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§  1 .  Introduction

T h e  purpose o f  th is  paper is  to  genera lize  and im prove th e  results
presented in  the preceding papers [3 ] and [ 4 ] .  In  [3 ] the existence of solu-
tions o f mixed problems is considered on the condition that the coefficients
o f  th e  boundary operator a re  independent o f  t. W e w ill gen era lize  th is
existence theorem to the case of a boundary operator with coefficients depending
o n  t  by using th e  idea o f  S o ga  [9 ] and T su ji [1 0 ] .  A n d  concerning the
exponential decay of solutions a results corresponding to Theorem 1  o f  [4]
may be shown for boundary operators inhomogeneous in  t  on some suppositions
about the behavior of the coefficients near t=oo.

I f  w e impose once more the restriction on boundary operators that all the
coefficients are independent o f  t  Theorems 1 and 2 o f  [4 ]  can be made bet-
ter in  some d irections. The essential means fo r  this improvement is a  new
estimate o f  ,,r(6) (p), which is presented in  Theorem 3.2.

W e w ill exp la in  the problem and state the theorems:
L e t 0  be a  bounded object in  R 3 with sufficiently smooth boundary r .

Let us set

S2 -= —  0 —

and

3 a 3B = E bi  (x, t)  c  ( x ,  t ) —  —1  E a (b  (z , —  7 2  ( z ) )  /  a
=. 11 9  X at 2  1 =1

+ —
1

ac (x, t) /at + d (x,
2

w h ere  b.»  c  and d  a re  functions belonging to co (r X [0, o c ) )  a n d  n  (x )
(n, (z),  712 ( z )  ,  n3 (z )) denotes the unit outer norm al of r  a t x  r .

We consider a  mixed problem
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1
 021.13  6 2 u

— 0

Bu = O0

in  S2 x (0, 00)
Ot2i = i  Ox1

2 

on F x  (0, co )

on the following assumptions:
(A-I) The Gaussian curvature o f I '  is bounded away from zero.
(A-II) b1 ,  j=  1, 2, 3 and c  are real valued.

3
(A-III) E b5 (x, n ;  (x ) 1 on T X  [0, o c ) .

J =1

T h e o re m  1 . In  o rd e r  t h a t  ( P )  i s  C "  w e ll  p o s e d  and  h a s  a f in ite
propagation s p e e d  i t  must and it  su f f ic e s  to  h o ld

(1.1) c (x, t) < 1  on T X  [0, 00).

The following four theorems are concerned with the exponential decay of
solutions of (P).

For u (x , t)  C ° (S2 X [0, D o)) w e set

E rn ( u , r ,  t )  =  E D ,1 u (x, t)1 2 clx
lal5m

• {x :xE S2,1x1< r}.

We denote (12e X the diameter o f 0 ) - 1  b y  So .

Theorem  2. Suppose th at all the coefficients o f  B belong to
g "  (T X  [0, 0 0 ) )  and satisf y

(1.2) sup e (x , t) <1 ,
(x,t)ET x (0, cr,o )

(1 .  3) lirn inf Re (— d ( x ,  t ) ) >
t , c o

(1.4)
3

lim E Ob i  (x , t) ac (x, t) _ 0

St Stt—>oo j

w h e re  d ,  i s  a constant d e te rm in e d  b y  S2 a lo n e .  T h e n  the solution u ( x , t )
o f  (P )  f o r  140 , u, E  C r (S2 ) decay s ex ponentially ,

(1 . 5) Ern(tt, r, t) < C„, exp {36o (r 2g) } exp  (— °
t

)  E , " 2  ( U ,  0 0 ,  0 ) ,
2

w h ere  lc  d en o te s  the d iam e te r o f  U  supp u f  a n d  C ,  i s  a constant in d e -

pendent  o f  u 0 , u ,.

(P) u (x , 0) = u, (x)
Su (x,0) =-1.1,(x)
St



M ix ed  p ro b lem s f o r  t h e  w av e equation 377

T h e o r e m  3 .  C o n s id e r t h e  c a s e  o f  t h e  b o u n d ary  c o n d it io n  o f  th e
th ird  k in d  w ith  t im e  in d e p e n d e n t  c o e f f i c i e n t s ,  i .e .

b i  (x , t) = ni  (x) , j  = 1, 2, 3 ,

c (x, t) = 0

d (x, t) -= d (x) .

I f  d ( x )  is  re a l  v a lu e d  a n d  satisf ies
3

(1. 6)d  ( x )  <Ix —  Q1 - 2  E(x —  q i ) n i  (x) f o r  a l l  xE r

f o r  som e p o in t  Q= (q„ q„ q 3)  E 0 , '  th e  so lu tio n  u (x ,  t )  o f  (P )  f o r in i t ia l
d a t a  u0, u1 ECr(S2- - )  satis f ie s  th e  f o llow in g  in eq uality

(1. 7) Em(u, r, t) < C m exp {360 (r + 2Ic)} exp (— ro (u, 00, co
w h e re  r i s  a  Po s it iv e  c o n s tan t in d e p e n d e n t o f  u „  u „  a n d  IC d en o te s  the

d iam e te r o f  U supp uj .

T h e o r e m  4 .  S uppose t h a t  th e  coef f icients o f  B  are  independent o f  t.
D e n o te  b y  H ( x )  t h e  m e an  c u rv atu re  o f  r  a t  x  w i t h  re s p e c t  t o  — n(x).
W hen c l ( x )  satisf ies

3
(1. 8)d ( x )  < m in  (lx—(21 - 2  E(x j — qi ) ni  (x) , H ( x ) )  ,  V x E r  ,

J=1

th e re  e x is ts  a  c o n s a n t  a > 0 ,  w h ic h  d e p e n d s  on 2  a n d  c l ( x ) ,  s u c h  th at  i f
3 1  3

(1 .9 )E  ib1(x) — n i(x ) I - F ic(z )1 + — E
J=1 2  J= 1

a (b  (x ) —  n (x ))
a x i

< a

 

h o ld s  th e  s o lu t io n  o f  ( P )  f o r  i n i t i a l  d a t a  in  Cr (..(2- )  decay s ex ponentially
in  th e  f o rm  (1. 7) .

T h e o r e m  5 .  S uppose  that the coe f f ic ien ts o f  B  a re  independen t o f  t.
F o r e ac h  77> 0  th e re  e x is ts  a  c o n s tan t C , s u c h  th a t  the  cond ition

Re d (x) (x) — 2

d (x) > C O

im p lie s  th e  ex p o n en tial d ecay  o f  th e  f o r m  ( 1 .7 )  o f  s o lu t io n s  o f  (P )  f o r
in i t ia l  d a t a  in  C  (52).

§  2 .  E x is te n c e  of so lu tions ( p r o o f  o f  T h e o r e m  1)

T h e  n o ta tion  and term inology of the preced ing  papers w ill be  used  free ly .

"  This condition was introduced in Asakura [1] as  a  sufficient condition for the local energy
decay of solutions of the problem for a star-shaped obstacle.
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We explain some spaces o f functions other than the ones used in the previous
papers.

(T  R ' ) :  the space o f  Sobolev o f  o rd er m  o n  T X  R ' .  Denote the
scalar product and the norm by < ., • and [ • ]„ , respectively.

i r  (S2 X R ') : the space o f  Sobolev o f  o rder m  o n  S2 X W . Denote the
scalar product and the norm by -))„, and [ [ • ] ] „  respectively.

1/7,̀  ( T  IV): the space o f functions u (x ,  t )  defined on T X  Ri such that
e-  "tit (x, t) E H tm (T X R') . A n d  fo r  u, y  E.T -T7 (T  X R ' )  define the
scalar product and the norm by

<u, v>,„= <e -  "tit, e-  "tv>„ Pt] „,, „= [e -  1 4 ] .

117 (S2 X IV ):  the space o f functions u (x ,  t )  defined on  S2 X R '  such that
e- "tu(x, t) E H tm (S2 X R') . Define fo r  u, v E H ; (fl X R ' )  th e  scalar
product and the norm by

((e -

D i]] E e-P tu l •

First we prove Theorem  1  on the following additional condition on B :

The coefficients of B  are defined on T  X R ' and there exists a  con-

(2. 1)
stant T > 0  and a boundary operator B° with coefficients independent
o f  t  such that

B  =  B °  fo r  ItI > T .

L e t  yo (x ) be a  real valued function in  .0 -  (R s) satisfying

(2. 2) sup !N7Ça(x)1<1 ,
T E R '

and let us set

02
A , (

8  
) — (1— ( v o  — 27V.V

a 
 —A—Aço• 

 a 

at' ax at2 t at
aço 0B , ( 8   , 

ax   
 ( c „ ( x , t )   + c l ( x , t )

at 5=1 Oxf O n  at

where

b  ( x ,  t )  b . ;  (x , t (x ) )
3

C. ,  (X , =  [C ( X ,  t ' ) b ,(x , t')  aç° (x) —  I9 Ç9 ( x )
ax 1 a n =t-4 0(s)

d ,(x , t) ftia  (b  (x , t') —  n  (x )) /ax, f +Oc (x, t') /8 t'}

(x ,  t ') l
t - 40 (s)
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F ro m  (A - I I I )  a n d  ( 2 .  1 )  w e  have

(2.3)E t) ni  (x )  = 1  on F x R ',
=1

{ /2; , ,  c , ,  c i ,  a r e  independent of t  for

It > T + su p  Iço (x ) 1.
x E r

Consider the ex istence and  the uniqueness of solutions of a mixed problem

A , (6 a
at , a x  )u — f

o t   (x, 0) = ui(x). 

i n  D  x (0, 00)

B (
'

on T x  (0,00)
O t a x

)u — h

u (x, 0) = u o (x)

au 

To  th is  end we note some results obtained i n  [ 3 ] .  A  boundary value
problem with a  complex parameter P=-,c,e+ ik

0

a
x )v (x ) = 0i n  D

(2 .5)

v (x ) =g on  T

has a unique so lution in  f l  H '" (,Q ) fo r  every g ( F )  when p> p,, where

p , is  a constan t determined by ço. Denote this v ( x )  b y  U„ (p , g :  x ) .  Then
w e  h av e  an  estimate

(2.6) v ( p ,y :  x )1 au  (p g  x)
On

2

    

c'.11g111, -= 1, 2, • • • .

Define a n  operator „//7 :, ( p )  by

( p ) g  
\O

°
  +  °q)

 /
g :

n O n  

an d  th e  theorem 1  o f  [ 3 ]  shows that

(2.7)—  Re (.-//7 :0 C a  ik) g , g) „,>  (pc , (yo) — lig112„„

holds fo r a ll  g ( T )  and  ,u>,u„, where

c 1 (ç )  =  inf A/1— (ço)
xEr çog = (Vço • n)n

Consider a  problem

(2. 4)

(P,)
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: x )u (x , t) =  0 in  S2 x

(2. 8) 1 B°„(,:t, aa
x ) u (x, = h on  .1" X W

supp uC S2 X [to, n( ) )

fo r  hE  H  (I" X  R ') such that supp hc _V X [t,, c o ). T h e o re m  2  o f  [ 3 ]  says
that there exists a  solution u  (x , t )  in  LP; (S2 x R ' )  uniquely and  that an
estimate

[[u]]„, ,<C m [h]

holds fo r  ti>71,„ where 71, is  a constant determined by S2 and B°.
To prove Theorem  1  o f  this paper it is essential to show

Propos ition  2 . 1 .  Suppose (2. 1) . L e t  ç‘2 satisfy

(2. 9) inf v1  —  (ços)'›s u p
( 1 4 0 8 ( x ) l y  (x , t) c  ( x ,  t ) )

s E r (x ,t )E T  x  R .

where
3

(x, t) = (E (12 (x, t) —flj  (x )) 2) 1".
j = 1

T h en  fo r hE R .; (E x,  m > 1 , such that

supp hc EX  [t  n o ) ,  t  , ›  0

there exists a  solution u (x ,  t )  in (S2 x R ' )  uniquely of the  problem

A ço ( 8
a
t  a

a
x )u  (x , t)  0 i n  S2 x

(2. 10) .13,,(aat, a a
x )u (x , t) =  h on  T x

u (x , t) = 0 f o r  t 0,

when ,u> 7 1 , .  M oreover u (x ,  t )  satisfies

(2. 11) supp u (x, t) C S2 x [t,, co)

(2. 12) [[u (x, t)]1„, „<C „,[h]

W e  show this proposition in the fo llo w in g . Let 4tE R .  For any g (x, t)
E  (E  x  R ') there exists uniquely a  so lu tion  w  (x, t )  E C"(S j X  W )  of the

problem

(

-- ) w (x , t) in  S2 x
at x

w (x, t) --= g (x , on E  x
w  (x , t) = 0 v t<  —  t,, fo r  some to .
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W e denote th is so lu tion  by cfj), (fi, g; .x, t) . T hen  it can  be rep resen ted  as

cW9, 0, g; x , t) =  f e "`L  I ,, (ti + ik, 0 (• , ik) ; x)dk{
(2.13)

R em ark  th at it fo llo w s fro m  (2. 6) that

(2.14) P [ M , (P ,  g; x, tn ]L - 1-  ciV g; x, t)
r 9On g' I 2 m-1

<C „,[g] , =1, 2, 3 .

Define a n  operator 4 , (ii )  by

0 11,00 y 13(
a _ +   w  ( it , g ; x, t)
at ax

and  i t  i s  a  continuous m apping from  c',3 (r X R ')  in to  C  (F X R1). In the
0 açosame way we define N,, (it) and  B  ( a )  fo r  N, —

0 an d  .0), respec-
n O n  Ot

tively. T hen  it ho lds that

0 ) g = ik)i) (x, ik) dk

Note th a t w e  have

[I V ( i i )  g] „,<C„,[g]

w hich follow s from  an estim ate

lkiK; (,et+ik,)/111„, c.11 ull.+1 fo r  a ll u E (r).
S in ce  it fo llow s  from  (A -III) that

(2. 15) Br, (a) IV , (a ) + a d ifferential operator o f  first o rder on T X  R 1 ,

w e  have

(2. 16) [B„,(a)g]„ C„,[g]„,,, V g E Q;' (r x R') .

Therefore B,,(#) can be extended to a  continuous operator from H " ' R')
in to  11"'(1' X R') . W ith  th e  a id  o f  (2. 7) w e have

-
(2. 17) —  Re < !V, (e,€) g , g> = —  Re 0/:,, (tt ik) (• , ik) , (- , ik)) dk

___(c,(v) — Co) f l i i 0  ,

= (V) C o )  [ g ] .

Taking account that an estimate holds fo r  any /ER

_ c ty 
(

x 5 t) dt .
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([,/f/;,, (ik + it) , (i + k2 ) 1"] (i + k2 )  I / 2 u, 11)
<C,-{— Re (..47 ;, (a+ ik)u, +  C ' v c- (r)

it  fo llo w s fro m  (2. 17) th a t fo r  a n y  nzE R

(2. 18) — Re <N„ g. g>„ ( c ,  (go) ,a —  C„,) [g]';'„ .

N o te  t h a t  in  th e  representation (2. 15) a l l  the coefficients of 139, (it)
—N,.() — t )  are independent o f i t  and those of the principale part are
rea l v a lu ed . T h ere fo re  it fo llo w s th a t

Re < (B,(g) — N,(p) — p c  (x , t))g , g> Cm [ g ]  .

By com bining the above estim ate to  (2. 18) w e  have

— Re <B„ (p)  g ,  g> (c, (go) ,ct —  Cm )  [g] 2„,
where

c , (0  = c i (0 — sup c,

inf 1 — iços i2 —sup (c (x, t) Iv! iços i).

T h u s w e  have

L em m a 2 .2 . Suppose that ço satisfies (2. 9) . For any M  E R it holds
that

(2. 19) [B,(p) g] >  [g ] „, f o r  a ll  g  1 -1 ' 1 (P x  R i )

w hen It> where is  a constant depending on  go and in.

B y tak ing account o f  (2. 15) and the properties of N,. (te) w e  have

[g] {[B, (p )g]L +  [Vt.]: + [ g ] 4.

A n d  b y  u s in g  (2. 19) it fo llow s im m ediately that

(2.20) [g],,,1- C {[B, (11)g]L-Fret 11} vg (T x

if
Let us set

B' a  ) (x  t) 
 a

  + c (x t) 
 a

  + d (x, t)
a t' ax ax; t

1+ — 0(n, (x) — 12 (x, t)) /ax, +ac (x, t) /04 ,
2 J=1

b'j (x, t) = 2n i  (x) —bi  (x, t).
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it can be verified easily that

0(2. 21) < A , (- --at 0
a x  )1t, v>—<u. ± ,  0u, a x ) v>

8 a = +  )u, v) — (u, oat +  8
6
x )v )

at 0 x

holds fo r any p a ir  o f functions u, vEC -  (Sl X IV ) such that supp u fl supp y is
compact in 12 X W . Denote by cf4); ( te, h; x ,  t )  t h e  solution f o r  a  boundary
data  h (F X o f th e  problem

0 0A_
9 (

—  +  /.1   zu =0 i n  2 x R 1

 8  t 0x
h on T

supp zuCS2 x co, to] fo r  some t0< 0 0

Then it turns out

c 0),„- (i, h ; x , t) = c0 ) x, — t)

where /-2 (x, t) = h(x. — t) .
L et u s se t

(B; - ( x ,  — t )  = B ( :  tt, 09x ) cK ; ( f l ,h ;  x , t ) i r x .r o

W e h ave from th e  above remark

(B; -  (a) h) (x, — t) =
at 

+  ft 
a

)  ) ; x  t)
9x

TO t)

F o r g, h (F x W ) set

it  (x ,  t) =cY ) 0, f j ;  x, t), v(x , t) = c ); (fi, h ; x , t)

and  we have

(2. 22) <B, (Mg, h> = <g,( p )  h>

by substituting these u  a n d  y  into (2 . 21 ) because supp ur) supp y is compact.
Since B '  satisfies the cond ition  (A - I I )  a n d  (A -III) it holds that fo r ,u>,u„,,

(2. 23) <11/„- (ii)h> „,= <B' vh C°' (T X R').

Now we have

Lemma 2 . 3 .  L et m E R  b e  fixed . W h en  it is  large to some extend
the equation
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(2. 24)B .  Cu) g = h

has a un ique solution in  Hm (T' X R1)  f o r  every hE (I" X R 1) ,  and

(2. 25) supp h c  X  [t o , co)

implies

(2. 26) supp gOE x [t o , o c ).

P r o o f  First let u s show that

(2.27)( u )  g ;  g (T x R 1) } is  dense in 1-173x

when Suppose that there exists f (r X IV) such that

<13, (,u) g , f> „, =- 0 fo r  a ll (j E x .

Then  w e have for a l l  g x R')

0=<(11).,1 2 + D 1 12 +1)mB,Cu)g, f>

= <g , B  (1.0 (i Dr12 I D 0 12 +1)m f>

which implies

(I D,12+ Ipti 2 +1) "f=  0 in  2 ' (I ' X R 1) .

On the other hand (1 D,12 + D1 2 +1)mf 0 ' (P  X R 1). App ly ing Lem m a 2.2
we have (I TV  +1 D 1 12 +1) mf =- 0 if from which f = 0 fo l lo w s . This
shows that (2. 27) holds.

Then fo r  hE H"'(1" X R 1)  there exists a  sequence g5 E (1- X R 1) ,  j=  1,
2, 3.• • such that

B,(p) g J -->h in  H m  x R') .

By using (2. 19) w e  have

< g  g i > ,„<<B,(,te) Cce) g,> as j, co

which shows that gj  converges to som e g x R 1) when j-->oo. This
implies that B, (p) gi  converges to  B, Cu) g  in x R1) . Therefore we
have

B, (10 g h

Suppose that (2. 25). V,„ (p) g = h+ (13: Ca) — B, (u)) g -= h' E  Hm - 1  (I" X R 1)
and

supp h' r 0 0 )

where t, = m in — to) . From the consideration on (2. 8) w e  have
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supp g C r x [ti, 00).

T h en  fo r a ll v > 0  e- "' " ) g E H " (I ' x R 1) . From th e  definition o f  131,0 )  it
follows

B,, 4 _ 7 i)  ( e -va -t o ) g )  _ e --,(1-t0) 1.3 ,,  ( a )  =  c - v (t -t o) h

Applying (2 . 19 ) to we obtain

<e- v" - t.) g>,,<<e - '7' " ) h>„„ vv>0

Here the right-hand side o f th e  inequality rests bounded fo r  a l l  v > 0  since
(2 . 25) h o ld s . T h en  w e  have

<e - "' " ) g>„„, C fo r  all > O ,

from  which (2 . 26) follows. Q.E.D.

Proposition 2.1  follows immediately from the above lemmas. Indeed, by
using Lemma 2.3  fo r  h E  (1 ' x  R I )  there exists uniquely a function satisfy-
ing

.B,(,u)g = fith

when , a  is  la rge  to  som e ex ten d . A n d  supp h c [t,, co ) im p lies supp g
C T  x  [t,, co ). It  is  v e ry  ea sy  to  ve r ify  th a t a  function

u(x, t) = e 4 t c-W (, g ; x , t)

belongs to f i r ;  (52X R ')  and satisfies (2 . 10) and  (2. 11). Lemma 2 .2  shows

<Om h>.=

Applying (2 . 14) to  c P v (te, g; x, t) w e  h ave  (2 . 12) from  th e  above inequa-
lity. T h u s  Proposition 2 .1  is proved.

W e  have immediately

P roposition  2 . 4 .  O n the cond ition  (2 . 1 ) the m ixed Problem  (P )  is
C- -well posed and has a fin ite  propagation speed.

Indeed, we may show the finiteness of propagation speed o f  (P ) through
the same reasoning done in § 2  o f  [3 ]. O n the other hand Proposition 2.1
assures the existence of solution u (x ,  t) E H"; (.S2 x (0, c o ) )  o f  the problem
(13 „ ) fo r  ço= 0  fo r  any given data u„ u1E L P '  (S2) , tE Gil X (0, c o ) )  and
hE H 2x  (0, co)) satisfy ing the compatibility condition. The finiteness of
propagation speed and the existence o f so lu tion  in  H Z  (S2 x (0, c o ) )  implies
th e  w e ll posedness in  the sense o f C .

W e  set about to prove Theorem  1  with the aid of Proposition 2.4. Let
( t )  be a  real valued function in  Cc° (R ')  verifying
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fo r  t<1

fo r  t>2 .

F o r a (r, t) (T ' X  R ') w e set

a ' )
 ( x ,  t) a  ( x ,  0) + (a (x, t) — a (x, 0) ) x t i/N) •

E viden tly  w e h ave  a '  E C °° (I' X IV )  and

a (r, t) f o r  Itl < N

1 a (r, 0) f o r  t I >2N .

L e t u s  denote by B '  a n  operator m ade b y  rep lac in g  the coefficients b 1 .
c ,  d  o f  B  b y  b r ,  c , respectively . C onsider the  problem

u
g

i n  ,f2x (0, 00)

u on x (0 , co)
u (x , 0) = u,
au 0) = u,.-(x
at

S in ce  13' satisfies th e  condition (2. 1)
 ( P u )

 is  w e ll p o se d  in  the sense of
C .  S u p p o s e  th a t g iv en  d a t a  (uo, u,, f , g )  sa t is fy  t h e  compatibility condition
f o r  ( P ) .  T h en  th ey  sa tisfy  a lso  th e  compatibility condition f o r  ( I n  fo r  a ll
N > 1 .  Therefore Proposition 2.4 assures the existence of the solution z e(x , t)

C"' ( X  [0 ,  c o ) )  o f th e  prob lem  (P ').
L e t 21,1 >N  an d  se t v (x , t)  =u m  (x, t) —  u" (x, t). It satisfies

{

Ej v = 0 in 2 x  (0, 00)

v (x, 0) =0

av—(x 0) = 0 .
at '

A n d  w e  h ave  Ir v = —  (B'f—  B a ) u "  g  N EC° (I' X  [0, co )) an d

c, =  0  fo r  t < N

since B N a n d  B ' coinside with for < N .  The finiteness of propagation speed
show s that v = 0  fo r  t < N ,  i.e.

1 C

;If
 
= 1 1

N

fo r  t <N  .

T hen  w e m ay define a  function u ( r,  t )  by

u (r, t) u" (x, t)
N — o c o

which belongs to (7̀ °(..(2- x [0, po)) and u (r, , t)  for t < N .  Therefore
it ho lds that
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L jlu = f in x (0, N )

B u = go n  F x (0, N )

u (x, 0) = u o

au ( x  0) =u,
at '

fo r  any N .  Then u (x , t ) is  the required solution of ( P ) .  The continuity of
t h e  m app ing (uo , u 1 , f ,  g) -->zi t )  fro m  C°' (S2) x C" (12) X C o  (S2 x [0, 0 0 ))
X C°0 (Ex  [0, c o ) )  in t o  C- (..(-2-  X [0, co )) fo llow s  im m ed ia te ly  from  th a t of

(uo , u 1 , f ,  g) -->uN  (x, t) . A nd  the finiteness of propagation speed o f  (P) is also

derived from that o f  (In .  T h u s  T h e o r e m  1 is proved.

§ 3 .  Preparations for proofs of the exponential decay of solutions

In  order to consider the exponential decay of solutions we prepare some
resu lts . L e t th e  origin 0  o f  W E O .  S et fo r 6>0

A6 =A+26  a  +  6 2 + 2 6  

axI x

1 
N(2)—  0 +6  n i(x )x i

071 IX1 ji - 7 j1

an d  w e have
( z ) A 6(e-,71r1u)

071

A  boundary value problem for a  d a t a  g (1" x IV )  satisfying supp g
X [a, 00)

2
+  ,a) — [S,6)w (x, t) = 0

at
w (x, t)
supp zvc12 x [a , on)

in  12 x Ri

on x

has a unique solution in C -  (P., X R 1) . Denote this solution by c142' g; x, t).
For every g E  (Ex  R i )  a n  estimate

(3.1) C W ( 6 )  (P , g t) 111,1, 
6 0 +

t i vt ( —  c o , c o )

holds i f  d>6 0, u >  — which is a  consequence of considerations o f Mora-
wets i n  [5 ] an d  follows immediately from Proposition 3. 2 o f  [4].

H ereafter w e fix  6= do + 1 .  L et u s set

IV ( 8 ) Ce0 (1= Arà 'ff/P ( 8 ) 0, 0'; r,

= N ( 0 ) (e 'lxiu ).
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B ( 6 ) (p) y = B (6 ) (II) cfr )  (11, y; x , t) I , . 11'

where

B(B 8 (p ) = 01   E  (x, t) x j

at ax xl J=1

F ro m  (3 .  1 )  the o p e ra to rs  N  (p )  and B ( 6 ) (p ) may be extended to continuous
m appings from  H ''+ ' (F  x R ') into (r x . A n d  b y  u s in g  (3 .1 )  o n ce
more w e can  define fo r  each  h E (F )  a n  IF' (2 ) -valued analytic function
L P ' (p, h ; x ) in  Re p>  —  60 such  that

(1, 2  — Ad) U C6) (p, h; x) = 0i n  Id

( / '  (p, h; x) = h on  F

and an estimate

111(  ( ) (p, h;<  
C m
h  1m,
Re p+ 6,

holds fo r  a l l  hE (T )  and Re p>  —  6,. 21

Define an operator ( 6 ) (p )  by

"I r  ( 6 )  (I)) h = N ( 8 ) r 6 ) (p, h: x) (r

and w hen all the coeffic ien ts o f  B  are independent o f  t ,  3 ( ' ) (p )  by

2 0 )(p) h= (B(ik +  i ,

 a
  )+6  1   i b j (x).x 5 )U N P , h; x)

x ixi J= 1

Then ( 6 ) (p) and g ` ' ) (p ) are defined in  Re p> — Oa an d  th ey  are continuous
m apping from  Ilm+ ( I ' )  in to  I f "  (F)

Propos ition  3 . 1 . Consider a n  equation in FX  TV w ith  a  Parameter

(3 .2 )B ( 6 )  ( a )  =- h .

I f  there exists it< 0  su ch  th a t fo r a n y  hEC,7 (F x R ') verifying supp h
cr x (0 , co) ( 3 . 2 )  h a s  a  unique so lu tio n  in  f l  H m  (T  x  R ')  satisfying

supp g c r  x [ O , D o )  and f o r  some 1> 0

(3. 3) [g] m Cm  [Ii]

t h e  s o lu t io n  o f  ( P )  decays exponentially, i.e. when It o, u1 C °  (S2) an d
U supp tti c  i x ;  Ixl <K1 , th e  so lu tio n  u (x , t ) o f  (P )  f o r  i n i t i a l  d a t a  110 , u,
satisfies th e  inequality

E , (t, u, <C m e " ' • e' ( ' •  e " zm + /1-1 +  ui l 2;rt -F }

2 ) S e e  § 2 o f [4].
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f o r  a l l  t> 0 , = 1, 2, • • •.

P r o o f .  Take v 0, VI E Co-  (W )  in  such a  way

( x )  = vi  (x ) in  Sl, j =  0, 1.

L e t v ( x ,  t )  be the so lu tion  of

v =0 in  W x (0, 09)

(x, 0) = v o (x)
Ov (x  0 ) = v  (x ) .
Ot

Set

Ii (x, t) = —  Bv (x, t) r x

and  w e  have

h E  ( T  X  IV) ,  supp h c  TX [0, 09)

since vi  (x )  has com pact support. Then

e - " t e 'lx ih  (x , t) E (T X R').

From th e  assumption o n  th e  equation (3. 2) we have

y ( x ,  t) G  n H ' (r x ,  supp gc F x [0, 09)

satisfying

(it)  = t)

By combining (3. 3) a n d  (3 . 1 ) w e  h ave that a  function f6 (x, t) =c14)`'" (u, g;
x ,  t )  satisfies

 

( •
at (

C .   ) 2 [ e -Ate -sixi i1,12 m + I

do +(3 .4)

    

O n the other hand it follows directly from  th e  definitions of 94 ) ('  an d  B '
that

w (x, t) = efit e x l  (x, t)

verifies

Llw ( x , t ) =O i n  2><R1

Bw (x, t) = — h on Txre
supp w  c,f2  X [O, co)

N ow  th e  form  o f w  an d  th e  inequality (3. 4) give a n  estimate



(3.5) E + , (w ,R , t )  = f  1Ds aw (x, ordx+ 12,
l a l 5 m + 1  DR 1 ,0S =

< e 2 i 4 e 2 6 R  
7:6 (z , t) IL + 1 +

a ff)
 ( x  t )at '

D :w (x ,t )1 2 d x
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< e 2pt e 281i[ e - p t e - t t lx 1 h ] m2 + 1 + 1

The condition U supp uiC { x ; Ix < I C }  implies that
i=0

because

(3. 6)

Therefore

(3. 7)

supp hc F  X  [0, do ]

v (x, t) =0 fo r  jxj < t—  .

[e - f i t e- 6 1 x 1 h].+/+1

< c,„ uolit.+1+2+1111€1111.+1+1)e . ) .

Note that the solution u  o f  (P ) is represented as

u = v+  W .

Then from (3. 5) , (3. 6) an d  (3. 7) we obtain the  desired energy estimate.
Q.E.D.

Next consider the case where the coefficients of B  are  independent of t.
Admit the following theorem, whose proof will be given in  § 6.

Theorem 3. 2 . F o r  any  r> 0  and s  re a l  th e re  e x is t s  a constant Cs „
s u c h  th at  an  estim ate

(3.8) —Re (e"lx 1( p )  g  g )

>  (e 2oisl(/e+ H (x) —  s) g g) C ,
pi i;_e  x' g

ho lds f o r  a l l  E C "  ( F )  and R eP >  —60 .

Proposition 3. 3. Suppose t h a t  a l l  the coeffic ien ts  of B  are indepen-
d e n t  o f  t. I f  th e re  e x is ts  r > 0  su c h  th at

(3. 9) e' l x i g  (6 ' (P) e 81x1 g jj0 , c 0 >0

holds f o r  a l l  g (r) and Re p> — r, the solution o f  (P )  h as  an  estim ate

(3. 10)E , , ,  ( t ,  u, R) <C„,e"K • e ' •  e - "  E „, +, (0, u , co) .
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P ro o f .  A s  w e  s e e  it  i n  [3 ]  a n d  [4 ] ,  g  ( p )  i s  a  pseudodifferential
operator in  r  with the following property:

L e t  I ,  be a open neighborhood o f th e  origin o f  R 2 a n d  T o i s  a  neigh-
borhood of 5 0 E F , a n d  /, (o .  62 ) —>s (a) Er o b e  a  lo c a l coordinate patch.
Denote the symbol o f  3 ( 8 ' (p) b y  g3(' ) (s,E;p) and w e  have

( 6 ) (s, OE;P) >C iE l fo r  a l l  1$1>21p1,

where (e1, CO are dual variables of 6. Therefore it holds that

(3. 11) g g  (p) g11,+ Cp , 8 11 g  s,
 V g  Cc' (T)

where c  is a  positive constant independent o f p and s. W ith  th e  a id  of an
estimate

IRe 3'4) (p)g, g) s — Re (e 2 Isi.J7 ' ) (p)g, g) ,I <C s lig

it follows from  Theorem  3. 2

(3. 12) — Re (e"I'l ( g  (P) — g) eôxg jj

fo r  a  la rge  p os itive  number 2. Th is show s that, fo r  each  s  and p  fixed
(3 ( 8 ) (p) -1 exists as an operator FP (F)—>M T )  w hen  A  is sufficiently
la r g e .  Moreover taking account o f  (3. 11) w e see that (3 ' 6 ' (p) — 2) i s  a
continuous mapping from I ?  ( r )  into I f '  ( r ) .  Since I '  is compact (g3 (' ) (p)
— 2 ) '  is  a  completely continuous operator in  I 1' (1-'). B y  th e  theory of
Riesz-Schauder in  order to  show the existence of g3 (' ) (p) - 1 it suffices to verify
that I+ A (3 `' ) (p) — is injective. Suppose that there exists g  T T  (I') veri-
fying

{I-F/1 (g3' (p) 2 )  - 1} g =0 .

Then  w e have g E  n (r ) and 3 (6 ' (p) g = O. F r o m  the assumption (3. 9)
Re P>  — y implies g = 0, which assures the existence of .0 (6 ) (p) in  IT  (F)
fo r  a ll s. From  (3 .9 ) w e h a v e  g( 8 ) (p) - 1 11<c 0 fo r Re — r . Now by using
(3. 11) and  (3. 12) w e  have for a ll positive in teger m

(3. 13) g  ( 6 ) (P) _c (1Im (F), ( T ) ) R ep>  —  .
L e t h(x , t) x  R 1 ) , supp h c r X  [0 , 00 ). S et

(x , ik ) = f  oo e ' k ( x , t )  d t

and w e  have

Define

E
(x , t )  by

-
g (x , t) = f  . e i k t - g ( 6 ) ( —  r+ ik) - 1 -1; (x, ik) dk .
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Then g  B r' (T x  IV ) an d  supp g c r x  [0 ,  0 0 ).  Moreover it holds that

13( 6 ) ( —  g  h

a n d  [g] <C [1 2 ],„.  T h u s w e  m ay  ap p ly  Proposition 3. 1  to  th is  case  by
taking 1=0 a n d  (3 . 10) follows.

C o r o l l a r y .  L e t B , b e  a  boundary  operator w ith  coeff icients independ-
e n t  o f  t . S u p p o se  t h a t  B , satis f ie s  th e  assum ption  o f  Proposition  3. 3 and
th at  B =B „ f o r  I t I > T .  T h e n  th e  equation

( —  g = h

f o r  h E  ( T  X  (0, 00) ) h as  a so lu tion  qE  n (r x R ' )  satisf y ing

supp g c  x  [0, 00)

and

m = 1, 2, • .

P r o o f .  L e t  u s  decompose h  a s  h= h i + h ,, supp h i c  X  [0, T +1 ] a n d
supp h2 c  r x [T , no). C o n s id e r  the so lu tion  o f the problem

LIlu
B u = e 0 e - "h,
u (x , 0) ---

au( x  0) .
at

i n  ,S2 x (0, 00)

on .1" x (0 , 00)

From  Theorem  1 we h ave always u (x , t )  in  Cc° (..(2, X R ')  an d  there exists a
constant R  independent o f h  such that

(3. 14) ausupp u ( • , T  +1 ) U suPP
at

T  +1) c S2 R

Take v i  E C" (R 8) , j = 0, 1 in  such a  way

y o (x ) = u (x ,T  + 1) fo r xE,S2

v i (x) — 
 au 

 (x  T  + 1) fo r x E S2
Ot

From th e  consideration in  § 2 it holds that

(3. 15) ( x )  M, +1 + (z)111.<Cm[h1] ..+1 C,,,[h] .4 -1

L e t u s  denote by v ( x ,  t )  the solution of
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/
111 v (x , t) = 0i n  R 8 x (T + 1 , 00)

v  (x ,T  +1 ) =  v  0 (x )

av (x  T  +1 ) =  v  ,(x ) .
at

It fo llow s  from  (3. 14) that

v (x , t ) -= 0 fo r  lx1<t —T —1— R ,

which implies

Bv (x, t) =0  fo r t>T + 2R +1 + Po •

Set

{ u (x, t) fo r  (x , t) EQ  X [0, T + 1 ]
w (x , t) =

v (x, t) fo r  (x , t) E S2 x (T +1, 00) .

W e see that w  (x , t) E (SI X [0, co) )  and

exl • Cr t hi f o r  t> T  + 1
Bw -=-

0 fo r t> T + 1 + 6 0 -+R .

I f  w e set g (x, t) = e - 6 1 x1 ertw  (x, t) r x I v  w e  have

ert • B w  -B 16) ( — r)  g i •

Set

h,= — B 10) (—  g, + lz

and w e  have h ,E C °  (T X R 1) , supp h,c T  X (T , co) and

(3. 16) [h ,],,< C „,[h ]„ ,, .

From the assumption on B 0 th e  equation

BP ( —  g,=h,

has a solution g,E  fl Htm (T X  R ' )  satisfying

(3. 17)

and

(3. 18)

Let us set

supp g ,c  r x [T , 00)

[g,]„,<C„,[h,],„ .

g (x, t) = g, (x, t) + g, (x, t) .

Evidently g E  n (r x R i )  a n d  supp  g c r  x [0, c o ) .  Taking account that
( — Be)g, w e  have
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B (' ) ( — r) g = .13') (— y) g BP (— r) g 2 = h .

The required estimate fo r  g  fo llo w s im m ediately from  (3 . 1 5 ) , (3 . 1 6 )  and
(3.17).

§  4 .  P ro o f o f Theorem  2

Taking account that B  may be expressed as

B— 
 a

  + 1  (b1— ni)±(b1— n1) 
 a  

an 2 i=1 Ox i a x 1

1  1 -6  c (x  t) c  ( x ,  t ) + d (x , t),
2  Ot Ot

w e  have for a ll  g E Cr (F x 11 0)

—Re <e"csl.B (Mg, g>0 = —Re <e"IxIN' (,u) g, g>0

— IL<e281x 1 c (X, t) g • g>0— Re <c"I'l d (x, t) 0 0  •

M oreover w e have

—Re <e"IsIN (Mg, g>0

f-
c o { — Re (e'IsI X ' ) (p+ ik) ( • , ik) , ( • , ik))}  dk

>  (et —  C) 1110 ( • , ik) dk =( — C) [g] ?) .

Then by setting

di = inf ( —Re d (x , t)) ci = sup c (x, t)

w e  have an estimation

(4. 1) —Re <13 0 ) (,u) g, g>> { (1 — ci ) p ± (d i — 01 [g]ô •

Lem m a 4 .  1 .  Let us denote by M  a bounded sub set of 3 -  (F) . For
a  pa ir o f M  and a positive constant r w e can choose positive constant
a m  and C m ,  m =1, 2, ••• w ith  the follow ing properties: fo r  every B  satisfy -
ing

(4.2)- { b 1 ( . , t ) , c ( • , t ) ; t E K } c M

and

for a ll ( x ,  t) E  F x

  

Obi

at

 

c
at

 

(4. 3)
=1

 

< a

      

an estimate
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(4. 4) [g] m <CM[IIV ) (jt) g] „,„ (T' x R 1)

holds f o r  a l l  ,u v erif y ing

(4.5)( 1  —ci )p+di— C>r

P ro o f .  F o r m = 0 (4 .4 ) fo llow s  from  (4 . 1 ) on  the cond ition  (4. 5).
N ote that when B  satisfies (4. 2) we have estimates

(4.6)[g]„,,,<C m,„, { [B ( ' ) (a) g] r g ] [ g ] } , v g  C3° (T x R1)
at

fo r  all ,a> — ao an d  m = 0, 1, 2, • • •, which are derived by the same process as
(3. 11) . For any g E (I' x it holds that

B ( 6 ) (/ =  (BO) (p) g) a (b n 5 )  a g
at a t =1 at ax i

from which we have

—ae ag — 1
3 ( 0 2 1 ,  o   021y -• —

a t  a t f=i O ar . ; a t a x i

xa d   t
x I at

[13(0  CO <[-a—B(') ( a) + C' a[g]„,, i + C" [g]„,
Ot m —  t

where a = sup(
j = 1

Obi

at

 

dc ). Suppse that (4. 4) holds when a < a m .  Then
at

    

it follows that

101 <c4B()0) ti

<c.{
 [ 
— (1:1@) (11)g] a[g] C" []m } .at

The substitution this inquality into (4. 6) gives

[g] {[B1') (a) . -F  +  a [g] + [B ( "̀ (1.1) g] m}.

Therefore we see that (4. 4) holds for m + 1  i f  a  is sufficinetly small. Since
(4. 4) holds fo r  m -= 0 on the condition (4. 5) Lemma is proved by the induc-
tion. Q . E . D .

C o r o l l a r y .  L e t  M  be  a  bounded  subse t o f  C- (1"). S uppose  that B
satis f ie s  (4. 2) and

61 (x, t) /at ± lac (x, t) /0 tl <cx,„ (x , t) cTX  [T,,,, Do),

w here  T m , ni=1, 2, ••• are  p o sitiv e  c o n s tan ts  su c h  th at T „ ,< T ,,,,.  T hen
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f o r  ,a satisf y ing

(1— c,) = inf ( —Re d (x , t))
(x ,  t )E  r  [T ,,  0 0 )

w e  h a v e  a n  estim ate

(4. 7) [g] „,<C,,[13" (,a) g] g E C0 (r x R') .

P r o o f  Let us set 13' (,a) g = h. Follow ing the process o f Corollary of
Proposition 3.3 we can decompose g  as g=g,d-g, in  such a  way that

(4. 8)

and .13' ) (p) g, = h  fo r  t<T „,d- 1 , and h,= — (te) g,+ h  verifies

(4.9)[ h , ]  „ , < C m [h] „,,,

and

supp h, x [T„„ 00)

Let us denote by 13-  an  operator satisfying 13-  B  fo r  t>T „, and the condition
on the coefficients of Lemma 4.1 f o r  a l l  t E R l . Th en  by  Lem m a 4 . 1  we
have g, such that

(4. 10) 1-3(8) (te) g, —= ha

supp g2 c  r x [T . ,  oo)

(4. 11) [OA . C .[ha ]..

Since IF"  Ca) g Ca) q,, w e  have that g -= g q, f r o m  th e  uniqueness of
solutions of (4. 10). N o w  (4 . 7 ) fo llows from  (4 . 8 ) and (4. 11). Q.E.D.

Lemma 4 . 2 . S u p p o se  th at B  satis f ie s  (1. 4). F o r an y  ,a satisf y ing

(4.12)( 1  —  c i ) ,a +  —  C > 0 ,

t h e  equation

(a) g = h

f o r H "' (F  x  R ')  s u c h  th a t  supp hc r x [0 , c o )  h as  a  s o lu t i o n  uniquely
i n  I I '  x R ')  a n d  w hich  v erif ies

(4.13) [g] „,<C,„[h]

supp g c rx  [0 ,  co).

P r o o f  le t  Bi" b e  the operator introduced in  § 2. Since the coefficients
o f  BN are independent o f  t  fo r  t>2 N  we can apply Corollary of Proposition
3 . 3  and obtain g , verifying
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8 " )' N =  h

and  UNE PP (T X R ')  su P P  g NOE r  X  [0 , co ). W e see  im m ed ia te ly  th a t

41,N , ( • , t), c N  ( • , t ) ;  tE R '}  is  a  bounded se t in  C -  (T )

and  th a t fo r a n y  a > 0  it  h o ld s

lahNi(x t) / ti +10eN(x, t) / atl<a, v t>T“
=I

w here T „  is independent of N .  H ence applying Corollary of Lemma 4. 1 we
have

(4.14)[ g <C„,[h]

w h ere  C'n ,  is independent o f  N .  L e t  N '> N .  Then

(//) (UN' — UN) — ( 8 ' 6 ' ( a) — B " ) 0)) UN

and  since supp ( B " ) (u) — (a)) g N c T X [N, c o )  w e  have

supp (g N , — g N )  c f x  [N ,  co)

namely

(4. 15) g N '=g 3 1  fo r  t< N  .

N o w  (4 . 14 ) a n d  (4 . 1 5 )  im p ly  th a t UN converges to  som e elem ent in  I P
X R 1)  w hen  N  ten d s  to  in f in ity . L e t  u s  deno te it by g. Then it holds that

U=UN
 fo r  t< N

W e have

11' (el) = h

because

BC D ( ei) y  h  B O )  (g, +  ( B O )  B N  ))  N

an d  th e  righ t-hand  side equals zero  fo r t< N .  T hus Lem m a 4 . 2  is proved .
Q.E.D.

I f  d o is  choosen  in  such  a  w a y  th a t (1 .3 ) im plies (4 . 12) for some t1<0
and  T „  th e  exponential decay o f  solutions o f  (P )  fo llow s from  Lem m a 4. 2
and  P roposition  3 . 1 . T hus T heorem  2 is p roved .

§ 5. Proo fs  T heorem s 3, 4 a n d  5

L em m a 5 .1 .  Suppose t h a t  an estim ate
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(5. 1) (e261xI g  ( 6 )  ( p )  g , g ) (c. C   ) e 31.11 2
I P 1 + 1  "

holds f o r  a l l  Re P>  — r and g C  (T ), w h e re  c and T  a re  positiv e  con-
s t a n t s .  I f

(5. 2) (e'lz1 3(6) (p)g, g) * 0  f o r  a l l  Re p>0

f o r  an y  g*O , th e re  e x is t  r ' and c ' Po sitiv e  c o n s tan ts  su c h  th at

(5. 3) (e"lx1 3'6) (mg, g)1> c'11e4 v1g11' Re p> — r'

holds f o r  a l l  g  c- (r).

P r o o f .  It follows from  (5. 1) that there exists A > 0  such that

(5. 4) 1(e"isi-B(') (P) g ,  g) I > 1 Jle61 1g112

when Re p>  — r and Ipl> A . Using th e consideration in  th e  proof o f Pro-
position 3.3 we obtain from (5.2)  th e  e x is te n c e  o f  3(') (P ) '  1 , 2 (F)
And it turns out that fo r  every Re p > 0  g  ( 6 ) (p) -  is  a  continuous mapping
from  I f  (T )  into (T) . N ote that g3(') (p) depends continuously on  p  as

(TP ( f ') , (n ) -v alu e d  function. Therefore we have

a o =inf {11 3  (p) ligh = 1 ,  Re p>0,

Then there exists r' > 0  such that

(5.5)g  ( 6 ) (I) ) g ao/ 2 f o r  all = 1

holds for all Re p> —  r' ip l<A . Combining (5.4) and (5 .5 ) w e  h ave  (5. 3).
Q.E.D.

Let us set

t
(P)

1
(P) + — 1(b — 71 .f)  n (b

i= 1 1.1..X ,

3

+6 E (b, — ni)x.f/ ix1+c(x)P.
j =1

Denote by i l (g ) a  se t o f complex numbers z=a - Fib satisfying the following
properties: fo r  b  such that fk; b =  — Im (etr  (ik) g , g)} = 0, a l l  a E  R.
F or b such that fk; b = —Im (e" 1s1 g  ( ik )  g, g)} =- S*0,

a<inf { — Re (e 'lx  g  (ik )  g, g)} .
IC Es

Lemma 5.2.  S u p p ose  t h a t  d(x) E  ( r)  satisf ies

(5. 6) (em-rld(x) g, g) E  4 (g), v  g (T), g 11 = 1
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and th a t 3( 6 ' (p) = 3r (p) + d (x )  verifies the condition (5. 1) . Then (3. 9)
holds.

P r o o f .  L e t g E C -  ( F )  an d  o * O . S e t fo r  ,1>0

F, (p) = (em I (3r (p) + d (x) g) .

Then FA (P)  is analytic i n  Re p> —So f o r  all 2>0 . (5 . 1 ) implies that for
some A>0

F1(P) fo r a l l  I pl> A  R e p> — r .

From th e  definition o f A (g )  w e  have fo r a ll 2>0

(e251x1 (d(x ) —2) g, g) E A (g)

which show s for all 2>0

F,(ik ) * 0  fo r a ll k E R  .

O n the other hand we h ave from  (3. 12) that

(5. 7) F,0(p) 0, v R e  p> —  r
fo r /I, sufficiently l a r g e .  Then by taking account of th e  continuity with re-
spect to A we see that th e  number o f zeros o f FA (p ) is  sam e fo r  all 2>0.
A nd it fo llow s  from  (5. 7) that this number is z e r o .  Then

F o (p) , Re p> o ,

which is nothing but (5. 2). B y th e  previous lemma (5. 1) an d  (5. 2) imply

(3. 9) . Q.E.D.

P ro o f o f  Theorem 5. Suppose that d ( x )  verifies fo r  some e>0

Re ci (x) <1/(x) —2e.

Then  w e h ave from  Theorem  3. 2 that for some A>0

(5.8) —Re (e2 6 1 x, g ( p )  g, g) esig  r Re 1P> A
—  2

D ue to Lemma 5. 2, in  order to  app ly  Proposition 3. 3 it su ffices to verify
(5. 6) .

N ote that a n  estimate

iTm { (k) f, f) + (k) f, f )}  I X sf  11 2 + X4f11 2 )

fo llows from  th e  consideration o n  § 5 o f  [4]. Th en  w e have

Tm (LA (k) f, f )k j  ( M X f 11X 2f C(MX3f 11 2 + JX  4f 112)
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kill f
which im plies that

lIm (e22 } x l../r 6 ) (ik )g  g ) glI2

Since

Tm( i k )  q. y ) = Tmr  ( i k )  g  ,  y)

Tm( b  1 — n 1) 
 a  ( e x ig ) , e r ig ) k  (e "I 'l c  (x ) g , g )
O X i

w e  have fo r  lkl<A

1Im 93(r) (ik) y, g) IG  (sup lb — 1 1 1)Il X4e x l gli12+ 
C A ll e x i gr.

Suppose that

(5. 9) lIm (e"Ixi _OP (ik) g, g) I> Ce ll eixr

T hen  it is necessary to  ho ld

(5. 10) ( s u p  lb  n l) (C a  C A )
 II e 'q 112.

(5. 18) o f  [4 ] shows

(5. 11) —Re (e2 rsl.J/7 5 ) (i k) q,O k l  e "

(5. 10) and (5. 11) im ply that

—Re (e " I x l , r
. )  (ik) q, g) >  (su p  b — ni) (C, —  2C A) Il exi g 12•

Therefore i f  w e choose C, sufficiently large (5. 9) implies

— Re (e'ls' (ik) y, y) >  (e 251x1H (x) y , g) for a l l  lkl<A

T h u s  (5. 6) is shown.

Proof  of  T heorem  3. F irs t let us show that

Tm (e251x1..ir ' '  (ik) q, g) * 0

holds for a n y  k *0  and g * O .  Suppose th a t for some g  and k*0

(5. 12)

Set

T hen  w e see that

I m ( e 26ixi ,r ( i k )  g , y) = 0 .

u (x ) =  e5 U 22 (ik, g; x) .

(J u (x) = 0

u  = exly
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— e'lx1 X ( ' ) (ik) g

and  that it satisfies th e  radiation condition  of Som m erfeld . Then

0= {(41-kk 2)u • i-t — u (A -F e )u }d x
fran(1.1<14

f is H R  \ an( - 1 9 U  +  u "   )dS   u  u  )d S( _au _
u

r an an an

a u , •Note that Tid5= (e . (tk) g ,  g )  is real. The radiation condition ofJr - an
Sommerfeld implies

B ( 8
8 n

u Ft u   u )d S = -2 ik  f IurdS+ o (1) a s  R—>00
an x1=11

Since k *0  w e have

flx1=R ltd
2 dS = (1) as R —oo .

By Rellich's uniqueness theorem u =0  holds. T h is is a  contradiction. Thus
(5. 12) is proved.

Next consider fo r  k=0.

u (x )= e 'l 'i t1 5 ) (0, g; z)

satisfies Au=0 a n d  iz Iu (x )  a n d  lxi 2

d u  

Ox i

follows that

auf A u g d x =  — f 16,urdx
r  an

Then

( e 2 ,r0)(0) g, g ) =  Jr
 a

o
u
n rt dS = — u 12 dx

By Asakura's result

12 d x olu 1 2 d S = (e 2 rz1 6 0 (x) g g )

where

6o (x) =  <x Q , n (X )  >lx — Q1 - 2 .

Therefore i f  d (x )< 6 0 ( x )  fo r all we have

d (x) g , y )  E A (g) , g $ 0 .

au
an

a r e  bounded in Q . T h en  it
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T h u s (5. 6) holds fo r  d (x) verify ing (1. 6) .

Pro o f  o f  Theorenz 4.
Suppose that

d(x) <min (6° (x )  H (x)) — 2

holds. Then  it fo llow s that

—Re (e 28
. ( P )  y, g) = —Re (e2 1-1 G./K(6) (p) +d(x) )g, g)

>

fo r  a ll Re p> s/  2 , Ip1 > A ,  where the constant A is independent o f  b(x)
satis fy ing  (A -II) and  (A -III) . Then  w e have

(5. 13) (p) g  . 611 e aiX I g fo r  R e  p> — 6/2,

On the other hand fo r  lp I <A, Re p > (p) + d (x )) -1  exists and uni-
form ly bounded. Then by using the estimate (3. 11)

11 O r   (p) g  I Z C A  qIo

fo r  all Re p > ipI< A .  W hen the a  of (1. 9) is not so large it holds that

— n j )  x
a

 i + a
a
x  i (b — n j )}  p c (x) + 6 (b;

, j= 1 (r), Lz(T))

<11 ( Jr.  ( 6 ) (p) d ) surr(r),Lz(r)

Since the left-hand side is equal to 11-0  (6 ) (P) —  (-#>  (P) 61)  _cup cr),L.(1,), the
above inequality implies

(5. 14) Ile6lx1-0" (p) >c ealxig , v g E c -  (n .

B y combiming (5. 13) and  (5. 14) w e h ave  (3. 9) .

R em ark . T ill now we showed the existence and uniform boundedness
o f  _B  (p) -' fo r  Re p> — r, r >o, which imply the exponential decay of solu-
tions o f  (P) . Suppose that g  (p) - 1  exists and satisfies

g  (p) - '11< C  fo r  all Re p> — y .

Then we see easily that fo r  any c-/ (x )  such that

sup I ci(x)1 4 ,

(g  n (p) cl (x)) also ex ists and uniformly bounded in  Re p > Then
w e  h ave a lso  th e  exponential decay o f  solutions for anther boundary operator

B+
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§  6 .  P ro o f o f  theorem  3 . 2

W e showed in  [ 4 ]  an inequality

—Re (e lx i.y r (6 ) (p) g. y) > (,a— C ) e 8 çj112  R e  p >  —  .

Exam ing the estimates used in [ 4 ]  we see that in  o rd e r  to  ob ta in  (3 . 8 ) it
suffices to show an estimate

-81.1
(6. 1) _ R e  (e20  e811

) m  ( t ' )  P t ' exig ; x, t)dt, g)
fil (p) On In

> (dei + H  (x) — e) X i g , X,g) C 0
e x i  g r .

1 +  ,+ ik

fo r  a l l  g EC,7° (T 0 ) when r, is choosen sufficiently small. After this we show

(6. 1) . L e t  s (6) be a  mapping

— (TA x [ — 020, 020] DO = (61, 62) —+s (6 ) E r 0

such that 5(0) = (61, 6 2, V ( 6 1, 6 2 ))

(6. 2) 4  (0) =o ,
oj

j  = 1 , 2 .

Set

h i i  ( 6 .)  _ (  Os O s  ((  Os  V (  Os(   Os O s   VV- 1

f 1 9 ( T  O a  \\ do\ 0 0  2 \8(5.1 662 )  )

Rem ark that it fo llows from  (6 . 2 )  that

Oh "
06, = 0

v j , 1, k.

   

Let us denote by f (a, v )  a solution of

h" (6) 
a l

 = 1
1,5=1 661 66 i

(6.3)0  f  _ —
0 0

J  0=0

f (0, = 0

where E E = 772) ; ±  = 1 }  .  L e t  r  b e  a  small neighborhood

in  T  o f  .50 =  0  and 0 (s, )7) b e  a  function belonging to C -  (Fe) defined  by

0 (s (o), 7 7) = f (o, 71) . F o r  fixed 0 < 8 0 < 1  consider an equation

3 {0 (s (6) , v) — 0 (s (a') , 77) } = a<o-  —  6 ', E'>

77, E Z ,  130 < 3 < i ,  6 ,  6 '  E  10 . I f  we choose 10  sufficiently small there exist

C - -functions a (6, 6', 13, V) and $' (6, o', 8, v) satisfying the above equality for
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a ll  6, 6 / E <1, 2' and

a (0 , 0 , 77) =

E' (0, 0, 13, v) = v .

Further more w e  have fro m  (6. 3)

(6. 4)

f  Oa  + 0 f  Oa  _ 0

Oa 861 8 6 2 86 2

f o e   ± a f oe ,  _ 0

06, a0-2 862

at 6 =6 ' =0

at 6 =6 ' =0 fo r  j = 1 , 2 .

Remark that 0 (s, v) introduced in  the above varies a little from  0 (s, v) used
in  [4 ] .  But concerning the estimates fo r  crj)j , j=  1, 2, 3 w e  d o  n o t have to
change the process. W e  w ill  use the same notations as [4].

(cV i h) (s (6) , t) = (s (6) , t) f d k d a  de' f f
R , l a I t

x exp {ik (t — t' + a<o- — 6', r >)} ,C1 (a) 2 k2 a fo-  (s (a') , t') h (s (6 ') , t ')

.

(s (6 ), t) dk f
0

 da • • • + ( s (a) , t )  f  d k da
R ,R I ao

( CV10h) (s (6 ), t) (CV11h) (s (6 ), t ),

where a0 is  a positive constant determined later. By using a change of varia-
bles

(cViih) (.5 (6) , t) = to (s (6) , t ) L i  dk ff: (18 Id)? J , d6'

x exp lik (I3 ( s  (0), 77) — (s (o'), 77)) + t — t')} z i (a) 2akz

x  D
 (E ',

 C-o (.5 (0 ') ,  t') h (s (o'), t),
D (V, 8)

where 130 depends on  6, ,  v but there exists 8,>0 such that 8,>. 8, f o r  all
6, 6', v if I, is  sm all.

For th e purpose of the construction o f cf421 consider an asymptotic solution
o f th e  equation

+  —  4)u =0 in  2 x R 1

with an oscillatory value

u (x, t) = v (s, t) exp fik (t + ( s  V) ) } o n  I  x

for

(6.5)0 < 3 < 1 ro>0 .



Mixed problems f o r  t h e  wave equation 405

L e t 0 (x, ?7, 8 ) be a so lution of

i0 (s, 77, 8) = 60 (s, 77) on r

an < 0  *

i n  ,f2(vm2 =1
ao 

Note that 0 (x , v, 8) ve r ify in g  (6 .6 ) is  a  e°-function o f xES2, 77E2' a n d  3
o f  (6. 5) and  all derivatives w ith respect to  x, 77 and  g are  bounded in  S2, E
and  3 o f  (6. 5) . W e  se t P = ti + ik  and  ask fo r a  so lu tio n  u  in  th e  form

(6.7)( x ,  t; P) =expiik(t+0(x, 72, 8))} •G(x, t:P)•

exp { — ik  ( t  + )}  . ( ( :+  11) 2u

= {(ik + 10 1 ( ik V  ) 2} • G+ 2  (ik + 1-1) ( 8
0

G
t + PG)

—2ikVO.VG ikAO.G+ p )2  A )G

i k  (2 8 G  — 2VO. VG — G  +  Z u G )
at

+ ((—
t

+ / I
) 2

 —A)G+2,a(
O G  

+ pG ) 11 2 G .
at

Restricted to t > —  construct G (x , t; p ) vanishing t h e  right-hand side
o f th e  equality asymptotically. Set

G (x, t; f
0

(ik) - 5G5 (x, ,u)

and  determine G5 successively . G o is required to verify

(6. 8) o
2° G °  — 2VOVGo — (AO — 2P) Go =0at i n  S2 x

Go (x, t) (x, t) on F x

and j > 1  m ust verify

2 
 &G

./  —  2V —  (AO— 2/ ) G5at
(6. 8) j = — +  2 A)G 5 _1 -2 ,a ( + p2G5_1at at

G 5 =0  in  F x W

The solution  G 5 , j= 0, 1, 2, 3, ••• o f  (6. 8) i  a r e  determined uniquely fo r  given
function v (x , t ) ,  therefore there exists G(x, t; p )  with required properties.

(6. 6)
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Construct G (x ,t ;p ) fo llow ing th e  above process fo r  v (s , t )  with param-
eters 0', 77, 8

(s (o), t) = ù (s (o), t) xi (a (6, ,  77, 48 ) )  2 a ( 6 , ,  77, 19 )  D
 (E', 

D (7, 8)

and denote this G (x, t; p )  b y  G(x, t; o',, p )  .  Using this G

WHO, h : x , t) =  f d k  f dv Selo' felt'

x exp (0(x , 77) —80 (s (6') , 77) + t —  e)}

x  G (x, t; o', ,  9,  p) k2i5 (s (o'), t') h (s (0'), t ')
Evidently

(6 .9 )h

Next consider a cf/J) an

(6. 10) acW (, h: x , t)
an

f f exp [ik (0  (s  (o), 77) — 0 (s (a') , 77)) + t — t'}]

x (ik  6 çb  G+ ° G )Pai (s (6') , t') h (s (6''), t') .
an an

Let us set

Ih =  J ... fexp [ ] • ik ir  Gebh

IIh  = fexp [ ]  '90 G
n  1)h. .

L e t  h be o f th e  form  g (s) e'm (t) .

Ih=a dk dfi f d  
l e  

do' dt'
P oX I t

X exp [ik 18 (0 (s (6) , 77) — (s (6') , 72)) + t — t'}]

x ik  4   (s (6), v ) z i (a) 2ak' D  (e % a ) ( s  ( a ' ) ) M  (t ')an D (11 ,8)

=f.. f• f •-• f = I i h + 1,12 .

Since supp (1 —a)) A supp 11 = 0, 1 .2 is considered as a pseudodifferential operator
in  r  R i  o f th e  c la s s  S .  T h e n  fo r any m, m ' there exists a constant C„,,„„
such that
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1/2

<C„,„ ,  (1 k") f i l e - s m ( t )  r d t )  .(6. 11) Çe 'tI z hdt

   

L et LA. (k )  be an operator defined fo r  g E ( r e )  by

„ (k) g= E o d g f  d z 7  do*/ •

0x  ik (s (o ), 7 7, 8)an

exp (0 (s (0) , 77) — 0 (s (6') , 77) »

• Xi (a) 'Pa  D a ) g (s (0- ')) •
D ( 71, 8)

Then  11h  be represented as

(11h) (s (6) , t) = Ç e 1 i1  (k) oci-n ( i  + ik) dk ,

which implies

(6. 12) (1111) (s (6) , t) dt = „A„(k)g • (It + ik) .

Since 0 (s, 77) satisfies

(6) (s (6 ) , 71) (s (6 ) , 77) = 1

5,1=10 6 , 0 o - i

w e have

00 (s (6), 77,16) —1 — 82 , fo r  a ll 0E1 2 .
On

B y tak ing account o f  th e  fo rm  o f  th e  equation which a (6, ,  8 )  and

$' (6, 71, 8) satisfy we see immediately the relations

J a (6 , 6 ', 72, 3) =a (a ', 6,77, 8)
1$' (6 , 6 ' , v, 8) =-- e' (6', 0-, V, IS) ).

D (E' , a) _,
Then  w e have th a t  (0., 

a
 , V, d ) is also symmetric with respect to 6

D (77, 13)
and o '.  T h e r e fo r e  w e  have

(

1—„A„(k)g , =  d 6 f  dv  f  d6' • exp iik (0 (s (6) , 77) — 0 (s (6') , 77) »

x k (— 182) zi(a)2k2a
D

,
 a )  

 g (s ( 6 ) )  g (s (6))
D ( 77, 8)

= (g , - ,A 1 ,(k )g),

namely

(6. 13) Re („A„ (k) g, g )  = 0.
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and  (6. 13) it holds that

g  e - Pem (t))dt,

. 1 t l  e 6rsi g
1+ ik

In  th e  next place consider 11h. From the relation which satisfies G we

8G1
— — 2 (V0),(VG) 8 — ( — AO — 11)G

rxRi at 2

+ - 1 ( ( °  + ,a) 2 — A)G + 2 ti( â G  + tiG) + It 2G }  (mod k - - )
ik at at

Then

1 iaGI I h = J... J( 1
 _. 82/  a t  k 2(1)-  h + J... f .vi

l_
19,  (v ) s (v G) sk2"(7j h

1 1 1 1,
+

 J . . .
 f (-- AO— p)GPErih. + J... f   { } k to h

A I 1 — 32 2 A/1 — 82 ik

=II,h  + I I 2h + 11,h+ I 1.
4h .

Concerning II,h , since

aG _  a w xT, a  D (e' , a)O W  ,-,a n d  supp H suPP rfj=tb
at at D 07, le) at

it follows that

408

Combining (6. 11) , (6. 12)

(6. 14) 1Re (e"lx 1  e - 2 1 x 1

(P)

<C

   

giio( f le - Ptni ( t )  2d t ) 112 .(6. 15) ih dt <
,(1 +I k'Dm

   

Consider 11211.

(V 0) s • (VG) 8 (s (q)) = h.ft (6 ) a ( s  (6) , 77) OG (s (6))
66 i

hit  a (6, 77) a  ( t o x  ( co2 ce D (e / 

1. 1 =10 6 , 061\ 1D  ( 1 ,  8) I .

From  (6. 4) and the fact h-11 (0) = 69 , it follows that

(6.16)( V  0 )  ,  •  (VG), (so) = 0 .

Using supp (1— (0) n  supp (7/ = (I) 112h  is represented as

112h=e ik `R  ( p +ik d ic l t i jd v  f d a '

• exp {ik 3 (0 (s (6) ,71) —0 (s (6') , 71))} a (a , ,  3, -) k2g (s (6'))}dk
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±  (operator o f  class S - - ) h

where a (0, 0, 3, 77) =0. therefore fo r  any e > 0  w e  have

(6. 17) 1 dt
+ ik ')

      

2 m -I-Cm ,„v  +  le 12) - 1 7 v

 
10.

fo r  a ll g (s) (ro)  w ith  support contained in  a  sufficiently small neighbor-

hoof o f  s„.
Concerning //4 h  w e  have immediately

1 r .

hi Ca+ i k ')  J-c„.

c  
 110 . .7. 1 -  k '

(6. 18) d t

Consider II,h. First check up o n  th e  value o f  4 0 .  According to [7]
and [8 ]  we know that the value of zi0 a t x  o f  0 verifing (V0) 2 = 1 is equal

to two tim es o f th e  mean curvature of a  surface {y; 5 ( y )  =  (x ) at x  with
respect t o  ( — VO). N ow , when (p(x, 8,77) satisfies (6. 6) , the mean curvature
at y = 0 with respect to — V5 of the surface { y ;  (y,[3, 77) =  ( 0 , 3, '27)1 is given
by

1  {  2  — 2 — 1 2 — 2 —
072/E'l V l i ç 2 )

—

( 7 7 1 & 1  7 7 2 & 2 )2

where tr., and /c, denote the principale curvature with respect t o  — n o f at
x = O. T h e n  w e  have for a ll  0 < 8 < 1

(6.19)

Define (- 'i2 (k) b y

— A0( 0 , 8, 72) Ic1+ K2 - 2 H  .

(—)712(k) g = c1,8 f f clG' • exp fi 1z (0) (s (6) , 77) —  (s (6') , v))).
Ro

X  ( 1—  82)  ' 1 2 (4 ( s ( ) ,  3, 77) — ,a)x ,(a) 2ak ' D  g
D (i7, 3)

Then  w e have

II ,h = ei kti-n ik) J1, 2 (k)gclk + (operator o f  class .5-  ") h ,

which implies

e ''' I I ,h d t (j-t + ik ') Al2 (k') g
V t

r . , 1/2
<c m,„,, + I k '2 ) '11g11.( t )  1 2 d t )  .

(6. 20)
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O n the other hand by a  ch an ge  o f variables

Al2 (k) g = Jd E Jd 6 ' exP <0 - 6 ' e>
•(1— 32) - 1 " G- (4 ) (s (0 ) , 3, 72) — í) (lei / k) 2 g ( s  ( 6 ' )

)
.

Taking account o f  (6. 19) , fo r any s>0 w e  have

(6. 21) —  Re (,}12 (k) g , g) (H (0) -I- — II X „g Cm„, 
1 +  I k  

X OM

fo r a ll g ECr Cr 0)  with sm all support, where

(X„g) (s (6)) f ciE fdO exp <6 —  ,  E>xi (I I / k) 2 g (s (0')).

From th e  estimates (6. 15) , (6. 17) , (6. 18) , (6. 20) a n d  (6. 21) it follows
that

(6.22) —Re (c"I'r • e- '"u )dt,

Cm

_

.> (0) + — e)
1 +  jk l

11g11;..

T h e n  (6. 14) a n d  (6. 22) imply

(6. 23) —Re (e 2 lx1  e e
— iktOC l/  

( e  - g • e- 1 "772.; x, t )d t ,
(P) On

> (H  (0 ) + —  e) 11X11e lxI g 11 —  
1 +  k

fo r a ll g E Ci (T'a) i f  w e take T o sufficiently small neighborhood o f .50 .
Secondly consider a n  asymptotic solution cfP„ f o r  boundary data cVloh.

I f  we choose a , an d  .1-  sufficiently small there exists a  solution of

f
0(s (a) , r , a) = a<6, r> fo r s (6) T 0

(V 0) 2 = 1 in  S2

'9 Çb  <0
an

an d  g x , a )  depends smoothly on  a  and E'. T h en  b y  t h e  same process
we may construct an  asymptotic solution

. 0

W „(,u, h ; x, t) = dk da do"
.R■ 0

•e x p  k ((1, (x, E', a )  — a<6' , ,;'>+ t— t' )} G (x, t; ,

•ak2r6 (s (6 ')  , t') h (s (6 ') , .

711
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Note that —
1

.10 (0, a) — H(0) becomes arbitrary small by choosing a, small.
2

Then we have

(6. 24) — Re (e25 e e
-iktOC W10 ex t  g  •  e - "t m ; x ,t )d t ,  g)

Fri + ik ) On

>  (H  (0 ) + s) 11 X ioe' l I g
1 + kI

where

(X „g ) (s  (6 )) = do' • exp <0— 0', e> g  (s (o- ')) .
lelsaolk

Set W 10, h; x, =  cIV 10 (i1, h; x, t) 11(,a, h; x . t) . Evidently

1 (,1, h; x ,t )1 , , , R , — W ih

Let us denote by h ; x ,  t )  the solution of

( ( 0—
a
t  +  )  —  zl)z (x, = — + ,1,1) 2 — A)c fj (, a , h; x,

at
z (x, =0o n  F  x  .

Then by the same consideration on  2 , in  [4 ]  we have

(6. 25)
J O o  

M D 1 (1 1 , h; /-11 J o o  

ih(s, .
1=0

Therefore we obtain  (6. 1) from  (6. 23) and  (6. 24).
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