r48k  ( o t h e r  cocyc les ) i f  there is none corresponding to A .  Therefore there
is no other inclecomposable cocycle o f degree 2  with respect to 172 8 .

Finally, ,x8 4 -= 192 ,3 i s  the only indecomposable cocycle of degree 3 with re-
spect to 1,2 8 . I t  is  ea sy  to  see that there is n o  n ew  coeyc le  of degree higher
than 3.

W e have
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R e s u l t  ( i i ) .  T h e  f o l lo w in g  a r e  a l l  t h e  in d e c o m P o  s ab le  c o c y c l e s  in

Z 3  [ a4, a 8 , a 20 , b12, 216, b22]

a 4 , a 8 , an = 0 2 en

x38= b12 3 x 4 8 =  1716 , 1228 = 6 2 ( — b28e382 )

Y20 — a8b12 a 4 b 1 6  •

Y32 a 4 b 2 8  a 2 0 1 3 1 2  —  0 2 (  b 1 2 e 3 6 )

Y36 — a8b28 a 2 0 b 1 6 (  b 1 6 e 3 6 )

Yoe = 0 2 (b1e2 b1e2 bee) = Y eebee + • • • ,

Y 80= a 2 ( b 1 2 2 b 1 6 b 2 8 2 )  = a 4 y 2 .b 2 8 2 +  • • •  ,

Y 84 = 0 2 (b12b16 2b282)  = a8Y20b282 + • • •

Y se = 0 2  (b12 2 12182 b 282 )  =  — Y2o2 b282  + • • • .

(Resu lt ( i )  is included in  R esu lt ( i i ) . )

T h e  follow ing w ill be needed in  the calculation in  step  ( i i i ) .

L e m m a  3 . 8 . T h e  e lem en ts Y68 , Y80 , Y84 , Y96  and  the  f o llow ing  e lem ents

ap p e ar i n  the  im age  02  ( Z 3 [a4 , a8, a20, b12 ,  17 16, b28] ) :

a 42 = 6 2 ( — b122 )

a 4a 8 = 0 2 ( — b121, 16)

a4y 20= 0 2 (6'122 1)10

a4Ysz — a2 ( b 1 2 2 b28)

a8y38—  0 2 ( b 1 8 2 b28)

a 82 _ 02  ( b 1 8 2 )

a4a20 —  0 2 (  b 1 2 b 2 8 )

a8Y20 — 0 2  (  b 1 2 b 1 6 2 )

a20Y32 = 0 2  (b12b282 )

a20Y36 — (b 1 6 b 2 8 2 )

a 2 0 2 _  0 2 b282)

a 8 a 2 3  =  0 2b 1 6 b 2 8 )

a20Y20 a 8 Y 3 2  = a20Y20 a4.Y36—a4Y36 618Y32 = 0 2  (b12b16b28)

y 2 0 2 0 2  (  b 1 2 2b 2 6 2)  , y222 _ 02 (  b 2 2 2 b 2 8 2 ) ygo2  _  0 2  (  b 1 6 2 b 2 8 2 )

Y 20Y 32= (b12 2 b18b28) n o n e  = 0 2 ( b12b162 b28)

n 2 Y 3 6  =  0 2  (. 12
12b 161)282 )

an d  P • 0 2 Q =  0 2 (P - Q )  f o r  a n y  c o c y c l e  P  a n d  an y  p o ly n om ial Q.

Proof is  by direct calculation.

(iii) C o c y c le s  in  Z 3  [a 4 , a 8 , a20, ba, bap, b288 ems]

A  co cyc le  o f degree 1 with respect to en  is of the form P  =  A e 80 4- B  with

B  4 [ a 4 ,  a 8 , a n , b 12, 1) 1 8 , b 2 8 ] .  Then 6 P  =a A  • en — Ab2 8 -1-0B= 0  gives rise to

A =O a n d  A b 2 8 = dB  .
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Thus A  is a  cocyc le , fo r  which it is sufficient to find, i f  any, on e  cor-
responding cocyc le  just a s  in  ( i i ) .  F or a  co cy c le  A  o f  t h e  fo rm  8 2 C  with
C E Z 1 [a 4 , a 8 , a„, b12,b16,b28], w e  have actually a  corresponding cocycle  P = 2

(Ce s „)  a n d  fo r  A  o f th e  form  .92 (C e „)  with C as above, we have a correspon-
ding co cyc le  P = 8 2  ( - Ce„z).

R e s u lt  ( i i i - 1 ) .  W e  have the f o l lo w in g  in d e c o m p o sab le  c o c y c le s  o f
d e g re e  1  w ith  respect t o  e3 8 :

Z 5 6  = (e 36
2)  - a 20 e38 + .• • ,

z44= a2  ( b 1 2 2 6 .8 8 ) -  ci42 e38 +  -• •

z48 - 6 2 (1212b18e38) - a4a8e88 ••• 9

Z 5 6  -  (92 (b1:e 3 6 ) _ a 8
2e36 + ••• ,

Z 6 8  -=  6 2 (b12e313 2) Y32e36

Z 7 2  -  1 6 2 (b 1 6 e 6 6 2)  -  3 1 8 6 e 3 6  

Z 6 0  =  6 2 (b 1 2 2 b 18 e3 6 ) a4Y20e3e+ • • •

Z 6 4  -  8 2 (b 1 2 b 1 6 2 e3 6 ) a8Y 20e36 •

Z „  =  0 2 (b 1 2 2 b16 2 e 8 6 )  = Y202e3e + • • • ,

z 104 = 1 2 0 1 2 2 /2 162b 28 e3 6 ) Y 6 8 e3 6  +  • •  •

Z 1 1 6  -  19 2 (b 1 2 2 1-7 16112282 e 3 6 )  -  y80e36 4 .- •  •  •  ,

Z 1 2 0  =  8 2 (b121, 15 2 8 2 e36) v84e38 - I-  • •

z 132 =  0 2 (b122 b162 b282 e313) Y 9 6 e 3 6  +  •  •  •

P r o o f  W e  have in d ecom p osa b le  co cyc les  -z „, 2 : 68 ,  z 72 , z 4 04 , z 118 , z 120 and
z 132 corresponding respectively to a2 0, V20, 3 2 ,  3 6 , Y 6 8 , Y 8 0 ,  Y 8 4  and y 8 6 . Therefore, if
each term  of a c o c y c le  A contains one o f a 20, v  v v20, 3 2 ,  3 8 ,  6 8 ,  8 0 ,  8 4  or 3728 , a cocy-

c le  beginning with A e 3 6 is decomposable.
C ocyc les  that w e have to consider next as A are polynomials in a 4 ,  a 8 , y 2 0 ,

1 3 6 ,  1 48 and  1 84 . Recall that 1 36 and 1 48 a s  w e ll a s  x 84 = b 28
3 a r e  'im m obile'

under a as before and so  th ere  is  n o  c o c y c le  corresponding to Ax36 6x4 j x841

+  (other cocyc les ) if there is none corresponding to A . In  particu lar, we have
none corresponding to  136 i x4si x84k .

W e  have now only to consider those A  in  Z 3 [a 4 , a 8 , n o ].
F o r A  a  sum o f a4 ,  a, and y 20 , there is no B  satisfying A b 2 8 =  0 B ,  whence

there is n o  c o c y c le  that begins w ith  a 4 e3 6 , a s es , o r  312 0 e3 6 . S o  th e  cocycles

corresponding to a 4
2 , a 4 a 8 , a 3

2
,  a 4 :Y 2 0 ,  a 8 Y 2 0  and v 20

2 are a ll  in d ecom p osab le . Any
monomial A  in a 4 , a, and n o o f  degree higher than 2  has one of a 4

1 , a 4 a 8 ,
( 7 4Y 2 1 1 , a 5 Y 2 0  or Y2021  whence any cocycle corresponding to such A is decomposable.

W e  have shown that the cocyc les  in  (iii-1) a re  a l l  the indecomposable
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ones o f degree 1  with respect to  es ,. q .e .d .

A  c o c y c l e  o f  degree 2  w ith  respect to  es ,  is  o f the form  P  =  A e 36
2 B e s ,

C w ith  A, B , C E  Z 3 [a 4 , as , a s ,, b„, b„, b s , ] .  Then  OP = 0  gives rise to

A =  0 ,  A k a =  — FIB a n d  Bbn  =  OC.

Therefore A  is  a  c o c y c le ,  fo r  which it is again sufficient to find, i f  any, one

corresponding c o c y c l e .  W e  have actually

(3. 9) There  is  a c o c y c le  P  = 0 2 ( D e 38
2 )  corresponding to a c o c y c le  A of the

fo rm  02 D  w ith  DE Z3 [a 4 , as , aso, b12 , b36 , b28].

R esu lt ( i i i - 2 ) .  T h e  fo llow in g  a re  th e  indecom po sable c o c y c le s  of
degree 2  w ith respect to es „:

W 8 0 =  0 2 ( b 1 2 2 e36 2 )  — a42 e362 j • • • •

T V 8 4  =  0 2 (b 1 2 b 1 6 e9 6 2 )  =  — a4a8e362 "  •  ,

W g g  =  0 2 (b 3 6 2 e66 2 )  =  a 8 2e3 8 2

W 9 6 —  0 2 (b 12 b 28 e2 6 2 )  —  — a4a20e362 •  •  •  ,

W 1 0 0  =  0 2  (b 16 b 28 e3 0 2 )  =  — a8a30e362 •  •  ' •

V 96 —  0 2 ( b i 2 2 b16e36 2 )  —  a 4y 20 e36
2 -I- • • • ,

V 1 0 0  — 0 2 (b 12b n
2 en

2 ) —  a8Y20e36 2 + • • •

V 1 0 5  =  0 2 (b122 b28e362 )  =  — a4Y32e362 + • • •

V 112 = (b 1 2 b 1 e b 2 5 e 3 8 2 ) = (a20Y20 — a6Y33) e36 2'  •  '

=  (  —  a n n o  a4 y36 ) e362 + • • •

( a 4 y 3 6  a8 y32 ) en' + • • • ,

V i l e  —  0 2  (b 1 6 2 b25e36 2 )  — .283)036 2 + • • •

/(112 0 2  (b ig 2b32 2 e36 2 )  = n o 2 e362 + • • •

t/124 (b322k6b28e362) =Y233/32e36 2 + • • •

u128 0 2  ( b i g b „ 2b28e36 2 )  =  — Y20Y30 e 322 +  •  •

P140 —  0
2 (b122 b„ 2 b28e3132 )  =  Y 88e30 2 ±  •  •

P 1 5 2  =  0 2 (12122 1 , 1617282 e36 2 )  =  Yeoe362•  •

P156= 02 (b12b1,2 1'282 e362 )  = Y84e362 ± • • • ,

P168= az  (1'122 b 162 b282 e362 )  = Yme362 + • • • .

P r o o f .  By virtue o f  ( 3 .  9 )  w e have 2 3  c o c y c le s  corresponding to the 23
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elements in  Lemma 3. 8. O f these cocycles 17 are indecomposable and the 6
corresponding to a2 0

2 ,  a  v- 20, 32 7 a v 322 , Y362 and  y 32 y 88 a r e  decomposable.
T h e  cocycles p„o , p 1„, p,„ and p ,„ corresponding respectively to y , v88, 80, 84

and y 9 6 a re  indecomposable, and any cocycle which corresponds to a  monomial
A  having one of y , Y 8 0 , Y 8 4  and y 9,  is decomposable.

N ote again that there is no cocycle corresponding to A x 3 8
4x 4 jx s ,' -I- (other

cocycles ) i f  there is none corresponding to A. In particular, there is no cocy-
c le  corresponding to x 36

1x 48
1 x 84

k . Thus w e have only to consider polynomials
in  a4 ,  a 3 , a 20,2 0 ,  Y 2 0 ,  Y 3 2  and y a ,  as A.

F o r  A = a 4 and  a 8 ,  there is no B  satisfying the conditions, that is, there
are no cocycles beginning with either a 4 e2 6

2  o r  et8 e2 8
2 . Recalling that there is

no cocycle beginning with either a 4 e 3 6  o r  a 3 e 3 8 ,  we conclude that te..,3 0 , -  - a 4
2e36

2

--•, ze84= - a4a8e362 + ••• and Tun =  - a 8
2 e33

2 + ••• are indecomposable.
For A  = a 2 ,  w e  have B =  -  b 2 , 2  ( 0 - k e r n e l )  but no C  in Z3 [c14 , a 8 , a 2 0 , 1 2,2 ,

I25 3 , b 2 3 ]  such that O C = B b 2 3 -= - b28' (other term s). Thus there is no cocycle
beginn ing w ith  ez2 0 e3 :  and  we conclude that ze, 90 =  - a 4 a 23 e38

2 +  ••• and wtoo
=  -  a 3 a 2 0 e 2 6

2 + • • • a r e  indecomposable. H ow ever, a  cocyc le  beginning with
a 2 0

2 e 3 6
2 is decomposable, since z 5 6

2 begins w ith a 2 3
2 e 3 0

2 .
There is  no cocycle corresponding to y 2 0 a s  there is no B  such that a B

=  -  y 2 0 1,2 3 ,  and there is no cocycle beginning with y 2 0 e3 8 . Therefore, a v=-- 4, 20e 982

+ • • • v 1 0 0 = a n d  u 1 ,1 =asY20e362 • ' • - Y2o2 e382 • • •  are indecomposable.
For A  = anY20 w e  have B =  - Onob282 +  (a-kernel) but no C  su ch  th a t C

=  - Y20b283 +  (o ther term s). Thus there is  no cocycle beginning with a 2 03120 e38
2 .

On the other hand, w e  h a v e  a  cocycle y 1 1 2 = v20 , 20  - a8Y32 ) e38 2  •  •  •  = a20Y20

- a 4 y 8 8 ) e 3 6
2  • - • .  Hence we conclude here that there is no cocycle beginning

with either ti 3 y 3 2 e3 8
2 o r  ct4 y 3 3 e2 8

2 ,  and also that z.,512 is  indecomposable.

For A = 3 , 32 and Yoe, we have B =1 , 1 2 132 8
2 (0 - k e r n e l )  and b16 b23

2 + (0-kernel)

respectively but no C . that is, there is no cocycle corresponding to y s2 o r  y 36 .

We conclude that v 108 ,  v 1 1 8 , u 124 and  11,1 3 corresponding respectively to - a4Y32,
- a9Y313, Y 2 0 Y 3 2  and - y 2 oy „  are indecomposable.

One can easily see that cocycles corresponding to a 22y 32 , a20Y 36, Y32 2 , 3'362

and y 82y 38
 a r e  decomposed in terms of the elements 2:5 8 =  -  a 2 0 e„-j- • • • , z 68 =  -  y 3 2

e3 8 + • • • , z 0 9 =  3 / 8 2 e3 6  + • • • and z 22 -- -y „ e „  + • • •

W e  have proved that the cocycles in  (iii-2 ) a re  a l l  the indecomposable

ones o f degree 2 w ith respect to  e5 3 . q.e.d.

Obviously we have

R e s u l t  ( i i i-3 ) .  The element .x 1 0 8 = 6 ' 3 8 3
 is  the only in d e c o m p o sab le  c o c y -

c l e  o f  degree 3  w ith  respect to  e3 8 .

It is  easy to  see that there are no indecomposable cocycles of degree higher
th an  3 . Th u s w e have shown
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Proposition 3 .  1 0 .  C o c y c le s  i n  Results ( i i ) ,  ( i i i - 1 ) ,  ( i i i - 2 )  a n d  (iii-3)

a re  a l l  t h e  in decom Po sab le  o n e s  w ith  n e ith e r a, n o r c„. A ny  cocy cle th at
h as  n e ith e r a ,  n o r c „  i s  t r i v ia l  i f  a n d  o n ly  i f  i t  i s  0  as  a  Po ly nom ial in
Z 3  [a 4 , a 2 , a 2 2 , b,,, b1 3 , b2 8 , e6,] .

We see

Remark 3. 11. ( 1 )  T he  g en erato rs  are  in  th e  02 -im age ex cept  a , ,  a , ,

y 2 0 ,  x 3 0 ,  x 4 8  a n d  x108;
(2) a ,  a n d  a ,  a re  in  t h e  0 - im ag e , b u t n o t in  th e  0 2 -im age;

(3) Y 2 0 5  x 3 0 5  x 4 8 ,  x 1 0 8  a re  n o t  in  t h e  0-im age.

Using the above and Lemma 3 . 8  we see that

(3. 12. 1) A  co cy c le  i s  in  t h e  0 2 -im ag e  i f  a n d  o n ly  i f  i t  h a s  no te rm  o f
the  f o rm  a4x26'x4si x1o8k , a6x364x435 x10e1 ,  x m

i x 4si x i o sk  o r  Y20x26
4
x43

5
x10ek ;

(3. 12. 2)  A  co cy c le  i s  in  th e  0-im age but not in  th e  0 2 -im age i f  an d  only
i f  i t  i s  a  su m  o f  a 4 X 3 8 4 X 481 .T108 7

, a 8 X 3 0 4 X 4 0 1 X 1 0 8 k  a n d  0 2 -im age;

(3. 12. 3)  A  co cy c le  i s  n o t  t h e  0 - i m a g e ,  i f  i t  i s  a  s u m  o f  x „ i x ,, i  xioak

3120x3ei x48i  x i o 8
k  a n d  an y  o th e r te rm s .

§ 4. Elements with a , and c,, in  C otor A  (Z s, Z,)

Now  w e study cocyc les  w ith  a , and C17.

(iv) C ocycles in  Z g { a,, c, 2 1

Clearly a 2 i s  a  co cyc le  and a 9
2 .-- dc„. It is easy to see that x 2 6 =  [a 2 , e 1 7 ]

is also a  c o c y c le .  The following lemma provides a convenient manner of writ-
ing elements in Z, .(a,. c„} .

Lemma 4 .  1 .  A n  e le m e n t a n i n  Z ,{ a,,c „}  of  degree  n  can  be  w ritten
as  f o llow s:

k  -1

" 2 , - 1  = da,, - 2  +  E  X 20 6
C 1 7 a 2 k  - 2 i - 2  ex,,'  l ag

i= 0

k - 1

a,k — d a 2 k _i + E x26 1c17a2k_m_, +
4=0

w h e re  a j  a r e  e lem en ts  i n  Z ,{ a,, c „}  o f  d e g re e  j  a n d  a o ,  e Z s .

P r o o f  (By induction.) S u p p ose  th a t the lemma is true fo r degrees up
to  2k. Then
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a2k+1 + a / 2ka,

k -1
-=  ( d a 2 k - i  E  X22 i C17a26-2ti-1 E 1 2 6 k ) C 1 7

i=0

k -1
▪ ( d a / 2k-i E  X2o i C17a i 2k -2i-1 E / X 2 0 k )  a,

i= 0

k -1
= d (ce,k _i c 1 7 4- a' 2 6 _1a9) E x2 6ic 17(a2,2_,c17+ ce2k -2i- ia9)

i=o

▪ ex 26
6 c 17 +  X 266a9  ce,k _

Now the last term a 2 6 _ 2a 9
2 can be rewritten as follows:

k -1
a 2 2 -1 a 2 2 =  ( d a 2 k - 2  E  X201 C17a2k -2i-2  E fr x 2 8 6 - la 9 ) a 9 2

i= 0

k-1

= d ( a , k  _241,2 +  E "X 2 6 k  1 C r a g ) X266C17a2k -2i-
 2

Thus ce2 6 + 1  can be written in  the required form.
Similarly,

a 2 k + 2  =  a2k +Icy, + a f2k+,a9

=  ( d a 2 k  E X 2 6  2 a 2 6 -21 e X 2 2 k a 9 )  17
i= 0

+ (da '  26 +  E  X213i C17 ( e 2 k - 2 i  S / x 2 ok a9 ) a,
i= 0

26 1— d (cY2 k ci 7  -1- a'21ca9 +6/X 2 akC i7 )
e x  k  + ex26ke37a9

+ E X26 i C17 ( a 2 - 2 c 1 7  a ' 2 6 - 2 1 C 1 0 ) a2ka02,
i= 0

and the last term a 2 k a 9
2 can be rewritten as

k -1
a 2 k a 9

2 = d a 2 k  + E X26 i C17a2k- 2i - 1+  e"x2,k) a,'
i =0

k -1

d(ce29_ 1a92 e x 2 6 k c17) + E x26ici7a2k_2,_Ia9 2 .
i= 0

Hence, a k k ,  can also be written in  the required form. q.e.d.

Proposition  4 . 2 . T h e  elements a, and  x 2 6 are  th e  only indecomPosa-
ble cocycles in  Z,{a,, c i 7 }.

P r o o f  Writing an element ce2 6 _1 in Z, (a9 , c1 7 }  o f degree 2 k -1  as in Lem-
ma 4. 1, we have

k -1

cia26-3= E  X26 i  (a 9 2 a2k  -2 i-2  C 3 7 da2 9  -2 2  - 2 ) •
i= 0
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Thus d a 2 k - I g i v e s  r i s e  t o  CY- 2 k - 2 4 - 2  =  ( 0 < i < k  — 1 ) (and also da20-2i-2 =  0 )

Conversely, i f  a 2 0- 2 4 - 2  =  (0 < i< k  — 1). then d a n _i  is  c lea r ly  O . S o  a n  i s
a cocycle if and only i f  i t  is  ± x 2 8

k - 1 a 9 .
Similarly,

k  -1

d a 2 k  =  E X k a i  ( a 0 2a 2 k - 2 / - 1  + C I 7 d a 2 k - 2 / - 1 )  =  0
1=0

if and only if a 2 0 _ 2 4 _ 1  = O0  ( 0 < i < k - 1 )  if and only i f  ct 2 k =  ±x29k .
Therefore a9 and x 2 3 are the only indecomposable cocycles in Z ,{a,, 6'17}-

q.e.d.

(y) Other coeyel es

W e shall find other cocycles w ith a ,  and c1 7 . W e shall use the letter f
to denote elements in  W .

L e m m a  4 . 3 . A n  elem ent f n  o f  d e g re e  n  w ith  respect t o  a ,  and c 1 7

c an  b e  w rit te n  as
k  -1

f 20 E X26 i C I 7 f2 k  - 2 1 - 1  + 1 2 8 k P +  (d-image),
1= 0

k - 1

f2k-I-1 = E  X20 eC 1 7 f 2 k - 2 /  X 2 0 k (C1213  +  a 9 Q ) (d-image),
4=0

w h e re  P  and Q  are  e lem en ts  o f  R =  Z 3 [a4 , a s , an, b12, 1'19, 1229, e39].

P r o o f .  W e sha ll use the letter a  to denote, as before, elements o f  Z 3

{a , c 17 } and the letter P  to denote elements with neither a 3 n o r  c 17 . Now,
the following identities will be needed in the calculation:

d a 2 k- i •P=-- d  ( a 2 k  _1 P ) +a2k-idP
k - 1

= d (a n  _,P ) ( d a , k _2 + E X26 1C 1 7 a 2 0 -2 4 -2  E X 2 6 k  l a g ) d P
1=0

— d(a 2 k- I P +  ce30-2dP E x2 9
A"  '  9 P )

k -1

+ E X29 1C 2 2 a 2 k -2 1 -2  ( a ,O P  c 1 7 0212 )
1=0

k -1

= E X26 1
C I 7 f 2 k  - 2 i - 1  +  (d-image) ,

and

d a 2 k . P -=  d (a 2 k P ) — a 2 8 d P

k - 1
=  d (a 2 „.P) — (da20 -1 + E  x2 6 ic1 7 a 2 0 -2 1 1  +  ex 2 9 8 )dP

1= 0

k - 1
d  (a 2 k P — a, k _i dP — ex291 —  X 2 0 i6 .1 7 a 2 k - 2 / - 1 ( a 9 O P + c 1 7 6 2 P )i=0
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k -1
=  E  X26 i C 1 7 f2 k - 2 t  (d-image) .

Consider now a n  elem ent of th e  form  a 2 k P:
k -1

a 2 k P— (da 2 0 _1 + E  X2t3
0
C I7a2k - 2i - I  + 8 1 26k ) P

1= 0

k -1

d a 2 0  - 1  P  E x2eic17 (ce,,,,P) x2ok (EP)i=0
k -1

= E
0 x26

1c17 (f2k_21_1 + a 2 5  -2 i-  I P )  X20k (6 P) + (d-image) .
J =

T h us a n  element f 2 ,  o f degree 2 k  can  b e  w ritten  in  th e  requ ired  form.
Sim ilarly,

a 2 k  + 1 P  = (da 2 k -i- E  X20 1 CI7 1
2 k -2 ( Ex,,k a 9 ) P

1= 0

k -1
E  x281c ,,  ( f  2 k - 2 i  +  a 2 k - 2 i P )  4 -  1 2 8 k  ( C 1 7 a 0 P  e a 9 P )
1=0

an d  an  element f 2 0 + 1  c an  a lso  b e  w ritten  in  th e  required  form. q.e.d.

W riting  an  e lem en t o f  W  as in  th e  previous lem m a, w e have

k -1 k -1

(4. 3. 1) df2 1  E  X28 i a 9 2f2 k  - 22 I  —  E  x2,3ic,df2k_2, + x „ k  (a 9 0 P + c 17 62 P ).
i =0 1=0

T h u s df21, 0  g iv e s  r is e  to  f 2 1 - 21 - 1 = 0  (0 < i< k —  1) (a n d  df2
k - 2 i - i  = O )

an d  O P = 0  (th at is ,  P  i s  a  cocycle) , an d  th e  co n v e rse  is  clear. T h ere f o r e
w e  have

(4. 4. 1) df, k  = 0  i f  a n d  only 1f  f 2 1 ,  i s  o f  th e  fo rm  f2 k = x 2 ,k  A, where A is
a  cocycle w ith neither a, nor cr.

Sim ilarly,

k -1 k -1

(4. 3. 2) df,1+1— E  X2Cl i a 9 2f2 k -2 /  E  X20 1 C I 7 d f 2 k - I i  X 2 6 1 , a 9 2  (P  0 Q )1=0 1-0

— x,,k c,7 (a 9 6 (P —0Q) + c 12 62 P) — 272 9 " - '02 Q.

T h u s d f2 1,+1= 0 i f  a n d  o n ly  if  .f2k =  0  ( 0 < i< k - 1 ) ,  P = O Q  a n d  OP
=0 2 Q = O. T h a t  is,

(4. 4. 2) d f 2 1 , + i =  O  i f  a n d  on ly  i f  f 2 k4 , i s  o f  th e  form.

f2 k  + 1  =  X 2 6 k  (C 1 7 1 9 Q  a9 Q) w ith 02Q=0.
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Thus w e have only to determine co cyc les of the form

f i =c, 7 0 Q + a ,Q  w it h  a2 Q = 0 .

In case 0Q-=0, f,  is  a  product a a  with Q a c o c y c le .  We obtain no new
cocycle.

In case 0 Q * 0 ,  aQ  is  a  co cyc le  as 2 Q = 0 .  I f  there is another Q ' such

that Q ' = 3 Q ,  then the difference of f i  =- cia+c270Q a n d  f,' = a,Q ' +c, 7 0Q  is
a  decomposable co cyc le  a , (Q — Q ') .  Thus, it is sufficient to choose one Q for
a  cocycle  Q .

N o w , if aQ is in  th e  02-image, say aQ =a 2 R , we can choose Q=-012, but

then

fi=a9and-cl,a2R=dR.

B y  (3 . 1 2 . 2 ) , the on ly co cyc le  o f th e form  aQ  but not of the form  02 R
is a  sum of

a4 x 8 9
8 x,8

1 x, a 8
k  , a s x 8 ,i .x4 8

.1 x1 ,8
k  a n d  02-image 02 R'

In particular, for a Q = a , and a g ,  taking Q = — b „  and — b„ respectively, we
have

— Y21 = a2b12+c17a4 a n d  — y2 5 = —a9 b„-kc i ,a8 .

F o r  Q = E a  ( j ,  j ,x 4 8 1  x i o s k E  8 ( i ,  j ,  k )a 5 x 3 0 ' .x 4 8 i xioek  a z R '  (a (i, j ,  ,

j ,  E Z3 and  i , j ,k = 0 , 1, 2, w e  have a decomposable cocycle

f i   -  E  a (i, j ,  k)y2 i x38
. x 48j  xioak E  ( i ,  j ,  k)Y25x3: x48i  xi o 8

k  d R ' .

Thus w e have

R esu lt ( y ) .  W e  o b tain  i n  (y )  t w o  n e w  cocycles

Y 2 1  =  a 9 b 1 2  C 1 7 a 4  a n d  y 2 5 = a9b26 — c27a9 •

Now we can express (4 . 4 . 2 ) more concretely as follows (incidentally we
repeat (4 . 4 . 1 )  just fo r  convenience).

Lem m a 4. 4. ( 1 )  For an elem ent A I, o f  degree  2k, df2 k = 0 if  an d  o n ly
if  f 2 k  i s  of the f o rm  x,, k A  w i th  A  a  cocycle  w ith  n e i th e r a , n o r c17.
( 2 )  F or a n  elem ent f 2 , . 1  o f  d e g re e  2k+1, df, k + , =0  i f  and only  if  f2 k + i  is
a  su m  o f

x,,ka,A, .272 0 " y x 4 x 4 8
- i x h  a n d  x 2 9 k y2 5 x 8 6 'x 4 8

i x, 0 8 ",

w h e re  A  i s  a cocycle w ith  n e ith e r a , n o r
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N ow  that w e have found all generators of Cotor A Z 3 )  , we shall check
the commutativity among them and seek relations between generators.

Proposition 4 . 5 . Cotor A  ( 4 ,  Z 3 )  is com m utativ e .

P r o o f .  To beg in  w ith  w e have the follow ing d-images:

(4. 6. 1) a9 2= 6 16'17, y21 2 =  d (c17 1 , 122 ) , Y 2 9 2 = d (6'1712192 ) •

a9Y21 X 2 8 a 4 Y 2 1 a 9  X 2 6 a 4  =  —  [as, 3)21] = d  (6'121212)

a 9y 25 X 2 6 a 8  =  Y 2 5 a 9  - V 2 6 a 8  = [a g , Y 2 5 ]  d  (crb is)

Y21Y25 X 2 6 Y 2 0  Y 2 5 Y 2 1  X 2 6 / 2 0 [Y21/ Y25] -= d(c,,b121216)

z 2 6 ]  — d(c 17
2 )

[Y 21, z 25 ] — 
d ( c 1 7 2 b 1 2 )  ,  [ y ,  x 2 0 ]  =  d ( c 1 7 2 b 1 5 ) .

In  W ,  [a 9 , P ]  = c 17 0 P  h o ld s . I f  A  is  a  cocycle with neither (13 n o r  c ,„

w e have

(4. 6. 2) [a 9 ,  A ] = 0.

Since A  commutes w ith  a 9 ,  e 1 7 ,  a 4 ,  (18 ,  1,1 ,  and b , , ,  w e also have

(4. 6. 3) [y ,„  A ] = 0, [ y „ ,  A ] = 0 a n d  [ x „ ,  A ] = 0.

Therefore commutativity holds in  Cotor, (4 ,  Z 3 ) . q.e.d.

Recall that the differential operator d  augments the degree with respect
to  a ,  and e 1 7 b y  1. Therefore, Ef 1 e d-im age occurs with different degrees I
only when each f. E d-image.

L em m a 4. 7 . T h e  f o llo w in g  e le m e n ts  are  n o n -triv ial:

x 2 6
k x 3 6

1 x 4 9
1  x i o s

h , x 2, k Y20x36i x49i  xio9 h ,

z 2 6  a 4 x 3 6 x 4 9
1 x 1 9 9 , x 2 e

19
 asx96 i x49i  x1994

.272 0
k x 4 9 .  I  x 1 0 , 4  , x 2 6

k  a9Y 20x9,i  x491  xio9

a n d  th e y  a re  lin e arly  in d e p e n d e n t, w h e re  k , i ,  j ,  h  a r e  non-negativ e  in -
tegers.

P r o o f  By Lemma 4.4  a  c o c y c le  f . 5 1 o f  degree 2k+1  is  o f th e  form

.f2k-Fi = x26k a9A +2: 26
k E a  (i, h l  v  x :27 + Y1,3 ) v x21 - 88i-481-108h (• - - h ,  25x - 48.1-x 108h

=  z 2 6
6  ( a 9 ( A +  a  (i, h) 612x36 i 1451 x159 h  +  Ei? (i, h) h i o x m

i  x49i  xiosh)
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+ c17 ( — E a (i, j, h) a 4x 3 8
1 x 4 8

1 x 1 0 8 h — E3 (i, i, h ) a8xm i x48i xio3h ) )

where a ( i , j ,  h ) ,  3 ( i ,  j ,  h) E  Z „  A  is a  c o c y c le  w ith  neither a , n o r  c1 7 and

Ea (i, j, h) a4X36 i X48 i X108 h  h )  as x 2 9
i x 4 2

/ x i o 8
h  i s  n o t  in  th e  02 -image by

(3 . 1 2 . 2 ) .  On the other hand any element f 2 k  o f  degree 2 k  is written as in
Lemma 4 . 3 :

k  -1

f 2 k  =  E x . i c i 7 f 2 k  -2/-1 X 2 6 9 P  +  (d -im age) ,
i=0

and its d - im a g e  is calculated a s  in  (4 . 3 . 1 ) :

C if 2k  —  E 
1 

X26 i a9 2f2 k  -2 i -1  E x 2 9 i c 1 i d f 2 k , _ 9 + x 2, ,k  ( a9 0 P +c 1 7 6 2 P ) .i=0

Comparing our c o c y c le  f 2 9 + 1 w ith  d f2 k ,  we see that f 9 9  is not in the d -im age

so long as it has a term  x„ky, i x , 6i  -48 i  -108 h  o r  x299 Y25x3ei x485 x1091'• That is to say,
x„k y2 i x„i x 4 ,.1 x„,h and x289 Y25x369 x489 x1081  are non-trivial, and they and x ,,k a ,A  (if
the latter is  non-trivial) are linearly independent.

Comparing x „ ia ,A  again with d f 2 9 ,  we see that x,,ka ,A  is in the d -im age

only when A =  OP and x„ka,OP =  P )  .  R e fe rr in g  to  ( 3 .  1 2 .  3 ) ,  we see
that

x2aka9x96ix4,-/ x i o s h 2 a 9 Y 2 0 X 3 e f  X 4 /X 1 0 8 4

and their sum are non-trivial.
A  c o c y c le  o f  degree 2 k  2  is, by Lemma 4 . 4 ,  of the form x 2 6

k +1 A  where
A  is a  c o c y c le  with neither a , nor e1 7 . A n d  any element f 2 k + 1  of degree 2k
+ 1  is written as in  Lemma 4 . 3 :

k  -1

f 29 +1 =  E X26 i C 1 7 f2 9  -2 i  x26
k  (c i ,P  +  a ,Q ) +  (d -im age) ,

and its d -im a g e  is calculated a s  (4 . 3 . 2 ) :

k  -1 k  -
Cif2k  +1 —  E X 2 e ia 9 2 f2 k -2 i

1

E X26 i CI7C1 f 2 k  +  X 2 9
9 a 9 2 (P—  6 Q )

1=0

— x,, k  (a ga  (P  —  0 Q ) +  c 17 192 P) — x,,k + 1 02 Q .

Comparing x 2 9
6 9 1 A  w ith  d f2 k + i , we see that x 2 6

k +1 A  is in the d - im a g e  only
when A =  0 2 Q )  ,  and then

I 2 , k + 1 0 2 ( — Q) = d (x26 ' (a9Q  ci78Q )) •

S o  b y  ( 3 .  1 2 .  2 )  and  ( 3 .  1 2 .  3 )  we see that

ki fx28 Y 20X 36 148
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x 2 ,k a 4 x 2 ,i x 4 5
1x , 0 5

h , x 2 5
1`a5 x 3 6

i x 4 8
1x 1 5 5

h

and their sum are non-trivial. q.e.d.

We prove

L em m a  4 . 8 . A  co cy c le  w ith  a ,  an d  c 1 2 i s  e i t h e r  t r i v ia l  o r a  lin ear
com bination  o f  cocy les  i n  Lemma 4. 7.

P r o o f  R eca ll from  (4 . 6 . 1 )  the relations:

a 9
2 = de 1 7 , Y212 d (c 17 1 '122 ) , =  d (c97b1e2 )

a9Y21— X 2 8 a 4  d(cub12), a 9 Y 2 5 X 2 8 a 9  d(c171)16),

Y21Y25 X 28Y 20  d (c17b12b16) •

Thus any co cyc le  is reduced to a  cocycle, each term of which has at most one
o f a 9 ,  y „  or y2 5 .

W e  have shown that

(4. 9. 1) x 2 5 62 Q = d (—  a,Q —  c i 2 6 Q ),

and  a ,O P = d P ,  in  pariticu lar,

(4. 9. 2) a,a z Q = d  (0Q ) , a 9 a4 = d (— 1) 1 2 ) , a 9 a 5 = d (— .6. 1 9 ) .

Finally, w e have the follow ing d-images:

(4 . 9 . 3) Y2162Q = d (a n +  )1 2 6 0  ,  Y 2 5 6 2 Q =  d  ( a n  b 1800

Y21a4= d (b 122 ) , y25a5=d(b182),

Y21a9 a 9 Y 2 5  —  3Y25a4 (1 9  VIS d  ( 12
121)

16) 5

Y 2 0 /20 d ( 7122 1216) Y25Y20 d 712b 182 ) •

Using these relations we see that any monomial in cocycles is either trivial
o r  equivalent to one o f co cyc les in  Lemma 4. 7. q.e.d.

T h e o re m  4 .1 0 . F o r A = H* (X 7 ; Z3 ) , w e  h av e  as  algebra

C O t O r A  ( Z g ,  Z 3 ) Z 3  [a 9 , Y 2 1 /  Y 2 5 /  X 2 9 /  614 , a9 , an , X 3 9 ,  X 48 , X 84/  X 108

Y20/ Y32 , Y 3 8 , Y 88/ Y 80/ Y 84/ Y 98/ Z 58/ Z 44/ Z 48/ Z 52/ Z 88/  Z72, Z 8 0

Z 64 , Z 79/  Z 104 , Z 118/  Z 1 2 0 /  Z 1 3 2 /  W 8 0 /  W 8 4 /  W 8 8 /  W 9 8 /  W 1 0 0

V gg , V 5 0 0 , V 1 08 5  V 1 12 /  y1 1 8 /  a1 1 2 /  / 1 1 2 47  a 528/  P 140/  P 152/  P 158/  P 1138] /0

w h e re  p  i s  th e  id e al g e n e rate d  b y

i) e le m e n ts  w h ic h  a re  0  as p o ly n o m ial i n  Z3 [ a 4 , as, a n /  b12/ b19, b 2 8 , e 3 8 1

(4 2 ,  Y212 , Y 2 5 2 ,
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a 9y 21 -+ X 2 6 a 4 , a 9 3 125 x26a8, Y213125 • X263120,

iii) a 9
2 2, Y 218 2 Q, Y 250 2 Q , x 260 2 (2,

a 9 a 4 , a 9 a 8 ,  Y 2 1 a 4 , Y 2 5 a 8 , Y 2 1 3 120, Y 2 5 Y 2 0 ,

Y 2 1 a 8  a9.v20= 3/25a4 a 9 Y 2 0  =  Y21a8 Y25a4.

(See Results (ii) , (iii-1) , (iii-2) , (iii-3) and (IT) for the expression of the
generators in  terms o f a,' s, 1 1 's ,  c 17 an d  e„. See also Remark 3. 11 fo r  prac-
tical use of the 02-image.)

§ 5. Cotor B  (Z3, Z 3 )  w ith  B  1 1 *  ( X 3 ; Z3)

T h e  Hopf algebra structure of H * (X ,; Z ,)  is very alike that o f H * (X 7 ;
Z ,)  (  [6 ] and [7] ) :

(5. 1) I/* (X 6 ; Z 3 ) Z3 [19] / (x) ®A  (x 3 , x 7 , x 9 , xn, x15, x17)

w here deg  x i = i;

(5 .2 )( x i )  = 0f o r  i=  3, 7, 8, 9,

0 (x 1)  = x ,O x i _ ,  f o r  = 11, 15, 17,

w here i s  t h e  r e d u c e d  d iag o n al m ap  in du ced  f ro m  th e  m u ltip lic atio n  on
X 6 .

N o ta t io n . B = II*  (X,; Z 3 )  and T 3 = *  ( X ,; Z 3 ) .

We construct an injective resolution of 2 3  over B  quite similarly to that
in  § 2, taking M  to  be  a  graded 4-submodule o f  B  generated by

'{X 3 , 1 7 ,  1 8 ,  1 3 ,  X I I ,  X15, 1 17, :-C82 }

and naming the set o f the corresponding elements under the suspension s  as

(5. 3) s/11-= -4/4, a 8 , as, an, bn,  b 1 3 ,  bn , cal •

N ow , w e  put

V = T  (sM ) /  J

= Z 3 {a4 , a 9 , a 9 , a,,, b,,, bi,, I 719, c17}

where J  is  the ideal generated by

(5. 4) [a , 3 ] f o r  a l l  P a i r s  ( a ,  3 )  o f  g e n e rato rs  o f  V  e x c e p t  (a 9 , b)
( j=  12, 16, 18) a n d  (a„ c37) ,

[a„ b i ] c17ai -8 f o r  j = 12, 16, 18,

w h e re  [a, = aj3 ( -  1) *3a w it h  * = deg a • deg d.
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We construct the twisted tensor product V= BC)V a s  in  §  2 . Then the
differential operators e l  in  V  and d  in  V  a re  given by

(5 .5 )d  ( ., 10 1 )  1C)a,, 1f o r  i = 3, 7, 8, 9,

d (x , 201) =1C )c ,,-  x ,C )a,

1(x J C)1) x,C)ai_, f o r  j = 11, 15,17;

(5 .6 )d a , - - =  0 f o r  = 3, 8, 9, 10,

dc„= a 8
2 ,

db f -  a , d f f o r  j = 12, 16, 18.

N ote that V  contains the polynomial algebra S  Z 3 [a4 , as, an, b12, b16, b18].
Quite similarly as before one can show

T h e o re m  5. 7. V  is  an  in jec tiv e  reso lu tion  of  Z , o v e r B = H* (X 8 ; Z 3) .

C o ro lla ry  5 .8 .  H  ( V  : d ) =K er d/Im Cotor B  (Z 3 , Z 3 ).

Before we calculate H (V  : d )  we observe that the Hopf algebra H* (X ,;
Z 3)  is obtained by replacing x i ,  and x ,,  in  H* (X ,; Z 3) w ith  x ,  and x 1 7 r e -
spectively and by omitting x 3 ,  in  H* (X ,; Z 3) . This corresponds to th e  fact
that V is obtained by replacing a,, and b ,, in  W  with a 1 0 and b,, respectively
and by omitting e3 0 i n  W .  Thus th e calculation of cocycles is done almost
sim ilarly to but more simply than the case of X ,.

Parallel to the case o f X , we shall find cocycles in  the following steps:

(i) cocycles in Z 3 [a 4 , a,, a„, b 3 2 , b1 6 ],
(ii) ' those in Z 3 [a 4 , a,, a,,, h,,,b„,b,,],
(iii) ' (this is not necessary, since there is no e38 )
(iv) ' those in Z 3 {a9 , c 17 }
(y) ' other cocycles.

In  order to calculate H (V  : d )  we define an operator which we denote
also by a:

(5. 9) 0a4= 0 , 0a8= 0,a a , , =  0 ,

01,12 = - a 4 ,- a 8 ,  o b i .=  ail),

and extend it over S = Z 3  [a4 , a 8 , a 1 0 , b 1 2 , b 1 6 , b1 8 ] b y  (3 . 2 ) . L em m a s  3 . 3  and
3. 4 again hold fo r  P  in  S.

(i) (ii) ( iii)  ' C o cy c le s  in  Z s [ct,, a8, cxo, b12, b18, b18]

T h e  calculation of cocycles with neither a, nor c17 is  as above except that

w e  have no step (iii) :
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P rop ositio n  5 .  1 0 .  W e  h av e  the f o l lo w in g  in d e c o m p o s ab le  c o c y c le s

w ith  n e ith e r a, n o r e rr:

a 4 ,  a , ,  a , , ,

X 3 8  =  b 1 2 3 5 x 4 8  —  b10 3 , x 3 4  —  b 1 8 2 ,

Y20 —  a e b n  a tb io ,  Y22 —  a4b18 a10b12, Y28 a8b18

Yee =  02 ,  Yeo = 0 2 (b122 b Able)

Yee =  0 2 (1'121, 15 1 8 2 ) , =  0 2 (1)122 b1e2 b182) •

Lemma 5 .  1 1 .  The elem ents v 187 v 8 0 1  ,v 8 4 1  ,v  an d  the f o llow in g  Pro d uc ts78

ap p e ar in  th e  0 2 -im age:

a 4
2 = 02 ( — 12122 )

a4a8=-0 2 ( — b12b16),

a4Y20 = 02 (b 1 2
2 b1 0 )

a4y22 = 02

( — b122 1)18)

a 8 y 28(  —  b 10
2b 18 )

a 8 2 _ 0 2  (  / 1 1 6 2 )

a4a10=0 2 ( - 1, 12b18),

6183)20 = 0 2 ( - 1 7 121 , 162)

(110'22=0 2 (bak e)

a10Y 26 = 02 ( 1)161)182 )

2 0 2  ( b i s 2) ,

a 8 a 1 0 — 02 ( biebio

a 4y 28  a 8 Y 2 2 a8Y 22 a 1 0 Y 2 0  = a10Y20 a 4 Y 2 8  = = (1312b18b18)

y 2 0 2 0 2  ( b122b182) y222 0 2 b122b182) y2 6 2 0 2  ( b182b 18 2)

n0Y22 = 0 2 (12122b1eb1e) Y20Y20 = — b12b162b1e) Y22Y2e =  02 ( 
1

12b1eb182)

and P • 0 2 Q = 0 2 ( P Q )  f o r  a n y  c o c y c l e  P  w ith  n e i th e r a ,  n o r c„.

Lemma 5 . 1 1  is just th e  interpretation o f th e  corresponding Lemma 3. 8.

N o te  th e  following:

(5. 11. 1) The g e n e rato rs  a 1 0 ,  y 22 ,  y , a n d  x , ,  c o rre s p o n d  to  a 20 = 6 2 e28 , y32

=  0 2  b12e26) Y 38  =  b18e28) and x „ =  0 2 (  —  b 2 8 e2 8
2 ) re sp ec tiv e ly  in  t h e  case

o f  X 7 7 b u t  th e y  are  n o t  in  th e  02 -im age;

(5. 11. 2) In  Lemma 5 . 1 1  w e hav e a 02 -im age

alono a8y22 = — aiono — a4 y2 0  =  a4 y26 a 0 Y 2 2  =  02 (b.b.bis),

though  a i o n o , a 8 n 2  and a 4 y2 0 a re  n o t  in the 0 2 -image, w h ic h  d id  n o t o c c u r
in the final ré su m é  o f  02 -image in X 7 (Rem ark (3 . 5 ) ).

Remark 5 .  1 2 .  O f  the generators,

( 1 ) Y b , Y 8 0 ,  Y 04  and y 7 6
 a r e  i n  the 02 -im age;
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(2) a ,= 8  ( — b12) , ag "=" a b u )  a n d  a10=8(— b18) are  in  th e  0 -im ag e , bu t not
in  th e  6 2 -im age;

(3) Y20 , Y 2 2 ,  Y 2 1 3 ,  x 3 8  X 4 8  a n d  x „  a re  n o t  in  the  0 -im ag e .

Using the a b o ve  and Lemma 5. 11  w e see  that

(5 . 1 2 . 1 )  M o n o m ia ls  i n  c o c y c le s  w ith  n e ith e r a ,  n o r c l ,  e x c e p t th e  ones
i n  (5 . 1 2 . 2 ) a n d  (5 . 1 2 . 3 ) are  in  th e  6 2 -im age;

(5 . 1 2 . 2 ) a ,x 3 6
i x 4/ x,, k  , asx3 o

i x4si  x54k  , a10x86 (  x4ej  x5, ,

x54' , a8Y22x36 1x485  x,, k  a n d  a10Y20x361x481 x540

are  in  th e  0 - im ag e , b u t  n o t  in  th e  0 2 -im age;

(5 . 1 2 . 3 )  x 3 6 9x4ai x54k , v 20x3eix481x54k. y 2 1 1 , 8 !1 4 / 154k an d  3/26x3e6 x481 x54k

a re  n o t  in  the  0 -im ag e .

N o te  (c f. (5 . 1 1 . 2 ) ) that

a 4 Y 2 6 X 3 0 1 4 e 1 54k  =  a 10Y20x3e6x495x548 +  (02 -image)

a 8 Y 2 2 X 3 6 i  X .I8 j 1 54k  =  a 10Y20x36
j x48-ix 3412 + ( 02-image).

From  now on until the end of the calculation of C o to r , (Z ,,  Z 3 ) , we shall
always replace a i y26x36

i x4si x5ik and a8Y22x38i x4Ix548 b y  the right hand sides of the
a b ove  relations.

Such replacement done, we have the following:

(5 . 1 3 . 1 ) A  c o c y c le  i s  in  th e  0 2 - im ag e  i f  an d  o n ly  i f  e ac h  t e r m  o f  th e
c o c y c le  is  in  t h e  0 2 -in ta g e ;

(5 . 1 3 . 2 ) A  c o c y lc e  i s  in  the  0 -im ag e  b u t no t in  the  6 2 - im ag e  if  an d  only
i f  i t  i s  o f  th e  f o r m

( a  s u m  o f  a 4 x ,, i x 4 es x54k  , asx3e i z a j x54k  , )
+  (6 2 -image)

\a i o x 33
i x 48

5/ 54
k a n d  aloY20x3si x481x54k

(5 . 13. 3 ) A  co cy c le  is  n o t in  the 0-im age  i f  an d  only  i f  i t  i s  o f  th e  f o rm
( a  su m  o f  m o n o m ia ls  i n  (5 . 12. 3)) -I- (an y  c o c y c le ).

(iv) ' C o c y c l e s  in  Z 3 '((1 9 , c 1 7 }

No change is needed in  step  ( i v )  '  and we obtain

Proposition 5 .  1 3 .  T h e  elem ents a ,  a n d  x „ =  [a „  e 1 7 ] a r e  t h e  only
indecomPosable cocycles  i n  Z 3 -{a,, c 17 } .
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(y )' O th er cocyc les

The argument is almost the same as  in  ( v )  and w e  have

(5. 14. 1) F or a n  e lem en t 
f 2 6

 o f  d e g re e  2 k  w it h  re s p e c t  t o  a ,  and c1 7 ,

d f2k=0 zj and o n ly  if  f „  i s  o f  the f o rm

f26 -=-x26' A  w i t h  A  a  cocycle  w ith  n e i th e r a ,  n o r c17;

(5. 14. 2) F or a n  elem ent of degree 2k +1 w ith  respect to  a, and c17.

d f,,, , ,= 0  if a n d  o n ly  if  f 2 6 + 1  i s  of the f o rm

f2k+,— x26k (a9Q + c 1 7 8 Q )  w ith  02 Q-= O.

Using these formulae we see that we have only to determine cocyc les  of
the form

-=a9Q+c170Q w ith  02 Q =0  .

In case 8Q -- -0 ,  f ,  is a  decomposable co cyc le  c19 2  w ith  Q  a  cocycle.

In case O Q *0 , 8 Q  is a cocycle as 02 Q  O. I f  O Q =0 2 R  for some R ,  then
choosing Q  to  be O R , w e  have f,  =a 9 8R+c, 7 62 R --d R , which is a trivial cocy-

cle. B y  (5 . 1 3 . 2 ) a  co cy c le  of the form  O Q  but not o f  th e  fo rm  02 R  is a
sum of

a 4 / 3 6
i X 9 9

1 X 5 4
6

9 a 9 X 3 5 i X45 i X54 1' a10x99 1x48j x546 , a10Y20x36'x481x546 a n d  (8 2 -image).

In particular, for d, = 0 (— b12), a8 = O ( - 1)19) and a 1 0 -= 8 ( — b1 8 )  ,  w e  have

Y 2 1  =  a9b12 c17a4, Y25 = c0a8 arid Y 2 7  =  a 9 b 1 8  C 1 7 a 1 0  •

A n d  fo r OQ o f th e  form  o f a  sum above, we have a sum of

Y21S38
0
X45j X54

6
 —  Y 2 5 X 3 ( i i i.18 j .X54k ,

Y27a10X343 1X 4 / X 5 4
1"

 9 Y27Y2 0 x96
i x 4 9i x 5 4

6 a n d  (d -im age).

Thus w e have three new indecomposable cocycles with a, and

Y 2 1 ,  Y 2 5  and Y27.

C179 namely,

R e m a rk . The cocycles y 2 1 an d  y2 , are the sam e a s  in  (N ), and the co-
cy cle  in  (N )  th at  c o rre sp o n d s  to  y2 7  i s  a  t riv ia l  one cz9 b2 9 —c 1 7 a2 0 =d(—  e 3 6 ) .

Look ing at (5 . 12. 1) •-•-• (5 . 1 2 . 3 ), we see that we have found all cocycles

to be found in  (v )

R e s u lt  (v )  '.  W e have th re e  cocycles i n  s t e p  (v )' :

Y 2 1  =  a9b12 c1 7 a4 , Y 2 5  =  a9b18 — c17a8 a n d  y2 7 = agbis —  caul° •
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W e have seen also

Lemma 5. 14. ( 1 )  F o r a n  elem ent f 2 6  o f  d e g re e  2 k ,  d f , k = 0  i f  a n d
o n ly  if  f 2 k  i s  o f  th e  f o rm  ..27,,k A  w h e re  A  is  a  c o c y c l e  w ith  n e ith e r a, n o r
C17 ;

( 2 )  F o r a n  elem ent f 2 k + ,  o f  d e g re e  2 k + 1 ,  d f 2 k + i
-= 0  i f  a n d  only  if  f 2k +i

o f  the f o rm

V .27.' 3 : .77o f  Y21X36 i X48j X54 1'2 5 -  3 6 1 -- 48i - 54 4  )
X26 k  {  a  A -I-

an d  y27Y20x36' x48j  hx54

(a su m

 4 8 j-V 5 4 h

w h e re  A  is  a  c o c y c l e  w ith  n e i th e r a ,  n o r c 1 7 .

H ere  w e  have the fo llow ing d-images:

(5. 15. 1) I n  ad d i t io n  to  th e  d - im ag e s  in  (4. 6. 1 )  w e  hav e

3
272 d  (c17b182 ) [3'27, x23] — d (c172 b18)

a3y27 -1- x2ealo = Y27a 9 X 2 6 a 1  = [419, Y 2 7 ]  =  d(cubi8)

Y21Y27 X 2 6 Y 2 2  =  Y 2 7 3 72 1  +  X 2 6 Y 2 2  = [Y 2 1 ,  Y 2 7 ]  -  d ( c 1 7 1 , 1 2 b 1 8 ) ,

Y25Y27 X 2 6 Y 2 0  =  3 127325 X 2 6 Y 2 6  = [Y 2 5 ,  Y 2 7 ]  -  d ( c n b i 2 b 1 8 )  •

In  addition to the relations (4 . 6 . 2 ) and  (4 . 6 . 3 ) w e have

(5. 15. 2) [ Y 2 7 ,  1 1 =  0 f o r  P  w ith  n e i th e r a ,  n o r c 1 7 .

T h u s w e  have

Proposition 5. 16. Cotor B  ( Z 3 , Z 3 ) i s  com m utativ e.

sim ilarly

Lemma 5. 17. T h e  f o llo w in g  e le m e n ts  are  n o n - triv ial  an d  th e y  are
linearly  independent.

X26k3C36iX48IX64h 1 2 6 k 1 4 1 3 6 (1 4 8 i1 5 4 h ,

x26k Y20x36i x48i x54
34

,  X 26k Y22 1 36i 1 48i 1 54h  9

X 2 6 k a gX30 197.48i X 54 h
 X 2 6 k  agY 20x3o i x4si x54h ,

X26 k 3 / 21 X36 i X48 j X54 h  X 2 6 k  y 2 5 x 3 e i x .sa i x 5 4 4 ,

x286a,x1x445x541 ,

..r 2 o
k y 2 ,x 3 , i x , i x „ h ,

x 2 6
1'a 9 y 2 2 x 3 e

1 x 4 8  x 5 4
h ,

x 2 8 '3 , 2 7 x 3 6
i x , , i x 5 4

h ,

x 2 6
k a i o x s o

i x 4 8i x „ h ,

.27„k a , y x i x 4 i l x 5 4
h ,

y 2 7 y 2 0 323 9
i  x 4 9

1 x ,, n .

P ro o f .  T h e  argum en t is  the sam e as in the proof o f  Lemma 4. 7.
A  cocycle 26+1 o f  degree 2k+ 1  is ,  by Lem m a 5. 14 , o f th e form

f  X26 k  V21X96 i X48i X64 h , 1 26k y25X39 6 1 48i 1 54hx 2 8 k a  s u m  oa 9 A  +  ( 

\3726k Y27X301 X4Ai .T54h  a n d  129kY27Y20X3Elix4/154h

= x28 6 (a9 ( ) +c170(2 ),
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where the O Q  was taken not to be in  the 62 -image a n d  A  is  a  c o c y c le  with
neither a ,  nor c 1 7 . Comparing f2k , 1 w ith  d f2 k  as  in  th e  proof o f Lemma 4. 7,

we see that such an f , k + ,  is not in  th e  d - im a g e  s o  lo n g  a s  it h a s  a  term
x26k nix36 i x a l x544 , x 2 o k Y2B-r36

4
x48

2
x644 , 1 2 6 k Y27136'148i 151h o r  x26k 3/27Y20x3 i x48-lx1 ,240n; y 2 7 1 :0

other words, s26k n ixm i x48j x54h , x2 6 k Y25x3ai z a i x64h , x2 6 k Y27x361x481 x54h and
x 2 8 '.x4 /2:5 4 '  are non-trivial and they and x 2 6

9 a9 A  (if it is non-trivial) are linearly
independent.

Comparing x 2 6
9 a9 A  again with d f,,,  we see that x 2 6

9 a9 A  is in the d-im age

only when A =  OP ,  and then x 2 6
9 a9 6P=  d (x 2 ,Y )  .  Referring to (5 .  1 2 . 3 ),  we

1

48i 1 54h  z 2 6 k  a 0/22 X313 i  X 4 / X 5 4 4  • X 2 6
9  a 9Y213X36 i X 48 isee that 126k a2x36'148.1154h , 1 2 6 k  a9Y21/36'

1 5
4

h  and  their sum are non-trivial.
Again by Lemma 5 . 14 , a c o c y c le  o f degree 2k+2 is of the form  x,,,k -" A ,

where A  is a c o c y c le  with neither a, nor c 1 7 . Comparing x 2 ,k +1A  with d f , , ,  as
in  the proof o f  Lemma 4 . 7 , we see that x „ ' " A  is in the d -im a ge  only when

=  6 2 ( —  0 ) ,  and then

1
2 6 k+16 2( _ d (x ,, k (a9Q+ c1719Q)) •

B y  (5 . 12. 1 ) (5 .  1 2 .  3 )  we see that

X 2 9k 1 581 X 48 5  X54 h X 2 6 k a 4 X 3 6 i X 4 9 i X 5 4 h  X 2 6 9  a 8 X 36 i X 48 j X 54 n  X 2 6 9  a19x3ei x49i x647 ,

X 26 k 3 ) 20
1

36i
1

483  X 5 4 1'  X 2 8 k  Y22 X26 .1 X 48 i  X 54 h ,  
1

28k Y28
1

36i
1

49j 1 54h  X 2 6
9  a 103/ 2 0 i2 6 i i 4 8 5  X 54 1 '

and their sum are non-trivial.

W e  have shown that the elements in  the lemma are non-trivial and that
they are linearly independent. q.e.d.

Finally,

Lem m a 5. 18. A  cocycle w ith  a ,  an d  c 1 7 is  e i th e r t riv ial  o r a  lin ear
com bination  o f  t h e  cocycles i n  L e m m a 5. 17.

P r o o f  R eca ll from  (4 .  6 .  1 )  and  (5 .  1 5 .  1 )  the relations

a9
2 = cic 1 7 , y2 1

2 = c l(c i 7 b 122 ) Y 2 5 2  =  d (c 18 2 ) = d 17b122 )

a9 y2 1 = — x 2 6 a4 + d (c 1 7 1) i 2 ) , a9 y2 5 = — x26a2+ d (c17 b  ,  a9Y27= — x26ct50+ d (c27b12)

Y 213 125 X 26Y 20 d ( C i  7  b 1 2  b 1 8 ) Y 2 1 Y 2 7  —  1 263'22 d ( C 2 7 b 1 2 b 1 8 ) ,  2 5 3 '2 7  =  X 2 6 3 / 2 8  +  d ( C 1 7 b 1 e b 1 8 ) .

Therefore, any monomial in  c o c y c le s  is  reduced  to  a  monomial that has at
most one of cz9 , y , / , 3/2 5  o r  3,2 7 .

W e  have shown that

(5. 19. 1) x 2 6 a2Q  d ( — a9 Q — c, 7 6Q),

and ao 0 Q = d Q , in particular,
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(5. 19. 2) a 9 82 Q  =  d  (0 Q ) , a 9 a 4 =  d  (-1 )1 2 ) a 9 a 8 = d (— 1, 1 8 )  ,  a g a i o -= d (— b„) .

F inally  w e h av e  th e  fo llow ing d -images :

(5. 19. 3) Y2102 Q = d  (a ,Q  b i2 a Q ) 2582Q  =  d  (a a  +  b „ Q ) ,

3,2762 Q= d (a10Q + 1, 1860  ,

Y21a d (b122 ) y „ a ,  d (b 1 8
2 ) , Yraio= d(b18 2 )

Yslas as Y 2 0  =  Y 2 5 a 4  a 9 Y 2 0  =  d(bisbio)

Y21a10 a 9 Y 2 2  =  Y27a4 a9Y22  =  d (bisbis)

Yssaio — a9Y26 = Y27a8 a9 Y 28  =  d (bake)

3, 213)20= d ( — b52 2 b1e) 31253120= d  ( 1 , 1212182 )

Y21Y22 = d ( 17122b18) • Y27Y22 d (— b12b182 )

Y253128=  d  ( 1 '1518) , Y27Y26 d ( — b1eb182)

Y27Y20 Y 2 5 Y 2 2  Y 2 5 Y 2 2  Y 2 1 Y 2 6 Y27Y20 Y 2 1 Y 2 6  d ( bisbahis) •

Using these relations we see that any monomial in  cocycles with a, and
C17 is either tr iv ia l o r  equivalent to o n e o f th e  elements in  Lemma 5. 17.

q.e.d.

Thus w e have

Theorem 5. 20. F o r B =  H *  (X 0 ;  Z 3 )  ,  w e  h av e  as  alg e b ra

Cotor B  (Z 3 , Z s) 1-=-- Z 3  [a 9 /  1 28/ Y21/ Y25/ Y27/ a l /  as, an, 136, 1 48, 1 54/

Y20/ Y22/ Y26/ Y58/ Y60/ Y64/ y i d  / 77

w h e re  -7) i s  th e  id e al g e n e rate d  b y

i) e le m e n ts  w h ic h  a re  0  as Po ly nom ial in  Z 3 [a4 , a 9 , a„, b„, b„, 1 ,
1 8 ] ;

ii)

a9Y21 / 2 6 a 4 ,  a 9Y25 4- 1 26a8, a 9 Y 2 7  1 2 6 a 1 0 /

Y21Y25 4- X26Y20 , Y 2 1 Y 2 7  / 2 8 Y 2 2 /  Y 2 5 Y 2 7  / 2 6 Y 2 6 /

i i i )  a962 Q, Y216 2 Q, Y250 2 Q, Y270 2 (2, x200 2 Q

a 9 a 4 , a ,a , ,  a ,a  „ ,

Y25a8/ Y27a10 9

Y21 92 8 a 9 Y 2 0  =  Y 2 5 a 4  a 9 Y 2 0

Y21a10 a 9 Y 2 2  =  Y 2 7 a 4  a 9 Y 2 2

Y25a10 a 9 Y 2 0  =  Y 2 7 a 9  a 9 Y 2 9

Y21Y20/ Y25Y20/ Y21Y22/ Y27Y22/ Y25Y20/ Y27Y20

Y27Y20 Y 2 5 Y 2 2  Y 35Y22 Y 2 1 Y 2 6  = Y27Y20 Y 2 1 Y 2 0  •
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(See Resu lt ( v ) '  and Propositions 5. 10 and 5. 13 for the expression of
the generators in  term s o f  a i 's, b i 's  and  c1 7 . See a lso Rem ark  5. 12 for
practical use o f  the 02-image.)
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