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On the 11-boundedness of
pseudo-differential operators

By

Y oshiki H icucm  and Michihiro NAGASE

§ 1 . Introduction.

Let IV denote the n-dimensional Euclidean space. Let m , p  and ô be real

numbers with Op, 5 < 1 .  I f  a smooth function p(x , e )  on R x l t i  satisfies

(1.1) laciai!P(x, e)1 c.,13(1+1$1)""iali - S1/31

for any multi-indices a  and fi, then we say that p(x , e )  belongs to H6rmander's
class Sp78 (s e e , fo r  example, [5]). For p(x , e )  in  Sp7s we define the pseudo-
differential operator p(x, D.,) by

(1.2) p(x, D„)u(x)=(270 - 3 Se p(x, e)ii(e)clÇ,

where û (E ) denotes the Fourier transform of u(x ), that is, "U(e)=-Se u(x)dx and

we denote p(X , E L .  The function p(x , e )  is called the symbol of the operator

p (x , D 4 .  In  [4 ], H 6 rm an d er proved that i f  a ll of the operators in  4":8 are

D (Rn)-bounded then m (p -5 ) ) , by giving counter examples. When

5<1, C alder6n and Vaillancourt in [1] showed that m  m in tO , -2 -n  (p -3 ) )  implies

the D(Rn)-boundedness of the operators in 1,,,78 .  Moreover, when p = 5 < 1 , there
are many generalized theorems to the case of non-regular symbols (see, for
example, [3 ], [7 ] and [12]). On the other hand, when 5 = 1 ,  Chin-Hung-Ching
in [2] proved that S?,, does not always define D (R n)-bounded  operators, and
R odino  in  [1 1 ] proved that the operator in  1, 1 - 1 ')1 2  is  n o t a lw ays  D (R n )-

bounded, by constructing the counter examples.
In the present paper we give also an example of symbols which is in S,;,

but define operators unbounded in  L2 (R n ) , and w e show that the decreasing
order n(1 —p)/2 of symbols is critical in a sense (see [6 ]). Our example is similar
to the example constructed by Chin-Hung-Ching in the case p= 1, and therefore
a little different from the one of Rodino in  [11].
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In Section 2 we give an L 2 (Itn)-boundedness theorem and in Section 3 we
construct an example of symbols to show that the theorem in Section 2 is critical.

§2. L 2 -boundedness theorem.

L e t f 11v denote the norm of L 2 (R n ) . W e use (C>-----(1+1e12 ) 1 1 2 .  Let S  denote
the set of Schwartz rapidly decreasing functions in R .  W e  assume that the
symbols in  the present paper arc at least measurable in  11.;. x R .  Then the
following lemma is shown in [10].

Lem m a 2.1. We assume that a  symbol p(x , e) satisfies that the support of p(x, e)
is contained i n  {e; jel R }  and

n(2.1) !ag p(x e)I I<N fo r

Then th e operator p(X , D ,) is  D(R")-bounded and we have

(2.2) D.)ullv CN dully f o r  u  i n  S ,

where the constant C is independent of p(x, e).

Theorem 2 .2 . L et 0<p _.<1. Suppose that a  symbol p(x , e) satisfies that

(2.3) agp(x, e)I N<e>-"(i-01, -, 1-1(1)(<>-1) f o r  I a I tc,

where w(t) is  a  non-negative and non-decreasing function on  [0, co) and satisfies

(2.4) S1
 

(t
 )

 2 dt = A/1 <co

Then th e operator p ( X ,  N  is  L 2 (Rn)-bounded and we have

(2.5) !P(X, C (1 + M 2) N dully f o r  u in  S,

where the constant C is independent of p(x, e).

P ro o f .  By the assumptions and Lemma 2.1 we may assume that the symbol
p(x, e) has the support in {e: I e i> 2 } and satisfies

(2.3)' lagp(x, for

We take a smooth function f ( t )  on 1U such that the support is contained in the
Iinterval [ ' 11 and $-  -f( t ) 2  dt 1  .  Then since $- f(t le 1) 2 dt-= 1 for e*O, we have2 0 t 0 t

p(X , N u(x )= (2r) - nSe1x' p(x, e)ii(e)de

dt
0

—
t

SKt(x, z)G t(x — z)dz,

where

K t(x , z) = (27r) - "Sei'' p(x ,
) f( I e I) de,
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and

G t (x)= f(tI.13'1)u(x) = (27) - l e ix.E f(tieDa(e)de.

Since the support of p(x, )f(l e I) is contained

can write

r I
in te; 1V>2t), we

1/2 dt r(2.6) p(X , D x)u(x) S 
— 31( t ( x  ' z)Gt(x—tz)dz

ot

= C11

0 t

2 dt C ,K t(x, z)G t(x — tz)dz
J

C'12 dt C+
J ,K t(x , z)G t(x—tz)dzJ t 1 2.1>tP-

=--/u(x) +//u(x).

Using the Schwarz ineuality we have

h(x) 12_(S1/2 dt \J o t  J1.1<tP - it
Gt(x — tz) (adz),

o
Ki(x, z)I2dz)( C

112 dt c

where m= —n(1 — p). By assumptions and the Parseval equality we have

$1
0

/2 tn1  . .I_K t (x, z)I 2dz= (2n) - n $1
0

12 t m l -S P(x, 4- ) i  a e i)

--<C2N2.Ç1/21m 
dt c (III  r  ((le(  )'y d e

0 t i i / 2 1 e l i \  t /  w \ \  t

c 2 N 2 rin dt0)(20 2-7 = C2 1■121141.Jo

Therefore we have

(2.7) C2N2M6(51/2t-
m  d t  (

o t
1G t ( x  —  t z ) 1 2 d z ) d x

=- C 2N 2M 6
1 / 2

t -m
0 IZIStP-1(SI 

G t (x) rdx)dz) d
t
t

c 2 N2( S I  f (t I e IA(e) rde)

=C 2 N2M N u112„.

Here and hereafter the constants C are not always the same at each occurence.
I n  a  sim ilar w ay we have

/ el/2 dt e
I HU(X) I2 U Z12

K  t(x, z)I 2dz)

x ( C1/ 2 td t  C z1-2"IG t(x—tz)Idz)\Jo t JIzi>tP -11

2
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where m=(2K—n)(1 — p). By assumptions we have

S "2  d tt K t(x z)rdz= c i , S
i l ,

tm—
d t  S

00 t v'41) ( x, d

C 2 N 2 S
112 t S
0 t

- - p) - 2it p
-2rcw

-1 2
)  de

   

1/2 dtCz N2S  (U (2i)2 =C2N2M .
O

Therefore we have

j t ili>tP-11

1/2 dt(2.8) ././u112v  C21172M(Y\Jo t J
t(x — t z) 12 d z)clx

r1/2 / dt
= C 2  N 2 1 1 q  t - 7 . ) ,1 2

"  (SI G t(x)12 dx)d z)-1—
0I z i > t

(7.:22011IT'O 'l l,gtielA(e)12de) 2 L
0 .

From (2.6), (2.7) and (2.8) we obtain the estimate (2.5).
Q . E . D .

Rem ark. ( i )  W e note that when p= 1 the estimate (2.5) has already been
proved in  [8].

(ii) I f  we replace the condition (2.4) by

(2.4)' S'11)  dt — M 1<co ,

then we can prove the LP-boundedness of the operator for 2 p<co  (see [9] and
[10]). We can see easily that the condition (2.4)' is stronger than (2.4).

§ 3 .  An example of pseudo-differential operators unbounded in Lz(Rn).

Let 1" denote the set of bounded sequences lai lr 1 a n d  12 denote the set of

sequences fail 1 w ith  ET-Ilail 2<co. W e use these in the proof of the following

Theorem 3 . 1 .  L et O p<1  an d  le t w (t) b e  a  non-negative and  non-decreasing
function on la" which stisfies

(3.1) Jo t

Then w e can construct a  symbol p(x , e), which satisfies

(3.2) agap(x5 e ) c a ,/ 3 < e › -na -0/2-p I a 1+113 ( < e >  - 1 )

fo r  a n y  a  and 13, so  tha t p (X , A t.) i s  n o t  hounded in  P(R ").

P r o o f .  We choose a  sequence fi").j;k17_,:',_, which has the following properties:
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(3.3) 17/i,k1=j,

(3.4) I k — 77 k '  I> C n if k = k ',

where c is a constant independent of j  with
We take a  C r(Rn) function X (e )  with X (e)= 1  for C (1 / 4  a n d  X (e)= 0  for

P  ie l_1/2. W e put >2 k j, k p k ,  then we note that

(3.5) 17ii,k1=2/1-P

We define p ( x ,  e) by

(3.6) pcx.,
i=1,k =1

where is in l. W e can  see that

{X((cn.172.i,k1P) -1 (.=- 22i,k ))1i,k  have disjoint supports and that

for any e in the support of X((c7,177i,k1P) -1 (e — i,k ) ) •
Hence xx, e) is well-defined as a C--function on
Moreover we have

00 i n -1
' ;  ( I —p) ds,(3.8) p (x , e )I=  E  E  a i l  j , j, k) (C  n I r k  I P)

x e - k •" (aax ) ( (c i,1 kIP ) 1 ( e k)) •

Hence we have

co i n-1
(3.9) I acera,,9,, Ela;1172.5,kr1(1-P)+18'.-PlalJ=1,k=1

xcn - Jali oax)((c,b i. i.k IP ) - 1 ( e j, k ))  I.
Here we set ti= (1+4j1 2 P) - '/ 2 and  a = 0 ) ( 0 )  j=  1, 2 , ...... .  Then we can see by
(3.5) and (3.7) that p ( x ,  e) satisfies (3 .2 ). W e note that lail7L 1 is bounded but

is not in 1 2.
Next we take ça(x) in S  such  that (x ) *0  and the support of ço(e) is contained

in  {e; C I <  cn /4}, and we define um (x) in S  by

(3.10)
n -1

n1 .1

E  bifo(e ,k),
j=1 ,k =1

in-- 1, 2,

where { bi}7_1 is  a  sequence in l .  W e  note also that {Y o(e-723,k)}
supports. Therefore we have

,1  - I

(3.11) um I1L= (270 -n
f .

E I b

have disjoint
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=  ( j 1 1 1 bi 11199112v.f=1

On the other hand, by the definition, we have

(3.12) p(x, D x )uni(x )=E b ;( 2 7 0 - 1 6 - - x x ,  er2,( - 7);,k)de

/r1 J

=--E  E  bi  E  E Çi 72i,, le 1-nct -0/2

E n(1-p)/2(27r)-0Sei(E-ni.k (e— )2j,k)de
J=1,k=1

= (E  jn 1 2 - laibi)so(x).

Here wc assume that p(x , 10,) is  L 2 -bounded, th at is,

II p(x , D x )ulloSColluily for any u  in  S.

Then, equalities (3.11) and  (3.12) imply

/
(3.13) Ein/2-laibil2..CkE b  i n

-
1)i=1

N ow by taking b i= j - n./2
 j , we obtain

for any ni.

j - 1 1 ai 12 for any ni.

This contradicts that { - 11T  does not belong to /2 •

Therefore the operator p(X, D x )  is not L 2 (Rn)-bounded.
Q . E . D.

D E P A R T M E N T  O F  M ATH EM ATICS

K O B E  U N IV E R SIT Y  O F C O M M E R C E

D E P A R T M E N T  O F  M ATH EM ATICS

C O L L E G E  O F  G E N E RA L ED U CA TIO N

O S A K A  U N IV E RSITY
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