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Let G be a finite g roup . P u t

=

for a e RO(G) and

cot =  E  0 4 ,

aeRO(G)

which is a graded ring w ith  un ity . In this article we will prove

Theorem . Every torsion element of cot is nilpotent.

Notation and elementary results of [4] are used freely.
The author is grateful to Dr. A. Kono for his valuable suggestions.

1. Fixed-point exact sequence

Let G be a finite group, X and Y pointed G-spaces and a an element of the real
representation ring RO(G) of G .  By {X , Y}'6 we denote the abelian group of the
stable G-homotopy classes of pointed G-maps of degree a from X to Y.

Put

6.)t(X )=  {X, E°}Z

fo r  a  pointed G-space X  and a e R O (G ). L et V a n d  W be effective G-modules,
that is VG= WG= {0 } .  Then in a similar way to [1, 2] the G-cofibration

S (W ) +  "
4" '" " v > S(WC) V) +  

 4 w
'

v
'

v
,  S (W ED V )/S (W ):-.., Ew S (V ) ±

induces the following exact sequence

6-4 +v- i (s (v ) ,_ A  x )  e w * v .v > 6 6 + w + v - i (s (w e * , , +v A  X )

qsw 'w + v f 64+ W + V -
1 (S(W) +  A  X ) 2 --̀f- 0w C O V I ( S (V ) ±  A X ) -0
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Let U be another effective G-module, then it is easy to check that

(1.2) a+v+u,Eir770v+v+u.v+u°i,iço,i)

(cf. [2 ] ,  Proposition 2.1, iii)). T hus •fo r fixed  a E RO(G), {Co'cev - '(S(V),. A  X),
rir.f.y , y }  forms a direct system of abelian groups. Then put

(1.3) h (X )=Colim  etwv - i(s(v) ±  A  X ).

L et X  b e  a  finite dimensional pointed G-complex a n d  consider th e  following
commutative diagram:

c c i(x ) XV 6.5t+v-1(x)  d w v -i(s (v ).4 . A  x)
txw

( 7 4 - 1 (x ) (7 4 -F W + V -1 (x ) itcs _41-v  ( 74+1V-i-V-1(s( wo r7)+  A  y )  6 1 1 ) .,v

Since th e  fixed-point homomorphism OG: '(XG ) is isomorphic for
laHl >dim XH +2 — dim VH for all proper subgroups H  o f G by  [4], Theorem 2.6,
passing to the colimit of the above diagram, we get the following exact sequence:

(1.4) r - '(X G ) ;1- (X ) C4(X) die (XG)

W e call this exact sequence the  G-fixed-point exact sequence of w t .  This exact
sequence is a  special case of the exact sequence of T. tom Dieck [3].

2 .  Proof of Theorem

Put

E  (062 ,
ae120(G)

which is a commutative ring with un it. F o r an  e le m e n t of w e  put

S ()  =  I

S( ) is  the multiplicative subset of w e. It is sufficient to prove Theorem  for an
element of we. Thus Theorem is equivalent to the following theorem.

Theorem 2 . 1 .  For every torsion e le m e n t of coi.; * we have S ( ) - lcot =O.

We will prove Theorem 2.1 by induction on the order o f G .  If  G ={e}, G.
Nishida [5] proved the  theorem . Hence, fix a  finite group G  and assume that
Theorem 2.1 is valid for all proper subgroups of G.

For a pointed G-space X we put

c b t (X ) -=  E  6 4 ( X ) ,
aeRO(G)

which is an w6*-module. f * :  o.)t(Y)—>cot(X), which is induced by a pointed G-map,
is an we-module homomorphism and so is the suspension isomorphism av : Cot(X)
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--+C4:(X ). Moreover fo r  a  subgroup H  o f  G  th e  forgetful homomorphism tP H :
w6*—■w2„* is a ring homomorphism.

Noting these fact we obtain the following lemma by a  parallel argument to
[4], Lemma 2.3.

Lemma 2.2. Let V  be an effective G-module, then

S (0 - '64(S (V ),)=

f or any torsion element of (Le .

Proof of  Theorem 2 .1 .  If we put

ae120(G)

then it is an we-module by definition. Then by Lemma 2.2 S() - ').t =13 since the
localization commutes with the colimit.

Since there is the G-fixed-point exact sequence (1.4), there is the exact sequence

w t  . 1)ç .„  ( 0 *.

Obviously 6 ,  is  an w6*-modu1e homomorphism. Since 0 6 :  CO6
*

—>CO
2* i s  a ring

homomorphism, we may regard w* as an w e-m odule. Then (PG is an wV-module
homomorphism. Since S ( ) - '1 =O, S (0 - 1 0)*=0 a n d  th e  localization preserves
exact sequences, S( ) - 1 4 = 0 ,  which completes the proof.

Remark. An element of w  is  a torsion element if and only if 4)„( ) e co* is
a torsion element for all subgroups H of G .  This fact is easily showed by a parallel
argument to [4].
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