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§ I. Introduction

A s  to  the hyperellipticity o f  unramified normal coverings o f  hyperelliptic
Riemann surfaces, H . M . Farkas [2 ]  firstly showed that any unramified two-
sheeted covering of a compact Riemann surface of genus 2 is necessarily hyper-
elliptic. R. D. M . Accola [ 1 ]  also obtained this result and proved that an
unramified two-sheeted covering o f a  hyperelliptic surface of genus 3 is either
hyperelliptic o r  a  ramified covering o f a  torus.

Later, C . Machlachlan [7] showed using Fuchsian groups that if an  n-
sheeted unramified normal covering o f a  hyperelliptic surface of genus g > 2
is hyperelliptic, then n = 2 or 4. This was also obtained by Farkas [3 ] simply
using properties o f WeierstraB points on hyperelliptic surfaces.

Machlachlan [7] also proved that an unramified two-sheeted covering of a
hyperelliptic surface of genus g > 2  is not necessarily hyperelliptic. In  this
connection, Farkas [3 ]  proved using Jacobian varieties that there are exactly
(2g+2 ) different unramified two-sheeted coverings which a re  also hyper2
elliptic.

Following this, T .  K a to  [ 5 ]  showed using Hurwitz representations of
, (2g --E2automorphisms o n  hyperelliptic surfaces th a t th e re  a r e  exactly 3  )

different unramified four-sheeted coverings o f a  hyperelliptic surface of genus
g  which are also hyperelliptic and proved that i f  a n  abelian covering o f a
compact Riemann surface o f  genus g> 2  is hyperelliptic, then the basic surface
is also hyperelliptic. Recently, H . H . Martens [8 ]  pointed out that the last
statement is true o f any coverings.

In  this paper, we shall investigate normal coverings of hyperelliptic sur-
faces which are also hyperelliptic (including the ramified case) and determine
all such coverings by means o f Hurwitz representations o f  automorphisms on
hyperelliptic surfaces fo llow ing K ato  [5].

T h e  auther w ou ld  like to  express h is hearty thanks to  Professor Y .
Kusunoki fo r  suggesting this investigation and ceaseless encouragement.
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§ 2. Hyperelliptic Riemann surfaces

W e recall that a hyperelliptic surface S o f genus g>2 is defined by an
algebraic equation w 2  = f (z) , where f  is a polynomial of z and has only simple
ze ro s . S can be considered as a two-sheeted covering o f th e  sphere and 2g
+ 2  WeierstraB points of S are exactly the branch points of the covering. The
projection from  S to  the sphere is  z. W e denote th e  s e t o f all WeierstraB
points of S b y  W .  T h e  degree of f  is 2g+1  or 2g+2 according as the point
at infinity is a  branch p o in t o r n o t. S admits the hyperelliptic involution J
represented as J(z, w ) = (z, —  w )  and as it  is  central in the automorphism
group o f  S, every conformal automorphism T  o f  S induces an  elliptic linear
transformation T *  o f th e  sphere.

Hurw itz [4 ] showed that a hyperelliptic surface admitting an automor-
phism T  o f order n  can be defined by

w2 = g ( e )  

o r  w 2 = zg (e)
where g  (z ) is  a polynom ial of z. The automorphism T  is represented as

T (z, w) = (az, + w)

in  the first case and

T (z, w) = (az, + e'"w)

in the second case, where s is  a primitive n-th root o f  unity.
Our purpose is to determine all hyperelliptic surfaces which are normal

coverings of a hyperelliptic su rface. W e assume that 3 is a hyperelliptic sur-
face o f genus g which is an n-sheeted normal covering of a compact Riemann
surface S o f g en u s  g > 2 . Let G be the covering transformation group of 3, then
the order o f  G is  n  and SI  /G  can be identified with S. B y  th e  rem ark of
M artens [8 ], S is hyperellip tic. Thus G cannot contain J. F o r ,  i f  G  con-
tains J , the genus o f  S must be 0 , which contradicts our hypothesis. Using
the same remark, it is seen that the covering map from 3 to S can be repre-
sented as

Z -=- h (z) , W k (z) w

where .3 and S are represented as w2 =  f (z ) and W 2  =  g (Z) respectively and
h and k are rational functions of z.

The homomorphism T —>T* from  G to  the linear transformation group is
in  fact an isomorphism from G to  the subgroup G* of the linear transforma-
tion group which contains only elliptic transformations of finite order, since G
does not contain J. It is well known that fin ite subgroups o f  th e  linear
transformation group are cyclic groups, dihedral groups, tetrahedral group,
octahedral group and icosahedral group. Thus w e on ly must look the cases
in  which G is one o f these five groups.
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§ 3 .  T h e cyclic groups

W e assume G  is a cyclic group of order n generated by T .  By normalizing

the fixed points of T *  to  b e  0  and  oo  and  exchanging generator, we may

assume

T* (z) --az

where a From  now on, we always assume that this normalization has
been done.

According as 0 and oc b e lon g  to  z (W ) or not, we may consider that the
defining equations of 3  have following forms.

(1) In case 0 and co  do not belong to z (W ),
771,

,w 2 H  (z . a1) where mn---2 -0 +2 .

(2) In case 0 belongs to z (W ) and oc d oes  not,

w 2 = z I I (e - a i ) , where m n +1=20 + 2 .

(3 )
 

In case 0 and oc b e lon g  to  z (W) ,

w2= z ( e - e z , ) , where mn+2=20+2 .

N ote that in  each case, ai * 0  and if i * j ,  then a i * a j .
First we consider case (1). T  is represented as

T (z , w) = (az , ± w) ,

so that we define T , and T 2 to  be

T 1 (z , w ) = (az , w ) , T2 (z, =  (az, — w)

and we shall see that the number t  o f th e  fixed points of T  i s  0 , 2  o r 4.
T h e  number m plays an important rôle to decide the number of the fixed points
o f T .

Lemma 1. S uppose n i is  odd , then  T , has tw o  f ix ed  po in ts  ly ing  ov er
0 a n d  T , h as  tw o  f ix e d  p o in ts  ly ing  ov er oc. S u p p o s e  m  is  ev en , then  T,
h as  f o u r f ix e d  Po in ts  ly in g  o v e r 0 a n d  c o  a n d  T 2 h a s  no f ix e d  point.

P r o o f .  It is obvious that T , fixes tw o  points lying over 0. Suppose m
is  odd . To  see  th a t tw o  points lying over o c  a r e  interchanged by T „ we
choose a  curve L  on  3  which is the lifting of a  line z  (L ) connecting 0 with
oc and so that joins a point lying over 0 with a point lying over oc and does
not pass any Weierstra13 points. I f  tw o  points lying over  o c  a r e  fixed by
T „ then L .T 1 (L)  is  a  closed curve on  3  and m is the number of points of
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z (W )  which z (L . T , (L ) - ' )  encircles. This is a contradiction, for m is an odd
in te g e r . T h e  rest o f th e  lemma will be proved similarly.

I f  t 0, then T = T 2 an d  m  is even by Lemma 1 and as

(z, w ) = T ' (z , w) = ( ' z ,  ( — 1)n w) ,

n = 2 n ', where n ' is a positive in tege r . T h e  degrees of ramification of four
points which lie  o v e r  0  an d  oo  a re  fixed by T 2 a re  a l l  n ' — 1 . Thus the
Riemann-Hurwitz formula gives

2-0 -2 = 2 n ' (2g —2) + 4 (n' —1)

and hence

2mn' =20+2=2n' (2g — 2) + 4n' ,

in  =2g .

This agrees with our condition and S  is defined by

2g
W 2 -=- Z 11 (z- ai ) ,

where the projection r  is  7r (z, w) = (Z , W ) (e , z "2 w ). N ote that the two
points on S  which lie  over 0 and 00 are WeierstraB points.

I f  t = 2 , then T (z, w ) = (sz , ± w ) and i n  is odd by Lemma 1. We first
examine the case where T  = T 1 . By Lemma 1, the two points lying over 0 are
fixed and the tw o points ly in g  over co  are interchanged by T 2 . From this
fact, n = 2n' and the degrees of ramification of two points lying over 0 are both
n - 1  and those o f  tw o  points lying over co are both n ' — 1 . The similar com-
putation as in the case t = 0  gives

m =2g +1

and S  is defined by

2(1+1
W2 -  H (Z — a i )

i =1

w here the projection rc is r  (z, 7V) = (Z , (e ,  w ) .  N o te  that th e  two
points on S which lie over 0 are non WeierstraB points and the point which lies
o ve r  oo is  a WeierstraB point. T h e  c a s e  T  = T 2 can be treated in  a  similar
m anner. Th is  time S  is defined by

2g-1-1
W 2 =  Z  (Z— a 1) ,

i=1

where the projection r is r (z, w ) = (Z , W ) =  (e, zf'2w) . The point on S which
lies over 0 is a  WeierstraB point and the two points which lie  o v e r  00 are
non Weierstraa points.



Hyperelliptic Riemann surfaces 501

I f  t = 4, then T (z, w) = (ez, w) and m is  e v e n . The four poin ts lying
over 0 and oc are fixed and their degrees of ramification are a ll n - 1. Hence
m =2g  + 2  and S is defined by

2g+2
W 2 = fl

i=1

where the projection g  is  rt (z, w) = (Z , W ) =  (z", w) . The four points on S
which lie  over 0 and co  are non WeierstraB points and n is an arbitrary in-
teger greater than 1.

Next we consider case (2 ) and ( 3 ) .  In  these cases T  is represented as

T(z, w) = (ez, ± 6 112 w), where ev2 =

SO that we define T 1 an d  T 2 to  be

_= ( s z ,  e inw ) ,  T 2 (z ,  w ) (sz , _ a v2w ) .T 1 (z, w)

I f  T = T i ,  then

(z ,  w)  T "  (z,  w ) =  (e z  en w )

and hence

1 = en' —1 .

This is a  contradiction and so  T =T 2 .
W e  must as well count up the fixed points of T.
In  case (2 ), w e  have mn = 2 +  1. Thus m and n are both  odd. T  fixed

the WeierstraB point ly ing over 0 and the two points ly in g  o v e r  c o . For, as
n is odd, the tw o  points ly in g  o v e r  c o  a re  not interchanged by T .  T h e
degrees of ramification of these three points are a ll n - 1 .  Hence

m = 2g - 1- 1

and S  is defined by

2g+1
W 2 = Z  ( z -  ,

1=1

where the projection g  is  g (z , w) = (Z, W ) =  (z",.  The point on S
which lies over 0 is  a  WeierstraB point and the two points which lie  over oc
are non WeierstraB points.

In  case (3 ), w e  have mn+ 2 =- 20-1-2. Hence mn = 2 .  I f  n is even,

(z ,  w ) = Tn (z , ( e z ,  ( _ s 112)nw ) ( z ,  w ) ,

which gives a contradiction. Thus n is odd and m is  even . Th en  T  fixes the
tw o WeierstraB points ly ing over 0 and co  and their degrees of ramification
are both n - 1. Hence

m--- 2g
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and S  is defined by

W2 -=- Z ( Z  —  ,
i=1

where the projection 7-c  is  ir(z, w) T h e  tw o points= = ( z n. z (n - 1 2 w )

on S  which lie  over 0  and co  are WeierstraB points.
M ost part of the above study is due to  K a to  [5].

We summarize the obtained results in  the next two theorems.

Theorem 1. A n  n -sh e e te d  (n >2 )  c y c lic  c o v e rin g  o f  a h y p e re llip t ic
surface w hich  is  also  hy pere llip tic  can  be  represen ted  as f o llow s. (cii * 0  and
a i * a i  i f  i * j ) .

(1) n : arb itrary .

7-C  (Z  , Z V ) = (Z,( e ,  w ) , T  (z  , w ) = (az , w ) .
22-F2 22+2

w 2 ( z n  a 1) w 1- 1(Z— a i ) .
1=1 

(2) n :  even.

71' (Z , TV) =  ( Z ,( e ,  z"2w) , T (z , w) = (ez , —  w) .
2g

::q1 : W 2( z -  a ( ) , S 1 : W 2  = Z  f ir (Z— a 1)
1=1 1=i

22+1
3 2 :  w 2 ( z i t _  a i )

22+1
S 2 :  W 2 -= Z 11 ( z - c 1 1 ) .

(3) n : odd.

(z , w ) = (Z , W )  ( z a  ,  n  - 1 )  " w) , T (z , w) (sz  , —  e 1" w)
22

w 2  = z  (z"—a 1),W 2 =  Z I T ( Z —  ai)i=1 1=1

22+1 22+1
S2: W 2 =  Z  (zn — a t), S 2 :  T V 2 =  Z  ( z - a 1 ) .1=1 1=1

Theorem 1 ' .  The types of the cov erings in T h eo rem  1  are as f o llow s
(a) C ho o se  tw o  non W eierstraB  points P ,  and P „  th e n  w e  h a v e  a

c o v e rin g  w ith  fo u r  b ran c h  poin ts of d e g re e  n - 1  ly in g  o v e r P „ P „ J( P 1)
and J ( P 2).

(b) Choose a non  W eierstraB  P o in t P  a n d  a  W e ie rs traB  poin t Q.
Suppose n  is  o d d ,  w e  have a co v ering  w ith  th ree  b ran ch  p o in ts  o f  d egree
n - 1  o v e r  P ,  J ( P )  and Q .  Suppose n  is  e v e n , w e  h av e  a  co v ering  w ith
tw o  b ran c h  poin ts  o f d e g re e  n - 1  ly in g  o v e r P  and J ( P )  and tw o branch
points o f  d e g re e  n /2 - 1  ly in g  o v e r Q .

(c) C h o o se  tw o  W e ie rs traB  Po in ts  Q , an d  Q 2 . S u p p o se  n  is  o d d , w e
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h av e  a  cov ering  w i t h  tw o  b ran c h  points of  degree  n - 1  ly ing ov er Q , and
Q2 . Suppose n  is  e v e n , w e  have a c o v e rin g  w ith  f o u r b ran c h  p o in t s  o f
d eg ree  n / 2 - 1  ly in g  o v e r Q , and Q,.

Remar(2g + 2 )
k .  I f  w e  set 2  i n  (c ) ,  th en  w e  have 2 u n r a m if ie d

two-sheeted coverings, which were discussed by Farkas in  [3]. By consider-
ing two-valued functions -s1 Z and '../Z —a t ( i = 1 , • • • , 2 g ) .  it fo llow s that d if-
ferent pairs of Q , and Q , on S  give different unramified two-sheeted coverings
o f S  [5].

A s  a  corollary from our considerations in case (2 ) and (3 ), each automor-
phism of even order not generating Jcannot fix any WeierstraB points on hyper-
elliptic surfaces. Th is can be generalized: I f a n  automorphism T  of prime
order p  on a compact Riemann surface of genus g > 2  fix es  th e  Weierstraf3
point whose first non gap is p, then T  can be represented as a covering trans-
formation of the covering over the sphere associated with the WeierstraB point
and its first nongap p .

§ 4. The dihedral groups

We assume G  is generated by T  o f order n  and  U  o f  order 2.
In case z (W )  does not contain 0 and co, since W is invariant under any

automorphisms o f  S , w e m ay suppose that T  and U  are represented as

T (z , w )  =  (sz , w ) ,  U(z , w ) = - (1 /z , w /z")

and 3 is defined by

711.

w 2 ( z 2 n (4a ( —2) z" + 1)

W e sha ll examine all possible cases of n ,  T  an d  U  and  determine the
numbers m, the defining equations o f  S  and the projections 7r from  3  t o  S.
Here we define T „ T ,,  U , and U , to be

T ,(z , w) = (ez , w) , T,(z , w) = (ez , —  w) ,

U, (z, w )  ( 1 / z ,  w /z " ) ,  U 2 (z, w ) = (1 /z ,  —  /  z n )  .

(A )  In  c a s e  n  is even and
(A,) T =  T 1 and  U = U 1 , th en  T U ( z ,w ) =  ( e / z ,w / f m ) .  T  fixes four

points ly ing over 0 and co , U  fixes tw o  points ly ing over 1.
I f  n i i s  even, T U  fixes tw o  points ly ing over r' 7 2 and the statements for

U  and T U  are true of congruent points of 1 and e "  so that th e  Riemann-
Hurwitz formula gives

— 2 2n (2g — 2) + 4 (n -1 )  +2 n  (2 — 1) + 2n (2-1).
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N ow  w e  have

Hence

and S  is defined by

R y utaro Horiuch i

20 -1- 2 =-- 2miz

= 2g +2

2g-F2
W 2 = 1 1 ( Z -

i=1

where the projection Tr is

7r (z , w ) = (Z , W ) ( (z .ft 1) 2 /4zn, w/ (4z') g') .

I f  m is odd, T U  has no fixed point. Then

m  -= 2g +1

and S  is defined by

2g-F1
W 2 =  Z  (z- a9) ,

i=1

where the projection i r  is

27(z, vo) = (Z ,  W) = ( (zn +1) 2 /4zn, (zn + 1) w/ ( 4 f ) g " ) .

N o te  that 7  maps z = O  and co, congruent points of 1  and congruent

points of el /2 t o  Z= cc, 1  and 0 respectively.

T h e  corresponding results for the remaining cases are listed belows.

(A 2 ) T = T , and U =  U 2 , th en  T U ( z ,  w) = (e /z , — w /z ").

i n :  even.

m = 2g

W 2 = Z (Z -1 )1 i(Z — a,)

7r (z, w) = (Z , W ) = ( (e+  1) 2/4e, (z2  -1 )w/(4e) 9+1).

m :  odd.

m=20+1
29+1

W2 = ( Z - 1 )  IT ( Z - a1)
i=1

(z, zei) (Z, W ) =  ( (e +  1) 2 /4e, (e -1 )/ (4 e ) , --).

(A 2 ) T = T 2 a n d  U= U 1 , th en  T U (z ,w )= (s /z ,
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m : even.

nz = 2g
2g

W 2 =  Z  (Z  —  a i )4

TC (z, w ) = (Z , =  ( ( e  +1)74e, (e +1)w/  (2f'2) 25+1)

in: odd.

m = 2g+ 1

W 2 =-2..9[±1-1( Z —  i )
i=i

7r (z, w) =  ( Z ,  W )  = ((e +1)2/4z', w/ (2f/2) 29+1) .

(A 4)
 

T = T 2 and U =  U 2 , th en  TU (z ,w ) =  (e/z ,w / fm )

i n : even.

m = 2g
2g

W 2 = (Z—  1) 11 (z- a 4)
=1

7r (z, w) ( Z ,  W )  =  ((e +1)74e, (e -1 )w /  (2f'2) 19+1)

m  odd.

m  2 g -1

29-1
W 2 =  Z (Z - 1) (Z— a 1)

6=1

7r (z , w) (Z , W )  =  ( ( f + 1) 2/4f, (z ' —  1) w /(2f 2) 2S+1).

R e m a r k .  Since the order o f  T  is even, the points lying over 0 and co
cannot be WeierstraB points b y  the remark in  § 3.

(B ) In case n  is odd, T  must be T , and the same arguments as (A 1)
and (A2)  are available.

In case z ( W ) contains 0  and co, n  must be odd  by  th e  above remark.
3  is then defined by

w 2 -= 4z" 11 ( z " -  (4a 4 — 2) e + 1) cz1* 0 , 1 .
i=1

Since n  is odd, T  and U  are represented as

T (z, w) = (ez, w) , U (z, w) =  ( 1 / z ,  ± w / zn ( " " )  .

(C 1) I f  U (z, w) =- (1/z, w/f ( m+ l ) ) , TU(z, w ) = (e/z, w /zn'+ ')).
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T  fixes two points lying over 0  and oo and U  fixes two points lying over 1.
In case m  is even, T U  has no fixed point and the Riemann-Hurwitz for-

mula gives

2-0 — 2 = 2n (2g — 2) + 2 (n — 1) + 2n (2 — 1) .

In  this case, we have

2-0 + 2 = 27nn+ 2

so that

ni =2g .

S  is defined by
2g

W 2 =  Z IT (Z -  a i ) ,i=1

where the projection 7r is

7r (z , w) = (Z , W )  (  ( z n  +1 ) 2 / 4zn , (zn +1) w  / (4 f) " ')  .

In case n i  is odd, T U  fixes ,s1"  and then

m = 2g + 1 .

S  is define by

29+1
W 2 = 111 ( Z -  a 1)

where the projection 7r is

7r (z , zo)  = ( Z ,  W )  =  ( ( z n  1) 2/4z', w/ (4zn)g') .

(C2 ) I f  U (z, w) = (1/z, — w/zn`m± n )  T U ( z ,w ) =  ( s / z ,  _  w  z n(m+i) )

U  has no fixed point and T U  fixes s1/2 in  case n i  is even and  has no fixed
point in case in  is odd. Thus we have the next results.

even.

771. 2g

W 2 = (Z  — 1)1291 (Z — a i )i=1

7r(z, w ) ( Z ,  W )  =  (  (z "  1 ) 2/ 4 e , (e - 1 ) / ( 4 e ) , +i).

7n: odd.

= 2g — 1
2g-1

-1.V 2 Z El (Z—  aq)
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W e sum m arize t h e  obtained resu lts i n  t h e  next theorem.

T h e o r e m  2. A n  n- s h e e te d  ( n > 2 )  d ihedra l c o v e rin g  o f  a  hyper-

e llip t ic  s u rf ac e  w h ic h  is  als o  hy perelliptic  can  b e  rep resen ted  as  f o llo w s.

(ci i *O , 1  and a i *  a j  i f  i* j )

(1) (z , w) (Z, W ) = ((zn + 1) z/4e, w/ (4z') g") .

T (z , w ) =  (e z , w ), U (z , w) = (1/z, w /z (2g f 2)n)

n : arb itrary .
2g+2 2g+2

3: w 2  =  ( z 2 n —  (4a 1 — 2) z" 1 )  , S : W 2 = fi (Z—  a 1) .
1=1

n : odd.

2S: w2 = 4 z ' 111 " 2( z  —  (4a, — 2) +1), S : W 2 = g -6 1 (Z — ai ) .
1=1 1=1

(2) 7r (z, zu) = (Z, W  =  ( (z . +  1 ) z/ 4 zn , (f+  1 ) w /  (4 f)g ') .

T (z , w) = (sz , w) , U (z , w) = (1 z , w / z ( 2 9  +1 ) n) .

n : arb itrary .
2g+1

: w2 =11 (z" —  (4a 1— 2) z' + 1) , S : W 2 = Z  (z- cti ) .
1=1

2g+1

1=1

n : odd.
2g 2g

: w2 = 4e if (z2" - (4a 1 —2) Zn + 1), S : W 2 = Z  I I  (Z — a i ) .
1=1 1=1

(3) 7r (z, w) = (Z , W ) = ((z" + 1) 2 / 4z" , (en —1) w/  ( 4 f )  2 + 1 )

T (z , w) = (sz , w) , U (z , w) = (1 / z , — w / zzg') .

n : arb itrary ,
2g 2g

: w2 =- 11 (z "  -  (4a 1 — 2) zn + 1) , S : W  = Z  (Z -1)11 (Z  —  a 1) .
i=1

n : odd.
2g-1 2g—

: w2 = 4zn ( z 2 . -  (4a, — 2) z' ± 1) , S : W 2 = Z (Z— 1 ) 
1

1-1 (Z — a1) .i=i 1=1

(4) n : even.

(z , w ) = (Z , W ) ( ( z n  + 1 ) 2 /4zn, w/ (2z"' 2) ) .

T (z , w) = (ez , —  w) , U (z , w) = (1 / z , w / z ( 2° +"") .

2g+1 2g+1

: w2 = pi (z "  -  (4a 1 — 2) z' + 1) , S : W 2 = 11 1 (Z — a1) .
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77 (Z, T V )  =  (Z, =  (  (Z n  1 ) 2 /4z", (zn + 1) w/ (2z") 2g+ ').

T (z , w ) = (sz , —  w) , U (z , e) = (1 /z , w / z 2 ") .
2g 2g

: w 2  -=  ( z 2 n  —  (4a 1 — 2) zn + 1), S : S : = Z 11- (Z —  ai)

(z , w ) = (Z , W ) = ((z ' +1)  2/4f, ( z "  - 1 )  w/ (2z"'2) 211+1)

T (z ,  w )  (e z ,  — w ),  U(z, w) =- (1/z, —w/z (2 - a n).
2g -1 2g-1

: 7 .02 = l l  (z2. —  (4a 1 — 2) zn + 1) , S : W 2 =- Z(Z— 1) II (Z— a1).
1=1

H ere  w e set n =2  and we get the four group. Since abelian groups in our
groups are only cyclic group and the four group, we have the next theorem.

Theorem  2 '. A l l  ty p e s  o f th e  n o n -c y c lic  a b e l ia n  c o v e rin g s  o f a
hy perelliptic surface w h ic h  are als o  hy perelliptic are as f o llow s.

(a) C orresponding to  the choices o f  three  W eierstral3 points, w e h av e
(2g + 2 )

3 unrainif ied f our-sheeted  cov erings.

(b) C o rre sp o n d in g  to  the choices o f  tw o  W eierstral3 po in ts , w e  have
( 2 g  2 ) f o u r-sh e e te d  c o v e rin g s  w ith  fo u r  branch points o f  d egree  1  ly ing2
o v e r P  and J ( P ) ,  w h e re  P  i s  a non W eierstral3 point.

(c) C o rre sp o n d in g  to  the ch o ice s  o f o n e  W eiestral3 poin t, w e  have
2 g +2  f o u r-sh e e te d  c o v e rin g s  w ith  e ig h t b ran c h  p o in ts  o f d e g re e  1  ly ing
o v e r P „ P „ J( P i )  and J ( P , ) ,  w here  P, and P, are non W eierstral3 points.

(d) W e  h av e  a f o u r-sh e e te d  c o v e rin g  w ith  tw e lv e  b ran c h  poin ts of
d e g re e  1  ly in g  o v e r P „ P 2 ,  P „ J( P ,) ,  J ( P 2 ) and J( P ,) ,  w h ere  P „ P , and
P , are non W eierstral3 points.

R e m a r k . Case (a ) w as  sh ow n  by  K a to  [5]. T h e  number o f  cover-
ings in  each case is justified by the same reasoning as the remark in  § 3.

§  5 .  T h e  tetrahedral group

It is known [6 ] that the tetrahedral group G * can be generated by T* (z)
= (i—  z ) / (i z )  o f  order 3 and U * (z )  = i ( z - 1 )/ (z + 1 )  o f order 3. Invar-
iant functions fo r  G * are

f ( z )  —  
 (z4-2/-3-iz2+1)2
—12,/ 3 iz2 (z 4 - 1 ) 2

and

f  (z ) —  (z d +2,/ 3 iz 2 +  1) 3

— 12 ..,/-3-iz2(z4_ 1 )  2
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which we shall verify.
Define

q(z ) = z  (z 4 —1) ,

Ii(z ) = (z 4 ±2,,V  3 iz2 +1 ),

then

Sig (T * (z)) = (z)
(i z)

h (T * (z)) —   2(1±
 "   h (z)

(i z ) 4

Si g (U* (z)) — — 6g (z)
(z  +1)

h (U* (z)) —  2 (1 +  3  i )   h  ( z )

(z  +1) 4

Substituting these into f  (T *  (z )) and f  (U * (z )) gives the invariance of f  (z )  for

G*.
Since the order o f  (UT)* (z) = —z is 2, it cannot fix any points of z (W ).

Thus we only have to  examine the follow ing cases.
( A )  In case T * , U *  and their conjugates do not fix any points of z (W),

S  is defined by

w2 = ( - 1 2 V  3 iz z (e t - 1 ) 2 ) ( f  (z) — ai )

and as T 3 w )  = U 3 (z , w ) = (z, w ), T  and U  are represented as

T  (z , w )  —  +— z
z , ( i  z ) , ) 14 ze')

U  , w ) —  (i z
z

 1
1, ( — 1)m ( (1 8

+
i
 zr r w)

and then UT (z , w ) = (—  z , (-1) 'w ) .
T  fixes tw o  points ly ing over z  which T *  fixes and U  fixes two points

ly ing over z  which U * fixes. These are true of congruent points.
I f  m is even, U T  fixes tw o  points over 0 and the Riemann-Hurwitz for-

mula gives

— 2 12 (2g — 2) + 8 (3 — 1) + 8 (3 — 1) + 12 (2 — I ) .

N ow  w e  have 20 + 2 =- 12m. Then  m 2g + 2 and S  is defined by

2P+2
W 2 =  (Z -  a i ) ,
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where the projection 7r is

(z, w) = (Z , W )  =  f  (  )  
( 12 i,z2(z4— 

1 )  2 ) 9 + 1 )  •

I f  i n  is odd, U T  has no fixed point and then in  =2g +1. S is defined by

29+1
1V 2 = 11 (Z — a1) ,

Jr:

where the projection 7r is

TC w )  (Z , W )  ( f  (z) , 
( ( — 12 '12z (z4 — 1) ) 29+'

(B) In case T *  and its conjugates fix points of z (W) , :S' is defined by

w 2 = (z 4 + 2V 3 iz 2 -1- 1) 8 ( —12V 3 iz 2 (z 4 — 1) 2) (f (z) —  a i ) a 0 , 1
J=1

and T  and U  are represented as

T  (z , w ) —  z  ,  V )i +z \ ( i + z ) 8 /

U (z, w) — 
( i  z  — 1, (  _ 1 ) " ,  (   8 i   ) " 1  w )

\ z  +1 \ (1 + z) 6

Th en  U T  (z, w) ( —  z ,  ( - 1 ) " 1 w) .
I f  n i is even, m  =2g and S  i s  defined by

2g
W 2 =  (Z -  1) 1-1 (Z — a 4) ,J=1

where the projection n  is

(z, TV) =  (Z , W )  ( f  ( z )  
( ( — 12 AO-  i) (z 4 — 1) ) 2g+i) •

I f  m is odd, m =2g +1 and S  i s  defined by

W 2 =  (Z -1 ) 21i1 (z—a,),
4=-1

where the projection 7t. i s

(z , w) = (Z , W ) = (f  (z ) ,
( 1 2  3  i zz z :(z °

(C) In  case U * and its conjugates fix points of z (W), :S" is defined by

w 2 = (z 4 — 2V 3 iz2 + 1) 3 ( —12V 3 iz 2 (z 4 —1) 2) f i i (f (z) — c11) .24 0, 1

and T  and U  are represented as
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T  (z ,w ) — ( 1 — z  (   fl'+1w)
(1+ Z ) 8 )

U (z , w )  (i z  ( - 1 ) " ' " (  81 

z  1 (1 + z) 2 I

Then UT  (z , w ) = (—  z , (-1) ' w ) .
I f  n t is even, in =2 g  and S  is defined by

2g
W 2 =  Z

i=1

where the projection 7r is

(z , w ) = (Z  , W ) = (f  (z ) , 
( ( — 12 ,N /-3- i) 3/2 z (z 4 — 1) )2 g + 1 )  •

I f  in  is odd, nz = 2g +1 and S  is defined by

20+1
W 2 =  Z  H  (z- a1),

1=1

where the projection r  is

7r (z , w ) =  ( Z  ,W )  =  ( z ) ,  
( — 12 iz 3 (z 4 — 1) 2) 2 +1 ) •

(D )  In  c a s e  T * , U *  and their conjugates fix points of z ( W ) , SS' is de-
fined by

w 2 =+ 1 4 z 4 1) ( —12A/T3 - iz 2 (z 4 —1) 2 ) (f (z) —  a i ) ai*O , 1

and T  and U  are represented as

T  ( z ,w ) = ( i
.

— z  , 8 1   ) m + 2

\ i + z  \ ( i+ z ) 2 / w /

U (Z,
( i ( _1) m-F2( 81 r i - 2 w

( i + Z ) 6) .

Then UT  (z , w) = (—  z, ( — 1) " 2 w) .
I f  m  is even, m  = 2g and S  is defined by

W 2 =  Z  (Z -1 4 11
1 (Z— a 1),

where the projection 7r is

TC (z w) = (Z W )  = ( f  (z) ,
( —  12 3 iz 2 (z 4 - 1 ) 2 ) 2 +1 ) •

I f  m  is odd, m = 2g — 1 and S  is defined by
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2g-1
W 2 =  Z  (Z - 1 )  H  ( Z -

1=1

w h ere  the projection it is

(z, w ) = (Z  , W )  =  ( z )  ,  
((—  12 A1-3- i) 7 2 z (z4 — 1)) 22 +1) •

T h e o re m  3 .  A  12-sheeted tetrahedral covering of a  hyPerel-liPtic
su rf ac e  which is also hy perelliptic can be represented as follows. (a 0, 1
an d  a i * a j  i f  i * j )

(1) (z , w) ( f  (z ) , 
( —12,r3- iz 2 (z 3 —1) 2) 9 + 1 )

(
i  — z  (  8 i  ) 2 9 + 2  w )

U  ( z , w )  ( i
z —1

,  (  8 i  ) 2 g + 2

Z + 1  ( i + Z ) 6

29+2
: w 2 .= (— 12V- 3- iz2 (z4 — 1) 2) 2°' H  ( f  (z) — ai )

4=1

29+2
S1: W 2 = ( Z —  a i )1=1

2g+1
:5- 2: =  ( z 4 —  2-V 3 iz2 -1-- 1) 2 ( — 12V 3 iz2 (z 4 -1 ) 2) 2" ' r t  f (z) —  a 1)I 

2g+1
S2: W 2 =  Z  (Z— a i )

£=1

S 3 : w 2 =+ 1 4 z 4 +1) 2 ( —12V 3 iz2 (z 4 -1) 2) 29( Z )  — a1)1-1
2g

S 3 : W 2 = Z(Z—  1) 11 (Z— ai )

(2) rc (z , w ) =  (f (z ) 
(  ( - 1 2 ) 1/2z  (z 4

 — 1 )  ) 2g+i )

T  (z , w ) = ( i  z  (  8 i  ) 2 9 + 1

\ i+ Z '  ( 1 + Z ) 6 / w
)

U (Z , W ) = 1(   8 i 2 9 + 1) w )
z + 1: (id-z)B

29+1
31 : = 12V 3 iz 2 (z 4 -1 ) 2) 2 9  +  H ( f  (z) — a i )

29+1
Sc. W 2 =- (Z—  ai )

1=1

29
52: w 2 = (Z 4 —  2\f -T iZ 2 + 1 )  (  — 1 2 \ f r f iZ 2 (Z 4  — 1 ) 2) 2 9f  ( z )  —
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S 2: 11P = Z A (Z —  at)
1=1

2g-1
=  (Z 2 1 4 z 4 + 1) 3 ( — 12/ -T iz 2 (z 4 — 1) 2 ) 2 4 - 1  11 ( f  (z) — a 4)

4=1

2g-1
.5 3 : W 2 =  Z  (Z -  j j  (Z — a 1)

4=1

§ 6. T h e  o c ta h e d r a l  g r o u p

It is  kn ow n  [6 ] that the octahedral group G* can be generated by T* (z)
=  (i— z) / (i + z )  o f order 3 and U* (z) -= iz of order 4. Invariant function for
G * are

f (z) —   (z
8 +14z' +1) 3

108z 4 (z 4 -1 ) 4

and

(z 4 2 -33z 8 -33z 4 + 1) 2 

f (z) — 1—
108z4(z4-1)4

which can be verified using the transformation formula of g (z) and h (z )  in  § 5.
Since the orders o f  U * and  (TU)* (z ) = (1—  z) / (1+ z )  a re  even, they

cannot fix any points of z ( W ) .  Thus we have only to examine the following
cases.

(A )  In  c a s e  T *  and its conjugates do not any points of z (W ), S  is de-
fined by

w 2 = (108z 4 (z 4 -1 ) 4 )"' I I  ( f  (z) — z 1) al  I  0, 1

and T  and U  are represented as

7' (z  , w ) = (i  z  , ( _1)m  Ç(
 2 6

\i -kz ( i+ z )1 2  W

U(Z, ZP.,) = .

(a) I f  U (z , w) = (iz , w ),  then T U  ( z ,w ) =(
1 — z

, ( -1 )m (
(1 + z )" r  w ).1+ z 

T  fixes tw o  points ly ing over z  which T *  fixes and U fixes four points lying
over 0 and co. T h e s e  are true of congruent points.

I f  m is  e v en , T U  fixes  tw o  points ly in g  o ve r  z  w h ich  (T U )*  fixes.
N ow  w e  have 2g + 2 -=- 24m and the Riemann-Hurwitz formula gives

— 2 = 24 (2g — 2) + 16 (3 —1) + 12 (4 — 1) + 24 (2 — 1) .

Then  m = 2 + 2  and  S  is defined by
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22+2
W 2 =  IT (Z— a1)

where the projection 7T is

7r (z, w ) = (Z  w ) ( f  ( z )  (z 2 2 -3 3 z 3 -3 3 z 3 + 1) w ) .

(108z 4 (z 4 — 1) 4) g+4

(b) I f  U (z , w) ( i z ,  —  w ) ,  then

(1 —z ,„ , + i ( 12)mw).T U (z , w ) _
\1+ z \ (1+ z )

U  has no fixed point and the degrees of ramification of the points which lie
over 0  are 1.

I f  m  is even, T U  has no fixed point and then m  =  2g . S  is defined by
22

W 2 =  (Z -1 )  I I  (Z— ai ),
1=1

where the projection 7r is

(z" — 332  — 33z4 + 1) Tr ( z  w )  = (Z = ( f  (z) ,
(6,/ - 3- z 2 (z 4 - 1 ) 2)°+2

I f  nt is odd, TU  fixes two points lying over z  which (T U )*  fixes. Then
m= 2g +1 and S  is defined by

22+1
W 2 =  (Z— a1),

t=1

where the projection 7r is

(z, 7 .0 ) =  (Z, W ) = ( sf (Z) .\/ z2  (74 1 )  2 )  2 2 + 1 )  •

(B) In case T *  and its conjugates fix points of z ( W ), S  is defined by

w 2 =  (zs 14z 4 + 1) 3 (108z 4 (z 4 — 1) 4 ) (f (z) —  a i ) a * 0 ,1

and T  and U  are represented as

T  (z ,w ) — z (_ 1 ) .4 -1 (  r '
w

)
z \ ( i+ z ) "

U (z, w ) = (iz , w )  .

(c) I f  U (z, w) (iz , w ) ,  then

TU (z , w ) —  ( 1 — z  , ( - 1 ) " 1 (  2 6  r +1

\ 1  z \ (1+ z) 12) w  I •

T  fixes two points lying over z  which T *  fixes and U fixes two points lying
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over O.
I f  m is even, T U  has no fixed point and then m = 2g. S  is defined by

W 2 = Z (Z —1) P[i (Z — a ) ,

where the projection n. is

n.(z , w ) = (Z  , W ) = (f  (z) , 
(6 \/- 3- z z (z4 — 1) 

2 )  2 g + 1 )

I f  m is odd, T U  fixes two points lying over z which (TU) *  fixes. Then
m=2g+1 and S  is defined by

2g-F1
W 2 =  Z  (Z— a i ) ,

1=1

where the projection ir is

ir(z , w) =  (Z , W )  ( f  ( z )  ,  
(108z4 (z 4 — 1) 4) g+1 ) .

(d) I f  U (z, w) = (iz, — w), then

T U  (z  w ) _ (1 — z  ( _ 1 ).+2(  2 8   r + i
w ) .,

\ 1 d z' \ (1+z ) 12

(I  has no fixed point and the degrees of ramification of the points which lie

over 0 are 1.
I f  ni is even, T U  fixes two points lying over z which (T U )*  fixes. Then

m =2g and S  is defined by

2g
W 2 =  Z  (Z— ct,),

1=1

where the projection ir is

n. (z, w) = (Z , W )  =  (  )  
(6 z 2 (Z4 - 1 ) 2) 4 ' 1 )

I f  m  is odd, T U  has no fixed point and then m=2g — 1. S is defined by

2g-1
W 2 = Z ( Z - 1 )  II (Z — a1) ,

1=1

where the projection ir is

n.(z, w) ( Z  vv) = (f . (z )  W 2 -33z 8 -33z 4 +14)+wi
(6 ,j- Tz 2 (z 4 — 1)

2
)  

/

T h e o r e m  4 .  A  2 4 -s h e e te d  o c tah e d ral c o v e rin g  o f  a  hyPerelliPtic-
su rf ac e  w h ic h  is  also  hy PerelliPtic can  be  represen ted  as  f o llo w s . (ai *O, 1
an d  ai * a i  i f  i * j )
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(
1

)
7-c (z, w )  = ( f  ( z )  ,  

(108z 4 (za — 1) 4) 4 )

T  ( z , w ) _ / i — z  / )2°+2w)
@ +z) 3 2 1

U(z , w ) = (iz  , w )
2g-F2

w 2 (108z 4 (z4 -1) 4 ) '+ 2( f  (z) - a 1)

2g -F2
S1: T172 = lj (Z— a 1)

2g-1-1
S2: W 2 =  (Z 8 1 4 z 4 + 1) 8 (108z4 (z 4 — 1) 4) 2 9 + 1 1I ( f  (z) — a i )

i-1
2g+1

S 2 : W 2 = Z ll( Z — a i )

(z 1 2 — 33za  — 33za + 1) w 
(2) 7t (z, w) = f  ( z ) ,  

(108z 4 (z 4 —1) 4)g+' I

T  (z ,w )  —  z  , —  
26 2g+1

i + Z ( i + Z )1 2

U (Z , Z O ) ZU)

2g+1
3 1 :  Tv' (108z4 (z 4 — 1) 4 ) ag + 1 f i  (f (z) —a 1)

1=1

2S i :( z - 1 ) 1 ) 1[(z-, 1)
1=1

2g+1
S2: w 2 =  ( Z 8 +  14z4 + 1) 3 (108z4 (z a — 1) 4 ) a° 11 ( f  (z) — a i )

2g
S 2 : = (Z — ai )1=1

( z ' w ) ( f  ( z )  (6 ,/ - z2 (wz 4 — 1) 2) 211+1 )

T  (z , w ) —t j c z , = —zz ,w )  ( i  +2 : )   ) 2°-" zo )

31 :  w 2  (108z' (za — 1) 4 ) 2g + 1 ( f  ( z )  —  ( 2 1)

2g +1
S i :  W 2 = fJ (Z -  ai)

2g
S2: w 2 =  (Z 8 +  14z4 + 1) a (108z4 (z 4 — 1) 4 ) 2 2 ( f  ( z )  —  a 1)

1=1

2g
S ,: W 2 = Z  ( Z — a i )

( 3 )

1= 1
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(4) ( z ,  w )  ( f  ( z )  ( z "  — 33z8 — 33z4 + 1) w 
(6 z 2 (z 5 — 1) 2) 2'7+1 /

T  (z , _  (i— z  )2°
id_z 9 ( i + z )12 w

U(z, w) = (iz, —
2g

=  (1 0 8 Z 4 (Z 4  - 1 )  4 ) 2V ( f  ( z )  —
i=1

S1: W 2 = (Z — 1) f i  (Z -

2g-1
=  (Z 8 + 1 4 Z 4 1 )  3 (1 0 8 Z 4 (Z 4  - 1 ) 4 ) 2 3 - 1 (  f  (z )  —a 1)

i =1

2g-1
S2: W 2 = Z  (Z -1)  1 J  (Z—  a,).

1=1

§  7 .  T h e  ico sah ed ra l group

It  is known [ 6 ]  that the icosahedral group G* can be generated by

T * (z) —  (1—  6 4 )  z  4 -  ( 6 4  — 6 ) w h e r e
(a —  62) z + (a2 a 2)

o f order 3  and

U* (z) = ez

o f order 5. Invariant functions fo r  G* are

f (z) —   ( — (z"(z + i) + 228  (z" —z 5) —494z 1 0 ) 3

1728z5 (z'°  11z 5 —1) 5

and

f (z) — 1—   (  (z"d- 1) + 522 (z" — 10005 (z" + z"))  2

1728z 5 (z"+ 11z 5 - 1 ) 5

I f  we define

V  =T P T U 4 T ,

the order o f  V  is 2  and thus V * cannot fix any points of z ( W ) .  We there-
fore  have on ly  to  examine the next cases.

( A )  In case T * , U *  and their conjugates do not fix any points of z ( W ),
3 is defined by

w 2 = (1728z 5 (z "  1 1  z 5 — 1) 5) f l  (f  (z ) — a,) a, 0, 1
i=1

and T  and U  are represented as
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T  ( z , w )  —  ( 1 - 6 4 )  Z  ( s i  s )
515

\ ( a _  a 3) z  + ( a 2 _  a 3) ( (a _  5 3) z  + ( 5 2 _ 5 3) ) 30) w

U (z, w) ( s z ,  w )  .

Then

s2 

V  (Z ,  T V )  =  —   9  
7 0 m )

and T  fixes two points lying over z which T *  fixes and U  fixes two points
ly in g  over 0 . Of course, these are true of conguruent points.

I f m  is even, V  fixes two points lying over is  and the Riemann-Hurwitz
formula gives

20 — 2 =- 60 (2g — 2) + 40 (3 —1) + 24 (5-1) + 60 (2 —1) .

Now  w e have 20 + 2 = 60m and th en  m  2y  ±  2 . S  is defined by

29+2
W 2 =  ( z- a i ),

where the projection 7r is

(z, w) ( f  (z) ,
(17282 (z " +11z 5 - 1 ) 5 )g+1 /

I f  m  is odd, V has no fixed point and then m = 2g + 1. S  is defined by

2Q+1
W 2 = (Z —  1.)jj (Z —  a,),

1=1

where the projection 7r is

7 r(z , w ) = (f  (z )  ( ( Z 3 0  1 . )  +  228 (z" — z 5) — 494z") 
(1728z5 (z 1°  l iz 5 — 1) 5 ) 9 + 1 w)

( B )  In case T *  and its conjugates fix points of z (W) , S  is defined by

w 2 _ 20 •
Z  - t-  +  228 (z" — z 5 ) —494z'°) 3

X (1728z 5 (z "  1 1 z 5 — 1) 0 ) mn  ( f  (z) —a 1)
f =1

and T  and U  are represented as

a i * 0, 1

T  ( z ,  w )  = 6 4 ) z  +  ( 6 '1 —  6 )  (  
515 m-F1

(S — 6 3 ) z  ( 2 _ 8 ) ( ( s z  + ( 6 2 a 3) ) 30) w )

U(z, w) = (ez. w) .

Then
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V (z, w )  =  ( -   6 2  

Z  Z " ( m + 1 ) /

and T  fixes the point ly ing over z  which T *  fixes and  U  fixes  tw o points
lying over O.

I f  n i  is even , V  has no fixed point and then in  = 2 g  S  is defined by

147 2 = Z (Z— 1) 11(Z -- ai ),

where the projection i i s

( z ,  w )  _ (f  ( z )  i  (  ( z" + 1) + 228 ( z "  z 5) —494z 11)  z y

(17282 (z" 112— 1) 5)° ± 1 )

I f  m is odd, V  fixes tw o  points ly ing over ic  and then m= 2g +1. S is
defined by

26,1-1
W 2  =- Z  ( Z -  a i ),

=

where the projection n is

(z, = ( fe z ) ,
(1728z 5 (z 1°  11z5 —1) 6) 9 + 1 ) .

(C) In  case (../* and its conjugates fix points of z (W), S" is defined by

77L

w 2 = (17282 (e + l i z 5 - 1 ) 1 ) " 1 1 1 ( f  (z) —a i )a 1 * 0 , 1
1=1

and T  and U  are represented just same as in  ( B ) .  Consequently similar argu-
ments a s  in  (B ) are applicable and w e on ly  list the results.

m: even

ni-=2g

W 2 = ( Z - 1 )  
2 g

(Z — ai )i=1

( z ,  w )  ( f  ( z )  i  (  ( z" + 1) + 228 (z 15 — z5) —494z 1 0 ) 
(17282 (z" 11z 5 — 1) 5) 9 +1

m : odd

in  =2g  +1
29+1

W 2 =  11 (Z - a1)
i=1

( z ,  w )  = ( f  ( z )  , 
(1728z5 (z"+ 11z 5 — 1) 9 +1) •

w)

( D )  In case T * , U *  and their conjugates fix points of z (W) , .-S" is de-
fined by
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w 2 = (—  (z" +1) + 228  (z" z 5) —494z 15) 5

X ( (1728z 5 (z "  1 1 z 5 — 1) 5 ) " 1

 I I  ( f  (z) — a1) a1*0 ,1

an d  T  an d  U  a re  represented as

515 m+2
T (z , w) —  ( ( l —  6 4 )  z  ( 6 4  —( 6 6 3) z  +  ( 6 2 6 3) ( ( 6 e s) z +  ( 6 2 6 3)) 30) w )

U (z , w )  ( e z ,  w ) .

Then

v (z , ) (  —  c2 w
z  z " ( m+2 ) /

an d  T  fixes the po in t lying over z which T * fixes and U fixes the point lying
over 0.

I f  m  is even , V  fixes two points lying over iE and then ni = 2 g .  S  is de-
fined by

25

=  Z  f ( Z -

where th e  projection 7r is

(z, w ) = (f  (z ) , 
(1728z 5 (z "+1 1 z 5 - 1 ) 5)g+ 1 ) •

I f  ni is  od d , V  has no  fixed point and then m =- 2g — 1. S is defined by
25-1

W 2 =  Z  (Z -1) H (Z—  a,),

where th e  projection 7r is

it (z , w ) =  ( f  (z ) ( (z "  ± 1) + 228 (z' — z5) — 494z") w ).
(1728z 5 (z 1°  11z5 - 1 ) 5)g + 1

Theorem  5 .  A  6 0 -sh e e te d  ic o s ah e d ral c o v e rin g  o f  a  hyperelliptic
s u r f a c e  w h ic h  is  also  hy PerelliPtic can  be  represen ted  a s  f o l lo w s . (a i *O , 1
a n d  a i * a j  i f  i * j )

(1) (z , w ) = (f (z) , 
(1728z 5 (z"+ 11z 5 — 1) 5) 9 +1 )

T  (z , w ) — (  ( 1 —  z + (6 4 — a) ( 515 25+2w)

\  ( 6  -  82) z + (e 2 — 63) ( (6 — z + (e 2 —e 3)

U (z, w )  (ez , w)
25 1-2

w 2 = (1728z (z 1° 1 1 z 2 — 1) 5)  " "  I ( f  (z) —
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29+2
S1: =  (Z — ai)4=1

29+1
32 : w 2 = (1728z 5 (z 1 0 + 11z 5 — 1) 5 ) 20 +2 Ti ( f  (z) —  a 4 )

4=1
29+1

S2: W 2 = — ai)

3 5 : w 2 = ( —  (z" + 1) + 228 (z" — z 5 ) —494z 10) 1

29+1
X  (1728z 5 (z 1 ° 1 1 z 5 — 1) 5) 2

9

'  H ( f  (z) —  a 1)
4=1

29+1
S1: W 2 Z  11 (Z— a i )

4=i

34 : w2=  (— (z" +1) + 228 (z" — z5 ) —494z 10) 3

29
X  (1728z 5 ( z "  1 1 z 1 — 1) 5 ) 2g+ ' f l  ( f  (z) —

4=1
2g

S 4 : 117 2 = Z  11 (Z —  al)4=1

(2)r  ( z ,  w )  =  ( f  ( z )  i  ( (z" + 1) + 228 (z" — z 5 ) — 494z 10)  .r_v

(1728z5 (z 1 ° 1 1 z 5 — 1) 1)g + 1

T w ) —  
(1  s 4 )  z

 (
S 4 -  6 )

 (  

5 1 1 29+1

(e z  ( a 2 — e3) \ ( (s — a') z  ( 62 — 63) ) " ) w )

U(z, w ) (sz ,

2w2= (1728z 5 ( z "  1 — 1 ) 5 ) 2 + 1 gr 1i ( d e  (Z ) —a1)
4=1

29+1
: W 2 =  ( Z - 1 )  11 (Z— a i )

4=1

32 : w 2 = (1728z 5 (z"+ 11z 5 — 1) 5 ) 2 9 + 1 II cf (z) —  ai)4=1
2

S2: W 2 =  ( Z  1 ) ri (Z — a 4)4=1

3 : w 2 = (—  (z "  +1 ) + 228 (z" — z 5 ) — 494z") 3 ( f  (z) —  a 4)
4=1

2g
S 3 : 117 2 = Z (Z — 1)111 - (Z — ai)

i= 1

34 : w2=  (— (z" +1) + 228 (z" — z 5 ) —494z'°) 3

2g-1
X  (1728z 5 ( z "  1 1 z 5 — 1) 5 ) 29 fl ( f  (z ) —  a i )

4=1
29-1

54 : W 2 = Z  (Z —  II (Z  —  a i )
4=1
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§  8 .  W e  lis t  a l l  the types of dihedral, tetrahedral, octhafedral and icosahedral
coverings of a hyperelliptic surface w hich are a lso  hyperelliptic in  th e  next
T ab le . A s  a  co ro llary  from  th is Table, it  c a n  b e  se e n  th a t if an n-sheeted
unramified covering o f a  hyperelliptic surface is hyperelliptic, then n=2 or 4.
(Machlachlan 117 ] )

Table
P : non W eierstraB point, Q: W eierstraB  point.

Dihedral group (271)

odd

j Tetrahedral

4 (3 — 1)
4 (3 — 1)
6(2-1)

group (12)

n:

J (P i) :
P„ J (P2 ):
P e , J(Ps):

even, odd
2 (n — 1)
n (2 — 1)
n (2 — 1)

even

J(P1) 2 (n —1) n (2 — 1) n (2 —  1) 4 (3— 1) 4 (3 —1)
P2, J(P2): n (2 -1 ) n (2 — 1) n (2 — 1) 4 (3 — 1) 6(2-1)

0 4(1 — 1) 2 (n —1) 0 4 (3 —1)

P , J (P ) 2 (n —1) n (2 — 1) n (2 — 1) 4 (3 — 1) 6 (2 — 1)

(22 0 n  —4(- -2 2 (n — 1) 4 (3 — 1) 4 (3 — 1)

Q. 0 0 0 0 4 (3 — 1)

Q2 4(2-1- —2 2 (n — 1) 4 (3 —1)

Q2 0 0 4 (3 — 1)

Q. 0 0 0

Octahedral group (24) Icosahedral group (60)

P I, J (P i) :
PP, (P2)

Pa, J ( P 2 ) :

6
8

12

(4 — 1)
(3 — 1)
(2 — 1)

12 (5
20 (3
30 (2

— 1)
— 1)
—  1)

P i ,  J (P i ) : 6 (4 —1) 8 (3— 1) 6 (4— 1) 12 (5— 1) 20 (3 — 1) 12 (5 — 1)

,  J(P2) 8(3 —1) 12(2 —1) 12 (2— 1) 30 (3 —1) 30 (2 — 1) 30 (2 — 1)
0 12 (2 —1) 8 (3— 1) 0 12(5-1) 20 (3 —1)

P , J (P ) 8 (3— 1) 6 (4 —1) 12 (2— 1) 20 (3 —1) 12 (5 — 1) 30 (2— 1)

Q2 12 (2— 1) 8 (3— 1) 8 (3 —1) 12 (5 — 1) 20 (3 —1) 12 (5 —1)

Qz 0 0 12 (2— 1) 0 0 20(3 — 1)

Q2 8(3 — 1) 12 (5— 1)

Qz 12(2— 1) 20 (3— 1)

Q. 0 0
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