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Let G be a finite group. Put
w= {2, 2}
for « € RO(G) and

w’c"; = z g,
aeRO(G)

which is a graded ring with unity. In this article we will prove
Theorem. Every torsion element of w¥ is nilpotent.

Notation and elementary results of [4] are used freely.
The author is grateful to Dr. A. Kono for his valuable suggestions.

1. Fixed-point exact sequence

Let G be a finite group, X and Y pointed G-spaces and « an element of the real
representation ring RO(G) of G. By {X, Y}% we denote the abelian group of the
stable G-homotopy classes of pointed G-maps of degree « from X to Y.

Put

DE(X)={X, Z°¢
for a pointed G-space X and a e RO(G). Let V and W be effective G-modules,
that is V¢6=WG={0}. Then in a similar way to [1, 2] the G-cofibration

S(W), wwev, S(W@V), Swevev, S(IW@PV)S(W)xZVS(V),

induces the following exact sequence

= BF TSV ) A X) Srty, GE WV SV ). A X)
(1.1

w.wev (ba+W+V—l(S(W)+ A X) _"V'_”’, (I)é”'y(S(V)_‘_ A X) — .
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Let U be another effective G-module, then it is easy to check that

(1.2) afw+v+u u*ﬁw+v+u v+u°f; +U.U

(cf. [2], Proposition 2.1, iii)). Thus for fixed aeRO(G), {@&"~1(S(V), A X),
&% +v.v} forms a direct system of abelian groups. Then put

(1.3) J2(X)=Colim @&V 1 (S(V ), A X).

Let X be a finite dimensional pointed G-complex and consider the following
commutative diagram:

o AENX) 2 DY) — 2L s BETVTHS(V ) A X) 2

H llw lé'wnf,v

. #(D&"(X) IW vV wé+w+v—|(x) Bw+v wa+W+V ‘(S'(W@VL/\X) Sw v

Since the fixed-point homomorphism ¢g: @&V~ '->@E®~!(X%) is isomorphic for
|aH|>dim X" +2—dim V¥ for all proper subgroups H of G by [4], Theorem 2.6,
passing to the colimit of the above diagram, we get the following exact sequence:

(1.4) e BETTHXE) — TE(X) 29 DE(X) 2% DR (XC) —s v,

We call this exact sequence the G-fixed-point exact sequence of w§. This exact
sequence is a special case of the exact sequence of T. tom Dieck [3].

2. Proof of Theorem
Put

off= > of
aeRO(G)

which is a commutative ring with unit. For an element & of w2* put

S@)={1,¢ &,....¢"... }.

S(&) is the multiplicative subset of wZ*. It is sufficient to prove Theorem for an
element of wZ*. Thus Theorem is equivalent to the following theorem.

Theorem 2.1. For every torsion element & of w¢* we have S(&) 'w§=0.

We will prove Theorem 2.1 by induction on the order of G. If G={e}, G.
Nishida [5] proved the theorem. Hence, fix a finite group G and assume that
Theorem 2.1 is valid for all proper subgroups of G.

For a pointed G-space X we put

DEX)= ¥ DFX),
aeRO(G)
which is an wZ*-module. f*: w¥(Y)—w¥(X), which is induced by a pointed G-map,
is an w2*-module homomorphism and so is the suspension isomorphism ¢¥: @¥(X)
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—-®¥X). Moreover for a subgroup H of G the forgetful homomorphism ) :
wi* > w#* is a ring homomorphism.

Noting these fact we obtain the following lemma by a parallel argument to
[4], Lemma 2.3.

Lemma 2.2. Let V be an effective G-module, then
S(&)'0E(S(V)+)=0
for any torsion element & of wg*.
Proof of Theorem 2.1. If we put
= 3 16(20),

2eRO(G)
then it is an wZ*-module by definition. Then by Lemma 2.2 S(£)~!2%=0 since the
localization commutes with the colimit.
Since there is the G-fixed-point exact sequence (1.4), there is the exact sequence

2% 2, wE 2, w*,

Obviously d; is an wZ*-module homomorphism. Since ¢g: w3*—>w?* is a ring
homomorphism, we may regard w* as an w3*-module. Then ¢4 is an w%*-module
homomorphism. Since S(&)~!1A§=0, S({)"'w*=0 and the localization preserves
exact sequences, S(¢)~!wg =0, which completes the proof.

Remark. Anun element ¢ of w§ is a torsion element if and only if ¢,4(¢) e w* is
a torsion element for all subgroups H of G. This fact is easily showed by a parallel
argument to [4].
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