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§0. Introduction

Here we study normal local rings A of rational surfaces with their completion of
the type K[X", X" 'Y, XiY»~i ..., Y"]. It is well known that such local rings
are obtained by blowing down non-singular rational curves with self intersection —n.
So the problem is to study Zariski neighbourhoods of such curves. We introduce
Logarithmic Kodaira dimension for embeddings of curves (following Iitaka) for
classification of such embeddings. For instance logarithmic Kodaira dimension is
— oo would precisely mean that A~ K[X", X"~ 1Y,..., XY, ., Y"],, (m=origin.)
We would show that for n<3, Kodaira dimension is —oo. The classification of
local rings with Kodaira dimension —oo is done in §2 and those with Kodaira
dimension zero or one is done in §3. These results are related to a theorem of
Coolidge which gives necessary and sufficient condition for a plane curve to be
transformed into a straight line by a Cremona transformation. We reproduce his
proof for completeness and recover the same result in our set up. In §4, we will
also see that the class groups of some of these local rings are smaller than one would
expect!

§1. Here we shall be working over an algebraically closed field k. Surface, unless
otherwise mentioned, would mean a non-singular rational projective surface.

Let D be a reduced projective curve and X, X', smooth projective surfaces.
Let i: D> X and i": D> X' be two closed embeddings. We say that i and i’ are
equivalent if there exist Zariski neighbourhoods U, U’ in X and X’ of i(D) and
i'(D) and an isomorphism f: U— U’ such that foi=i’. We are interested in studying
the equivalence classes of such embeddings.

Remarks. 1) If (i, D, X) and (i’, D, X') are equivalent then the normal
bundles Njx and Nj . are isomorphic. In particular the intersection matrices
of D in X and X' are the same.

2) If Dis an irreducible curve in X and X’ with isomorphic formal neighbour-
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hoods and D2>0, then the embeddings are equivalent [H]. This is trivially false if
D?<0. For instance, if P, Q are points on a smooth surface X such that the local
rings Oy pA Oy o, then consider the exceptional curves of the blowing up of P and Q.
3) Let EGX and E'G X’ be two exceptional curves of the first kind on smooth
rational surfaces. Then the two embeddings are equivalent. This immediately
follows from the fact that if P is a smooth point on a rational surface then Oy p~
K[X, Yl [N]
4) If D~P! D*= —n, n>4 then there exist inequivalent embeddings of D
in smooth rational surfaces.
[See §3].

Kodaira dimension of germs of embeddings:

Let (i, D, X) be an embedding of D in X. Let K denote a canonical divisor of
X. We define the Kodaira dimension of (i, D, X) to be the dimension of the image
of X—>P(H°(m(D+ K))) for m>0. By convention we say that Kodaira dimension
of (i, D, X)=—o0 if [m(D+K)|=¢gVm>0. We denote the Kodaira dimension
by «(i, D, X).

Lemma 1.1. If DX and X' =dily(X), P¢D, then «(i, D, X)=x«(i’, D, X').

Proof. The natural map, Ho(m(D + Ky))—H%(m(D+ Ky.)) is an isomorphism
for every m.

Corollary 1.2. (i, D, X) depends only on the equivalence class of embeddings
of D.
When there is no confusion, we will denote (i, D, X) by k(D).

Lemma 1.3. Let D—X and Pe D be a smooth point of D. Let X'=dilp(X)
and D’ =the proper transform of D. Then k(D)=k(D").

Proof. The pull back of m(D+Ky)=m(D'+ Ky).

Definition. (i, D, X) is a relatively minimal embedding, if every exceptional
curve of the first kind on X meets D.

Remark. [t is clear that every embedding (i, D, X) ‘dominates’ a relatively
minimal embedding.

Proposition 1.4. If (i, D, X) is an embedding with k(D)>0, then there exists
a unique relatively minimal embedding in this class.

Proof. Let (i, D, X) and (i, D, X’) be two relatively minimal embeddings in
the same equivalence class. Then we have by definition a rational map f: X—X’
which is an isomorphism in a neighbourhood of D in X and X'. Since neither f
nor f~! is a morphism, there exists a curve C in X such that f(C)=a point C
becomes an exceptional curve of the first kind after a few blowing ups. Since
C nD=g, C cannot be an exceptional curve of the first kind and hence C2>0. So
C-K<0. Hence C-(D+K)<0. Since C2>0, we get [m(D+ K)|=¢ Ym>0, which
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is a contradiction.

Remark. This is analogous to the Castelnuovo-Enriques-Zariski theorem that
all the classes of surfaces except the classes of ruled surfaces have absolute
minimal models.

Proposition 1.5. Dc X and assume D has only ordinary normal crossings.
Suppose X\D has an algebraic family of complete rational curves, possibly singular
and char k=0. Then k(D, X)= — .

Proof. By assumption, we have a cycle 4= X x C, where C parametrises the
family of rational curves on X\D. We may assume that C is a non-singular curve
(not complete) and 4 to be irreducible. Desingularising 4 and choosing a small
enough irreducible open set in it, we may assume that there exists a curve I' such
that P'x I’ dominates 4. (char k=0 is used in this process) Since under the
first projection 4 maps into X\D, by hypothesis, we see that P! x I" dominates X\D.
Hence by [ 1], x(D, X)= —c0.

Lemma 1.6. DG X, reduced curve. Suppose there exists uncountably many
complete rational curves (possibly singular) in X\D. Then there exists an algebraic
family of complete rational cuves in X\D.

Proof. This follows easily from considering C,=Chow family of rational
curves of ‘degree’ d inside X\D.

Corollary 1.7. If char k=0, k is uncountable, D has only ordinary normal
crossings then the hypothesis in lemma 1.6= (D, X)= — 0.

§2. Kodaira dimension — o0

From now on we assume that the surfaces are rational and D~ P! with (i(D))?<
0. These assumptions are motivated by Remark 2, §1. Note that such a D can
always be blown down to a normal point and the formal neighbourhood of such a
D is completely determined by the (negative) number D?= —n, and in fact, the com-
pletion of this normal local ring is isomorphic to K[X", X"1Y,..., X}Y"~i,..., Y"].
We denote by D, the unique section of F,=Pp(0®0(n)) with D2=—n.

Theorem 2.1. Let DG X, D2= —n with n>0.  Then the following are equi-
valent.
a) (D, X) is equivalent to (D,, F,).
b) There exists a: Y= X a birational morphism such that ¢|,-1py: 6*(D)-D
is an isomorphism and Y\o~!(D) contains an open set of the form U x P!,

U a curve.
¢) |mK+nD|=¢Vm>0.
d) k(D)= — 0.

Proof. a)=b)
By hypothesis we have a rational map, p: X—F, which is an isomorphism
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between a neighbourhood of D and that of D,. By blowing up outside D, we get
6: Y- X and peo is a morphism, Y- F,. Consider G € |D, + nF| irreducible, where
F is a fibre of F,. Then G is a non-singular curve with h%(F,, G)>2 and G.D,=0.
Since |G| has no base points, we may further assume that G does not pass through the
base points of the birational map, (p-c)~! and then (pe¢)~(G)= G’ is a non-singular
rational curve on Y with G'2>0 and G'no~(D)=@. Now blowing up further on
G’ we may assume that G’'2=0 and then b) is clear.

b)=>c)

Without loss of generality, we may assume that we have a morphism n: X — P!
with general fibre P! and D is contained in fibre. But for any fibre C of =, [mK +
nC|=¢g, m>1 and hence [mK+nD|=¢g m>1.
¢)==d) Obvious
d)=>a)

We start with the

Remark. Let X'=dil,(X), with peD. D’'=proper transform of D in X'.
Then (D, X) is equivalent to (D,, F,) if and only if (D', X') is equivalent to (D, ,,
Fn+ 1)'

We prove d)=-a) by induction on n and the proof follows closely the proofs in
[M—S]. If n=1, result is clear from Remark 3, §1. If there exists an exceptional
curve of the first kind, which meets D once, by blowing it down, we are done. If
X is relatively minimal, again we are done. So we may assume that there exists at
least one exceptional curve E of the first kind on X and for any such E, E-D>2.
If E is such a curve, then I(E4+ K+ D)=E-D—1>1 by Riemann-Roch.

Casel. (D+K)*g -2.

By Fujita’s theorem [F], choose m>0 such that |[E+m(D+K)|#¢ and |E+
(m+1)(D+K)|=¢. Then, (E+m(D+K))-K=—-1+m[(K+D)?+2]<~-1. So
E+m(D+ K)#0 and if C is any irreducible curve contained in |E + m(D + K)|, then C
is a non-singular rational curve and C-D<1, because, |C+D+K|=g. If C2>0
and C-D=1, then by blowing up on C outside D, we get an exceptional curve of the
first kind meeting D once. By blowing this down, we are done by induction. If
C-D=0, then there exists a morphism after blowing up on C, if necessary, from
X to P!, such that D is part of a fibre. Now, since this fibre contains an exceptional
curve, we may blow it down and eventually assume that there is one which meets
D once and hence we are done.

If C2<0 for every C in |[E+m(D+ K)|, choose one with C-K <0, since K-(E +
m(D+K))< —1. But then C is an exceptional curve of the first kind and C-D< 1,
which is a contradiction.

Case2. (D+K)*>—1.

Since |2K + D|=¢g, by Riemann Roch, we get that |—D—K]|#d. But since
E-D>2 for any exceptional curve of the first kind, we get |[E+ D+ K|#g. But then
E=(E+4+D+K)+(—D—K) and since I(E)=1 we see that — D — K=E because —D —
K#0. Thus we see that there exists a unique exceptional curve of the first kind
Eon X, EED=2,E+D+K=0. Now, if F is any curve with F2<0, F#E or D,
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then F-K=—F-E—F-D<0 and hence F is a non-singular rational curve. Since
F is not an exceptional curve, we get that F2= —2 and F-E=F-D=0.

If there is no such curve F, then when we blow down E, we get a model which
has at most one curve of negative self intersection and this curve is singular. Then
the image must be P2, But then X =F, and this is not possible. Again, if there is
such an F, blowing E down we get a minimal model and hence must be F,, and there
is a unique F. Let D'=image of Din F,. Then D n D, =g because D, is the image
of F. Thus, D'~r(D,+2f), where f is a general fibre of F,. But D'?’=4—n=
2r2, Thusn=2or4. If n=2 then r=1 and hence p,(D’)=0, which is not possible.
If n=4, r=0, which is also not possible. This proves the theorem.

Lemma 2.2. Suppose (D+K)*< —2 and |m(D+K)|#@ for some m>=1. Then
there exists an exceptional curve of the first kind such that En D=g.

Proof. Write m(D+ K)=rD+ 4, with r>0 and 4 does not have D as a com-
ponent. So —2m>m(D+K)?>=—-2r+A4-(D+K). 2(r—m)>4-(D+K). Since
|mK|=8, r<m. Thus 4-(D+K)<0. So there exists an irreducible curve C in
Supp |4| such that C-(D+K)<0. So C-4<0 and hence C><0. Also C-K<0.
So C is exceptional of the first kind. Now C-(D+K)<O0 implies, C-D—1<0=
C.-D=0.

Corollary 2.3. If DGX is a minimal embedding and k(D) >0, then (D + K)? >
—1.

Corollary 2.4. The following are equivalent:
a) k(D)= — 0.

b) [2K+D|=g.

¢) |2K+D)=g.

Proof. a)=-b)<>c) are obvious.

So assume b) and suppose k(D)>0. We may assume that the embedding is
minimal. So (D+K)>2-—1 by Corollary 2.3. So by Riemann-Roch, I(-D—-K)>
1. So m(D+ K)=0, which is impossible, since D(D + K)= —2.

Corollary 2.5. If D?> —3, then k(D)= — .
Proof. Easy to see that D.(D+2K)<0 and hence (D +2K)=I(2K)=0.

Remarks. 1) This result is true even for D2 >0 from Nagata’s Theorem [N].

2) Let V be an affine, normal rational surface with one isolated singularity
P, which is obtained by blowing down a non-singular rational curve D with self-
intersection —n and k(D)= — 0. Then every vector bundle on Vis a direct sum of a
trivial bundle and a line bundle. This easily follows since by Theorem 2.1, there
exists sufficiently many rational curves on ¥, not passing through P and hence for any
simple point x € V, k(x) is zero in Ky(V).
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We now make some remarks about a theorem of Coolidge [C] about plane curves
transformable into straight lines. Let C be any irreducible curve on a smooth
rational surface Y. Let F: X—Y be a birational morphism such that the proper
tramsform D of C is smooth. We define x(C, Y)=k(D, X). It is easily checked
that ¥(C, Y) is independent of F.

Theorem 2.6. (Coolidge) Let CP? be an irreducible rational curve. Then
there exists a Cremona transformation ¢ of P2 such that a(C) is a line if and only
if (C, P?)= — 0.

Proof. Suppose such a o exists. Then, since x(L, P?)=—oo for a line L,
it easily follows that #(C, P?)=—o0. Suppose now that k(C, P)=—co0. By
Theorem 2.1, there exists a birational map f: P2—F, for some n, such that f(C)=D,.
It is well known that there is a birational map g: F,—P? such that g(D,) is a line.

We now reproduce Coolidge’s proof of the above theorem. The plan is to
reduce the degree of C by quadratic transformations. A curve D of degree n—3s
is said to be an s*# adjoint of C if at any point P e C, mp(D) > mp(C)—s, where for
infinitely near points P of C, C and D are interpreted as the proper transforms. It
is easy to check that i(C, P?)= — oo if and only if C has no adjoints.

Let P, € C be a point of largest multiplicity say r,. Let n—r;=2s. The case
when n—r; is odd can be treated similarly. We claim that r;>s. If not, n—
3ry=2(s—r;)>0. Then any curve of degree n—3r, is an r{* adjoint. Suppose C
has only one singular point P,. Consider (n—3)L, where L is a line through P,.
The curve (n—3)L is not an adjoint of C. Hence n—3<r,—1. ie r;zn—1=
ri=n—1. Apply a standard quadratic transformation with cetres P,, P,, P; where
P, and P are suitable points on C to reduce the degree of C. So we may assume that
C has at least two singular points. Assume C has exactly two singular points, P,
and P,. Then (n—3s)L, where Lis the line joining P, and P, can easily seen to be
an s'f adjoint. So we may assume that C has at least three singular points. Let
P,,..., P, (k=3) be the singular points of C, with multiplicities, r;>r,>--->r,
respectively. We claim that r,>s. If not, r;<s for i>2. Take (n—3s)L where L
is a line passing through P,. It is immediate that this is an s*# adjoint of C.

We know claim that r;+r,+r;>n. If not, let L be the line joining P, and P,.
Then (n—3r;)Lis an r§¥ adjoint. If P,, P,, P5 can be chosen to be the centres of
a quadratic transformation, then we can reduce the degree of C. The only case where
we have a problem is when P, and P; are both in the first order neighbourhood of
P,. Let P;be any point with r;>s. If P;is not infinitely near to P,, then by taking
the image of P; in P2, we have a point P, in P2, |#1 and r,>s. Then P, P, and
P, form possible centres for a quadratic transformation which reduce the degree of C,
since r; +r,+r,>n. So we may assume that all such P;’s are infinitely near to P,.
If P; is not in the first order neighbourhood of P, then by taking its images, we have,
P,, P,, two points, P, is in the first order neighbourhood of P, P, is in the first order
neighbourhood of P, and r, r,,>s. Thus these three points P,, P, and P, can be
taken as the centres of a quadratic transformation and since r; +r,+r, > n, the degree
of C willdrop. So we may assume that any point P; with r;>s lies on the first order
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neighbourhood of P, unless it is P, itself. Let Py,..., P; be the points with mul-
tiplcity bigger than s. Let L; be the line Jommg P, and P, 2<z< j.  We have

ry>ry+---+r; and hence n—3s> Z ri—s> Z (r;—s). Consider Z (ri—s)L;(+M
where M is an n—3s— 2 (ri—s) degree curve passmg through P,. Then it is easy

to see that this is an s** adjomt giving us the required contradiction.

§3. The case when Kodaira dimension is bigger than or equal to zero

As before let DG X ; D~ P! and D2<0. Note that if k(D) >0 then | -D—K|=

Theorem 3.1. The following are equivalent.

a) D2?=—n, I2K +D)=1 and every exceptional curve of the first kind meets
D at least twice.

b) (D+K)*=—1, k(D)>0 and every exceptional curve meets D at least twice.

¢) K?2=-1,I(—K)=0, n=4.

Proof. a)=b)

Riemann-Roch gives, I(2K+D)+I/(—D—K)>(K+D)>+2. Therefore, (D+
K)2< —1. By lemma 2.2, we see that (D+K)>=—1. We claim that, if ¥(D)>0
then K2<0. If K2>0, then by Riemann-Roch, | —K|#@. Also by Corollary 2.5
D?2< —4 and hence D-(—K)<0. So Dis part of |— K|, which implies, | — K—D|#4,
contradicting the earlier remark.
b)=c)

Since x(D)>0, 2K+ D|#¢ by Corollary 2.4. If (2K+D)?<0, then there
exists C e Supp |2K + D| such that C.(2K+D)<0. Since |2K|=g, D ¢ Supp |2K +
D| and hence C#D. But then C2<0 and C-K<0. So C is an exceptional curve
of the first kind and hence 0>(2K +D)-C=C-D—2 which is a contradiction to our
hypothesis. So, 2K+ D)?>0. 0<(2K+D)*=K?+2K-(K+D)+(K+D)?=K?+
3K+D)?—-2D(K+D)=K?—-3+4=K?+1. Thus K?>—1 and hence K?=—1.
Since k(D)>=0, |—K|=¢. Also —1=(K+D)*=K2+2(D-K)+D?*=—1+2(—-2+
n)—n. Therefore n=4.
c)=a)

By Riemann-Roch, I2K)—h'(2K)+ (- K)=K2+1=0. Thus h'(2K)=0. The
exact sequence,

0 — 02K) — 02K +D) —> 0, — 0 gives,

I2K+D)=1. So x(D)>0. If there exists an exceptional curve meeting D at most
once, then blowing it down, we still have k(Image of D)>0 but K?=0, contradicting
our earlier remark. This proves the theorem.

Corollary 3.2. x(D)=0or 1 if and only if QK+ D)=1.

Proof. By proof of Lemma 1.1, we may assume that every exceptional curve of
the first kind meet D at least twice. First we will show that, if ¥(D)>0and (D+K)?>
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0 then k(D)=2. If D?= —n, it s easy to see that, /(mn(D + K))=I(mn(D + K)— mD).
Now, (n(D+K)—D)>*=n?*(D+K)>*+4n—n=(D+K)*n2+3n>0 if (D+K)*>0.
Thus, I(mn(D + K)—mD) is a quadratic polynomial in m, (notice that x(D)>0 is used
to say that H*(mn(D + K) —mD)=0) and hence x(D)=2.

So, if k(D)=0 or 1, (D+K)>< —1 and by Cor. 2.3, (D+K)>*=—1. Now by
Theorem 3.1, we see that [(2K +D)=1.

If I(2K + D)=1, then by Theorem 3.1, we have 2K +D)>=0. Also, easy to see
that 2K + D is a numerically effective divisor. If k(D)=2, then since, I[2m(D+ K))=
I2mK +mD), |m(2K + D)| gives a map to a surface. So for any ample divisor H,
m(2K+D)—H is effective for m>0. But this implies, H-(2K+D)<0 a contra-
diction. Thus k(D)=0or 1.

Theorem 3.3. Assume any equivalent conditions of Theorem 3.1. Then there
exists an exceptional curve E, such that E,-D=2. Also:

a) |3K+D|=g<>k(D)=0 and then we have a birational morphism f: X—P? such
that f(D)=a sextic with ten double points, (possibly infinitely near) and in
this case, D is linearly equivalent to —2K. Also if E is any exceptional curve
of the first kind, the linear system |D+2E| is an irreducible pencil of elliptic
curves.

b) |3K+D|#g<Kk(D)=1. Also in this case, there exists a birational morphism
f: X—> P2, such that f(D)=a curve of degree 3m, m >3 with nine m-tuple points

and one double point (possibly infintely near.) Also the linear system |D+2E|
is an irreducible pencil of elliptic curves and this Eg is unique.

Proof. If |3K+D|=g, then, (—2K—D)>1 by Riemann-Roch and hence
2K+D=0. So every exceptional curve meets D twice. If |3K+ D|#4, then since
(3K + D)2 = —1, there exists an irreducible curve E € Supp |3K + D| such that E-(3K +
D)<0. So E?2<0 and E-K <0, implying E is exceptional curve of the first kind.
Also, then E-D<3 implying E-D=2. To show uniqueness of such an exceptional
curve, first observe that they are all fixed components of |3K+D|. If there are two
such, then since D meet them twice each, 4< D-(3K + D)= —4+6=2, a contradiction.

So we have found our E,, and it is unique in the case |3K+ D|#g.

Claim: 1(D+2Ey)>2.

I(D+Ey+K)>1 and I(E,—K)>1, by Riemann-Roch. Since |D+K]|=g,
E,¢Supp |D+Ey+K|. Since I(—K)=0, E is not in Supp |E,—K]|. So this curve
in, (D+Ey+K)+(Ey,—K) is not equal to D+2E, and hence I(D+2E;)>2.

Using the exact sequence, 0—»>0(2Ey)—02Ey+D)—0,—0, one gets, [(2E,+ D)
<2 and thus I(2QE,+ D)=2. So neither D nor E, is a fixed component of |D +2E|.
But (D+2E;)?=0 says that |D+2E,| is a pencil of curves without base points.
Also, p(D+2Ey)=1. Since D+2E, is a connected member of this system, which
is reduced at some points, we see that the general member is irreducible of arithmetic
genus 1. This gives the required elliptic fibration. Finally, we separately analyse
the two cases to prove the Theorem.
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a) |3K+D|=¢. We know that D+2K~0, and hence xk(D)=0. Observe that
if X is any smooth surface with a curve D such that D+2Ky~0 and if f: X>Y
any birational morphism, then f(D)+2Ky~0. So we need only show that X
dominates P? birationally. Let now Y=UF,, where f: X—F, is a birational
morphism. We claim that n<2. Let D=f(D) and F a general fibre. We
have, D~4D,+2(n+2)F. In particular, D#+D, and hence D-D,>0. This
gives n<2. If n=0, X dominates some blow up of P!'x P! and hence F,.
If n=2, then D-D,=0 (i.e. Dn D,=@) and hence X dominates a surface got by
blowing up F, away from D, and hence F;. So in any case X dominates P2.
Let f: X—P? be this morphism. Then since f(D)+2Kp2~0, f(D) is a rational
sextic. Using D+2K ~0, it is also clear that it has only double points and
hence exactly ten of them, may be infinitely near.

b) |3K+D|+g.

We first show that k(D)=1. By Corollary 3.2, it suffices to show that (D)= 0.
E, is a fixed component of |3K+ D|. If E, is a component of |2K + D|, then |2K +
D—Ey+¢. But D-2K+D—E;)=-2 and hence |2K—Ey|+g, which is not
possible. So E, is not a component of 2K+ D|. Let Ae|2K+ D| and Be|3K+ D|.
Then 34+3D~6(D+ K)~2B+4D. But, 34+3D+2B+4D and hence I(6(K + D)) >
2. Hence x(D)>0.

Let X be the contraction of E, and D, the image of Din X. Since |D+2K|+4,
afortiori, |[D+2K|+@. Now choose m>2 such that |D+mK|+¢ and |D+
(m+1)K|=¢. We also have D2=0 and K2=0. By Riemann-Roch, it easily
follows that I(—D—mK)%0, and hence D+ mK ~0. Now as in the proof of a),
one easily sees that there is a birational morphism f: X— P2, such that f(D) is a
rational curve of degree 3 m with nine m-tuple points and a double point. This
completes the proof of Theorem 3.3.

Remark 3.4. If k(D)>0 and every exceptional curve meets D at least twice,
then (D + K)? >0 implies k(D)=2.

Proposition 3.5. Let DS X and D'S X’ be as in Theorem 3.1 and f: X—» X'
be a birational map such f(D)=D'. Then f is an isomorphism.

Proof. Let g: Y- X be a birational morphism so that h=fog: Y= X’ is also
a morphism. We may assume that there exists no exceptional curves of the first
kind, which is in the fibre of g as well as h. Let E,, E; be exceptional curves as
in Theorem 3.3. Then there exists m, m'(>2) such that |D+mK|={(m—2)E,}
and |D'+mK'|={(m'—2)E,} where K, K’ are canonical divisors of X and X' re-
specitvely. Notice that m and m’ are largest integers such that |D+mK|+¢ and
ID'+m’K’'|+¢. These numbers are invariant under blowing ups and hence com-
paring them in Y, we get m=m’. Also note that (D+mK)=I(D'+m'K’}=1 and
this property also is invariant under blowing ups. In other words if D is the proper
transform of D (and hence of D’) on Y, then I(D+ mK)=1 where K is the canonical
divisor of Y. By successively checking at each blowing ups one sees that, |[D+mK| =

{Zp‘, m;E;}, where E; (i>1) are all the irreducible fibres of g and m;>0 for i>1.
i=0
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Similarly, looking at h, we have, |D+mK] ={io miE;} with m;>0,i>1. (If
f: A— B is the blowing up of a point of B, where 4 and B are smooth surfaces, then
rk Pic A=rk Pic B+1 and K} —1=K2%. In other words, if f: A—>B is a composite
of blowing ups, then rk Pic A=rk Pic B+ K% — K% and thus f is the composite of
K% — K? blowing ups. So in the above situation, Y is obtained as the composite
of K% —K% blowing ups from X via g. Similarly for . But K3=K%.. Thus the
number of exceptional fibres of g and h are same).

Let E, be an exceptional of the first kind on Y such that g(E,) is a point. Then
E,=E{, by our assumption that h(E,)#+ point. Since EZ=—1, h~! has no funda-
mental points on E,. Hence E,.D=E,.D'=2, which is a contradiction, since D
is non-singular. Hence fis an isomorphism.

Corollary 3.6. Let D& X, D'GX’ be embeddings of P!, such that D2=D"?=
—4 and with k(D)=xk(D')=0 or 1. Let f: X—P? and f': X'>P? be birational
morphisms as in Proposition 3.3. Let C, C' be images of D and D' in P2. Then
the embeddings D& X and D'GX' are equivalent if and only if there is a
Cremona transformation o: P2—P? such that 6(C)=C'".

§4. Class groups

Let X be a projective normal rational surface with isolated singularity Pe X.
We define x(0y p) to be ©(X — P) (in the sense of litaka [I].). It is easy to see that
it depends only on Oy p. For a ring A, we denote by C(A), its class group.

Proposition 4.1. Let A be a normal geometric local ring such that A=k[X",
Xn-1Y,..., XiY »~i ..., Y"]. Further assume that the quotient field of A is k(X, Y).
Then,

a) k(A)=—o00 =C(A)=C(A)=Z/nZ

C(A)=Z2Z, C(A)=Z|AZ  if n=4.
b) xk(4)=0 = .
C(A)=Z|nZ=C(A) if n>5.

Proof. Let U be the punctured spectrum of A.

Let f: X—Spec A be a minimal desingularisation of Spec A. It is well known
that f~! (closed point)=D=~P"' and D?= —n. We have the following commutative
diagram of exact sequences:

0— Z.D — PicX— PicU— 0

R’ 0o £
0 s Z " s 7 ,Z/nZ——»O
1 l
G = G
! l
0 0

where O(F)=F-D. [[L], page 225]. To compute C(4)=Pic U, it is sufficient to
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compute G.

a) x(A)= —co. In this case, by Theorem 2.1, using a fibre of F,, we see that there
exists a divisor F on X such that F-D=1 and hence 6 is surjective. Hence
C(A)=Z|nZ =C(A).

b) k(4)=0.

By Theorem 3.1, if n>35, there exists an exceptional curve which meets D once
and hence 0 is surjective. Thus C(4)=Z/nZ.
If n=4, by Theorem 3.3, D~ —2K and therefore C-D is even for all curves C.

Since there is an E, such that E,-D=2, we get G=Z/2Z and hence C(4)x~Z/[2Z.
We now consider the case when x(4)=1 with A=K[X", X"1Y,..., X{Y =i .,

Y"]. Let Y be a complete rational normal surface with isolated singularity ye Y,

such that 0y ,=A. Let f: X—Y be the minimal desingularisation of Y. Then

f~1(y)=D~P! and D?=—n. By Proposition 1.4 and Theorem 3.3, there is a

birational morphism g: X— P2 such that g(D) is a curve of degree 3m(m>2) and

m depends only on 4.

Proposition 4.2. With the notations as above, assume k(A)=1. Then,
a) Ifn>5, then C(A)~Z|nZ=C(A).
i) n=4, m odd, then C(A)=Z|4Z =C(A).
ii) n=4, m even, then C(A)=2Z/[2Z.

Proof. When n>35, the proof is exactly as in Proposition 4.1, b). Assume
n=4. Let Lbe a generic linein P2. Then g~!(L)-D=3m. The image of 6: Pic X —
Z (as in the Proof of Proposition 3.1) contains 3m and 2 (note E,-D=2). Hence if
m is odd 6 is surjective. i.e. G=0, giving us C(4)=Z/4Z. Suppose m is even.
Then D+mK~(m—2)E,. Hence D-C is even for any curve C. Thus Image 0=
2.Z. Thus C(A)=Z|2Z.
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