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In tro d u ctio n

The purpose o f this paper is to show that Hirai's general character for-
m u la  (in  [1] )  is reduced to a  simpler form for certain discrete series unitary
representations o f rea l simple Lie group of type B, SO, (p, q) q  is odd).
And we write it down by m eans of the determinants of matrices.

Let G  be a  connected real semisimple L ie group w ith Lie algebra g. It
is known that when G  has a compact Cartan subgroup B  w ith  L ie  algebra

b, it has the discrete series unitary representations. W e denote by b :  the
complex dual of b  and b 'B'' t h e  lattice in  b : consisting o f  such  AE I): that
the mapping $4 : BB exp e'  defines a unitary character of B .  Let W0 (b)
be the litt le  W ey l g rou p . Then there exists an invariant analytic function
n'A  on the set G ' of the regular elements corresponding to a tempered invariant
eigendistribution 7r4

( *)  which is expressed as

E  sgn (w) E.A) (h , P))viEwa(b)

on 13 n G ' (see § I ) .  W hen A  is regular, n , is equal to the character of a
discrete series unitary representation except the known multiplicative sign  +1.

In  [ l ] ,  H ir a i gave a global formula of n'A  o n  G ' va lid  fo r  an y  A E U '.
W hen a  root system canonically attached to a given connected component of
a Cartan subgroup o f G  is not o f class I (for exam ple, of type B or C) (for
the definitions, see [1 ]) , the formula on this component is very complicated.
In the case G  Sp (n, R) , he showed in  [ 2 ]  th a t fo r  th e  specia l classes of
A 's, the formula of n'A  can  be  more sim plified. Especially, the holomorphic
discrete series representations and their contragradient ones are in such a case.

In  this paper, we consider the group G  of type B, S O , (P , q ) . Let K  be
a maximal compact subgroup o f G .  In  this case, there exists no G-invariant

"> Harish-Chandra denotes this invariant eigendistribution by 6 ,  in  his papers.
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Hermitian structure on  G /K  and G  has no holomorphic discrete series repre
sentation except when p  o r  q= 2. But w e  show  that w hen  A  is dominant
w ith  respect to  a  special positive system on the root system I ' o f  (g„ b ,), the
global formula is reduced to a simpler form (Theorem  A  positive sys-
tem on I '  is called special when only one simple root is singular imaginary
and a ll the other simple roots are compact.

L e t  u s  exp la in  our m ethod. A t  first, we consider the group G 'S 0 0

(277 , 2n+ 1). L e t F T "  b e  a Cartan subgroup corresponding to 0"  whose
toroidal part is  101. By operating suitable Cayley transformations on f f " )

repeatedly, we get a  complete collection of Cartan subalgebras not conjugate
mutually under inner automorphisms o f  G .  O n  a  connected component A
of a Cartan subgroup corresponding to a Cartan subalgebra obtained in  this
manner, we write down the general fo rm u la  in  [ 1 ]  by matrix elements of
hE A  (-1 G ' concretely. Since  W 0 (b )  is generated by the reflections with re-
spect to  th e  com pact roots o f (g e , be) ,  a t firs t w e c lass ify  roo ts  in X  b y
means o f th e  property of Cayley transformations, and then we characterize
the elements in W 0 (b )  by certain properties with respect to  the permutation
and the changes of signs. F in a lly ,  u s in g  the fundamental lemmas (Lemma
3 , - 5 ) ,  we can simplify for th e above A's. These processes a re  essential
when we consider the sim ple Lie groups o f typ e  B  in  general.

In  § 1 ,  we prepare necessary facts about a Cayley transformation and
definitions and notations. In  § 5 ,  we consider o n  various types of
Cartan subgroups. In  § 6 , at first w e note that the toroidal parts of Cartan
subalgebras (so, Catran subgroups) has no effect on our procedure. Then we
show that the same method is applicable to the group G S 0 0 (n,n+2771+1),
after changing the root vectors if necessary and modifying the lemmas slightly.

Very recently, Vargas showed similar results for such cases that includes
S 0 0 ( n ,n +1 )  by a  different method in  [6 ].

§  1 .  Preliminaries

Let G be a  connected real semisimple Lie group with Lie algebra g. F o r
a  real root a  o f  g  w ith  respect t o  a  C artan  subalgebra f  o f  g ,  we define
a  "C ay ley  transformation" v„ and repeated Cayley transformations on ge and
prepare the fundamental results about them in  this section.

Denote by / ( 0 )  the set o f roots o f  ( g „  0 ,) .  H ere fo r  a  L ie  algebra it,
it  means the complexification of n .  Let P  be an order on I' (b ) and denote the
totality of positive roots by P (l ). F o r a E E ( 0 ) ,  w e choose a  root vector
X . from  g ,  such that [X „,X _ a ] = H a ,  w here H a E be i s  th e  element corre-
sponding to a  under the Killing form B  of g e . Put 11„' =2B (11„, H“) - '1 1  and
X = -  s B (1/„,11 ) - 1 X ,r . A  root a  is called real when a (1) C R , and X 5 (L)
denotes the totality o f  real roots in  E (f) ) .  L e t 0  be a Cartan involution of
g  such that Of  F o r  a , . v.,'l l (1)), we can assume that X ,  belong to g and
OX„X .
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W e denote th e  corresponding C artan  decomposition o f  g  b y  g= f+ p ,
w here f { X E  g ; OX= X }  and p=  {xE g; OX= — X } . A n  imaginary root 3
(that is, 3(0) Ç .\/ —1R) is called com pact (resp . singular imaginary) when
X 49  belongs to fe (resP . pa) .

F o r a EE R  (0 ) , we define an automorphism o f  ge,  1 ,  as follows:

v„ = exp —A/ —17r ad (X 'a  + X )  /4} .

Pu t 0 = v“ (0,) fl q, th e n  it  is  a  C artan  subalgebra o f  g. In  fa c t, vr, (H )
=,\/=1 ()C—X.%), so  0' = 6 a + R (XL — ,  where 6 a = H E  0; a (H) = O}.
W e know that f R  (f)") = {v.818E ER (I)) ,  a i l*  and  v a  i s  a  singular imagi-
nary root o f  (g c , . H ere  Pcr3= 8.

F or two roots a  an d  8, they are ca lled  strongly orthogona l if neither
a + 8  nor a - 8  is a  r o o t .  W hen a E Z R  (0 )  and 8 E 2 '0 )  are strongly ortho-
gonal, w e get v,„ (X 5) =X 5 because [X , X 5] =0.

L em m a  1. F o r ceEE R ( 0 )  a n d  i3 E I ( 0 )  s u c h  t h a t  a i / 9  and  a. -±3
E  X (0 ), w e  have v„(X 5) = — (A/ — 1/2) ad ( )C  X i. a ) X 5 . Furthermore i f  13 is
i s  a  com p a ct (resP. s in g u lar im ag in ary )  ro o t  o f  f ), th e n  va 3 is  a  singular
im ag in ary  (resP. com pact).

P ro o f .  Since cei8 a n d  ± 2a +8 EE I  
( f ) ) ,

 ad (Z )  ad (Y )  X,9 = ad (X )  ad
(XL) X,9 = 2X 5 . Therefore  (ad  (YOE X ) )  2X -R = 4X5 and

Va(X5)( x , o )  _ L   1  _  1 7 r ) '
 ( a d  ( X " , - E X % ) )

2
m X 5.=0 (2m )! 4

1  ( 1 r7t i

(ad (X +  X % )) 2" i X 8
(2m ± 1)! \ 4

= 1 ( (r ) C 5(2m) !

( 1 )
(  1 ) 7 4 ( r a d  +  X % )  X e

m=o(2m+1)! \ 2 2

—  — 1 a d ( X d - X ) X 5 .
2

B y the choice o f X“ and X _ „ , (X .' X i_a) = —X—Y._ a  s o  it  b e lo n gs  to  p.
Therefore if X8 E  fe , Xfl] E  pc and similarly i f  X 0 E  pc , [x+x%, X 5]
E  fc . As  a  (X 5)  is  a  root vector corrresponding to  v(3, the required results
are obtained. Q . E . D .

F o r a, 3E  fR (0 ) such that a_L8, we can take a root vector X 5 fo r  1),,13
E (0 " ) as follows:

1) If a  and  19 a re  strongly orthogonal, X„,,i3 =
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W (X.5) = e / 2 ) + X l,, X5 ] , where e is

to g and they satisfy [X , o , X _ ] - = 1 1 - = v a  (14)

a 2)  be an ordered set of real roots of 0 and E*

2) Otherwise, X R = —
a sign of fi.
Then X b e l o n g
=  ?  and 0 = —

N ext le t E = (a,, a2, • • •.
the underlying set of E.

First put 132 = a 9 , =ff =  (be) n g .

w e put
and f i 1  a re  defined fo r  i< j

31-1=1),9,v8i+ ,•••2)1,,ce,-1, fl g  and finally

OE  = 01,  vE  ( o r  v (E)) = v f l i vs ,• • •v,,, .

W hen any two roots in  E *  are mutually strongly orthogonal, vE =v a ,v ,„•••v .
Furthermore v v- a j=  V a iV a i  because [X , , = 0  fo r i * j .

For la ter use, we prepare som e notations and defin itions here. For a
Cartan subalgeb ra 0 , we denote by H b the Cartan subgroup corresponding to
it. F o r  ce E  ( 0 )  ,  we define a  character E. o n  1--14 b y

Ad (h) X „= e“(h)X a  E  H I)) .

Let A  be a connected component o f M i .  Put

ER  (A )  =- ice E E R  (I)) ; 6„ (A ) > 01.

We introduce an order on E R  (A ) by restricting the order P  on E (fj) to ER (A )
and we denote th is order on  ER ( A )  b y  P  (A) . Furthermore put A (P)
-= E  A ;  (h )  >1  for any positive a  in ER (A)}

In  general, for a  given root system E  and an order P  on it, we define
M " . (P ) ,  P ( E )  and e ( E )  as follows:

C a s e  I ) T h e  system E  is simple and the lengths of all roots in E  are uni-
fo rm  (e .g . D  ty p e ).  L e t  E  be an ordered set of positive roots satisfying the
follow ing conditions:

1) For E = (a„ c e ,, « , a,) , the underlying set E* is a m atxim al orthogo-
nal subset in  P , where P  is  the set of all positive roots in E.

2) a,>ce2> • • •>ce, .
In  this case M "  (P )  is defined as the totality o f  E  as a b o v e . Pu t P(E )

E *  and e (E )  = ( -1 ) '.
C a s e  II ) T h e  system E  is  simple and the lengths o f roots are not uni-

fo rm  ( e . g .  B  t y p e ) .  L e t  E =  ( a 1, a 2 , •-•, a , )  b e  an  ordered set of positive
roots satisfying above 1 )  and the next two conditions:

3) The long roots are placed before the short o n e s . Put 1 be the num-
ber o f long roots in  E , and m =  [1 / 2 ] . Then  f r >f -Y—3 ,-  .. . >a2M-1, a2i-1>a2i
( i= l ,  2, •••, in )  and cYt+i > c e t+ 2 > •  •  •  >a,.

4) For i =1, 2, ••-, in ,  both law + am) / 2  and ( a 2i , — a 2 i ) / 2  belong to
P.
In  this case M ( P )  is defined as the totality o f  E  as a b o v e . Pu t P(E )
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= E* u (a, + a2) /2, (a, — a2) /2, •••, (a2„, + /2, — a2.) /2} and e (E)
( — 1) ( — 1)

Case III) The system E  is not simple. Let X 1, X 2, •••, E , be the simple
components of X  and P i b e  the order on  X i induced by P .  In  this case
M "  (P )  is defined as the totality o f ordered set E= (E„ E„ • • • , Ep )  with E,
E M "  (P 2) fo r i =1, • • • , p .  Put P (E) = P (E 1)  U P (E 2 )  U ••• U P  (E >,) and e (E)
= e (E 2) e (E 2 ) • • • e (E>,), w here P (E 1) and e (E t) are already defined in case I or

In  each case, for E =  (ce,, a2, • • • , (4) E N r r  (P ) ,  w e define W  (E, P ) by
W  (E,P) =  E W(E); wE= (wa i , wa2, • , wCY8) E  11/1pr (P) where W (X )
denotes the W eyl group o f E.

For case I, an element E  in M "  (P )  is called standard when aj  is  the
highest root in 2 ' =  {a E E;ce,± a, i=1, •••, j— 1} . For case II, an element
EE M " ( P )  is called standard when a 2 1 _2 is  the highest root in a n d
a , is the higherst root in ( 2 6) such that 2 - 1  (a 2 i _, (4,) E X  for i=1, •••, m
and a t is  the highest long root in 21 ,  i f  1 is odd, and a, is the highest short
root in 2' (1 ) fo r  i=  /H-1, •••, s. In  general, an element E= (E„ • • • , Ep ) E M'""
(P )  for case III is called standard when each E , is standard.

Finally, we describe Hirai's theorem in  [1] in such cases as we consider
later. L e t  b  be one of Cartan subslgebras and P  be the order on E (f )  taken
in the succeeding sections. L e t  {E,, E„ • • • , E r }  b e  th e  se t o f a ll standard
elements in  M "  (PR  (A ) )  and E , be strongly orthogonal. Take a  system of
root vectors X± r (rE Eô') which satisfies Condition 5. 1 in [1], and put b -=b E °.
Set W 0  (b) = N o  (b) /Zo  (b) , where N o  (b) = ig E G; Ad (g )  (b) b l  ,  and Z 0  (h)
=  {g E G; Ad (g) X = X  for a n y  X b } .

For EE  M " (P R  (A ) )  and a regular element AE,  w e  c a n  d e f i n e
sgnp,E ) (A ) b y  s g n  {T I (A, vE or)}  because vEo r is an imaginary root o f b. H e r e

TEP(E)
B  is the Cartan subgroup corresponding to b.

Theorem  ( [ 1 ] ) .  Let A E 1)2 be regular and 7r4  the  tem pered inv ariant
eigendistribution o n  G  described  in  In trod u ction , a n d  p u t ic» (h, P (b))
= 2 3 (h, P (o))7r;, (h )  fo r  h  G H» fl G'. t h e n  k » o n  a  connected componenet
A  o f  H »  is  g iv en  as f o l lo w s : F o r hE A  (P) ,

(h, P ( ) )  =  o s(E,)Z (h, E 1 , A, PR(A)) ,

w here

Z (h, E i , A, PR (A ) )  =  E E  sgn (s')
gEwa (b) uEW(E3, P R (A ))

X sgnp ( E ,) (s - 1 A) e 2-■4 (1112)

X IT exp { — ua (X) 1 0)E0 a, s - 1 /  a 12 1   (1)

w here  h = h K  exP (X )  (h K E H» n K  and X E  n  ,  and
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(h, ( f ) ) )  = $  p (h ) 14  (1—  e  a(h ) - ') (19 = —

1  

E .aE ,* 2  .E r*

N o t e .  (1) Since kl (uh, P (I))) =sgn (u) el (h, P ( f ) ) )  f o r  u E W (E R (A )) ,
k l) (h , P (o ))  is given o n  A ' = {he A; Er ,, (h )  * 1  (a c X R  (A ) )1

(2) P u t  q = (dim G— dim K) / 2 ,  a (A) = s g n  f f  (A, .  T h e n  ( -1 ) q
.E P (b )

E (A) 2 r, is  the character o f th e  discrete series representation.

In  th e fo llow ing sections, we shall reduce the above formula into simpler
form  for certain cases.

§ 2. T h e  calculation o n  111" 1
 

(I)

/0 2 „ 12„ 0 \

Put J =  1 2 ,, 02„  0  ,  w here 12 „  and 02„  denote th e  identity matrix and

\ 0  0 —l/
the zero matrix o f order 2/7 respectively.

Pu t "C = {g E GL  (4n +1, R ) ; g Jg = J}  and we consider its connected com-
ponent G  which contains the identity. W e  d e n o te  its  L ie  algebra by g , then

0= {X E  gl (4n +1, R ); t X J +  JX -= 0} .

T h e  map 64 defined by th e  ru le  O X = — tX (X c g )  is a Cartan involution of g
and w e denote th e  corresponding Cartan decomposition by g =f +I), where
= {XE  g ; OX= X }  and p = g  ; OX= — X} .

+ 1 )  P - 1 ,  where
Obviously, G = SO o (2n, 2n

/ (1A/ 2 ) 12. (1A/ - 2- ) 1 2 „ 0  \

P = (1 / 2 )1 2,,
\ 0

( - 1 N - 2- )
0

1,„ 0
1/

Put 1) ( " ) a s  follows:

b̀ " ) = IX=diag (h„ h 2, • • • , h2., — 171, — 112, • • — 122 n , 0 ) ;  h, E R I.

Then 1)"  is  a  C artan  sub a lgeb ra  o f  g  whose toroidal part i s  triv ia l, i.e.

b(°. O)
For X  as above, we define th e linear functional e , b y  e, (X ) = h, (1 =1,

2, ••-, 2n). Then

{±e, (1. i < j 2 n )
R  ( ( 0 ,  0 ) )  = ( b co, co)  =

+ e ( 1 < i < 2 n )

Then we can take X a ( a c E ( 4 10•°) ) )  as following forms:

X , 1 =  E 1 ,4 n + 1 +  E 4 7 1 + 1 .2 n + 1 ,  X - e i E 4 ,,- 1 ,i  E 2 n + 1 ,4 n + 1
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Ei, 2n +5 —  El, 211+ ( i  <i)
Xe i  — 9 = Ei, j — E 2 01 +5, 271+ (i < i)

where .4 , ,  denotes the matrix u n it o f (p, q )-e le m e n t. N o te  th a t [X,„
= X e i „ ,  fo r  i < j  and that this choice of root vectors satisfies Condition 5 . 1  in
[ 1 ] .  We introduce a lexicographic order in / (0 `

0 0
) )  with respect to  (e„e„ •••,

e2n).
In  this case,

(0,0) -=- diag Nen", • • • , Ne'', p 2 e - h 2, • • • , 1)
H1'

; } .
In

h i e R ,  pi = ±1, p = 1
= 1

Put p =  (p i , p), • •• , • • • , p ) ,  then it determines a connected component. In
this section w e w ill trea t the connected component A' which corresponds to
(1 , 1 ,— , 1 ) . Therefore 2' n ( A 10 )  =  E n  (if " )  a n d  i t  i s  o f typ e  B 2 .

In  this case, the standard maximal orthogonal systems with respect to the
order are as follows:

E 0 = ( e ,± e, — e„ • • , e„,)

E 1 =  (e 1 + e 2 , e,— e„ • • • , e201_2, e„,_„ e„,)

E n = (e l , e2, e20,) .

F or each E 1, OE '  is  a compact Cartan su b a lg e b ra . In fact, by calculating
successively we get that fo r  X = diag (h i , • • • , h2,„ — hi, • • • —  h2ii, 0 ) ,  —V— lv r i

(X ) =  P. diag ( A „  A 2 , • • , A 20,_ 1 , 1 A2, • • • , 1 A271-21, 0, A 2 0 ,_ 2 2 + 2 , •  •  •  ,  A 2 n )  •  P - 1 , where
d iag (— ) denotes the hlockw ise diagonal matrix with diagonal entries indicated

(  0  hi )

and A 5 = .  So there exists k i E K  such that 1 E 0 I4 0 , 0 ) =  A d (k T i)v E ,,i lw o, , ,

— 0
where K  is  the maximal compact subgroup o f  G  corresponding to f.

Put b = (0 ,0 ) . Eor )) and D b =ex p  b = H I'. Note that VEo (e i)  f ( b )  is compact
if and only i f  so is vE . ( e 1)  E.E(b E .. ) ,  because k „  K .  Hence using Lemma 1
repeatedly, we see that vE o  (e 1)  is  compact if and on ly i f  i  is  e v e n  and the
other short roots are singular imaginary. For long roots, vE o (e i  + ej )  i s  com-
pact if and on ly i f  i  and j  have the same parity, because [f, f] Cf, [p, p] C f
and [f, p] Çp.

Denote by the dual space o f b  over C  and 1b2 its  additive subgroup
consisting o f such A e l l  t h a t  ,(exp  X ) =  (X E  b )  defines a unitary char-
acter o f  B .  S in ce  { — V — 11)E° (H ei ) } ( 1 < i < 2 n )  form s a  basis o f  b , each
element A  in  b t  is parametrized by th e  sequence (4 ,1 2 , •••,12„ ) ,  w h ere  l i =
A (y n o ( H e i ) )  .  Then they are all integers o r  half-integers.

Since W 0 (h )  is  genera ted  by  th e  reflections corresponding to compact
roots o f  b ,  every  e lem en t w  in W 0 ( h )  can be expressed a s  zo (v E o e )  =
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VE0 (65 eg y , )  (1 < j< 2 n ) ,  where ei =  ± 1 ,  I I a y ,  =- 1  and s is an element of the 2n-
5=1

th  symmetric group So „ such that s ( I L  3, •••, 2n— 1}) C  {1 , 3, •••, 2n —1} . Put
S = { s E ; S ( {1, 3, • 2n — 1}) C  {1 , 3 , ••, 2n  — 1} } a n d  ,3 = { f =  (s , e): sE  S,

e (61, 62, • • • 52.) , ± 1 ,  1 [  s 2 i - -1
= 1 4 . T h e n  W 0 (1 .1 ) is isom orph ic to

i=1
-2-4 • • • - .an d  sgn = sgn ( s )  x e e 2n H e re  sgn ( S )  means the s ignatu re o f f  in

W (E (b )) .

F or A = (4, 12 , • • • , 120 E  14  such that i1>/3>.•••>42.-i>12>/4>• - •> / 2 „> 0

and a ll  t i 's  are integers, we have the following lemma.

L e m m a  2 .  F o r ."'s E W G  (b ) , sgn (f -1 ) sgnp(E,) (§ - 1 =  sgn (s ).

P ro o f .  Apparently, g- 1 .4 is  p a ram etrized  b y  (61/so), 5 2
1

8 (2) • • • • 62,1
1

3 (2 n ) )  •

Since sE S  does not change the parity, /2(2p-i) >12(2 s )  f o r  any p and q (1<p, q
< n ) .  Therefore

n 2m

sgn, ( E  (S - 1  A) = sgn TT (se.p-1 1 2p-1) —  4pi.,2(2p)) sgn I I  e i i )

p= 1 i= 1

=  6162  • • 62n =  62e4. • •e2. (.." eies• • • 6
2 n - 1  =  1 ) •

On the other hand, sgn = sgn -=sgn (s) E  e E Thus we get the

lemma. Q.E.D.

N o te . It fo llow s from  the result in  [5 ]  that there exists a  special order

on I  (b) . A n  order on  it is  ca lled  special when the only one simple root is

singular imaginary and the other simple roots are com pact. In  our case the

s e t  {v E o —  es) 3 VE0 (es — e5), • • •, pEo (e2n-3
—

 e2 n -1 ) V E o (e2n-2
— e2 ) VE0 (e2 — es) , • • • ,

VE0 (e271-2
— e233), vE0 (e l . ) }  is  a  fundamental system o f E (b )  and it gives the spe-

c ial order o n  i t .  In  fact V E 0 ( e 2 , 1 - 1 —  e2 )  is singular imaginary and the others
are com pact. W ith  respect to this order A  as above is dominant integral.

From now on, we show that kt) (h, IP (W ) is reduced to simpler form fo r  A
as a b o v e . W e  do not dea l w ith  th e  orders except th e  lexicographic order

defined by (e1, e2 , • • e o .„), so we w ill omit P 5 (A )  in Z (••.) and W (E, ••.) f o r
simplicity.

A t  first, we study the term  Z (h, Eo , A ) i n  ( 1 )  fo r  h = exp  X E  A 10 (P) .
F o r SE W (I) E ° )  and u  W (4 )) , w e have

H exP { — ua (X) I (g - 1  A, v Eoa) 1/1a1 2 }
“EE 0 .

= 6 6 ,T1)"1'" ) x • - X 6.:N21.»  :t-42' 71)-  ' " ' "  ( " ) (2)

where Oi = exp  e; (X ) . It follows from  Lem m a 2, E E E-1-3 .  • • - 2 n - 1  =  1  and ( 2 )  that

Z (h, E o , A ) = sgn s y i  t-iw21))  u ( 2 i )

uEW (E 0 ) E S 8=1
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= 2n-1 E E sgn s I I 6;-;2Y.1'13" '"sEs uEw(E0 i=1

w h e r e  = (h , 7 7 2 , ••-, 77n) and Vi ± 1.
In  this case  we get that

uE S2„; u (1) < it (3) < • • • <u (2n —1),
W (Eo)

u (2 i-1 ) <u (2i) fo r  i=  1, 2, • • • , n 1.
Concerning to this se t , w e  h ave  th e  following lemma.

L em m a 3. We can divide W ( E 0 ) \ { e }  into two subsets W 0
-= lu1,142,•••,

u„,} and W2 =  { 14,÷1, Um+2, • • •, u2.} such  tha t ut * u f  f o r  i * j  and they satisfy
the fo llow ing  condition:

P u t tc=uïlu t ,„ ,  th en  it is  a  transposition o f  two even numbers.

P r o o f .  W e prove this lem m a by induction on n.
I) F o r n = 2 , W (E o)\-{e} consists o f tw o  permutations, that is

u = ( 1 2 3 4 ) ( 1 2 3 4  \
a n d  u' =

1 3 2 4 1 4 2 3 )

Then u 1 - 1 u -= (2, 4) , w h ere  (p , q )  m eans the transposition between p  an d  q.
II) F o r n>3 , p u t W' (E 0)  a n d  W" (E 0)  a s  follows:

W' (E 0) =  E W (E 0)\{e};u (3) = 2} ,

W" (E 0) { u  E  W  (Eo) {e} ; u (3) = 3} .

F o r 1/ E TV (E ,) , u (3 ) m ust be equal to either 2 o r  3, so  w e  have

W (E 0) {  = (E0) U W" (E0) a n d  W" ( E 0 )  n ( E0) =0

A s  to  W' (E 0) ,  we can divide it in to two subsets 1471' and 147 ', w here
=  E (E 0);u  (2) <u (4) } a n d  W2' = i t t  E ( E 0 )  ; it (2) >u (4) } . Put

s = (2, 4) , then W," W .,' • s.
F o r uE W" (E 0) , u (1) = 1 a n d  u (2) = 2 .  S o  b y  th e  hypothesis of induc-

tion, we can divide W" (E 0) in to tw o subsets W r a n d  TW  such that they
satisfy the required cond itions. P u t W 1 = U  W r  and W2 = U  TW .  Then
th e  p a ir  W, a n d  W, is  a  required one. Q.E.D.

Then

Z (h, E„ A) =2n - 1  E E E sg n (s) 6,7»'2(,.±-,;(3,-,;( * ) ( - )
SE S  j = ,

2n- 1 E rn.s g n  (s)11 644V2V-n)6.7,;67)))..s
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E E sgn (s)
sEs

= E  E  (sgn (s) sgn (st i ) )  E 6;»,(1,i A( .2')}J-1 1=1

E sgn (s ) f lsEs vi = 1

=2" - i 1 : 1
4 sgn (s) .

sEs i 1 = 1

N ext w e consider Z (h ,E „  A ) .  In  th is  case

W (E 1 ) { u E u (1) <tt (3) < • • • < it (2n — 3) ,

u (2i — 1) <u (2 i)  (1 < i n)

(4)

{ it G W  (E ,);u  (1 ) < u  (2) < u  (3) < • • • <tc (2n —2)=
u (2n — 1 )  is odd  and u (2n) = u (2n —1) +1

following lem m a holds.

Put Then the

L em m a 4 .  W e  c an  d iv id e  W  (E 1 )\1171 in to  tw o  su b se ts  WI  = -041, u2, • • • ,
u„,,} an d  V171 = {um , •  •  , u , }  such that u ,-/-u 5 f o r i j  an d  th e y  satis f y
th e  n e x t  condition:

P u t  t , = t h e n  t, =  (2p,, 2 q , )  (p i <ch <n — 1 )  o r  t, =  (2p— 1 , 2q,
— 1 )  ( 1 < p , < q , n ) ,  f o r  i=  1, 2, • • • , tn1.

P ro o f .  Put TA-7 1 = S2n; u (1) <11(2) < • • • </‘ (2n —2) , u (2n —1) < u ( 2 n)}.
B y Lem m a 3 ,  W  (E ,)\ -W 1 = W L U  M z ,  w h e re  M ,  a n d  M 2  have the above
p ro p e rtie s . Put

= iu --1/17-  \ W i ; (2/1 — 1) = 2 i - 1 }

and

W 1 2 =  -{uErf7 1\W 1 ; u (2 n - 1 )  = 2 4 ,  fo r  i=  1, 2, • • , n - 1 .
n-I

Then W1\ W1 = U  W  U  W I, and  they are m utually disjoint. P u t  t i =  ( 2 i - 1 ,
1=11 =1 n- 1

2n —1) ,  then • =  W I , f o r  i=  1, 2, • • •, n - 1. So  pu t  W = U W 1 a n d
n-1 i=0

IV= U  W 12 , th en  th ey  have the required properties. Q.E.D.

T hen it fo llow s from  Lem m a 4  an d  61e3."62,6- 1= 1  that

Z (h , E 1 , A)
n-1E  E  sgn (s) (32V2'1.(=i5' )x . 6.(2n-1) 2n)

rEg' nEW(E,) 1=1

711 I -  1

-= 2" E E sgn (s ) ft  6-1,
/ 9 ( 2

(pi-1),rj-Vits(2i) 6.--1,(271-1)A'-lq(2y1)
7. - 1 ) uj(271. - 1 )  1-•  2 4  (2 1 1 )

8C -S  .1=1  ri(n ) 1=1
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m 1r e - 1
+ 2n E  E  E  sgn (s) (3,7,NA-ili))64(i,;(m) x ,Ti 't (

.;(I;i11))67.75
16(A ))

S E S  . 1 = 1  v ( s ) 1=1

it-1

+ 2 '  E E sgn ( s )  1-1 x 6,7,,'Va=i)"6,7,J2s,r • (5)

S E S  ?LE W ,  v ( s ) 1=1

H ere 7/(n ) =  071, )72, • • • , 7in —1) and 7h= ± 1. Th e sum o f  th  first- r s t  two summations
in  ( 5 )  turns out to be zero through the same argument a s  fo r  Z  (h , E 0 , A) .
Furthermore we note that for any w  TV', it belongs to S  and sgn (Tv) =1.

Th e subset 1171 consists of n  elements and for each even number 2 p  (< 2 n ),
there exists a unique element up in  W I such that u p  (2 n ) =  2 P . Then, for each p

E  E  sgn (s) 11[ Ou
- ,;0_7136„- N1{2i) X :86 9,,,th))

scs y o)

= E E sgn ( s )  f t X  H X
SES v (p) i=1

71.

E  E  sgn ( s ) ][1[ (3; -i v .1) ) < (3 p 1s(222)
S E S  s (P ) 1=1 i= 1 , i*p

where w = u ; '  and V(P )( V I ,  • • • , 'Y7p, • • • V?)  and i m ea n s  th a t 71p  is absent.
In  general, fo r  a  subset /  of = {1, 2, •••, n}  , set

J  (h, n ,  A, I )  =  E E sgn (s) H 6,1ii=f2i- ') 11 av'"i) 6 ; I )

SES 0=1 i E t '1E 1

where 7»n  =  Oh; iE  /„\/), =  ±  1. Then,

Z ( h , E ,  A) E  (h ,  n ,  A , {P}) •
13 = 1

For general E . ' , by definition

W ( E )  =-
{ U E  S 2 ;  II (i) < U (3 ) < • • • <u (2n —  2j-1)

u ( 2 i - 1 )  <u (2 i) f o r  i =1, 2, • • • , n—  j

u  (2 n -2 j + 1 ) < u  (2 n  — 2 j +  2) < • • • <u (2n)

Put

u e  W(Ei ) ; u (1) < it  (2) < • • • <u (2n—  2j),

= u (2 i - 1) is  o d d  and u (2 i) =  u ( 2 i - 1 )  +1
fo r  n — j + 1 < i n

Then the following lemma holds.

L e m m a  5 .  W e  c an  d iv id e  W  (E5 )\ -W i in to  tw o  su b se ts  W I= {J(1,142, •• • ,
u „ }  and TV  •  •  •  ,  u 2 „, i 1  su ch  th at u ,,L u i fo r  i  j  and they  satisf y
the f o llow ing  cond ition :

P u t t i = uT iu m i „ „  t h e n  t, =  (2 p 1, 2 q , )  ( i < p j )  o r  t 1 =  (2p1—

(6)
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2q 1 - 1) f o r j .

P ro o f .  Using Lemma 3  and Lemma 4  repeatedly, we can prove this
lemma eassily.

Then follow ing the same way fo r  Z (h , E „ A) ,  we get that

Z (h , E j , A) =2 "- ' - ' E (h, n, A , I).
rçr„.111-5

Here III denotes the number o f  elements o f  I.
Now we calculate the alternating sum o f  Z (h , E j , A )'s fo r  j =  0, 1, •••, n.

We determine the coefficient of the term

sgn (s) ( .1A

in it. L e t  p  be the number o f  62 t 's  w hich  have the positive  exponent and
denote by aj , ,  the coefficient of the above term in  Z (h , E j , A) . Then

n  P )  2 n + /-1

a f , p  =
fo r  0-< j_ n — p

0 fo r  n— p

Therefore we get that

E
n - P

( -1 ) 'a 5 ,,, = E -1) -f2n+ J – '(n P )
5=0

—( 1) 5 2 '  n
 j

P ) = (— 1) .

Since e (Eo ) -= ( - 1 ) " , th e  following theorem holds.

Theorem 1. L e t  A = (4, 12, • • • 127 ,) be  a n  e lem en t o f  b'B'' such  that
>4> • • •>12.-1>12>14> • • •>12,,>0 and a l l  4' s are in te g e rs . F o r h = diag (61 ,
62, • - 62., di- 1 , (3&1, 1) G  A 101 (P)

(3„ z 2 _ 6 27

(h , P)  =2 1 x ........ 6 1 2 . - L 614s ................................. 64-12n apn

(H e re  and in the f o llow ing , w e  deno te  k  (h , P)  f o r  ieh (h, P(t)) )  s in c e  i t
cannot be m isunderstood.)

n—p

§ 3 .  The calculation on H "  (II)

In  § 2, we considered the character formula for A  only on A ' .  In this
section, we study it on the other connected comporents of IT " .  W e  d e n o te
b y  A . '  th e  connected component o f  1 1 "  (  = H b " )  ) which corresponds to

6:;111 ..................a&L,
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2k
=  (-1 ,  — 1 , . ,   —1,1,1, • • • , 1) . Then we get that

=  
±e,-±e1  ( 1 < i < j < 2 k  o r  2 k  + 1 ,5= i < j< 2 n ) ,}

R (A " )  
± e ,  (2 k +  1.< / < 2 n )

That is ,  2',K  (A ' )  i s  a  root system of type D2k X B 2 i) -  2k. We introduce an order

on it by restricting that o n  E R (f) ( " )  i n  §  2 . T h en  the standard m axim al
orthogonal systems a r e  a s  follows:

E 0 =  (e, e 2 , e, —  e2 , • • • , e2 k .. 1 + e 2 k ,  e2k-1— e2k, • • • , e 2 n - 1 +  e 2 n ,  e 2 ,1 e22)

E 1 =  (e 1 +  e2, e2 — e2 , • • • , 3 e 2 n - 2  e2n,-19 e2n)

E n _k (el + e 2 . e2, • • • , el k- i — elk, e2k+i, • • e 2 n )

Lem m a 6 .  L e t  S E Wa (3 )  ,  then  sgn sgnp(Ei) - 1 A) sg n  (s)e,s2 •••62 k.

P ro o f .  S in ce  E  R  ( A ( k ) )  is  o f typ e  D 2 k  X  B 2 n  - 2 k ,  P (E1) = E t  U fe2k+1, e2k+ 2 ,

•, e 2 „}. O n the other hand , / 2 1 - 1 > 4 5  f o r  an y  j and j. Therefore

sg n - 1 ) sgnp ( E 0  ( 1 A) sgn  (s)e 2 E4 ••• a2)1E 2k le2k +2 • • • 6 2n

sg n  (s)e,a,•••E2k ( . • . e,e3. • • = 1 )  . Q.E.D.

P u t A T  =- n K , then an element in  A  can be expressed uniquely as
h = h K exp  X , w here hK  =  d ia g  ( - 1 2 k , 1 2 n - 2 k ,  — 12 k , 12,2k+1) E  A P  an d  X V ' ' ) .
Furthermore, hK  e x P  [ 7r  { ( X e , + • • • +  (

X 2 '
2k-I 

-
e2k zk-ez k 

H E  exp  b.
So we get that

( h i )  =  e x P  (— r•V- 1 - 1(1sw — 1s(2) + • • • +1,,(2k-2) — 4 (2 0 ) )

=  ( - 1) 1,(t)+ 1, ( , )  +•••+18 0.0 .

Here we denote  W ( E 1) by W ( E 1 ) (o • Since X 1 ( A )  i s  of type
x 

B 2 , 2 0 9
 w e get that

u E  S,„; u (1 )  <u (3) < • • • <u (2/1 — 1)
W(E2)(k)=

u ( 2 i - 1 )  <u (2 i)  (1 < i .< 7 z ) ,  1 u (j) < 2 k  (1 j< 2 k )

P u t '117(E 0) i u E  W(E0) (k ) ;  ( i ) fo r  i =1, 2, • • •, 2/4. Applying Lem m a 3

fo r  W (E 0 ) ( k )  \ 117-  (E 0 )  and W  (E 0 ) \ {e} , we can divide W (E 0 ) ( k )  \  { e}  into two
subsets W I , ( k) and  W 2 , (k )  where W I , (k) = • • •, u 0}  and W 2 , ( k )  =  '0 1 1 .0 + 1 )  •  112mo}
such that ui * u f  f o r  i * j  an d  th e  following condition holds:

P u t ti = I ,  then t i  =  (2p1, 2q1 ) ,  where 1 p 1 < q , k  o r  k + 1 p i < q t

< n .  Therefore fo r  h=h i ,exp X E A 1101 (P ) ,  w e  have
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Z (h, E 0 , A ) =LI sgn sgnp(Eo) ( 2 5 - 1 1 1 )Ei , 4(hK)
E S  uE W (E 0 )(k )

111 0

= 2" - ,  N sgi, ( s ) m . . .  7, k  ( - 1 )  ( . ) (a)
1 = 1  ses

( 1  I  i i - i s c^ 7 - o R - v i la lz  i)  4 I ej - Vils(2 i) \X  \ i t t z , ( 2 { -  I) u uj(ti("2i U i(ti(26 )/  J
i =1

+ 2"- - 1  >2 sgn (s) 7i• • Silk ( - 1 ) 1 (0 7

SES

x  ( 1 I
7.;.1

w h ere  ai = exP (er (X )) ,  71= V2, • • • • V O , =  1. S in c e  e a c h  t i  transform
{2, 4, • ,  2 k }  a n d  {2k + 2, 2k + 4, • • •, 2n} into them selves respectively, 77/“2/72 . —

2k 2k

V11(2k)/2
=  VI' • Silk a n d  E  ist, w  = E fo r a n y  s E F o r each  t t i a n d  u =  117,

i=1 1=1

7t

i.•s ksgn (  )7 7( - 1 ) • i ' ( k ) 6u (to, ) , u( , ( 2,))=SES 1 1

;sgn ( s )7),• • •77 k 1 ) I s t + ... I- 1 , ,  ( " )  H 6 . 0 , 1 , ( a i )
SES 7 1=1

=  —  N  ' \  1  sgn  (s) v i  • • • 
7
7 k (—  1) l '  (') + — + I '  Czk) ri

S E S  7 7 1=1
 6 ; (

t
2 Y 1

-
;
') a ,7'01; <2 " .

. 0

T herefore th e  sum m stion  E  i n  ( 9 )  tu rn s o u t to  b e  zero . H en ce
.1=7

Z  (h, E 0 , A) = 2 ' 1 L sgn (s)V i • • • i 0 ( —  
1

)  I S  ( ' ) 1-1" " ) (.7 -ii--!127- `) ( 7 iv i t "
S E S 7-;

= 2 s1. 1,5s g n  ( s )  VI' •• (— - " " i - ') ( - 6 . )  - " " ' ( " )
7=1

X  I Î  (3,Ti l, f21- 1)(3V7i 1 , ( , i ) (10)
1=0+1

Secondly, we consider  Z ( / i ,  Ej , A )  fo r  1< j< n —  k . In  th is  case,

u  S2„ ; u (1 )  <u (3) < • • • < u (2n — 2j— 1 ),

W (E1) (k) -= ( 2 1 - 1 )  < u (2i) —j), (i)_- 2k (1 , .
u (2u — 2j + 1) <u (2n — 2j+ 2) < • • • < u (2n)

A s  in  §  2 , put

uE W(Ei) ( k ) ; =  i (1 < i< 2 k )
u (2k +1) <u (2k + 2) < • • • <u(2n —2j), u(2n — 2j +2r —1)

W (il e )  — is  o dd  an d  u(2n —  2j+ 2r — 1)+1 = u(2n —2j + 2r)

fo r 1 < r < j

T hen using Lem m a 3 ,  Lemma 4  an d  th e  re su lts  fo r  W (E 0) (k), we can divide

( 9 )
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T V  (E 5 )  (k)\ W ik ) in to  tw o  su b se t Wif = {u1, u2, ••, 11 }  a n d  wl -=_ • • • ,

u2 „,,,} su ch  th at n i * u .,  fo r  i * j  and  th a t th e  fo llow ing condition holds:
P u t t i = u u n z i , , ,  th en  t ,  is  a transposition either between two even num-

bers 2p2 a n d  2 q ,  (1 <p r <q 1< k  o r  k -E l<P i <c h <n —  j)  o r  between two odd
numbers 2p i + 1  an d  2q, -I- 1  ( k _ p ,< q i < n  — 1).

F or a positive in teger »1, p u t I„,. = 41, 2, ••• . F o r k < n  and  a  subset
/  o f /„\/,.= { k  + 1 ,k +  2, ,  set

7L

(h, n , A, I: k ) = E sgn ( 9 ) k  ( —  1 )  " >  . . . + 1 “ 2 k ) 6:2-112f2s-1)

v a )  ses 1=1

) ij —7
•

(•L)
l E I

2i " •

T h e  cancellation in  Z  (h, EJ , A ) is caused  by the term

II [e x p  —  u a (X )  (vE „a, 71) I/ I a 12}1

in  it. T herefo re  w e can  trace  th e  argum en t in  §  2  s tep  b y  s tep  an d  we get
th a t fo r h E (P)

Z (/i, E »  A) = 2 ' 1 ' E (It, n, 4, k ),
iccr,Alo.111=.1

w here h = h K • e x p  X  an d  0, = exp (ei (-X ) ) ,  77( 1 ) =  (V i; 71„

Let a , q  b e  the coefficient of

s g n ( s )  l l ( _ ( _ 6 2 ) -vil „)

in  Z (h , E j , A ), w here p  is  th e  num ber o f  02 ,'s w h ic h  h a v e  th e  p o s itiv e  ex-
ponent am ong {6

2
, ••• }  an d  q  is the num ber of those among 4(7-20+2) • • • 

0
2n }. •

Then

—  
( —  1) r ( n ( 1 )  2"+.i - ' f o r  0 <j<n — k — q

a (k) 
0 f o r  n— k— q+ 1 < , K n

Therefore

71 — k —k

( -1 ) gàik.) = ( -1 ) -1 (-1 )r ( n 1 2 " +J-0 j=0 J

= ( — 1) 1)2n- ' ( — 1) =  ( — 1) "q2" - ' ( —  1) "r"- k.

B y  d e f in it io n , a (E 0) ( - 1 ) " ' .  H e n c e  w e  o b ta in e d  th e  fo llo w in g
theorem.



450 S h u n su k e  M ik am i

Theorem 2 .  L e t  A = (1,,12 , •••,12 „ )  b e  a n  e le m e n t  o f  b  s u c h  th a t
11>1 3 >•••>1 2 ,1 >1 2 >1 4 >•- •>1 2 „>0  a n d  a l l  l i ' s  a re  in t e g e rs .  F ix  k  such
that  1 k n .  F o r  h = diag 6 2 , • • • , 62 „,ôT 1 , 6 1 , •••,6L ,', 1) E A '  ( P )  ,  the
f unction k  (h , P)  is ex pressed by  the sam e form ula as in  T heorem  1. ( N o t e
th at f o r  h = h ,e x p  X , th e  67 s in  th is  theorem  are  ex pressed a s  Oi --= —exp
(e f  (X ) )  f o r j < 2 k  an d  (Si = exp (e f  (X ) )  f o r j>2 k .)

N o te .  For a conected com ponent A  o f  I I '  e x c e p t  {A " ) } 0 ,,,...,„, let
n i  be the number o f negative matrix elements of any g in  A .  Then there ex-
ists an element k  in K  such that Ad (k) A =  A ' , because for any i  and j ( i * j )
w i ,j = exp ( (it/2) (X e j — X j _e i ) )  E K  and A d  (w i j )  induces a replacement be-
tw een  (i, i) -element and (j, j) -element in H " .  Thus the function it" (h , P )
on A ( P )  can be reduced to that on A 1' ) (P )  ,  for the character is invariant
under inner automorphisms.

§ 4. The calculation on and M"' °>
'

In  this section, we consider the character formula on another type of
Cartan subgroups.

Let .E1m) and b e  the follow ing ordered sets o f positive roots  in
2

,
R  (0 (0 ,0 ))

E ( ' (e 1 + e2 , el — e2 , • • •, e2nt -1 +  elm , e2m -1  e 2 m ) fo r  m n ,

E '' =  ( e id -  c2, —  e2, •••, e2n,_1+e2„„ e z „„_, — e,„„ e2„) fo r m < n - 1 .

Put Wm' -=-  r-) (° ' " (' ) and r ' ' ) "= f) (°'°)E ( '' ) ". Since any two roots in E ( m) (resp .
K m ')  are strongly orthogonal for H  diag (121 , h 2 , • • , — h1, — h2, • • • — h2n,
0) E b

(°.°)
,

(-O m ) ) (H )  —  — 1  2  1(h2i_1+ h24) X '_„,_,_e„) /2

+ (h 2 i _1 — h21)

d ia g  (0 2 m , h2m./-1. • • • • h2n, 
0

2m , —  h2m1-1, )

( r e s P . (E ( ' ' )  ( H )  = {(h2i_i+ h21) /2

+  (h 2 i_ i—  h 2 1 ) (x ; _eu — /2} (X:2„ —

+ diag (0 2 m , h 2 „ ,
1
, • • •, 02m+), — h 2 m + 1 , — h 2„_2 , 0 , 0 )).

Therefore a general elem ent in  1)"
.°)

 o r  b
(
" "

)
"  has the following form  respec-

tively:
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; 1 7 1  - 1
' A 1 B , . 0  `

2
B m 0

H O x

X = 1 3 ,. A ,. 0

0
— H — x

,  0 ....... 0....... x  0 0 x ....... 0

2 n - 1 2 n - 1

where

A i =  (
0( h , _ , — h , )  / 2 \

— hzi) /2 0
B i=(

0 (122i_i+ /12 ) /2)

— (h2 i + h2i) /2 o

H = diag (h,„ • • • , 14 ) a n d  x  = 0 for f)' " ,  and H = diag (h2.+1, •• h 2 „ ,  0 )  and
x-=h,„ fo r  f) (7 . . . ' .

T h e  c o rre sp o n d in g  Cartan s u b g r o u p s ,  w h ic h  w e  d e n o te  b y  T r "  and
/-P"" ) "  re spec tive ly , con sis t o f th e  e lem en ts  o f th e  fo llo w in g  form;

' C, D,. o s

•C m •D m

0
H " ) : h = D, C,

•
0

•D m •C m

0 0

, o 0 0 0 0

0

 

1 2 n - 1

1 2 n - 1

  

•*c m

    

: h =

M ' 0 0
(1+ c n ) /2 (1— c n ) /2 snkr2—

D,C 1 0

 

D m

O M I - 1

(1 -  C O  /2 (1 + cn ) /2
0 ........... 0...... s„/ 0 0  s„ ./ . \/- 2—

       

2 n - 1 2 n - 1

w h e re  s„= sin h c„= cos h,„, and
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(cos 112 1_, + cos h 2 1 )  /2
C, =-

— (sin h 21 _1 — sin h 2 1 ) /2

(

(cos /52 1 _, — cos /i,) /2

— (sin h21- 1 + sin h21)/2

(sin /12 1 _,— sin h2z)/2
(cos h 2 1 - 1 +cos h21) /2

(sin /521-1+ sin h 2 1 )  /2 \
(cos cos /220 /2 )'

1)1 =

diag (0 2 + , • • • ,

= diag • • • , 02„,e h '—') .

Here P  = ± 1  a n d  n p ,  1.

W e kn o w  th at v (E n  ( a )  (resp . y  (E '") (a ) )  i s  a  root o f  h ` "  ( r e s p .
fo r  aE E ( " ) .  In  fact

{ hif o r  2 m  + 1 < i < 2 n  ,
(v (E n  (e j ) )  (X) =

—•s/ —112 1 f o r  1 < i< 2 m ;

h, fo r 27» +1<i<2n — 1
(1) (e (X) ={

— V — 1h, for 1< i< 2711 o r =  2 n  .

F o r sim p lic ity , w e deno te  it aga in  by a .  Then

( o (m • 2))
{ ± e 1 +e 5 ( 1 < i < j _ 2 n ) , 1=

+ e, (1< i< 2 0 •

A s  in  §  2 , w e introduce a  lexicographic order on it. Furthermore

and

f n (13(m,(D)

2:7? (1) ("" '')

+ e, + ej  ( 2 » z  + 1 < i < j :  211) ,

±e 1( 2 m  + . 1 .•_ i<211

(2m 4- 1 i <j<21z  — 1.) ,

±e 1 ( 2 m  + 1 < i < 2 n —  1) J.

A t  first, w e consider the character fo rm ula on  I P " .  For convenience
w e  assum e th a t m <n .

Let H m . " )  b e  th e  connected component o f  1-1( " ) co n ta in in g  th e  identity.
T h en  ER  (Hm '" ) )  =—ER  () ' )  and the standard  m axim al orthogonal systems of
i t  a re  a s  follows:

=  ( e 2 m + 1 +  e 2 m + 2 , e2m +1 e2m +2, • • • i  e 2 2 - e 2 2 , e 22 - 1 e22)

FZ ) = (e 2 „, + 1 + e2 n i + 2 , • •• , e2 n -3 e272-2, e2n-1 ,  e 2 2 )

e2m +2, • • • 1 e2n)

T h en  P (E,Ç7) ) = L-1 e2. + 2 , • • • ■  e2„}.
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Since i) (Eo) ( E m ) )  •  v ( E ' ) ,  w e have v (E ,; ''') r " ° ) n  = b. S o  the way
in  this section is qu ite sim ilar to that in  §  2  except th e  trea tem en t of the
toroidal part o f r) ( " ) .

F o r h E  H " ) ,  put

exp (—N/ — lh i ) , fo r  i= 1, 2, • • •, 2m ,
i =

exp (h 1) , fo r  i =- 2m +1, 2m + 2, • • • , 2n.

It fo llow s from  v ( 4 )  ( Y )  =  Y  ( Y E  I f " '  ( I f )  and the definition o f A that

2m

g) =11  6 €.iii "
1=1

Since P ( a m)) -= (F i )  * U e2m+2, e2}, w e  have that for S E W 0 ( b )

sgn (S ')sgnp(E 5 00)(2s. 1 - A) =  sgn  (s) e2 64 • • • E211.6 2rn +16 2m-I-2 • • • 6 2n

= sgn (s) 6162' • • 62. (*•• 6162' • •62n-1= 1 ) •

For the treatment of W ( E r ) ,  we can use the same method a s  in  § 2.

Thus w e get fo r  h E (P) ,

Z (h , E r  , A) = 2n - m- 1  E  E  E  sgn (s) e i s2 . • • 62.
S E S  a ,1

2m
X  I I  6

;
' 1 11111 (6...TI=(1si - .)6 1

(

*(21)), (12 )
1=1 j=s1L+1

where e  =  (es, e2, •••, e2,,,.) and 77 = ( 77.+o 7m + 2 ,  • • ,  77 2 n ) ,  e i =  ±  1  and v i  =  + 1 .

Similarly, fo r  i = 1, 2, • • • , n -

Z  (h , Er , A) =.2 1' - ' 1 - 1  E  E  E  sgn (s) S162. • • S2.
SES a  I c l „ \ I v z

i

2m

x s ; i i ( j ) azi'f(sj) H H  62-7 »"I,v(i) f =m-)-1j e r „ \ ( I „ , u 1 )

where 77
( I

) =  Oh; iE  i n \ ( l u 1 m)).
A s  in  §  2 , w e take the alternating sum of Z  (h, E r  , A )'s fo r  i= 0, 1, • ••,

2m

n —  m . Then fo r  each tr ip le t (s, e, V ), the coeffic ient of sgn (s) II ( e i n " ) )
i=1

X  f l  6 ; i ' l " - I) 627J"“zi) in it is equal to 2
75 _ _1 ( — 1)" - "" ,  where q  is the number

z=m-1-1
o f  62 5 's  which have the positive exponents among {6 2 ,2 + 2 , • • • , 62 ,,} . For ni =- n,
w e have H "  B  and the signs (6 5)  must vary under P a- 1 - 9 • • • - 2 n - l=  1. Since
e(E 0) ,  w e ge t the following theorem.

T h e o r e m  3 .  L et A =  ( 4 ,4 ,  • • • ,  1 2 )  b e  a n  elem ent o f  1)2 s u c h  th a t  11
>4> • •>12 .-i>12>14> • • •>12 .>0  a n d  a ll  1 1 's a r e  in te g e rs .  L e t  m <n .
T hen f o r  h  .1 .4"4 •°) (P) ,
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1O I
ei6f"a. • •

2 S8i s,OP'a • • • 0 2 1 211- 1

e2 L in ,r= i i '  •  •  •  e 2 . - - i 0 r = i 1 2"- '

     

( h , P )  = E

 

c2621' 6 2 P - 1
4 • • • a 26'"'"

a :ma 2m ..............

2m+2 — 62-1+2— 0 2L7+2

;!:  — 211 ..............  2 1 1 ..................Oh'

    

1 ........................  6;11-F,T1

            

(14)

Secondly, we consider TS on H ( " '  .  Then E R  (HSv "° ) ' ) =ER (r ' " " )  and the
standard maximal orthogonal systems o f  it  are as follows :

(e2m+1+ e2/It +2/ e2 nt +1 e2771 + 2 •• • /  e2 ,_1 + e 2 , _ 2
, e2 11- 3 — e211-1)

EimY  = e2m+ 2, • • • / e211-5
—

 e2 11-4/ e2 11-3/ e2 11-2/ e211-1)

E.;,7) „,'" _1 = (e2nt + I ,  e2m+2/ • • • / e2n-1)

C lea rly , P (E r )  =  ( E r ) *  U le2m.+1, e2,..+2, •• e2n- il • S ince ER (f) " )  i s  of

type B211-2m -1/ we get that

U E ; u (2m  +1) <z t (2m  + 3) <  • <u (2n — 2i-- 3)

W(Elm ) ') = u (2m + 2j— 1) <u (2m + 2j) j=  1, 2, • • •, n —  m —  i — 1 ,

u (2n — 2i — 1) <u (2n —  2 i)  <• •  <u  (2 n  —  1)

w here SL,m+,1 denotes the permutation grou p  o f  {2m + 1, 2m + 2, • • •, 2n— 11.
Now we prepare the following analogous lemmas concerning to W(El"' ) ') 's.

L e m m a  3'. W e  c a n  d i v i d e  W  ( E r ') \ { e }  i n t o  t w o  s u b s e t s  W ,
= {u„ u 2 , • • • , lim o }  and W 2 = {n,,,,+1,um o +2, •  ,  u 2 . 0 }  su ch  th at u i * u f  fo r  i=/=j and
th e y  s at is f y  the f o llo w in g  condition:

P u t  t i =uTlu„, o + i , t h e n  t 1 = q i ) ,  w h e re  2m + — 1 a n d
th e y  have the sam e Parity .

P r o o f .  Put W =  {u E W  (Er') ; U (2m + 1) <u (2m + 2) <• • <u (2n — 2)1.
By Lemma 3, we can divide W(EP7') ")\W  into two subsets W ; and W 2

'  such

that each t  chosen as above is a transposition of two even numbers less than

o r  eq u a l to  2n — 2. P u t  W, = {u E W\ le l ; u (2n— 1) is e v e n }  an d  f -V, =
{ u  W \ {e} ; u (2n — 1) is odd} . For each u E W „ put s„= (u  (2n — 1), 2n — 1).
Then  s u  is  a non-trivial transposition of two odd numbers and u • s„ belongs to

W 2 . Obviously, this correspondence is a  one-to-one mapping from W , t o  W 2 .
S o  w e get to  the conclusion. Q.E.D.

L e t  Wm) be the subset o f  W (E r " )  consisting o f  u  which satisfies that

u (2m + 1) <tt (2m + 2) < • • • <tc (2n — 2k— 2) , u ( 2 j - 1 )  is odd and u (2j) = u (2j
—1) + 1  f o r  n — — 1 ,  and u (2n — 1) = 2n —1.
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Lem m a 4 '.  W e can div ide W ( E Y ) \ W  into tw o subsets W I' )  = {u„
14, •-•,u,,, k }  an d  M k )  = • • • , u 2 „ , k }  such  that the u i * u f  f o r a n d
the f ollow ing Property  holds:

P u t  t i =i,q 1u „ , , ,  th e n  t i = (2pi , 2 q , ) ,  w h e re  m d - 1 _ p i < q i _ n — k -1  or
t i  i s  a tran s it io n  betw een tw o odd num bers.

P ro o f .  Put

W —  iu E W (E r); u  (2m +1) <u (2m + 2) <• • <u (2n— 2k— 2) } ,

W g )  = {u E  M k ) ; u (2 j — 1 )  is  odd and u (2j) =- u ( 2 j- 1 )  + 1

fo r  n — k_<j_<n —  1} .

Then by Lemma 3  we can divide W(Em ) ') \WI» into two subsets M k )

and  W1k) which hold the required properties. Next by Lemma 4 , T/N k ) \W g )

can be divided into two subsets We° a n d  M k )  which satisfy the condition.
Furthermore W g ) \W ( k)  can be divided into TIT;' )  a n d  W e ) by the analogous
way in  Lemma 3'. Hence th e  two subsets W}k) = Tv? ) u W rik) W f k ) and
fv-- ?) = m k) u Eik )  u f  r k ) satisfy the required properties. Q.E.D.

For h E 1- 4m. 0 ) ' (P )  , put

exp ( —  1h i ) fo r 1 i _2m  o r i=- 2 n ,
di =

exp (h i ) fo r 2 m  +  1 < i< 2 n -1  .

Put b' = v n g .  Then since y ( E r )  • v (E ( ' )  =  y (E 1)  -= Ad (U p  (E 0 ),
we have b' =- Ad (k i ) b  and  TV, ( b ')  is isomorphic to W , ( b ) .  Furthermore, for
UE W ' ,  we can regard it  a s  an  element in W 0  (b') which never changes the
signs and its signature is equal to +1.

It fo llow s  from  th ese  rem ark s  th a t sgn (3 - ') (g - I  Ad (k1 ) A)
= sgn (s) e 1 62 • • • E , a „  and

Z (h, Em )' ,  Ad (1z1) A ) =2 - » - ' sgn  (s) e E1- 2 .  • • -2m-2n
s c s  e

2m n-1

X H (61 1
" 9  fJ x

i=m +1

and
Z (h, . Ad (k 1) A ) =2a - m- 1 - J  E E  s g n  ( s ) c E  E  E-1-2 .  • • -2m-2n

SES  s '

2m

X llavt.( 0 6J.i(i--)6v 1“2.) ( E
j 1I I = j

n-1

E f l ' ' ‘ ` ' ` " )  I I  60 , ") x ait=f2̀ - ')),   (15)oim) ier.,\(Imur) icr

where E (E  Es-1, -2, • • • , E2m, E2n) 2 =  ( 27/2+12 .• .2 7 7 n -1 ) and  V' ) = ; i E i n _i \ ( rm  U I))
and si =  + 1, 77 = + 1.

A s  in  §  2 , w e take th e  alternating sum o f  Z (h , E5m) ', Ad (k1 ) s  for
0. j< n  —  m — 1. Then fo r each tr ip le t ( s ,  e ,  v )  the coefficient of
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2m n-1
sgn (s )  H ( E o s c i ) )  f l f 2 - (l';.?i (2 0) a&if y

i=1 i=m +1

in  it is equal to 2n-m-1(— )1_ n-m-1-q where q is the number of 621's which have
the positive exponents among 02.4-2, •.., 6 2 n - j  •  Since e ( 4 " ' )  =  ( - 1) " ,  we
ge t the following analogous theorem.

Theorem 3'. L e t  A -= (1,, 12 , • • , b e  a n  e le m e n t i n  1 1  s u c h  t h a t  11
> 1 8 > • • • >1 2 ,_ ,> 1 2 > 1 4 > • • • > 1 27,> 0  a n d  a l l s  a r e  i n t e g e r s .  L e t  n i< n .
T h e n  f o r h  E (P ) ,

   

2 2 2 6  2

..7.6 "
Zn2 2 m  2 m

62- 12+2— 64i .62- . 14n2 — 641'+2

n11 2 2;/ -2 • • • k'L2

...................C 2 n O 2 V I ' '

(h, =
62:—. 16 ,7 2 1 1 ' • • • 6.2 . - 1 6 Z -111 - '

62rrit.'+1 ..............

ithl-  .............■

X

       

§ 5. The calculation on

Lastly, we treat the character formula on the remaining Cartan subgroups.
Let and Ern - 7c'  be the follow ing ordered s e ts  o f positive roots in

( 0 (o,o )

E (m-k,k) (el+ e2 , -2, e 2 m -2 k  -1  +  e 2 m -2 1 , e 2 m  -2 k -1  e 2 m - 2 1  e 2 m - 2 k  + 1  +  e 2 2 2 - 2 k + 2 ,

• ,  e2„,- i + e2 )  for 0 < k < m < n ,  and E ' ' '  =  (e i + e2, e2, ..•, e 2 m  -2 k -1  +  e 2 m -2 k ,

e 2 m -2 k -1  e 2 m -2 k , e 2 r n -2 k  + 1  +  e 2 m -2 k +  2 , •  •  •  ,  e ,_ ,+  e 2 m , e2 „ )  fo r  0 < k < m < n  —  1.

Put 0 ( " j ' ' '  =
“ E (m-k, lc ))  op, o) n g and g ' " ) " =  ( E )m-k,k) , ) oo) n g. Then

their general elements have the following forms respectively:

F m -k -F1
0

o
F mB m

H 0

B, A ,

• A -7,k
x =

0
F

F m

—1

—1

2 n - 1 2 n - 1
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where F i = d ia g ((h 2 _,— h21) / 2 , —  (h2i-1 —  h21) / 2 )  ,  a n d  fo r  1)(' ' ' ,  H = diag
(h, , ,  •  •  ,  h 2„)  and x =  0 , fo r  W m '' ,  H  diag (h2.+1, • .• h2._ 1 , 0 )  an d  x  = /z2n.

We denote th e  corresponding C artan  subgroups by and T r " '
respectively. P u t r i = (h 2 _1 — h2 ) /2 an d  O = + /2 (i — k  1 , •  ,
m ) .  Here we give th e  form o f  a  general element in  H ( ' - '" ) only.

H o n – k ,k ) :  h =

C, 0 D, O O '

• C D m ,

7>z c +1 — 1D ra–k+1
O

Lm 0
— D m

O
D,. C

D m - k

lX n –k + 1 -Unt–k +1

0 m--i o
.. 0 1 ,

e - "  sin
w h e re  D.; = ° L  = diag (e" cos O, e - "  cos 0i ) L i' = diag

\_ e nt s r n û j 0 )
(e - "  cos 0„ e" cos Of ) , an d  C ,  D i , and  M  denote th e  same m atrices as in  § 4.

Since v(E(m_kht)) ( a )  (resp . v ( a ) )  ( a  E  ( 0 ' °° ) )  is  a  root of
(resp. we denote it also by a .  Then

(1)(m- k.k)) = e i  e i ; (1 <i<j<2 n )  , ±  e ,  ( 1 < i 2n)}

A s  in  §  2 , we introduce a  lexicographic order o n  i t .  Furthermore

{

±  (e21 _,—  e21) (»I —  k+1 i m) ,

ERM ( m - k . k ) ) = ± e i ± e i  (2m + l i < j< 2 n ) , ,
± e1 ( 2 m  +  1 < i< 2 n )

{ ±  ( e ,, ,—  e n )  ( m — k + 1 < i m ) .

2,'R (1) (m-k . '" )  = ±  e i ± ei  (2 m  +1 . i <,j2 n  — 1 ) , .

± e 1 ( 2 m  +  1 - i< 2 n  — 1 )

Hence f R  
( 0 ( m - k , k ) )

 ( r e s p .  E R  (1) (m k ' w ) )  is a  root system of type Al x " .  X A i

X B 2 , - 2 m  ( r e S P .  A ,X  •  •  •  X  A I X B 2 n -2 m -1 ) •  Both H (' ' '  and can be
treated completely likewise, so we consider I -P ' ) o n ly  in  th e  following.

' o
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For convenience, we assume that m < n .
Let g m - k•k) b e  the connected component o f H ' containing the iden-

tity. T h e n  ER (
g m - k ,  k ) )  

= E R  ( b ( m - k , 1 0

) ,  and as to  the above order, w e have
the fo llow ing standard maximal orthogonal systems:

k •k )  = (e2m -2k  +1 e lm -2 k + 2 , •  •  •  e 2 m -1 —
 e2m, e2m-1-1 - 1-  e

2ra+2o

e y m + i—  e
2m-I-2, • • • , e 2 ,1 +  e 2 , e 2 , 1 e 2 )

Efm - k ' k ) =  (e 2 m .-2 0  + 1  —  e 2 m -2 k + 2 ,  '•  e 2 m - e2m , e2m +1+ e
2m+2

• • • , e 2 n -2 ,  e2n-1, e2n)

E i m
k ' k )  = (e2m-2k +1 — e2m -2k +2, • •  e 2 m - 1  e 2 m ,  e 2 m + 1 ,  •  •  •  e

2 •

Then  P  (E lm - k . k ) )  =  ( E im - k •k ) ) *  U ie2.+i, e2.+2, • • • e2.} •
Since v ( E 0 )  = v (E 1 m -k ,k ) ,

)  w e  have v ( 4 m - k• k)) V " - k•k) n g = b.
Now we consider the character formula term  by te rm . F o r  :S E  W, (b), w e
have

sgn -1) S g n p (E i (m-k,k)) - 1 .4)

=  sgn E  e-2 -4 . •
 • -2n-2m -2k +1e2m -2k+S • • . 6

2m -le2 in i-1e2m +2 . • .
e2n

= S g n  ( S )  ( 6
16

2 • • •
e2 m -2 k ) (e2 m -2 k + 2 e2 m -2 k  +4 • • • 6 277) •

For hE  1-4 ( m- k'k)  ( P )  ,  put

exp (— •\/ —  lh i ) fo r 1 < i2 m  —  2 k  ,
Oi  =

exp (121 ) for 2 m  +  1 < i< 2 n

Under the decomposition 1-Pm - k•k) = K ) •  exp (b ( m- k ' k ) n p) 3 w e  have
h  =  h K  exp X, where

' B1.

•• A m - k

0 2(71 
-

1/I-1- k) 0 2 n - 2 7 n

.131 .

B .

h K  =  e x p

02/1-27n 0 2 (n k)

0 .............................................................................. 0,
diag ( 0 2 m -2 k ,  F m -k + i,  •  •  •  ,  Fm, h2m+ 1, h2m+2, • • , h2.

0 2 . -2 k ,  —  F m -k + i ,  • • • , F  —  h 2 m + i ,  — 1127,,+2, • • • , —  h2n, 0) .

Therefore for each j =  0, 1, • • • , n —  m ,

2m -2k

e-4  (h r )  =  f i  O''t"'1 1 1  e x P  ( — a2 i/ s (2 )))i=1 i= m -k
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and

IIe x p l  —  ce (X )  (v ( E i m - k 'k ) )  (a), § - 1  A) /I al 2}

= exp ( r i  (/,(2i-1) 6 2 i -1 a 2 i ls (2 0 ) )

X( 2 7 ) - 1 ) X II (̀,1i( ii.)')( 12' i ) •i= + 1 - t i - j+1

Put 62i-, = exP +  —  1 0 0  and 62 i exP  (r i —  —  10 i ) fo r i=  m — k +1, • • ,
m ,  then

E  en exP ( — 10, (621-1isui-o +62ii (1i)) ) exP ( —  r j  (4(2i- 1) — 8 21-iezils(2t)))
±1

s2 i = ±1

=
eu= ±1

L et a =  {a (1) , a (2) , • • •, a ( k ) }  (resp. b = {b (1) , b (2), • • •, b (k) } ) be a  sub-
set consisting of k  odd (resp . even) numbers such that 1 < a  ( j)  < 2 n  — 1  (resp.
2 < b  ( j )  < 2 n ) .  W e define a  subset S„, b o f  S  a s  follows:

S , =  {S  E S; s ( 2 m - 2 k +  2 i - 1 )  E a, s  ( 2 m -2 k  + 2 i )  c b  ( 1 < i< k )}

Obviously, S =  U  S a d , (d is jo in t u n io n ). In  each subset, there exists a
(.,b )

unique element 0 (ab) such that 6'-  ( a ,b )  ( i ) ( a .b )  ( 1  + 2 )  holds for any i. Then by
easy computation, sgn a(a,b) =  — 1 )  5  w i t h  N = (a ( i)  b  ( i ) )  k }  / 2 } .  In

the follow ing, we denote the permutation group of {t„ •• • , tp }  b y  S ( t , ,  ••-, t p ) .
Put

7  =  S  (1 , 3 , •  • • , 2 m -2 k -1 , 2 m  +  1 , • •• , 2 n -1 ),

S (2 , 4 , ••• , 2m -2k , 2m  + 2 , 2m  + 4 , • • 2n ),

T : S  (2 m  — 2 k  + 1 , 2m — 2k +3, • • •, 2m-1),

= S (2 m -2 k  + 2 , 2 m -2 k  +  4 , • • • , 2 m ), and 7 - * = T;" X  TX  T : X  T : .

Then for a n y  (a, ,  Sa,b = 0 (a, .
In  our case, on ly the sim ple component o f  ty p e  B  in  Z R  (I)

( m - k , k )

)  con-
tributes the sim plification of the character fo rm u la . T h e  treatem en t of that
part can be carried through the same way as in  § 2. Therefore we can calu-
c u la te  the alternating sum o f Z  (h , Ei nt - " )  , A )'s fo r h c  M 4 - k.k)  ( P )  similarly
a s  we could in  §  2  and  § 3.

Paying attention to  the changes of parities in  th e  sub indeces o f  6' s, we
get that fo r  a n y  (Z-- m -k + 1 , rnt-k+2, • •  r„,) (r i  =  0  o r  1 )  a n d  ( „,+„ • ••, 77,,) (v,
=  + 1 ) ,  the coefficient of

2m-2k
f [ ( - 1 )  ri 
i=1 f=m -k+1 =77,, +1
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in  k  (h , P)  is equal to s g n ( s )  ( - 1 ) '" g  ,  w h ere  q  i s  th e  number of
6 , 's  which have the positive exponents among k-2rn-I-2/ • • • 5  

6 2 n } •

W e denote  th e  complementary s e t  o f  a  (re sp . b )  i n  {1, 3, •••, 2n-1}
(resp. {2, 4, •••, 2n} ) b y  a' -=- {a' (1) , a ' (2), •••, a' (n—  k )}  (resp. b' = ( 1 )  ,
b ' (2), •-•, b ' (n—  k )} ) . In  each subset, we assume, the elements are arranged
in  order. S ince s k '  k ) )  =  ( - 1 ) m - "' "  and S =  U  (¢,b) • T k  , w e ge t the fol-

(a, b)
lowing theorem.

Theorem 4 .  L e t  A = (1,1,, •• • , le „) b e  a n  e lem en t i n  b 2  su c h  th at
1,>1 3 > • • • >1 2„_,>1 ,>1 4 > • • • >12„>0 an d  all l i ' s are  integers.

Fo r h E H o ( m -  k )  (P) ,

( h ,  , p )  _  (  1 )  k 2 n - k - 1  E E E det (a i l) det (b 1 i )
(a, b) e r

X  sgn (a, b) sgn (7) det (c i i) det (d i ') , ( 1 7 )

where

E zi-1 6 1 t1 1" (J)f o r  i=  1, 2, • • •, m  —  k

6 -1-at'-Wk f o r  i  m — k +1, • • • , n — k ,

c 2 i 6T i v(J) f o r  i = 1, 2, • • •, m  — k

6it:;;/ , -(3W),,, f o r  i = m — k +1, • • • n —  k ,

c i f = 1 < i  ,  j < k

d , '  
5 2 , . . . _ 2 k + 2 i 6 a2V ! 2 M „ , , , , 1 < i  ,  j < k

ands •  •  - /  52 ln - 2 k •  5 2 m - 2 k + 2 ,  •  • • •  •  •  • •  a 2 m - 2 •  82 m ) ,  r =  ( r . - k + i ,  •  •  5  r r n )  5  i ± 1 , —
k

0 or 1, and sgn (a , b) = (_ 1 )N , sgn (z-) (  — 1 )  with 2 N =  E (a (i)  +b  (i))  +k

and /V' =  E rm. -k+
i= 1

N o te : F or each i 2m — 2k +1, 2m— 2k + 3, •••, 2m -1, if 6.-2 ,_ 1 =  —I then
r, =1  and  v ice  versa . So w hen m fo r  each (E - 2 /  -E 2 n - 2 k .  th e  sequences

r n - l e + 2 •  • • • •  r ii) must vary under the condition th a t ( — 1) "."' = 6 16 3'
So fo r  h E  H o( n- k•k)  ( P ) ,  w e ge t the expression o f k  (h , P)  by replacing 2n- ' -1

with 1  and (Z
-

. - m - k + 1 ,  r m - k + 2 ,  •  •  • •  r , , )  with ( r n - k + 1 •  r , , - k + 2 ,  •  •  . • satisfying ( —  1)
= 5153 . • ' 5 2 n - 2 k - 1  in  ( 1 7 ).

Remark 1 .  A s  to  1 / " ' ' ' ' ,  w e can  get the expression of k  ( h ,  P )  by

replacing 6;,,'" — OW w ith  5 2 , 1 e  a n d  E  w ith  ( - 1 )  E , w here s' ( s i , • • • ,
e'

52 m -2 1 c•  5 2 n ) •

Remark 2 .  T h e  function k  (h , P)  is expressed in the same way on the

other connected components o f  /-/' "  and by changing the signs of
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di 's  w hich  correspond t o  th e  negative m atrix elem ents am ong J 2 n

P2,.+2e"' 2, • • Cozneh"01

R e m a r k  3 .  I t  follows from  Theorem  5  in  [4 ] that the set t r i e" ) ;  for
0 < ij< 7 /  and 0 < i  +  j< n ,  H " '  ;  fo r  0 < i ,  j< n  —1 and  0 < i +  j< n  —1)- ex-
hausts the totality of Cartan subgroups modulo conjugation by G .  Therefore
we can express 7r",, concretely on  G ',  because each element in G' is conjugate
to  an element in  some Cartan subgoup o f G.

§  6 .  The case o f  SO, ( n ,  n  2m +1)

Put

and

/ 0 i n 0  \

J „ , „ , =  1 „  0 0
\0 0  — 1 2 ,0  /

I 1„i n 0
1

P  = 1„ —  i n 0.\/ 2
0 0  ,/ 2  12 . + i /

= {g E GL  (2n +  2m +1, ; t gJ„,„,g = „1„,„,} ( m > 0 )  .

We consider the connected component G o f  .6  containing the identity. T h e n
G =  P  • S O ,(n , 71+ 2171 +1) - P - 1 . L e t g  be th e  L ie  algebra o f  G  then

0=  {XE gt (2n+ 2m +1, ; + -= 0} .

L et if ° '°) b e  a  Cartan subalgebra o f g  consisting of the elements of the form

X = diag (h„ • • • , 12n , — h0 , • • • , — h„, 0, LI, L 2 ,  •  •  •  L m )

where diag  (--) denotes the blockwise matrix with diagonal entries indicated
( 0 h„ + , )

and L,.= for 1 < i < m ,  E R .  The map O defined by OX=
— lz„+ , 0

fo r X g  is a Cartan involution of g such that 6v., .)= r .. T h e  vector part
o f r)"  has the maximal dimension.

L e t H "  be the Cartan subgroup corresponding to w.°), then it consists
o f th e elements o f th e  form

h diag (P ie l , • • • , 
p e h . Pie , • • • , Pne h " , 1 , K n .+ , • • • Ka + nt)

( cos h.1 s in  h.)
where K ,= , 0 ,=  ± 1 , p i - 1  and R .  L e t A '  be the

—sin h i c o s  h i

connected component o f //`°.°) corresponding to the signs p i -= • = p,,,= —1
and too ,  = —• = Po n = 1.

L e t ei b e  the complex linear functional on  (),(0.0) defined as

e i (X ) -= h i f o r  1 < i < 7 2 ,  O r  =  — / — ih , f o r  )1 +1<i<71+ M

Then
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(b ")  = {  ±  e i + ei (1<.i<j<nd- m ) , + e .,(1<i<n+ m )}  ,

ER (r) ( ( " ) ) = 4± e, ± ej  (1<i<j<n )  ,  ±  e 1 (1 <i<n )}

We introduce a  lexicographic order on 2' (1) ( " )  by el, e2, •••, We choose
a  root vector X . f o r  a E E R  (0" )  as follows:

X e j  — X - -e i  E 2 n + 1 ,1 + E r + 7 1 ,2 n + 1
 (1<i _.<n) ,

X e i +e j =  ( - 1 )  (E, + 5 — Ef,n+ ( 1 <i<j<n )  ,

E,,, — +I, n+i ( 1  _<i<j<n) ,

where .4 , ,  is  the matrix unit of (p, a) -elem ent. Note that [X ,,, X , ] = ( - 1 )  n

[X „,X _, J ] -=X „_ e i  f o r  i < j ,  whence Condition 5. 1 in  [1 ] is satisfied.
Put p= [n / 2 ].  Then the stndard maximal orthogonal systems in ER  (A ' )

=E R  (b" )  is  as follows:

E 0 = (e i -1- e2 , — e2, • • • e2 _1 + e2 , e2p, [es])
.E1 =  (e l + e2, e2, •••, e2 _3 —e2 _2, e2p-1, e2p, [es])

E p = (e„ e 2 , • • • , e2p, [4]).

In  each E 1,  the last element e„ appears only when n  is odd.
Under Cayley transforms, the toroidal part o f b ` "  is  invariant. So for

each E1, b ,o, o )E i is a compact Cartan subalgebra. In  fact w e get that w hen
n =2p +1,

—V —1vEi (X ) = P • diag (— h21 -2, • • • , h 2 p -2 1 1 2 , 0 , h2p -21+ 2 12 , • • • ,

1227, I 2 ,  12112 , 4 1 2 , • • • > 14.12 , h„, 1 12 , • • • , h„, 1 2 ) • P - 1

and when n  2p  ,

—  — ( X ) P • diag (h,4, 1412 , • • • , h,p _„ —12212 , • • • ,

— h2 p_2 ,1-
2 , h2p-2 i+ 212 , • • 6,  11,12> h n + 1 129 •  •  • , h n i-n , 12 ) P

where 12 = 10). Th ere fo re  f o r  an y  i ,  there ex ists  ki E K  such that

Ad ( k  PE, =  PE, 1W0 , .) , w here K  is  the maximal compact subgroup o f  G
corresponding to f =  {X E  ;  OX =  .

Using lemma 1  repeatedly, we get that when n  is even, the root vEo (e5)
o f  ffoonE, is  compact if and on ly if j  is  even  o r  j > n  + 1  and a l l  th e  other
short roots are singular imaginary. W hen n  is odd, the root vE0 (e5 )  is  com-
pact if and only if  j  is even and j <n .

Put b  .=b(0,o)E, and B = exp b = )• Then every element A in bt is param-
etrized  by (7„ 12 , • • • , 1„+ ,„)  ,  where l i =- A ( P E ,  W O ) . H e re  H e,  is  th e  element
o f bP.°) corresponding to the root ei w ith  respect to  the K illin g  fo rm  o f g „
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that is, H „=  E i ,i — En+i,.4-i for 1 < i< n  and II„= \/ 11J  (E2i+1,2i+2 —  E2,:-1-2,21+2) for
n + 1 < i< n +  m .

L e t S be th e  (n + m )- th  symmetric g r o u p .  According to the parity o f

n, we define th e  s e t  :5"" a s  follows:

I) W hen n =2p,

(s, a); s S „ + „, an d  s({1, 3, •••, 2p — 1} ) C {1, 3 , ••• , 2 p -1 1 ,

(s„ a2 , • • • , a„+ .„,) , ±1, IT az i _ i =  1)'.
=1

II) W hen n = 2p + 1,

{:s -= (s, a); sE S„,,, an d  s (12, 4, •••, 2p1) C {2, 4, • • •, 2/01
n+m

=  ( 6 1 , 6 2 ,  • • • , 5 r i  -
 ± 1 , 11

 E v , 5 =1}.
J =. j= n

Then  W0 (b ) can be identified with S ' under t h e  correspondence w (vE o ( e i ) )
n-l-m

=  V Eo ( 6 i e 0 ( i ) )  for 1_<_. + m  (w  E WG ( b ) ) .  Furthermore, sgn (w )  sgn (s) I I  ai .

We consider th e  character form ula corresponding to A = (1„1„ •••
such that all / ,'s a r e  integers a n d  /, > / 3 > •••> / 4 _, > / 2 > •••> / 2 p > / ,• • • > / „ ± ”,
> 0  (when n is even) o r  /,>/,>•••>/2,_i>/,,>/n+1>•••>/n+m>4>/4>•-•>4p
> 0  (when n  is  o d d ) .  F o r these A , we get that

sgn (S - 1 ) sgn (, 1 A) = sgn (s) an + i s„,• • •

where S E S  an d  P (E i ) = U {e„ e„ • , e„} as in  § 1.
Since /1101 = AIP • exp p ) ,  each element hE A 101 (P )  can be expressed

a s  h-=- h„ exp X  (h K E A = A 10 fl K  an d  X E  b "  n p). Furthermore 211PCB,
so there exists a n  element Y in f) ( " ) n f  such that ILK = exp  Y . T h e n  w e  have,

$i-i A (h K) = OfM • • •6 ;:7ZI ' ' ' ' ' )

fJ exp u a (X )  ( f - ' A, vE0a) 1/1a1 2}

2p

—111 ; (
102. i s)6 [6 -1$ (01

j=2p-2t-1-1 u ( i ) U ( ' ' )

w h e re  i = exp e,: (X) f o r  1 < i< n  and Oi  = exp e ( Y ) fo r  n + 1 < i< n  +  n z , and
U E W (E i ) . T h e  last term  6;;;,'.) appears only when n  is odd.

Since th e  signs vary under the  cond ition  s i e,• • • (when n  is
even ) o r  s1ss •--s2 p _i e„6 + ,•••6,, + = 1  (when n  is odd), we get that

Z (h, A) —21 3 - '+' E E E H  (a j ayt'o)
ucw(Ei) SES j= n + 1

p— i 2p
X  sgn ( s )  J f (6,TW2Lfii) (V6i"8.1)) x [26; 71;.)],

1=1 .1-

where 77= Oh, • •• , V p — i) E  =  (E n + 1 , •  •  E n + n e ) and h ± 1, ai =  ±1 .
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W hen n is even , the d iv ision  of  W (E 1)\W 1 in to  tw o  subsets M  and M
in  Lemma 3, 4 , an d  5 causes the cancellations in  Z(h, E 1 , A) . W hen n is odd,
put

U S,: 11(1) <u (2) <••• <u (2p — 2i) , u (n) = n , u (2r —1)
=

is  o dd  an d  u (2 r )  = u (2 r -1 )  + 1  fo r p — i+ 1 < r< p  •

T hen using Lem m a 3 ' an d  4 ',  w e h ave  th e  division of W (E 7) \14» in to  tw o
subsets W I=  {n1,112, •", //..,} a n d  M= {/1.,+1,un,,+2, •••, u2.,} such  th at u i l u.,+J
= (2pi , 2q1 ) w h ere  1< p i < q i <p— i  or u i'u n ,i + j = (2p5 —1, 2q1  —1 ) w h ere  1 < p 5

< g 1 < p + 1  for j=1, •-•, ni e.
T h us fo r an y  i ,  w e get th at

Z (h, E t , A ) = 2 »+ ' { J R 1 (s ia Y “ P )

2p_

x sgn (s) I ") (3,7(1E1) x[2(3; 1"" ] 1 .
j=2p-2j.+1

N o w  w e take  th e  a lternating  sum  o f Z (h , E 1, A)'s for 0 < i< p  a s  in  § 2.
F o r an y  s E S  an d  E- 0 — 6 , + 2 ,  • 6 , i + , 7 2 . ) ,  put

Z Et, A ) = sgn (s ) fJ F. 5 a81f, .(i)(2P+ , -i E
J= .+ 1 UEWi

p - i 2p

( a;W2--j-ii)642.1.14(")) ( I I 6 ,T.;> ) )1=1 j - ,2 p -2 i4 1
(w h en  n  = 2 p ),  or,

= sgn (s) ( (e i d y , u 0 a ; ' , 0 0

J = .+ 1u E W ,

p _ i 2p

(TT 6 ;2' 1i) 6 ; ; .'!15(` ') (  1 1  6 ;1 ) ') ) ) (w h en  n= 2p +1).
j = 1 Fl

Then

( - 1 ) (h, E t , A ) = f , (-1 )1Z ,,,, (h,A ) ) .    (18)
i=1 s e s  so8 = 0

W e can  ap p ly  th e  re su lts  in  § 2 to the alternating sum  of Z, 0, (h, E 1 , A)'s
in  (18 ) for a n y  s E S  an d  r o . T herefo re  fo r any sE S  an d  LE (2-0=  , - 71+1• • • • • 6 n+ n t)

an d  77= (7/,, •••, v,), the coefficient of

p ii + 171

sgn (s)
 i i  6 2-1._(1 , -)6.-2-i 0il.".0 [6 ;1 . ' ]

j = 1

in  (1 8 ) is  eq u a l to  2P- 2 ( -1 )P - a (w hen  n  2 p ) o r  2P ( - 1 )  ' 7 (w hen  n = 2P
+ 1 ) .  H ere q is the num ber of 6,j 's which have the positive exponents among
02, (74, • • • , (72,1 and  th e  la s t te rm  6 1s10  ap p ears  o n ly  w h en  n  is odd.

T h u s th e  following theorem holds.

j  ; 0 4 4

T h e o r e m  5 .  L e t  A-= (1„12 , ••-.1,,+0,) be a n  elem ent in  b t such  that all
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a re  in te g e rs . M o re o v e r, w h e n  n = 2p, w e  assu m e  th a t  i t  s a t is f ie s  the
inequ alitie s  11>13 >•••>1 2p --i>P2>14 >•••> 12,>1 ,,+,>• • •> 1..+Eo> 0  a n d  w h e n  n
= 2p +1, w e  assum e th at it  satis f ie s  l i > 13> • " > 12p-I > 1. > 1.+ 1 > " • > 1”.+m > 12
>7.4>•••>12 o >0 .

T h e n  w h e n  n = 2p,

(h , P) E 2P - 1  (let (ci) i . j , det (di)
E „

w here

an d

l < P ) ,

' - .1P P — O P p  ( 1 < i < p ,  p + 1 < j < p +

Ei+pdee41,`" ( P + in ,  1 < j < p ) ,

a 4. ' '" ( P  + 1 < i ,  i P  +  in) ,

a n d  w h e n  n =2 »  -1-1,

( h ,  P )  ( - 1 )  E 2P det det
E„

w here

an d

6:2-M -, ( 1 < i ,  j < p  + 1 )  ,

{cr i i — 6 2i I219  ( 1  - - - i ‹ - P  + 1 ,  P + 2 < j < p  +  171 - I-  1 )  ,

a ;z711,5-, ( I <  j < p  + 1 ,  p  + 2 < i < p  +  ni +1 ) ,

sp + i a'i p ar .> ( p  + 2 < i ,  j  < p  +  n i + 1 ) .

H ere -o s-Et+i, •••, fl+li mt) a n d  e t = ± 1  a n d  h  i s  a n  e l e m e n t  i n  il` °) ( P )  o fE = (s
f o rm :

h-=diag(e4 .,•••,

w here

/ cos h fs i n  h,

\ — s i n h ,  cos

F o r  an y  in tege r  k =1, 2, •••, p, w e get th at

+  ±  ej  ( 1 < i _ j 2 k  o r  2k +1 G i<j<n ) ,}
e ,  ( 2 k  + 1 < i n)

S o  it  is  o f  typ e  D2k X /
3

71-216. W e introduce an  order on  f iE (A ' 1)  by restrict-
ing that on 27 R 

0 ( 0 . 0 ) )
 d efin ed  b efo re . T h en  th e  co llec tio n  1E 0 , E 1 , ••• , Ep _k } is

c i i =

del = (19)

•• • (19')

ehn eoeh r •  • e - h ,
• 

K
V
,
 7 7 I

•SR (A (k ) ) =
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th e  to ta lity  of the standard m axim al orthogonal system  in  ER  (A ) a n d  fo r
a n y  i ,  P ( E 1) = E  U {e2k+1, e2k+2 ,  • • • 7 en }  in  th is  case.

Fo llow ing th e  w a y  in  §  3  step  b y  step , w e  g e t  t h e  concrete expression
o f 1 t (h, P) o n  A` k ) ( P )  fo r  k =1, 2, •••, p. T h a t is ,  by changing th e  sign s of
di 's  for i = 1, 2, • • •, 2k in  (1 9 )  o r  (19') , (h , P)  has the expression on  A
a s  o n  A `" (P) .

W e define th e  o rd ered  s e t s  o f  p o sitive  ro o ts in  I  ( (" ) )  E" - 2  an d
a s  follows:

q • q ) ( e , e2 , e, — e2 , • e 2 k - 2 q - I e 2 k - 2 2 , e 2 k - 2 2 - 1 e lk - 2 q ,

e lk - 2 q + 1 +  e 2 k - 2 q + 2 ,  • • • )  e 2 q - 1 + e 2 2 ) for O q k p ,

Ek = (e 1 -1- e2, e2, • • • , e2k - 2q 1 e 2 k -2 q , e 2 2 -2 q

e l k - 2 q + 1 +  e 2 k - 2 2 + 2 ,  • • • ,  e 2 q - j + e 2 q ,  en ) fo r 0 <q [(n—  1/2].

T hen  any tw o  e lem ents in  E 1 k - m ) o r  E " - " ) "  a r e  s tro n g ly  orthogonal and
any such  subset of positive roots in  I R  a)

( 0 ,

)  is conjugate to som e E " - " ) or
so m e E ) ' u n d e r  th e  a c t io n  o f  W e y l g ro u p  o f  ER

R ( 0 0> ) .  P u t  f ) ' - q'q)

= y (E` ) ( 0
0 ) )  CI g and f ) ' - q. ") ' =  E(k  - q, q)') ( f p,o) ) n  0. T hen the collection

f
( k -

q' ") (0 q ,  ( 0 < q < k < [ ( n —  1 )/ 2 ] ) }  i s  th e  to ta lity  o f Car-
t a n  su b a lg e b ra s  o f  g  m o d u lo  c o n ju g a c y  u n d e r  in n e r  au to m o rp h ism s. Let
T P - " ) a n d  I - -r - q'q) " b e  th e  C a rtan  subgroups corresponding to  f) ' - `2'q) an d
r - q'") " respectively.

Put

A, O \ ( B ,  O \ ( C ,  0 D ,  0
A ( j )  =  ( • , B  (j)  = • • , C  ( j )  = • • ) ,  D ( j )  = (  •  • ,

0 A i / 0 131 1 0 C 10  D i /

L (i, j) =--
/cos Oi + 1 120 sin 0.1 + 1 /2 .0 \

(i,
\ 0 cos Q , 1 2/ 0 sin 0 i 1 2/

w h ere  01 = (1z 2 i _, 1 4 1) /2  a n d  A ,, B ,, C 1 , D ,  denote t h e  sam e  m atrices  in  th e
p reced ing  sections. T hen  1 ) " '" ) a n d  1)( k - c" ) " a re  o f th e  following forms:

1) (Ek -q,ry) -q, q) fl f :

A  (k — q) (-1)773 (k )

On -2k + 2p
( - 1 )  "B (k) A  (k — q)

O n -2k+ 2q+ 1

A n + 1

• A n + v e

Y = O

0

0( k - q ' g )  = 1 ) ( k - q ' q ) n p:
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diag (Ook _2o , F k -  q + 1 , •  •  •  Fk, h2k+i, • • • , h., 02k-2 q

- " • ,  -  F i , h2i+i, • • • , 02m+1)

ti (Fk -4 .4 r 1 ) ( k  -  9 )  n t

'  A (k - q) (- 1 )n  .13 (k)
}  •  •  • n  -  1

0 ,-2 k + 2 q 0 0

h./ ,1- 2 -

(- 1)n B (k) A (k - q) 0
;1. • •n -1

Y = 0 On-21c4.2q

-  h n / Nr 2 -

0, • • • , 0, - h /  f2 ,, 0 , • • • , 0  , h./ 0

n -1 n -1 An+,
O

0
(k - 2,2r f)(Ic - q , n p

X = diag (02k  -2q, F  k - g+1 , • • • , Fk , h21C +1, • • • h n -1 , 
0

2k-2q+1, .

F k - 1, • • • F  k , h2k -I- 1, • • • h i t -  1, 0  +  2 )  •

that IN - g.° = U h, exp (be: - g.°) (disjoint) ,  w here 0 (P= 2k+1,
n P

p i =  + 1 ,  n p.= 1  a n d  hp= diag (12k, P2k +1, P2k+2, Pft, 1 2k,

and  m oreover that Ilkc - g•q>' = U h', exP (f)(d-k-g'qY) (disjoint) ,
n-1 P

where 0,  =  ( P2k+2, • • • , P n - 1 )  with pi = ± 1 ,  f i  p i  = 1  and h', = diag ( i l k ,  P2k +1,
i =2k +1

P22+2, • • • , P n -1 , 
1
-2k+1, P 2 k + 1 , • • • ,

and H oek - g.° = exp be,!` - g.° • exp be k - ° ° ,  and similarly fo r  H ( "- ° ' .
We consider the form ula of k (h, P )  on H oek  - " a n d  H o

( k - g.°"• W e  d en o te

the root v (E ( k - g. ) ) ( a )  (resp. v (E a  - g• q) ') ( a ) )  o f  rf k - g. °  (re sp . ° " )  again

by a fo r  a E  ( f ) (" ) .  Then

± (k -  q + 1 i k )  ,

± e i ± e i  ( 2 k  + 1 _.< i < j n )  ,

± e i  ( 2 k  +

± (e 2 ,_ ,-  ezt) (k -  P +1<i . k) ,

▪ e i ± ei  (2 k  + 1 ._ i< i< n J.▪ e i (2 k  + 1 < i< n  -1 )

F o r  the standard maximal orthogonal systems in  th e pos itive  roots o f I  R

( f ) ( k  m ) )  we can apply Lemma 3 , 4 , and 5  when n  -2 k  is even and Lemma

3 '  and 4 '  when n  -2 k  is  o d d . F o r those of E R ( t ) r ' ' )
 we apply Lemma 3'

0

Therefore we see

P22+2 , • •• Pic)w i t h

P2k+1
,
 •  " ,  P n ,  

1
2nt+1)

12,7,0 . M oreover H "1> • exP b ( k  ' 1 4 )

{

ER  (4Ck-Q , (0 )  _

E R  (0 ( k - q 'q ) ') = {
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and 4 '  when n - 2 k  is even and lemma 3 , 4 , and 5 when n — 2k is odd. T h e r e -
fore  for

E , = (e 2 k -2 q + 1 e 2 k - 2 q + 2 , • • • •  e 2 k - 1 e 2 k , e 2 k + 1 +  e 2 k + 2 , e 2 k + 1 e2k+2

• • ' ,  e2p_v _i + e 2 p -2 i• e25-2i+i• • • • • e2p• [en] ) •

w e ge t the following:
fo r  h =  e x p  Y  e x p  X  (Y  V ` - qm, ;'C- 1) ( k - q.q) ) ,

Z (h, E , A ) =
2k -2q n+mE E isgn (s) 1111 5

oy, e  5 6y" (J)}
s E S  e 5 = 1 5=73 +1

(  E  ( - 1 )  r  - - 51! . (g -,1.; 6  ',V ) )
= k  -4 + 1  e e i= ± 1

= 0, 1

P
-

i rt

CE E ( II (7;.P2ii) II 6"43(21)I T  6 , -,- (ll;P] X  [2 ].
mEWi k  F 1 k j  =2p -2141

(T h e  last f a c t e r  X  [2 ]  appears only when n  is odd.) H e r e  6 ,'s  are given by
the coordinates o f Y  a n d  X  as follows:

2 q  o r  n + ni) ,

6 5 = e ni ( k + 1 . - n ) ,  6 2 5 _ 1 = e " ° ,,

62 5  e ' f -"/ -1°J  ( k — q + 1 j _ < k ) .

6 =  ( 6 1, • • • , E 2 k  -2 q , 6 71+1, • • • , e n + m ) ,

V=
 (

7
4 + 1 1  • • • •  V p - i )  •  77j =  ±

1
,  6 „/ —  - 1 1

 •

and u  runs over the following subset W i  of the permutation group S(2k + 1,
2k + 2, •••, n):

u (2k  +1) <z i (2k  + 2) <• • • < u (2p , u (2j — 1) is odd and }
=

u (2j) =  u (2j— 1) + 1  fo r  p —  i + 1< i< p, (u ( n )  = n  if n = 2p + 1)

T h e  alternating sum o f  Z  (h, E , A ) 's  (0 < i< p  —  k ) is reduced to that of the
last parts in the brackets [•••]. F o r H o( k- " " ,  the the situation is completely
parallel. Therefore we get the following theorem which includes the theorems
in  the preceding sections.

T h e o r e m  6 .  L e t  A -= (1,1 3 , • • • be an  element in  b t  such that all
I t' s  a r e  in te g e rs  a n d  11>13>•-•>12,-1>12>14>•••>12,>177+1>•••>l77+„,>0
(w h e n  n  2p) o r  l i > l 3 > • • • >12,--i>ln>ln+1> • • •> 1.-F .> 12> l 4 >  - > l „ > 0
(w hen  n = 2 p  + 1 ) . Then f o r  h = exp (Y) exp (X ) E  - q•q) (P)  , when n = 2p,

( h ,  P )  =  ( - 1 )  q 2 P - k  E  E  det (4 ) det (c/i)
(a ,b ) e

X sgn (a, b) {E ( — d et (4 )d et (y l) }  ,   (20)
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and w h e n  n =2 p  +1 ,

, (h . P) ( —  1 )  " '2 " - k  E  E  det (cV ) • det ( d i
 j )

(a, 6) a

X  sg n  (a , b) ( -1) 2." d e t  (4 )  d e t  (3.,j)} (2 0 ) '

Here

f  c21-1a2n t '''' `i" ( 1 i < k  —  q ,  l < j < p  —  q ) ,

1  6 I ( ) ( k  —  q +1 <i<p  —  q , 1 .:7  P  —  (I) ,

e2i61,i1 ( "."' ( 1 < i k  — q ,  1 .,i<p  —  q+ in ) ,

{d i =  6 .71.X " ) )  — (k — q + l i P —  q, 1 :7 <p —  q + in) ,

e i + „_p+  q 61.',!1-2;!:_r (P) (p —  q+1<i_p —  q + i n ,  1 < j< p  — q + m)

xl = ( 7 ict W2i-11- , ,,,,,i ,

Y i  = e 2k— 2q+2idak=wv2' ,"  Va.,

c c '  (1 <i<p  —  q , i < j < p  —  q+ 7n +1) ,

c 1 = 6 .f ..i ' ( i” ( i  =  p —  q +1, 1 < . j .p  — q + m + 1) ,{

e i ._p+,-76,%'-;̀,---PX4+I ( r (")+ 
(p — q + 2 i ‹ p  — q + in + 1 ,  1<.± p —  q + 17Z + 1) ,

d i i  =- Cli (1<i, j<p —  q) ,

r — (ri, • • • , 6 2 k -2 q , 6 2k-2q+2, •.* a 
6 2k, Oati-1, rn.+25 ''•, r n + m )  a

r= (rk - q +i , • • • , rk) c =  ± 1, ri  = 0  or 1 .

W hen n-= 2P, a -=- (a  (1 ). • • • , a ( q ) )  runs over th e  subsets consisting of q  num-
bers i n  {1, 3, • • •, 2 p - 1 } a n d  b =  (b (1) , b (2) , • • •, b  (q ) )  runs over th e  subsets

of q  numbers in  {2, 4, • • •, 2p, n , n +1, • • • , 71 +  m l  .  W hen 71 =  2 P  +  1 , a=  (a  (1) ,
• • • , a ( q ) )  runs over those in  {1, 3, • • •, 2 p -1 , n, n + 1, • - , n+ i n }  a n d  b  does
over those in  {2, 4, • ••, 2p}. I n  both cases, a  ( r e s p . b) and its complementary
se t a' = (a ' (1) , - • , a' ( q ') )  ( r e s p .  b' = (b' (1) , • • • , b' (q'))) are arranged in  or-
der a n d  le t f  be th e  number o f a ( i ) 's  (w hen  n = 2p) o r  b (j) 's (w h e n  n
= 2 P  + 1 )  that a re  greater than or equal to n + 1. Then sg n  (a , b )  = ( -1 )N
with

2 N =  (a (i) b  ( i ) )  +  ( (i) ) + q —  2P (q —  f ) (when n = 2p) ,
1=1 i j 4 1

=- (i) + b (i)) + ( a (i)) + f —2q ( q —  f )  (when n = 2p +1) .
i=f +1

N o te .  W e  h a v e  a  similar expression of ( h ,  P )  on H e - Qq) ". The signs
( r  

q •
 , • • • , t i,) runs under the condition th a t  ( —1) "ri = 6163• • '62p-2q+1 w hen  n

=2 k = 2 p .  O n th e  other connected component of / 1 " '" ) , after changing the

(1< i, j _ q ) ,
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necessary signs o f  a t 's  i n  (20) and (20 ') among {ô'25+1,+1, • • • O n }  we can also
see that k (h, P )  has the same expression as above o n  these connected com-
ponents.
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