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Supplements to my previous papers;
a refinement and applications

By

Masahiko TAN IG UCH I

Introduction.

This article is supplements to my previous papers [2] and [3 ]. In  §1,
give a refinement (Theorem 1) of a fundamental variational formula ([3, Theorem
1]), which leads us more precise formulas than those in  [ 3 ,  Theorems 2-4] and
also gives another proof of [2, Theorem 2]. (See §2 A s direct applications of
Theorem 1, w e  show in §3 a  variational formula for the modified canonical
injection, and in §4 formulas under variation by connecting boundary arcs.

§1. A  refinement of the variational formula.

In this paper, we use the same notations as in [3], and show the following
refinement of our previous formula in [3, Theorem 1].

Theorem 1. Under th e  sam e notations and assumptions as• in  [3, Theorem 1]
(also c f .  R em ark  at th e end of [3, §1 ]) ,  it holds that

sf
R '  

W t,S = t
R '

q) 0,0• P A * 0 2ir • ±)2 j •s,(a .i ,i (0) • b j ,,(0)+ a  2 (0) • bio  (0 )).7=1

+ 0 ( t  — FE S2.),
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where ço„,0 =a j . k (z i . k )dz i ,k and  0=6 j ,k (z i ,k )dz i ,k o n  U j , k -= fil i , k l<11 f o r  every j  and k.

Pro o f . In the proof of [3, Theorem 1], we have shown that

SS,,mt.s=t goo,o• pA*0

+ ./ . .r.Lat,s (Ft ,s (z))•(—si 12)• ) 2 • (111z1)dZA*0 + 0(1),

where V i = {0< I zi o .  I <1 /2} U {0< zi ,2 I <1 /2} for every j.
00

,Set at,s(zj,k,t, )= ,, —  2 n k s • Zj,k,t,sn on Isi <  Zi , k , t , s i < 1 )  and bi .k (z i k ) =-

E,, _obn ,j ,k •zi ,kn on for every j  and k . Fix j  and k, then

Received October 1, 1986



82 Masahiko Taniguchi

' 2

k  = $S (CK I  kz l < 1121

a t
'
, ( tF  ( z ) ) ( —  .1 2 ) (  z  )  (1  I  zDdZA *0,s I .z!f 

S.1/ 2S2x
a

I
 (F (rew )) • (— s /2) (e525 1r)(2b k (z ) )rd rd 8

.

o o 's s, s

1/2 2r

=  —  S  • S E • (F ts (r) • e )n • E b
rn , j ,  k  

• rm  Oi 's° • ei"drd8o0 a . t,sk, ,

0

0

1/2
n+—27rs n j,k . 0 -n -2 j,k ,ts  '3  ( r n  F t,s(r)

2

 )dr •, 

Here by [3, Lemma 2-0], at ,s ( z )  is uniformly bounded on {s i <I z i ,k,"1<1/21,
we can find, by Cauchy's integral formula, a constant M  such that I an ,

M r/S7 for every negative n .  And since r t ,s ( r)  and S
1 /2

o ( s  F  t ,s (r) 2)dr= 1, we have

7r • • a . O(i  .0 + 2)I  j, k = —2b 0, 3, k -2 , j ,k ,t ,s 3
n=--1

—27rbj , k (0 ) • a_2 k,t,s +°(s) •

Now since s .11 z on  {s ,<  I Z 01 < 1 }  ,  where a ( z )  is  w ell-
defined and holomorphic, we can see that

a  -2, j,k,t,s
=

j •  •
s
j • ao,i,3-k,t,s•

And since a ,  l c , " converges to a t ( 0 )  by [3, Lemma 2-ii)], we conclude that

/ ." -••=27rni •s,•b i ,k (0)• a
k ( 0 )

 + 0 (S) .

Summing these
 ' j k

 u p ,  we have the desired formula. q.e.d.

§ 2 .  R em arks on  the form ulas of Schiffer-Spencer's type.

First, using Theorem 1 instead of [3 , Theorem 1] in the proofs of [3, The-
orems 2-4], we can see the following

R e m a rk  1 .  In  [3 ,  Theorems 2, 3 an d  4 ], respectively, we can replace
o(((t, s)I1) by the following more precise quantities

(Th2) 27r•Re[E )2h4( h.1(
19

) 
•
a d' ,h,2(

° ) ±  a d, h,2(
°

) • a  d' ,h ( ° ) ) ] ° (i(t S)inhEx 

(Th3) 27c• Im [E >202
h (b,, (0) • (0) + b, a (0) • ad, „, i (0))] o (11(t , s)r ) , andhEx-

(Th4)R e [ E >7hs2
h (b (0)•b,, 2(0 )-Fb ,,(0 )•b ,,,"(0 ))] 0(11(t, s)r).

he X

Here we set O(d" ) ,  R0)= 4' d", k (Z  h ,k )dZ and g5(q"), Ro) =b q () h k ( z h k ) d z h k  o n
U  lc for every h  and k,

X =  { h E [1  n ]  C h  is essentially trivial}

(which we have assumed to be coincident with {m-1-1, n} in [3, §2]), and
finally
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H 1
(t, s )  =

t  
 + Elog(l/s( j)) 0Ex

Now note that 0(q, R 0)  in  [3] is identical with —i•O(q; R 0)  in  [2], and that
th e  classical Schiffer-Spencer's variation  in  [2 ] is  a  special case of pinching
deformation, where n=1, and U and the parameter s=s, are chosen in a
special manner. In particular, we see that

iln (C  R 1,0)a ; , s = n/log(1 Is).

Using this fact instead of [3, Theorem 5], we can realize the following

Remark 2 . The formulas in [2, Theorem 2] can be shown by Theorem I
and the same argument as in the proofs of [3, Theorems 2-4].

§3. A  fo rm u la  fo r th e  modified canonical injection.

In  this section, we use also the notations in [1]. Fix (t, s) arbitrarily, and let
H 1 0 (w ) b e  the projection  o f H f s (w ) to  th e  orthogonal complement F t. , of
r o,(R,,,, R0)  in r h (Rt ,„ R0) ,  and set

At.s(w)=Ht,s(w)±i * H t,,("))

for every w er h (R o) .  Also denote by r a (Rt ,„ Ro) the rea l Hilbert space consisting

of all square integrable holomorphic differentials w on  Rt,, such that S 0=0 forc'
every cEL(R 1.0 ,R0). Then we have the following

P ro p o s itio n . T h e linear map A t. ,  i s  a  (rea l) isom orph ism  betw een  r h (R0)  and
r a (Rt ,„ R0) f o r  ev ery  (t, s). M oreover, it holds that

Re A 1 0 (w) = S
d d

f o r  every (D er h (R 0)  and  1 -cycle d on

P r o o f .  It is clear that F t . ,  is isomorphic to r h (R t ,„ R o)IF,„(R t . „ R 0). Hence
by [1, Theorem 1-i)], H f , 0 is an isomorphism between F  and r h (Ro).

Next a e r t,, if and  only if aer h (R t ,,, R ,) and —(*a, n(c))R ; , .,=(a, *n(c))n;
=0  for every ceL(R t ,„ R ,) by definition, which is equivalent to the conditions

that *a=0  for every ceL(R t ,,, R 0). Hence aeF t , ,  i f  a n d  only i f  a-Fi*cre

ra (Rt. s, R0) ,  which shows the first assertion.

Finally, since Sd *cr(c)-=0 for every cEL(R t . ,, R o ) and  1-cycle d  on  /?„ we

have the second assertion by [1, Lemma 5]. q.e.d.

Now by Theorem 1, we can show the following

Theorem 2 . For every  1 -cycle d on R  and cnEF 1,(R 0), it holds that

$a Ion A t .0 (w)—Sd 1m A 0.0 (0)) = t•ImSS E , A„. „(w)• tiA*0(d, R0)
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0+ 27.1m[E)2 1 (0)•aa 
2
 ( ) +a 1.,2 1(0)• .  (0 ) ) ]+  o ( t+ E s 2.),

  i = 1

where A0,0 (0)) =0)+i*0)=-- a i ,k (z i . k )dz i ,k o n  U   f o r  em u  j  and k.

P r o o f .  Fix a  1-cycle d  and w er h (Ro). W e set Ot ,, =.*H f,,s (w )  and

—i•At,s(w)- Then, letting be the unique solution (cf. [3 , §4]) of

the equations

11

C i
*H f , o))=--

kE ak ;t,s •  C
Rt, ) ( j =  I .  •..,

it holds that

4at„g=tit,s — E a - t  s 'O ( C  1 ?1,5).'

Here recall that Ot,, converges to wo,, strongly metrically as 1(1, s)I tends to

0 (cf. the proof of [1, Theorem 4 ]) .  In  particular, every $ c *H i -,, s ((I)) converges

to $*0)=0, hence so does every a as I(t, s)I ten d s  to  O . H en ce  b y  [3,
c;

Theorem 6], çû to 00 .5  strongly metrically as I ( t , s )  I tends to O . And

since

/1,(0))1Is;,., 2111/1,5 (w) Ils;„ 2111/f,,,(0))

III At, s(w)iiR/, is bounded by [ I ,  Lemma 3]. Thus we conclude that 0i.5 satisfies

the conditions 1)-3) in  [3, Theorem 1].
Now  set 0=0(d„ R 0 ) ,  then it is clear that 0 satisfies the conditions A) and B)

in  [3, Theorem 1]. And recalling that

wt.  ) ,= — I f ,, ,(H f = — ce)=-- IM

by [1, Lemmas 6 and 7], we can show similarly as in [3, §4] that

Sa Ç' t's— Sd no =Sd
A t,o(0)) —Sa Tm i l o ,o (w) -.=ReS .L ço i ,s o f

Hence by Theorem I,  we conclude the desired formula. q.e.d.

§4 . V aria tion  by connecting boundary arcs.

Let 1Si lf,=, be a  finite set o f Riemann surfaces with (not necessarily closed)

boundary, and  P—{p i ,k } , ,  b e  a  fin ite set of mutually disjoint boundary

points of them such that s i n P çb' for every i . Fix a  neighborhood W ,k  o f P i , k

and a local coordinate zi . k  o n  IV  such that z (117 )--- z I < I ,  1 m  z . l : / }
and z ( p ) = 0  for every j  and k , where we also assume that IV  are mutually

disjoint.
Let ift be a  Beltrami differential on S IV , w here W= U W and S'

the interior of U S . ,  satisfying the conditions a) and b) in  [3, § 1 ] w ith  Ro =, So.°
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and U = W. Let f t b e  the quasiconformal mapping of So. ,  onto another S t . ,  with

th e  complex dilatation p t . Set S ,  b e  th e  u n ion  o f R iem an n  surfaces with

boundary obtained from S, 0 by deleting f  to zj,Ik({1z1<s i; Im z. 0}) from S, 0 and

identifying the newly resulting borders by the mapping z ( —s.
2
i /zi ,1 (p )) for every

(t, s) with t_ .0  and s5 E [0 , 1 / 2 ) . H ere w e assume that S,  connected when

every s >0.
N ow  set Bi ,k ---=--zi,lk ( l i z i< 1 ;  Tm z = 0 1 ) for every j  and k , and le t RT; be the

double of S 0,0 w ith  respect to U B  k ,  and Ro b e  the Riemann surface with nodes
j, k

resulting from R ; by identifying p 1 w ith  p5,2 f o r  every j. Then we see that
above variation of S 0,0 by connecting boundary arcs is nothing but pinching
deformation of R , in  [3 ]  ( , where U  is the double o f  W   with respect to B i v k

— {pm }  for every j  and k, and pt and f t  are the natural symmetric extension of

the above pt and
 f 1 ) .

 H e re , fo r  e v e ry  (1, s), 0(d, S 1 2) a n d  95(q, S , )  can  be

extended to meromorphic differentials on R t ,s , and it holds that

0(d, S t . ,) =0(d, R t . 2 ) +0(I t . ,(d ), R t ,,), and

0(q, S t , ) =0(q, R t ,0)--95(4 0 (q), R 1 .0 )

for every 1-cycle d  and point q on S where / L s  is the canonical anti-conformal
involution of R t . ,  onto itself fixing the border of S,  p o in tw ise . Hence we can
see the following

T h e o re m  3 . i) L et d  and  d ' be 1-cycles on  4  then it holds that

$d ,a(d, S t ,,) —Sd ,a(d, S 0,0)2 t • R e .q s , , o 0(d, S 0 ,0 )•liA * 0 (e, S0,0)

— 2r •R e [s .
2
i (ad ,i ,,(0)• a 2(0) + a  .0 (0) • ad %  0 , ( 0 ) )  +  0  (I - FE  S2.) .

J=1

ii) L et q  be a  point o n  S 0 .0 — W . L et d  be a  1-cycle o n  4,—  {q} and  a ssum e that
pt 0  on some neighborhood o f  q on  S Then it holds that

S*d g (•  ,f(q ))— S *d g (•  , q ) =  2 t - I m S S  0(q, S 0,0 )• ,uA*0(d, S 0 ,0)
d d 00,0

—27r•Im[Es 2.(b
4
( 0 )  •ad ,i ,2 (0)-kb

4 , , 2
. (0)•a

d 1
. (0 ))] o (t+E s 2.).j , j.1i=1 i= 1

iii) L e t  q  a n d  q '  be  d is t in c t  p o in ts  o n  So. , — W , a n d  assum e that 
p

O  i n  s o m e
neighborhood of {q, 011 S Then it holds that

g ( f , q) = (tlir)•ReSS su ,o 0(q, S 0 0 )  ,ttA*0(q' , So.o)

o(t-FE
1 =1

where 0 (e ) , S0,0) =adj,k(Zi,k)dZ5.k and 
O(q(

) ,  5o,o)=1-',1",i,k(zi,k)dzi.k on U j for every
j  an  d  k.

Pro o f . Since /(C i ).-= —05 fo r  every j  and 0(d, R t ,,)01=0(1(d), R I , , )  f o r every
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(t, s) w ith  /-=-//,,, w e have

Sc O(d, St, 5)=S c a(d, Rt,  )+0(d, R1, 5)0I=S a(d, Rt,  ) =0 for every j .
cj +icci )

Sim ilarly, since q5(q, Rt, 5)0.1=0(I(q), Rt,  ) , w e have S q5(q, St, 5)=0  for every j .
ci

Hence Theorem 1 and the same arguments as in the proofs of [3, Theorems
2 -4 ] gives the desired formulas. q.e.d.

D E P A R T M E N T  O F  M A TH E M A TICS

K Y O T O  U N IV E R SIT Y
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