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Classical solutions for a class of degenerate
elliptic operators with a parameter

By

Reiko SAKAMOTO

Boundary value problems are generally investigated fo r elliptic differential
operators, degenerating on the boundary o f a  domain ( [1 ] , [2 ] , [3 ] , etc.), which
are well posed in appropriate Hilbert spaces. On the other hand, classical solutions
seem little investigated except for equations o f second order ( [4 ] ,  [ 5 ] ,  etc.). In
this paper, we consider a class o f degenerate elliptic differential operators with a
positive parameter, and we seek classical solutions, restricting the parameter small
enough.

In  §1, the regularity of solutions are considered for F -type  operators, analog-
ously in [6 ] . In  §2, two types of half space problems are set for F-type operators
corresponding to the location of the invertible zone. In §3 , the existence of solu-
tions for half space problems is considered for F - ty p e  elliptic operators with a
parameter, using the energy estimates for adjoint operators ( [ 7 ] ) .  In  § 4 , some
examples of 4 th  order operators are given.

§ 1 .  R e g u la r ity  for F-type op erators.

1 .1 . F -ty p e  o p e r a t o r s .  Let x = (x i , x2,..., xn ) = (x i , x') R n ,  and let

A (x ; D )=E a„(x )D '-=E a i(x ; D ')

where

D= (D 1 , D2,..•, D n) = (D1, D '), D i=Dx j =— i a
a
x i ,

a„(x)EM- (Rn), an i (x ; e ')*0  near x1 = 0 ,

and ai,(0, x '; e ')0 0  for some j o (0 ,j0 m ). Let / i  be an integer such that

Dfai(O, x'; for 1= 0 , /i-1,

and
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DN ;(0, x' ;

where we denote

m'-=max (j —1 f) (0 _<m' m ) .

Then we say that A  is of order (m, m') on x1 =0.

Let A  be of order (m, m') on x1 = 0 , then we have

xr'A (x; e)=--Ebi(x; b„(x)(xiel)-e'' ,

where b„(x )Egt-((-1, 1)x  R " 1) ,  therefore we have

ne —1
A(x, v)(x ,e,)ier + . o ai (x ;

Hence we have

on—ne ne-1
A (x , D )= E  p j+„,(x, D')(xi Dippr + E ai (x, D').1)-1

=,q (x ; xi D i ,D ')D r+C (x ; Dr),

where

Epi+. , (x; e')e1=Ebi+m,(x; ei),ei(ei),

,wiceor---(ei+ici-0)(ei+i(i-2))•••(Ei+i)ei.
Let us say that P(x, e) e9 „, if

P(x; e)= 1, (x)e.=;±'opi(x; ei)ei,

where p ( x ) E .( ( — 1 ,  i)x .R n - ') , then we have

L em m a  1.1. Let A be o f  ordet (m,m') on x i =-0, then it is represented by

A (x ; D )=a(x ; x 1 D 1 ,  D ')D r+C (x ; D),

where .1(x ; C ) E ,m — m , a n d  C(x , e)E3rm—i.

Let A  be of order (m, m') on x1 = 0 , that is,

A (x ; D )=.(x ; x i D i ,D ')D r +C (x , D ) (.1Œ,Fm - m ', C e9m -1),

then we denote

0(x ' ; C) =.1(0, x '; C),

and we call it a  characteristic polynom ia l of A  on xi = 0 .  Moreover, we say that
the interval (a i , ct,) is an invertible zone of the characteristic operator 0(z' ; D z )  if,
for any a e (a i ,  a2 ) , P a (z' ; D )  is invertible in L 2 (R n) and there exists c>0 such
that
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Œ) a ( ';  D8)1411z,z(R”) . ell UilL2 (R " )

for uel-/ -  (1 0 ) , where

0 a ( z ' ;  C ) = 0 ( z ' ; C').

We say that A  is a  F-type operator on x 1 = 0  o f order (m, m'), i f  there exists an
invertible zone (a i , a2 ) o f ow ; Dz).

Lemma 1 .2 .  Let A  be o f  order (m , m ') on x 1 = 0  w ith a  characteristic potynomial
0 , then  D A  is  of  order (m+h,nz ' +h) on x i = 0  with a characteristic polynomial 'D
0, 1, 2,...). Namely,

D/M =0_4(x ; x 1 D 1 , D ')D r"`"± x i i ( x ; x 1 D 1 , D ')Dr"`'-EL "(x ; D),

where -.4(x; and 6-1(x , Ç)E,h+nr-i.

Proof. Denoting t=x i  and r=C i , we write

ne-1
A =a( t , tD t)D r+ , o ck(t)g ,

and

Remarking

we have

r )= D io (t, r ), c l( t ) =M c ( t ) .

Dt(tDt)k =t - i(tDt) 16tEot---(tDt—i)kDt,

h h ne —1 h h

M A U =
E ( W i ) D r + i l i +  E E( )cl h - i ) ( t )D r + j u

j k=0 j=0

h - 1  h
= .1 (2 )h ( t ,  tD t ) g '" 'u + E ( ) .1 (T i)( t , tp t)D r+iu + E  c (t)D ur=o ; i=o

=41+ 12+ 12,
where

tDt)14 4- "e u+tai'( t, tD t)14 4 - - '21,

12= E ( ) E p (h - - i ) ( t )  (tpt—ii)kDr4-"zi
j k= 0

h-1 nt—ne
= E

0

P i k ( t ) t h g + '+ j u
j= k=0

h-1 m—ne 5-1 h-1— j

=  E  E  pi k (t)tk.Dik+-'÷lu+ E  pik (t)tk D r - ' 4 - ju
j=0 k=h—j J=0 16=0

= ta "(t , tD i ) g " - - 'u + E ( t ) D u ,
i - m '

where we have only to set
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1.2. Regularity. Now, let us say that ue H (s=0, 1, 2,••., b E R ) if

i+ b - 1 1 2 D'ueL 2 (R )

where :il e a -  (R ) is an increasing function satisfying

r2if zi<1,

if xi > 2 .

Lemma 1 .3 .  Let s, k be positive in tegers (s >_k), and let supp [u] c tr i <11.
i) Let u e k  1/2 (R I), th en  w e have ueHk(R1.) and

Mul„- 0 =0 (OS j

ii) Conversely, let uE.Hs(R'!,) and let

Dizil.„ 0 =0

then u e l - P - - k 1 ' + 1 1 2 + E ( R I )  fo r  a n y  s>0.

P r o o f .  i) First, since

k i'D 'u eL 2 (1r+)

we have D.zieL 2 (RI.) (12)1, k ) . Next, denoting

we have

•) —uilly(R.-■)_SCSCP(0 j

If ui + 0  for some 0 ‹ 1, then we have

!I Mu (xi, • c(>0)

near x1 = 0 . Therefore, we have

liv(4)= + 00,

which is a contradiction.
ii) There exists C > 0  such that

D'u(xl., • )11/AR.--‘)

if  vi _<k—1, 1vISs—k, and we have

Dvu(xi ,  • )11L.(len.-.).___-Ç C

if vi k , 12)1.‹s— k. Hence, we have

11.'ir'+"'D'ull i ,(R ) < +  00 (s>0)
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if that is,

ueHs-kk+1/2-1-6(R1-).

Proposition 1.4. L e t A  be a  F-type operator of  order (m , m ') on with
characteristic polynomial O. L et (a i , a 2)  be an invertible zone of 0 . Let supp [u]c {xi<1},
A u = le i-4 (R ) in  R  and u ( s :  large), where a i <a_5_ /3<a 2 and  p—a is
an integer, then we have Dr uOEH;- " (1' ) (R1), where M  is the differential order of A .

Proo f . From Lemma 1. 2, we have

0 _ h (tD t )M '"u = I4 f tD )1X+"u—  E  Ck (t) D,U.
k=0

Hence, multiplying t'+h on the both sides of the equality, we have

0 ,(Ip t) V + 4 M - 1 - ' n ' Zi=  r + h t . g ( t ,  t D t ) 1 4 + '" 'u —  E ( t) M2i)
k=0

First, let a= p— L  then we have

OR_1(tDt)to - i +  hg‘÷'"' u t "± 11Y; f  —  t4 (t, tD t )

if p -1 > a , therefore we have

— E Fic(t) gu l ŒHV M - 4

k=0

 

Next, let a= 13 -2 , then we have

0,3_2 (tDt)P6 - 2 +hg '"' U=P8 - 2 + 4 {.1X  f — 4(t, tDt)14÷

if  19-2 > a ,  therefore we have

t/3-2+h,Dth+ne u H v 2m-

In the same way, we have

— E  Fic(t)g u l EHVm - b
k = 0

l a +  4M + "̀ ' Il e H t ; - ( 0 - a ) m - h.

Hence we have Dr"

C ollo rary . Besides the assumptions in Prop. 1.4, we assume a < 1 ,  then we have

D N EL 2 (Rn÷ )  (OS j m/ —1).

§2 . B ou n d ary  value p ro b le m s fo r  F-type op erators.

2.1. Condition(0). L e t A  b e  a  F-type operator o f order (m , m ') on  x1 = 0
with symbol

A(x;

where b„,c,„egr((0, 1)xl?" - ' ) .  Let 0 (x ' ;C ) be the characteristic polynomial of A
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and let (ai , a2)  be an invertible zone of 0. W e assume

Condition (0 ) .  Oe(cri , a2), i.e. ai<0<a 2 .

Now, denoting

A (x; D)= fEb„(x )x l"D'pD'PlDr ,c„(x)Dv

= {E 13„(x)(x1A )''D '''}D r+  E  c(x )D '
vi<ne

=.4(x ; xiDi , D ')D r'+ Ci (x ; DOM,
i=o

we have

x ',r'A (x  ; D)=.1„(x ; (xiDi)

m' - t
+ Ci (x ; D ')4" --1,e 5(x1D 0 =d (x ; x 1D 1, D ') ,

where

.15(x; C)=.-ge(x; C').

L e m m a  2.1. We have the asymptotic expansion o f d :

saf(x ; xpOi , ; x i D ijY ) (x' ; x i D i ,D ')+4 ..d 2 (x '; x iD i, D ')+•••,

where d i(x' ;

sio(x'; C)= 0 m, (x'; C) n v (C1),

and

i(x '; — ih, C ')=0 ( j+h m' —1).

P r o o f  In the expression

si(x; x i D i ,D ')=g„,,(x ; x iD i,D ') ,e v (x iD1)+ E Ci (x;

we take the asymptotic expansions near xi =0:

m, (x ; C) — 0i:aV (x ' ; C )4,

-

C5 (x ;C ')- 0

0

C , ) (x'; C')xt,

then we have

(x ; —RV (x' ; C),fi'(Ci) + {.42?(x'; C).-‘ 17'(Ci) + C;L i (x'; C'),‘m' - 1  (C1)}

+ 4 f a? (x ' ; ) (CO + c2L i (x' ; C').."m" - 1  (Ci)

+ _2(x' ; C')-e n " - 2  (CO} +
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— d o (x '; C)+x idi(x '; C) +402(x' ; C) + • ••,

where

d i(x '; ().,im"(C1.)

C'),wm" -1 - (Ci.) + •• • +CV _ ; (x '; C'),en" - i(Ci)

if and

C)=.4;,:2(x'; C).-W n e (Ci)

d - C t 1
i
) (x ';  C')..-e " --1 (C1)+•••+0 1 - "'") (x' ;

if j_..77/'. Especially, we have

do(x'; (),e"(C 1 ).

On the otherhand, since

,e(— ih)=0 (h=0, 1 j —1),

we have

; — ih, C')=0 (h=0, —j —1).

2.2. H a lf  s p a c e  p r o b le m . Let us consider the following two types of half
space problems. The first problem is a  problem with no boundary data on the
boundary, that is, the first problem (P-I) is to find a solution ueH N (R ) satisfying

A u= J' in RI_

for any fOEHN '(14). The second problem is a problem with full boundary data
on the boundary, that is, the second problem (P-II) is to find a solution ueHN(R1.)
satisfying

fA u= f for x e R ,

1130-1u=0i j<m /) for x1 = 0, x 'eR n - 1

for any f e llm  (R '+ )  and OiEHN'(Rn - 1 )  (0 _‹ <MI ).
Let u and f  be smooth enough, satisfying A  u= f , that is,

(x' ; x 1D j , D ')u=x rf ,

and let

iu f

then we have

—ik, D')uk,
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because xiD i xt=—i k x t .  Hence, remarking

d i (x ' ; — ik, D') =0  if j+k =1 <m ',

we have

E d i(x '; — ik , D ')uk = f if />m ',

that is,

do(x '; — im ' , D')u n e + d i (x '; — i(m ' — 1), D')u n v -i+

+.54,, , (x '; 0, D')u o = f

) '; D')unv +i-Fai(x '; — im ', D')u n i ,+

+d,„,(x '; f i ,

Now, we set 95/= 0  (0 / ..<m /-1) (apparent boundary values) in case when
we consider (P-I). First, we set u t=01(0 ._<l_m '-1 ), then, since si o (x '; — il, D')
is invertible fo r  m' /<m ' {u/ (m'_/<m'd-la i l ) } are defined by (*), using
195/ (0 .</<m ')} and If (0  .1 < la il)}.

L e m m a  2 .2 . For any  N >0, there ex ists N '>0 as f o llow s. For any f EH"" (R'`)
and O5EHN'(Rn - 1 ) (0 j<m /), there ex ists f iOEHN (R n) such that

f  — A fi)=0 j< la i l )  for x1 =0 , x 'e R n - 1 ,

D = 0 ( 0 <  j < m 1 )  for x1=0, x 'eR n-i.

P ro o f  We define

E xituiX(xi ),
O si<m'±i.i

where X ECN R ) and X=1 near x 1 = 0 .  Then, defining

f  —AU

we remark

gi=0

From Lemma 2.2, the problems (P-I) an d  (P - I I )  can be reduced to the
problems (P'-I) and (P '-II), where (P'-I) is to find a solution uŒlis(TR) satisfying

A u = f  in Rn+ ,

and (P '- II) is to the problem to find a solution ueHN(Rn+ )  satisfying

f
A u= f for x  / 2 " ,

tD ju =0  (0 .< j(m ') for x1=0,
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for any f  eW ,"(R".,) satisfying

D u = o  (o j <  D  for xi =0,

Moreover, remarking Lemma 1.3, the problem (P '- I )  and (P '-II)  are reduced
to (P " -I)  and (P " -II) , where (P " - I)  is to find a solution uOEFIN(R"+ ) and (P"-II)
is to find a solution uel-1 11%,,+ 1 1 2 (R ) ,  satisfying

Au= f in RI.,

for any f (R )  (a > a i ).

§ 3 . E llip t ic  p r o b le m s .

3.1. A s s u m p t io n s .  Let us consider F-typ e operators which are elliptic with
a small positive parameter K, degenerating on the boundary of a half space:

fx=(x j , x '); x i > 0 , x '= (x 2 ,..., x) R " 1 } .

We assume the following conditions (A .1) and (A.2).

Condition (A .1). There exists 5 = an) such that

i) 3 =  min 3i>0,
15 iS n

ii) A (x, IL8 D ) = E  a„(x, x)(x 8D)',
I n

where a„(x, (R",f x  (0, 1)) and D =  —id,
iii) for any e > 0 , there exists c > 0  such that

A (x, o
;

for s<x i < + o o ,  x'eRn - 1 ,  -ÉERn.

Condition (A .2). There exist m ' and 'i =  (u1 ,..., 7 1 )  satisfying the following
i) —iii).

i) 0 < m '.< m , a 1 =1, ( j= 2 , . . . ,  n).

ii) (X , ; =  1 , n tk ra ,(X , A m a ip (x , x )(x (i)'

=  E  af,(x, x)e' = A' (x,

where a'(x , x ) is bounded in RI x (0, 1) and

= (xPei • • • ,

iii) There exists a non-zero zone (p i ,  p 2 )  of A '. N am ely , fo r any pE(pi, 182)
there exists c > 0  such that

x ', 0;
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for eeRn, x'eRn - 1 .

R em ark  1 . Let 19E( 191 ,  p2), then m/2 of the roots of A'(0, x', 0 ; e )= 0  satisfy
Im 1<p and the others satisfy Tm 'gi>p if l 'e R n - 1, owing to the ellipticity of
A '(0 , x ', 0 ; ?).

R em ark  2 . It holds m'<m/2, because the multiplicity of the root of

A/(0, x ', 0 ; 0 )=  E  4 0 (0 , x ', 0) =0

is not smaller than m'.

R em ark  3 . 0  does not belong to (P i , 192 )  i f  m '> 0 , because 21/(0, x ', 0 ; 0 )
= 0.

Remark 4. m , ow ing to the ellipticity o f A '(0 , x ',  0; where
a=min ai.

We say that A  is of 0-type if m '= 0, A  is of I-type if  ( p i ,  p2 )c[o, co), and A
is of II-type if  ([31 , p2)c(— co , 0 ] .  We consider the problem (P-I) if A is of 0-type
or of I-type, and consider the problem (P -II) if A  is of II-type.

E xam ple. Let us consider

A.-4c i (ffDi ) 2 ib(/CD1) - Hi ( /CD2) 2 +

where b is a non-zero reat constant and n is a  non-negative integer. Let us see
that it satisfies (A .2 ) .  Setting

"ér=ke, = X1"  + 1 )1 2 &3

we have

A' -4 — x

near x1 = 0, where the zeros of A '(0 ; e )  are

i,--L {b± (b 2 + 4 V 2 }.— 2

Hence, (0 , b) is the non-zero zone of A ' if  b> 0, and (b, 0 ) is the non-zero zone
of A ' if b < 0 . Moreover, i f  n  is odd, L  is invariant under the change of the
variable x l  into —x1 .

Let us denote

e(z) —  (e(zi), z2, ••• , zn),

where e(z1)  is a strictly increasing function satisfying

tez■ if z1<—
e(z i )=

L 1 i f  z,>1.
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Moreover, we define

2su(x)=(1h.1 2 +1)'/ 2 u(e(z))1z=e-icv

for ueCr(Rn+ ). Then we have

L e m m a  3.1. ([7]) Assume the conditions (A .1 ), (A .2 ). L et 13 1< 19< 192, and let s
be real, then there exist K o> 0  C >0  such that

E -112 +"D.;is C (x, K  ;  :5)141
1. 1n

f or O<K<Ko, u ŒH77,(R"+) ,  where 73= pt,-.8 and .15=K8D.

3.2. Existence t h e o r e m .  Let A * be the formal adjoint operator of A  in L 2

( R I ) .  Namely, let

A=Ea„(x, K)13°,

then

A *=E fra„(x , K).

Assume that the conditions (A .1) and (A .2) are satisfied for A , then they are also
satisfied for A * with the non-zero zone ( - 482 ,  —Pi ). H ence w e have from [7]

L e m m a  3.2. Let us assume the conditions (A .1 ) and (A .2 ) .  L et 13 satisfy  i ti,<p
<1e2 and let s be a real number, then there exist zco  an d  C such that

E  1:W / 2 4 , r '
D'711T -4 Z/ II G11,5‘CI-1/2 s T-hA*u

if  u E H 7 79•(R n+ )  and 0<x<ico.

Let us denote

A2 u(x)=(113212 +1) 2 1 2 u(e(z))1z=e-Icr)

and

A "u (x )= ID + (e '(z i )'2D g z ) 2 +•••+(e'(zi)'nDzn) 2 + 1 } 2 1 2 24(Z))1,z=e—Icx)

for uŒCr

Setting s and K- 1  large enough, we define a Hilbert space H  with an inner
product :

( w , H =  ( 5 4 - 1 1 2 + m' Aqcw  „ A—sk tre A*0 ) L 2( 4 ) ,

then w eH  is equivalent to

II:i'Tv2./I'mA- viT-4w II <-F 00.

Proposition 3.3. Assume (A .1) and (A . 2 ) .  Let 191<13<192, s>so, o<tc<tc o ,  and

f  II <-F co
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then there exists a solution satisfying

Au= f

and

11.1"Aqi1-"''uII<+(xp.

P r o o f  Let

:ii"A'-niAs.qf II <+œ ,

then we have for q5e H

I(f; 95)I-HOZII  A' - m A414 / , 3?1/2A'-m4q i  II II çb IIH.

Owing to Riesz' theorem, there exists EveH such that

( f =  ( w  0) H =  (:T 112 A * 1 v  '1 1 2  A — S ;c 73-Fm' A * 0 )

Let

then we have

and

A-skrIA-s"X + A*w,

Au= f  in R'.1_

A*t v e L2(Ri) .

3.3. Regularity. From the condition (A.2), A  i s  of order (m, m') on x1 =0
and

A(x, O bn  m  „(x, x)(xi-e i ) i i / e x)-ev

=B(x, ic; l c ;

where b„(x, x)Œ.R - (R +  x  (0 , 1 )) . Denoting

A (x, lc ; b)=.q(x , x ; x 1D j , D').15;"" +C(x, x; b),

we have

.g (0, x ', 0 ; t-) =B(0, x ', 0; CI

which we denote 0(x '; 5 .  L e t  6 r 2= •  •  •  = k= 0<crk+i • • • then

0(x ' ; .) -Cr" =A' (0, x', 0 ; t " s k ,  0,..., 0),

therefore

0(x' ; * 0  if fii < Im

Moreover, if m '>0, then a>0 , therefore 0(x ', is independent of which we
denote 0  (x'; - e l ). Now, we assume



t
AD u = f ŒH N '(R n ) in  Rn ,

ilu=-95ieHN'(Rn - 1 ) o n  {x1 -=0} x Rn - 1 . ( j=0, m' —1),
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Condition (A.3).
i) In case when m '> 0 , there exists (a i , a 2)  such that

Oe(ot i , a2), p 2 )c (a i ,  a2),

and 0 (x '; ,.) * ()  if a i < Im
ii) In case when m '=0, O E (P1, P2).

Setting (a i , a 2 ) = (p l ,  /32) when m '= 0 , we have

Lem m a 3 .4 . Assume (A .2) and  (A .3), then (a 1, a2)
D 2 ) f o r  0<x<x o ,  where

is an invertible zone of 0(z' ;

( j=  1, 2).

Theorem  3 .5 .  Assume that the conditions (A.1)— (A.3) a r e  satisfied. I f  A  is  o f
0 -type or of I-type, then, for N > 0 ,  there exist xo > 0  an d  N '> 0  such that there exists a
unique solution ueHN (R I)  o f th e  half space problem (P-I), satisfying

A u= f  H n R I ) i n

i f  0<x<x o . If  A  is of  II-type, then, for N > 0 ,  there ex ist xo> 0  a n d  N '> 0  such that
there exists a unique solution u eH N (R I) o f th e  half space problem (P-II), satisfying

fA u =  f  H N ' (R ) in  RI.,

tD1u--OiEHN'(Rn - 1 )  o n  {xi =0} X Rn - 1  ( j= 0 , m '— l),

if  0<x<x o .

3.4. W h ole  sp ace  p rob lem . Let us consider A in the whole space Rn

A=Ea,(x, x)fr , a„(x , x)e.q - (Rnx (0, 1)).

Let us say that the conditions (A.1)— (A.3) are satisfied in  RT U R I, i f  (A.1)—

(A .3) are satisfied not only for A but also for 2 , where

2(x, ic; b )=A (— x 1, x ', x; — b 1,  b ') .

We remark that A and A  are of the same type, because

2/(0, x ',  0 ; 0)=-A/(0, x ',  0 ; 0)

Remarking Lemma 2.2 , we have

Proposition 3 .6 .  Assume that (A.1)—(A.3) are satisfied in R U R ,  and assum e
that A is  o f II-type. T hen , for N > 0 , there exist xo> 0  and N '> 0  such that there exists
a un ique so lu tion  uEHN ( R I )  o f  t h e  whole space problem with d a ta s  o n  a  intermediate
hypersurface:

if 0 <x<xo
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Remarking the freedom of the choice o f {Oi}, obviously we have

C o r o l la r y . L et A  satisfy the assumptions of  Prop. 3.6, then there exists ko>0  such
that A  is not hypoelliptic on x1 =0  if  0<K<K 0 .

§ 4 .  E xam p les.

Let

P(/3)=-ap4+03-Fc2+0+e

be a polynomial of p, where a(>0), b, c, d, e are rea l. Let us assume that zeros
of P(13) are real, where we denote

P A = aA (P+ b;) , b 1 b2 b3<b 4.
:7= 1

L e m m a  4 . 1 .  Assume

b1 _<b2<b 3 _ b4,

then we have b o l ,  where

b0= (b2+ b3)12, I —(b2, b3) n E(b1+b3)/2, (b2+b4)/2].

Moreover, let p e l ,  then

Re P(iC )_a(iRe C12 +52 )2f o r  Tm

where 3=min(13—b 2 , b 3 —p) (> 0 ) .

Proo f . Let C=$-Fip, then

P(i) = all (iC+ bi)= arf(C— ibi ) = all (e+ ip—ib i ).

First, let us prove the inequality for $ _ < 0 . Let us denote

ib3— (+0)=ri(e)eioi(E) (ri >0, 10)1_7r/2),

then ri(e), O ( e )  are continuous functions of e( 0), and satisfy

r ( e ) .--(11 2
+ , 3 2 ) 1 / 2 ,

—7r/2„. .<"(e)<0 (j=1, 2), 0<O i(e).7r/2(j-=3, 4),

and Oi (e)-- > 0  as co. Since

(b1- kb3)/2 18 (b2+1.4)12,

we have

(b1 —p)+(b 3 — p).0 , (b 2 —/3)+(b4 —p) 0,

that is,

01 +0 8 0 ,  0 2 + 0 4  O.
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Therefore we have

01<01+02501+82+83+04.02+04<84S7r/2.

Remarking that 0.1- 3 0  as we have

101+02+02+041_3' (<7r/2).

Hence we have

Re 1-1(rie0=(11ri)cos(0 1 +82 +08 +0 4) (cos 6 '
)  (I ei2-Fa2)2 .

The rest of the proof for e 0 is shown just in the same way as for C O.

E xam ple 1 :  (m, m')= (4, 0). Let us consider

A.--- axf5f+bx2+cx2:5?+dx1
-51 +e+ .k  (o<KI <1),

where a(>0), b, c, d, e are rea constants and bi --Kai . Then

A(x, e)=axfit +idx;e1+e-F-il

=aet — zbE2— cEi - FulEi+ e Et .= A' (E).

Let us denote

ap4 +1438 +032 +0+8=a141(P+bi),J-1

where we assume

t b i  b 2 < b 3  b 4
(*)

0 E  (b2 , bs) n ub1-Fb3)/2, (b2+b4)/2].

Then (A.2) and (A.3) are satisfied. In fact, let

pe (b„ bs) n [(81+ 83)/2, (b2+b4)/2],

then we have from Lemma 4.1

Re A'(e i +iP,
 2 )

 =Re { all,  (ei+i/3—ibi) +Et}  (3(cd--62)2+v (3>0)

for (el, e2) ŒR2 .

E xam ple 2 :  (m, m')=(4,1). Let us consider

A -= ax 64 -0+ cxi5i - F A i 41 (0<x 3.< 1 ),

where a(>0), b, c, d  are real constants. Then we have

xiA(x,
z , z 7.; z

=aet—zbe2— cel+idei+ei=A '(•

Let us denote

ap3 +bi32 +43+d=a11l (p±b;),
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where we assume

(*)1i) g < 0 < b ;_. ..1,

or

ii) b' ___bK 0 < b .

Then (A .2 ) and (A .3 ) are satisfied, setting

t(bf, 14) in case of i),
a2)=

(K, 113) in case of ii).

In fact, we remark that b0 =-14/2e(ai , «2 )  and we have from lemma 4.1

Re A, (e,+ibo, e2).__3(e+,32)2+el (a>o)

for (Er, E2 ) ER 2 .

E xam ple 3 :  (m , m ')= (4 ,2 ). Let us consider

A= ax1.51+bx;51+ c.51+-61(0<xt<l),

where a(>0), b, c are real constants. Then we have

4A(x, 'É)=axfel—ibx2—cx2+x2=ail—i4?—ci?-1- eh =A' (?).

Let us denote

2
a132 ± bP+C =all (19+1)7),i=1

where we assume

*)

(*) or

ii)

Then (A .2) and (A .3) are satisfied, setting

( -00 , b f') in case of i),
(a i , ai) =1

I.(b', +00) in case of ii).

In fact, setting

b0=tbf'/2 in case of i),

we have b0 e(cr i ,  ai )  and

Re il./ (eid-ibo, e 2 ) (3(ei-E32 ) 2 -kei (3>0)

in case of ii),

for (E r , e o) eR.
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N A R A  WOMEN'S U N IV E R SIT Y
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