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A theorem of characterization of residual
transcendental extensions of a valuation

By

Victor ALEXANDRU, Nicolae PopPescu and Alexandru ZAHARESCU

Let K be a field and v a valuation on K. The r.t. (residual transcendental) ex-
tensions of v to K(X) have been considered by Nagata [7] in connection with some
problems in field theory. Also in [7] it is conjectured that if w is an r.z. extension
of v then k,, the residue class field of w, is a simple transcendental extension of a
finite algebraic extension of k,, the residue class field of v. Althoug hthis problem
has been affirmatively solved in [9] and independently in [11], there exist many
interesting questions on r.z. extensions. Some questions about r.z. extensions have
been considered by Ohm in [8] and [10]. Particularly in [10] three conjectures
relative to some natural numbers like ramification index and residual degree are
stated.

The main result of this work is Theorem 2.1 which gives a characterization of
r.t. extensions w of a valuation v using the notion of minimal pair of definition. As
a consequence of our theorem, Nagata’s conjecture, all Ohm’s conjectures and also
some interesting consequences given in Section 3 result in a natural way.

Finally we remark that in [1] it is given a description of r.7. extensions using
the so called “pair of definition”. Another description of r.f. extensions (based on
the obvious existence of minimal pair) is derived in this work (Corollary 2.4) and it
seems that this description is very satisfactory. However, in contrast with pairs of
definition of an r.r. extension, which are easy to indicate, we do not have yet a cri-
terion to recognize if a pair of definition is a minimal one.

This question and some related problems shall make the object of a future work.

1. Notations and definitions.

Let K be a field and v a valuation on K. Denote by k, the residue field, by I,
the value group and by O, the valuation ring of v. If x&0,, denote by x* the
image of x into k,. We refer the reader to [5], [6], [12] or [13], Vol. 11, for general
notions and definitions.

Let K'/K be an extension of fields. A valuation v on K’ will be called an
extension of v if v'(x)=v(x) for all x& K. If v’ is an extension of v, we shall identify
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canonically k, to a subfield of k,, and I', to a subgroup of I',. We shall say that
K’/K is an immediate extension if k,=k,, and I')=TI",, (see [12, Ch. II]).

Let K(X) be the field of rational functions of an indeterminate X. A valuation
w on K(X) will be called a residual transcendental (r. t.) extension of v if it is an ex-
tension of v and k,/k, is a transcendental extension. It is well known that tr.deg.
k,/k,=1 (see [5, Ch. VI, § 10]). Then there exists element r&0,, such that r* is
transcendental over k,.

For any reK(X), r &K, define deg r=[K(X): K(r)]. Denote deg(w/v)=least n
such that there exists r €0, of degree n such that r* is transcendental over k,.

It is also easy to see that [I',: I',]<<co; the number [I",: I',] will be denoted
by e(w/v).

Let k be the algebraic closure of k, in k,; it is easy to see that [k: k,]<< oo, and
the number [k: k,] will be denoted by f(w/v).

In what follows (see Corollary 2.2) we shall prove that generally one has:
e(w/V) f(w/v)<deg(w/v) .

Let us denote by K a fixed algebraic closure of K and by 7 a fixed extension of
vto K. If wis an extension of v to K(X), then there exists an extension w of w to
R(X) such that w is also an extension of #. Let us denote

Mz = {W(X—a)|eeK} T3 .

Let I be an ordered group which contains I', as an ordered subgroup and let
r€r and ac K. If f(X)eK[X] one has the Taylor’s expansion:

f(X) = ayta(X—a)+ - +a,(X—a)".

Let us define:
W(/ (X)) = inf (v(@)+i7)

It is easy to check (see [5, Ch. VI, § 10]) that w is a valuation on K[X], which may be
canonically extended to a valuation on K(X). We shall say that w is the valuation
on K(X) defined by inf, v, a, and . Also it is easy to see that w is an r.t. extension
of v if and only if 7 has a finite order over I',.

Proposition 1.1. Let w be an extension of v to K(X). The following assertions
are equivalent:

a) wis an r.t. extension of v;

b) wis an r.t. extension of V;

¢) I's;=TI5, the set My is bounded in I'y; and contains its upper bound.

Proof. The equivalence a)<b) is obvious.
b)=>c). Let w be an r.7. extension of . According to [1, Proposition 2], w is
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defined by inf, ¥, eK and é=I';=I'y;, Moreover one has w(X—a)=4. Then
d=sup M3. Indeed, if f€ K, then W(X—B)=w(X—a-+a—B)=inf (8, Wa—p))< 0.

c)=>b). Let aeK be such that W(X—a)=0=sup M3. The equality I's;=I3
shows that there exists an element d €K such that w(X—a)=w(d)==6. Hence
w(X—a)/d)=0. We assert that t=((X—a)/d)* is transcendental over k;. Indeed,
if ¢ is algebraic then t Ek; since k; is algebraically closed (because K is algebraically
closed by hypothesis). Hence there exists an element &K such that #(a)=0 and
a*=t. But then W((X—a)/d—a)>0 and so W(X—(a+ad))>v(d)=24, a contradiction.

Remark 1.2. According to the hypothesis made above, M, is also a bounded
set. Conversely, even if M, is a bounded set, M is not necessarily bounded,
although I';=TI;. Indeed, let Q be the field of rational numbers, p a suitable
prime number, @, the field of p-adic numbers and v the p-adic valuation on both
Q and @,. Denote by 7 a unit of @, such that ¢ is transcendental over @. Let X
be a root of the polynomial Y2—pz2. Then X is also transcendental over @. Let
v, be the unique extension of v to @,(X), and let w be the restriction of v; to Q(X).
It is clear that w is an extension of v to @(X), but w is not an r.r. extension of v.
However, M, is bounded since X €Q,.

Let @ be an algebraic closure of @, v an extension of v to Q, and W an extension

of w to Q(X) such that w induces ¥ on Q. We assert that M is not bounded in
I';=TIj5. Indeed, let {a,}, be a Cauchy sequence of rational numbers such that

lima,=t. Then {~/7 a,}, is a Cauchy sequence of @ (relative to 7) and X =
lim+/ p a, Itis now clear that M is not bounded.

The above proof can be adapted to an arbitrary field K as follows:

Proposition 1.3. Let w be an r.t. extension of v to K(X). The following assertions
are equivalent:

a) w is defined by inf, v, aeK and d&T';

b) e(w/v)=f(w/v)=1 and the set M, is bounded and contains its upper bound.

Corollary 1.4. Let v be a rank one and discrete valuation on K and w an r.t.
extension of v to K(X) such that e(w/v)=f(w/v)=1. Then w is defined by inf, v,aEK,
and 0T,

Proof. According to Proposition 1.3, it will be enough to show that M, is
bounded and contains its upper bound. Indeed, since K(X)/K is not an immediate
extension, then M, is bounded and since I', is discrete and rank one, then M, con-
tains its upper bound.

According to [5] (see also [6]), a valuation v on K is said to be Henselian if, for
every algebraic extension L/K, v has a unique extension to L.

2. The representation theorem for r.t. extensions.

We preserve all notation made in previous section.
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If wis an r.t. extension of v to K(X), then w is an r.t. extension of ¥ to K(X),
and moreover there exist an element e =K and an element 6 =TI'; such that w is
defined by inf, ¥, @ and & ({1, Proposition 2]). In particular, one has w(X—a)=3.
Therefore any r.t. extension w of ¥ to K(X) is well defined by a pair (¢, )€K x I';,
called a pair of definition for w. Sometimes W is called the valuation defined by the
pair (a, d).

In [1, Proposition 3], it is shown that two pairs (e,, 6,) and (a,, 8,) define the
same valuation w if and only if:

(1) 8, =20, and Wa,—a,)>3,.

By minimal pair (of definition) for w we mean a pair of definition (a, &) such
that [K(a): K] is minimal. Now it is clear that every r.t. extension w of w has a
minimal pair, and if (e, 9), (&', §) are two minimal pairs, then [K(a): K]=[K(a'): K].

If KSK,CK, and r&T;, denote by e(r, K,) the smallest natural number e
such that ey €I',, where v, is the restriction of v to K.

We shall prove the following result.

Theorem 2.1. Let v be a valuation on K and let w be an r.t. extension of v to
K(X). Then there exists a pair of definition (a, 8) for w, a K, and § &I'; such that:

a) If we denote [K(a): K]=n, then for every polynomial g(X) of K[X], such
that deg g(X)<<n, one has

w(g(X)) = (g (a)) .

b) For the monic minimal polynomial f(X) of a over K, let r=w(f(X)) and
e=e(r, K(a)). Then there exists (X)EK[X] with degl<<n such that for r=f°/l
one has w(r)=0, and r* is transcendental over k,.

c) If v is the restriction of v to K(e), then

deg (w/v) = n-e(r, K()); e(w/v) = e(v/v)e(r, K(a)) .

d) The field k, can be canonically identified with the algebraic closure of k,
in k,, and

JSw[v) = fn/v).

Proof. Let (a, 6) be a minimal pair of definition of w. Denote

JX) = Ne@wyxroo(X—a)

It is easy to see that f(X) is the minimal polynomial of @ over K. Moreover f(X)
is monic.

a) Let g(X)EK[X], m=degg(X)<n. Let also 8, -+, 8,, be all roots of g(X)
in K. Then one has

g) = a [l (X—4).

Now since [K(£;): K]<m<n, then for every i, 1 <i<m, one has:
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(2) Wa—p)<d.

Indeed, if Wa—g;)>0, then according to (1), (8,, 9) is also a pair of definition
of w, contradicting the minimality of (e, 9).
Then by (2) one has w(X— g;)=inf (0, ¥a—g,;))=va—4p;), and so:

w(g(X)) = w(g(X)) = Wa)+33 W(X—4)
= @)+ 33 Wa—p) = ¥a I (a—4) = ¥e().
b) Now since er=w(f)ETr,, there exists I(X)EK[X], deg I<n=[K(e): K],

such that er=%(/(a))=w(/(X)). Hence w(f*/l)=0. Now we show that r=(f*/I)*
is transcendental over k,; let

) =T (X—a), a=a

be the decomposition of f in K(X), and let ;€K be such that w(X—a;)=¥(d,),
i=1, «--,n. Let d=d,+--d,. Then w((X—a;)/d;)=0 for all i, and so w(f]d)=0.
Now since ((X—a)/d)* is transcendental over k; (see Proposition 1.1, c)=b)),
it follows that (f/d)* and also (f*/d°)* are transcendental over k,. Therefore

r* = (fIy* = (1) d)* = (f*[d)*[(1[d*)*

is also transcendental over k, since (//d°)* is obviously algebraic (see the proof of a)).
c) Firstly, let g= K[X] be a polynomial such that deg g<<me. Then we may
write :

(3) g = got&uft - tg S
where g;€ K[X] and deg g;<n, for all i=0, 1, -+, e—1. Moreover, one has
(4) w(g) = inf w(g;f)

since, according to the definition of e=e(7, K(a)), any two terms in the right of the
equality (3) are of distinct values.
Now let u=g/h be an element of K(X) such that deg u<<ne. This means that
both polynomials g and / are of degree smaller than ne, and so one has
g _ Got &St tg S

u== =

h At hof4e o+, 7

where deg g;<<n, deg h;<<n, i=0, 1, --,e—1. Let us assume that w(x)=0. But
according to (4) one has:

w(u) = w(g)—w(h) = inf (w(g;f*))— inf (w(h;f7)) =0
0<i<e 0<i<e

and so, according to the definition of e there exists only one index i, 0<i,<e—1
such that
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(5) w(g) = w(g;,f") = w(h) = wlh;f*)

Therefore one has:

8o +...+1+.,, + ge—lf‘—l

v = 8i, g.'ofi° giofi°
T h; h, h,_ fe?
o _ Mo g 4.t MetS

i, f‘°+ +14e- 4 i

and so
w(u) = w(gi/h;) =0, and u* = (g;/h;)*.
Furthermore, we check that u* is algebraic over k,. Indeed, in K[X] one has:
8i(X) =all(X—4), h(X)=>b IJ](X—G,-) . Bi&EK.
There exist elements d;, p;EK such that
PX—B) = Wd), B(X—e)) =(p,).
Denote d=¥[ d;, p==1j'[p,-. Since deg g;,<n, deg h; <n, then according to the
choice of a (see a)) and (1), it follows that for all i and j the elements
(X—pg)/d)* and (X—ej)/p;)*

are algebraic over k,. But one has: w*=(g;/h;)* = ((dIp)(g:,/d)(plh;))* =
dlp)* TI (x—B)/d;)* TI (p;/(x—e¢;))*.  Therefore u* is also algebraic over k,. In
H J

conclusion, it follows that
deg(w/v) = ne =degr.
Now consider the extension of degree ne:
K(r) — K(X).

If  is an element of K(X) we may write:
(6) u = uy(r)+u(r) X+ -4y, (r) X"
where u;(r)eK(r). Let

ui(r) = g(r)/h(r) , gir), h(r)eKIr].
Then (6) can be written

u = ((go(r)+&y(r)X+ -+ +&pe-y(r)X * )/ (r))

and if we consider the numerator of u as a polynomial of X one has
(7) u = ((1(X)+1(X)r -+ +1(X)r')/h(r))
where deg 1(X)<ne for all 0<i<s. We assert that
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(8) w(tottr+ -+ +1,r%) = inf (W(1))

This is the case if there exists only one index iy such that w(z; )=inf (w(#;)). Otherwise
we assume that there exists at least two indices i,<<i; such that

w(t;)) = w(t;) = i?f (w(z,))
but (8) is not true. Then by (7) we may write:
hut i) = (toft; )+ (b /t:) 1t eeetrioteee (8 /s Jrint oo (2,1 )r°

and since w(hutro‘)>0 (we have assumed that (8) is not true) one has:
(tofti ¥+ o+ (r¥ot oo (8, [, ¥(r*)14o0e = 0.

But then according to above considerations all (f;/t; )* are algebraic over k,, and
(t;,/t;)*¥=#0. This shows that r* is algebraic over k,, a contradiction. Hence:

w(u) = inf (w(t;))—w(h(r))

and so, according to (4) we may derive that ww)EI', +Zr, hence I' ,.CT', +Z7r
and since the reverse inclusion is obvious,

e(w/v) = e(v/v)e(r, K(a))

d) Let g=e(d, K(a)) and b K(a) such that ¥(b)=gd. Let B be a root of
the polynomial X?—b. Itis easy to see that [K(a, £#): K(a)]=qg and %(8)=6. Let
w, be the restriction of w to K(a, ) (X) and v, the restriction of ¥ to K(e, §). Since
(a, 0) is a pair of definition of w, the assertion a) of Proposition 1.3 is valid relative
to w,, v, aEK(a, p) and d€TI',,. Hence according to Proposition 1.3 b), k,, is
algebraically closed in k,,. Now by the commutative diagram canonically defined:

kK, ——k,

L]

k,,1=k,2 —> k,,

we may derive that k, the algebraic closure of k, in k,, is included in k,,.
Now we shall show the reverse inclusion: k, Ck. It will be enough to show

v =

(see a) above) that for every #(X)e K[X], such that deg A(X)<<n and ¥(h(a))=0,
one has h(a)*ek. But according to a) one has: w(i(X))="¥(h(a))=v,(h(e))=0.
We assert that
(9) h(X)* = h(a)*

Indeed, let A(X)= f[ (X—48;), m<n. Since (a, 0) is a minimal pair of definition

j=1

of w, it follows that w(X—8;)=w(a—B;)<w(X—a)=4 and so:

w(X—B)(a—p)—1) = W(X—a)/(a—F:))>0.
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Hence
(X—B)(a—p)* =1

and consequently (A(X)/h(a))*=1, therefore (9) is true, i.e. k, Ck, as claimed. In
particular,

Jwy) =fn/v).
The proof of Theorem 2.1 is complete.

Now we list some direct consequences of Theorem 2.1. We preserve hypotheses
and notation used in Theorem 2.1.

Corollary 2.2, (see also [10, 1.2])
deg (w/v) = f(w/v)e(w/v) .
This follows immediately from c) and d) in Theorem 2.1.
Corollary 2.1. (Nagata’s conjecture [1]; see also [9] and [11]) One has:
k, =k, (r*).
The proof follows from the considerations made in the proof of ¢) and d).

Corollary 2.4. The valuation w is defined as follows:
D) Ifh(r)=ay+a,r+-+a,r"Klrl, then

w(h(r)) = inf («(a;)) .
ii) If g(X)EK[X] and deg g(X)<n, then
w(g(X)) = W(g(a)).

i) Ifg(X)e K[X]is such that deg g<ne, then we have the unique representat-
ion:

g(X) = (X +&XY (X +g, (X (X) , deg gi(X)<n, 0<i<e
and
w(g (X)) = inf (W(gi(e))+i7) -
iv) If ueK(X) and if we represent u according to (6) and (7), then:
w(u) = inf (w (1,(X)) —w(h(r)) .
The proof is contained in the proof of Theorem 2.1.

Corollary 2.5. (See [10, Conjecture 0.3]) If v is Henselian and char k,=0,
then:

deg (w/v) = f(w/v)e(w/v)
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Proof. Using notations of Theorem 2.1, one has:
deg (w/v) = ne(r, K(@)) = [K(a): K]e(r, K(a)).

Now, according to [2, Corollary, p. 63], or to [5, Ch. VI, § 8, Exercise 9, a)] it follows
that [K(a): K]=n=f(v/v)e(v,/v), and so:

deg (w/v) = f(n/v)e(v/v)e(r, K(@)) = f(w[v)e(w[v) .
Corollary 2.6. (See [10, Conjectures 0.1 and 0.4]) The equality:

deg (w/v) = f(w/v)e(w[v)

is true if:
a) v is of rank one, and char k,=0.
b) v is of rank one and discrete.

Proof. Let v be of rank one; then w is also of rank one. Let K(X) be the
completion of K’(\X’) (see [12, Ch. I1], or [5, Ch. VI, § 5]) relative to w, and w” the
canonical extension of w to K/CY’). Since [I",: I',]<<oo, then I', is a cofinal subset
of I', and so K the adherence of K in 1{'-(7(’ ), is the topological completion of K
relative to v. Let ¥ be the restriction of w” to K. Now, since ¥ is an immediate
extension of v (see [12, Ch. Il]), then, it follows that X is also transcendental over
K. Let us denote by w the restriction of w” to K(X). Now it is easy to see that
w is an r.7. extension of ¥ to K(X) and that

(10) k,=ky, k,=ks, I'y=I;, I',=T53.

w

According to [12, Ch. 1], ¥ is Henselian.
We assert that in conditions a) and b) (in fact the statement is generally valid
without restriction on the rank of v) one has:

an deg (w/v) = deg (w/7) .

Indeed, the inequality deg (w/v)>deg (W/?) is obvious. On the other hand, if
u=g(X)/h(X) is an element of K(X) such that w(u)=0, and if u* is transcendental,
then in a canonical way we may define two sequences {g,(X)}, and {A,(X)}, of
polynomials of K(X') such that:

deg g,(X) = deg g(X); deg h(X) = deg i(X), foralln,
and

Wg—gy) —> oo, Wh—h,)— oo.

Thus it is easy to see that for » large enough:

w(u—u,)>0

where u,=g,/h,. Therefore w(u,)=0, and u¥=u* is also transcendental over
k,=k;. Hence deg (w/v)<deg (#/¥) and so (11) is proved.
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Now by (10) it follows that:
Sfw/v) =f(W/?) and e(w/v) = e(W[¥).
Finally, the equality
deg (w/v) = deg (W/) = f(W/P)e(w/v) = f(w[v)e(w/v)

follows in the case a) by Corollary 2.5, and in the case b) by the general theory of
discrete rank one and complete valuations (see [2] or [5]).

3. Condition e(w/v)=Ffw/v)=1.

As usual, let v be a valuation on K and w an r.t. extension of v to K(X). We use
the same symbols as in previous sections. If K S K, C K is an intermediate subfield
we assume tacitly that K, is endowed with restriction v, of ¥. Then K;/K is an
immediate extension if and only if e(v,/v)=f(v,/v)=1.

Now we shall consider the case where

(12) e(wv)y =f(w/v)y=1.

Condition (12) is fulfilled if w is defined by inf, v, e K and 6&I',. There
exists also some cases where (12) is fulfilled but w is not defined by inf, any e K
and 0&TI',. Precisely one has the following result.

Proposition 3.1. The following assertions are equivalent:

a) ew/v)=f(w/v)=1.

b) If (e, 0) is a minimal pair of definition of W, then K(a)/K is an immediate
extension and deg (w/v)=[K(a): K].

¢) There exists a minimal pair (a, 0) of definition of W such that K(a)/K is an
immediate extension and deg (w/v)=[K(a): K].

Proof. a)=>b). Let (a, d) be a minimal pair of definition of # and v, the
restriction of ¥ to K(a). According to Theorem 2.1, one has:

e(n/v) = fn/v) =1

i.e. K(a)/K is an immediate extension. Moreover if f(X) is the minimal polynomial
of a over K, then condition e(w/v)=1 shows that y=w(f(X))ETI", and so e(r, K(a))
=1, i.e. deg (w/v)=[K(a): K].

The other implications follow, according to Theorem 2.1, in an obvious manner.

Remark 3.2. Let w be an r.r. extension of v such that condition (12) is ac-
complished, and let (@, §) be a minimal pair of definition of w. Let also f(X) be
the minimal polynomial of a relative to K:

a) For g(X)eK[X] expand

g(X) = g X)+(X)f+ - 4g,(X)f°
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where deg g;(X)<<degf, 0<i<s. Then according to Corollary 2.4, one has:
(13 w(g (X)) = inf (¥ei(e)+in(/)) .

b) Let v, be the restriction of ¥ to K(a) and w, the restriction of w to K(a)(X).
Also denote e=e(d, K(a)) and ed=v,(d), d €K(a). Then:

(19) e(w/fv) =e, fiwm/v)=1.

Indeed, (a, 8) is also a minimal pair of definition of w,=# and thus (13) follows by
Theorem 2.1 c) and d), since w,(X—a)=8. Moreover if g(x)EK(a) [X], we may
write:

() = 31 3 ai/(X—a) (X—a)/dy

and thus:
wy(g(X)) = inf (inf v(a;;)+i0)) .

Now we shall consider the following question: Assume that condition (12) is
accomplished. Under what conditions w is defined by inf, v, eK and 6 r,?

Before answering (partially) to this question we shall make some useful remarks.
To derive the equality (11), we shall use the same notations and considerations as in
the proof of Corollary 2.6. We point out that the valuation considered in the present
case is not necessarily of rank one. As usual K is the completion in the sense of
[5, Chap. VI, Par. 5, NO 3] of K relative to v.

Let f €K[X] be such that w(f)=0. Now since f & K(X), then f*, the residue
of f'in k,, is the same as the residue of f considered as an element of K(X). Hence,
if for example w is defined by inf, v, e K and d&TI',, then w is also defined by inf,
v, @ and @.

Now let f&K[X] be such that Ww(f)=0. Then there exists a polynomial
HLEKI[X], of the same degree, such that w(f))=0 and Ww(f—f)>0, i.e. f*=f¥.
Therefore, if for example #w is defined by inf, v, e K and deI'y=r, then wis
also defined by inf, v, a suitable ¢, K and 9.

According to these considerations, the study of the set of all polynomials g
over K such that w(g)=0 and g* is transcendental over k, is equivalent to the study
of the set of all polynomials g over K such that w(g)=0 and g* is transcendental
over k; =k, Therefore in what follows we may assume that K=K and w=w.

Theorem 3.3. Let K be a field and v a valuation on K. The following assertions
are equivalent

a) If wis an r.t. extension of v to K(X) such that e(w/v)=f(w/v)=1, then w is
defined by inf, v, aK and 6T,

b) K does not admit immediate finite extensions relative to 7.

¢) K is algebraically closed in a maximally complete extension of K relative to 5.
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Proof. The equivalence b)«c) is obvious.

b)=>a) Let w be such that e(w/v)=f(w/v)=1 and let (&, ) be a minimal pair
of definition of w. If @€ K (i.e. a) is not true), then according to Proposition 3.1,
K(a)/K is an immediate extension and condition @K shows that a¢c K. Hence
K(@)/K is an immediate extension relative to v, a contradiction.

a)=>b) Let us assume that K has an immediate algebraic extension K(8)/K
relative to 7 and let v, be the corresponding extension of # to K(8). Obviously, we
assume that ,BEEI?. Then the set

M(B) = {v(f—a)|acK}

is bounded in I'y=r",. Let d,e K be such that v(d)>7 for all r&M(B). Let
us denote by w, the valuation on K(8)(X) defined by inf, v,, 8, and 8,=v,(d,) and
let w' be the restriction of w, to K(X). It is clear that w’ is an r.z. extension of 7
and I'y=r,=r, =TI, hence e(w'/?)=e(w,/v)=1. Moreover, since k;=k, and
Sfw/v)=1, it follows that f(w'/¥)=1. Let w be the restriction of w’ to K(X).
Since obviously e(w/v)=f(w/v)=1, by hypothesis, it follows that w is defined by
inf, v, €K and é&I',, Then one has: w(X—a)=4d. Let d&K be such that
v(d)=40. Consider the equality:

15) X—a)jd = (X—Pp)/d)-(d/d)+(F—a)/d .

If 6,=v(d)>v(d)=2, then by (15) it follows that the image (X—a)/d in the residue
field is an element of k,, a contradiction.

If v,(d)=v(d), then by (15) it follows that v,(8—a)>v,(d,), which contradicts
the choice of d,.

Finally, assume that w(d)>v(d,), and let b K be such that vla—b)>v(d).
Then one has:

X—b = (X—a)/d)d+(a—b),
X—b = (X—p)/d)d+(8—D) .
Since w is the restriction of w, to K(X), one has w;(X—b)=w(X—p). But:
w(X—b) = inf (W(d), v(a—b)) = v(d),
wi(X—b) = inf (v/(d,), v,(B—b))<w(d) .

We were considering the case where v(d)>v,(d,), and we have a contradiction. The
proof is complete.

Corollary 3.4. Let v be a valuation on K. The equivalent conditions of Theorem
3.3 are accomplished if K is maximally complete relative to v. This is the case if v is
of rank one and discrete or K is maximally complete relative to v.

Other cases, where the conditions of Theorem 3.3 are verified, are given in the
following:
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Proposition 3.5. Let K be a field and v a valuation on K such that:
a) ¥ is Henselian and char k,=0
or
b) v is of rank one and K is perfect of characteristic p>0.
Then K does not admit nontrivial finite and immediate extensions relative to v.

Proof. According to [12, Ch. 11, Theorem 4], in the case b) K is Henselian
relative to . Also it is easy to check that K is perfect.

Let K be an algebraic closure of K and let ¥ be the unique extension of 7 to K.
Suppose K() is a finite and immediate extension of K relative to ¥, such that atK.
Let also 4(e)=inf %W(@a—a’) where &’ runs over all conjugate elements of @. Then,
according to [1, Section 2, Proposition 2'], there exists an element ac K such that
Wa—a)=4(a). Itis easy to see that:

(16) Wa—a) = 4(a) = sup {W(a—b)|b=K} .

Now since the extension K(a)/K is immediate we can assume that ¥(e)=0 and so
Wa—a)>0. Let d =K be such that #(d)=%a—a). Then ¥((a—a)/d)=0 and since
the extension K(a)/K is immediate, there exist a,, d, K such that %(((¢—a)/d)—a,)
=%d,)>0. But then ¥a—a—a,d)="%dd,)>%a—a), which contradicts (16).

Remarks 3.6. a) Let v be a valuation on K such that the equivalent assertions
of Theorem 3.3 are accomplished. Then ¥ is necessarily Henselian. Indeed, let
K,/K be an algebraic extension, and let K,/K be an immediate extension, such that
K, is maximally complete and that the condition ¢) of Theorem 3.3 is accomplished.
Then K,K,/K, is an algebraic extension. Now if v, is the extension of 7 to K, then
since v, is Henselian (see [12, Ch. I, Theorem 7]) it follows that ¥ has a unique ex-
tension to K| i.e. ¥ is Henselian.

b) According to Corollary 2.5, if v is Henselian and char k,=0, and the con-
dition (12) is accomplished, then w is defined by inf, v, e K and 6=TI",. Therefore
according to Theorem 3.3, K does not admit immediate extensions relative to 7.
Moreover, it can be proved that ¥ is also Henselian.

Proposition 3.7. Let K be a field and v a valuation on K. The following as-
sertions are equivalent:

a) Ifwis an r.t. extension of v to K(X), then e(w/v) = f(w/v) = 1.

b) Every extension v of v to K is an immediate extension.

Proof. a)=>b) Let 7 be an extension of v to K. Firstly we shall prove that
I',=I5. Indeed, let us assume there exists A=K such that 6=%(8) does not
belong to I',.  Let w be the valuation on K(X) defined by inf, v, a suitable a=K and
0. Then w(X—a)=06€&Tr,, and 6&I',, a contradiction.

Now we shall prove that k,=k;. Indeed, assume that k,==k; and let e €k;\k,.
Let a=K be such that %(@)=0 and a*=e¢. Let w be the valuation on K(X)
defined by inf, v, @ and §>>0. Then one has w(X—a)=08>0, and so w(X)=w(a)=
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¥#(a)=0. But then X*=a*=eek, Hence f(w/v)=1 again, a contradiction.
Thus a)=>b) is proved.

b)=>a) Indeed k,=k; is algebraically closed and I',=1I"; is divisible. This
means that e(w/v)=f(w/v) for every r.t. extension of v to K(X) and the proof is
complete.

The conditions of Proposition 3.7 are verified for the field R of real numbers
relative to every nonarchimedean valuation and also for the field K generated by all
roots of unity over the rational number field Q.
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