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The explosion property of holomorphic diffusion
processes on a bounded pseudoconvex

domain in C" and its applications

By

SetSUO TANIGUCHI

O .  Introduction

L et D  be a  bounded pseudoconvex domain in  Cn and  m  b e  a n  everyw here dense
positive  R adon m easure o n  D .  T h e  aim  o f this paper is to give sufficient conditions
fo r  a  transient C (D ) -regular m-symmetric holomorphic diffusion process to explode in
te rm s  o f the  symmetrizing measure m . A s an  app lica tion , the  boundary behaviour of
plurisubharmonic (psh in  abbreviation) functions along th e  sam ple path of the diffusion
process will be studied.

L et M = (Z t , C, P,) be a C (D ) -regular nz-symmetric holomorphic diffusion process
o n  D  w ith  the  life  tim e C, i.e . a C (D ) -regular m-symmetric diffusion process such that
h(Z, A ,K ) is a martingale under P„ M-q.e. zED, for every compact K D  and  holomorphic
function h  o n  D , w here TK =inf { t>0 : Z t O K } and b y  "M-q.e." we have meant "except
fo r a  se t o f ze ro  capacity w ith respect to  t h e  1-capacity o f  M " .  F o r  definitions of
sym m etric diffusion processes and  the  associated 1-capacity, see [ 5 ] .  Assume th a t M
is transient

(0.1) f (z)dt <co  , m-a.e. for every f E  L '(D ; in )  with

w here  17' 2 1 is  th e  semigroup associated with M .  A s w as seen in  [7, Appendix], if, in

addition, m(D)<-f- c>o, then  E 2 [C]=1 ° T t l(z)dt< +co  m-a.e., where E . s tan d s  fo r  th e  ex-

pectation with respect to  P,. Hence, in  th is  case, M  explodes ; P z [C<H- M-q.e.
Z E D .

In  th is paper, w e w ill show  th a t M  explodes i f  D  has a  defin ing  function  yo psh

a n d  continuous o n  a  neighbourhood o f  D such  tha t ,Ç lgo(z)1m(dz)<00. See Theorem
D

1 .1 . Thus, w e can w eaken th e  assum ption that m(D)< + co. M o re o v e r , e v e n  i f  D  has
no global defining function, w e w ill see in  Corollary 1.1 th a t i f  it  h a s  a  C2 boundary,
th e n  th e r e  is  a n  YA>0, depending  only  o n  D , such  tha t the explosion of M  is  sure

w h e n e v e r  dist (z ; aD)lini(dz)<00 fo r some )7<vo.
D

W e now consider an application of the above observa tion . In  the  case  w hen D  is
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a unit disk in C1 , deeply studied is the  boundary behaviour o f  harmonic functions along
th e  p a th s  o f  t h e  Brownian motion conditioned to ex it D  a t  eEaD. For example see
[4]. Bariuelos and Oksendal ([1]) investigated the  sim ilar problem  f o r  suitable diffu-
sion processes when D  is  a  u n it  ball in  C n . Moreover, i f  u  is  a  bounded psh function
o n  D , then  th e  submartingale convergence theorem implies that

(0.2) Pz[lim,,cu(Zz) exists in  (-- 00, 00)]=1, M-q. e. z,

because u(ZtA- K )  is  a  bounded submartingale with respect to Pz , M-q. e.
W e will establish th e  following criterion fo r (0.2) to  hold , which

unbounded psh functions :  th e  identity (0.2) holds fo r psh u  if  D  has
tion ço psh and continuous on a neighbourhood o f  r) and  u  satisfies that
and

(0.3) ,I)IyolddeuA6+<co,

w h e re  O  i s  the  unique closed positive current o f  bidegree (n -1 ,  n -1 )  such that
Dirichlet form o n  L 2 (D ; m) o f  M  is given by

(0.4) Adcg AO , f, gECW(D),

and  ddeuAO is  th e  positive Radon measure o n  D d e f in e d  b y  fdcicuA0= uddcf AO,
D D

f  C ( D ) .  See Theorem  2.1. In  the case w here aD i s  C 2 , the  cond ition  (0 .3) with
dist (z ; aD)v fo r Iyo I implies th e  similar conclusion. See also Theorem  2 .1 .  As will be
seen in Example 3.4, there are  an  unbounded psh u a n d  a  holomorphic diffusion process
M  s u c h  th a t  (0.3) is  sa tis f ie d  a n d  h en ce  (0.2) holds. M o re o v e r , it  w ill b e  se e n  in
Example 3.5 th a t (0.2) does not hold w ithout th e  assumption (0.3) in  general.

T h e  organization o f  th is paper is a s  fo llo w s . In Section 1, sufficient conditions for
a holomorphic diffusion process to  explode w ill be  g iven. Section 2 will be devoted to
th e  s tu d y  o f  t h e  boundary behaviour o f  psh functions along th e  sample path of the
holomorphic diffusion process. In Section 3 , w e present several exam ples to illustrate
our results.

1 .  The explosion property

In  th is section, we will give sufficient conditions for holomorphic diffusion processes
to explode.

L et D  be a  bounded pseudoconvex domain in and  in  b e  a n  everyw here dense
positive Radon measure o n  D .  W e denote by .n (D , m ) th e  space of C (D ) -regular in-
symmetric holomorphic diffusion processes o n  D .  O ur goal will be :

Theorem  1 .1 .  Let D and in be as abov e. A ssum e that M = (Z e , C, Pz )E ( D ,  n i )  is
transient. Then, the explosion of M is  sure if the follow ing condition is satisf ied:

(0 .1) D=I2ES2: ço(z)<01 fo r  some open S2DD and psh wEC(Q),

and D I ÇO 711(d Z) < 0 0 .

See [6] and [7].
i s  applicable to
a  defining func-
inf z E D  u(z)>  —00

the
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The theorem  is an  immediate consequence of the following lemma.

Lemma 1.1. L et D  and in be a s before. Assume that M=(Zt, C, ,R) -E-M (D, in) is
transient and that there is a  continuous function u: 00, 0 ] such that

(1.1) u is psh on  D,

(1.2) u (z )= 0  f o r  z -GOD and u(z)<0 f o r  m-a. e. zE D ,

(1.3) ...D
1 u ( z ) l i n ( d z ) < 0 0 .

Then, M  explodes.

P ro o f. W e first notice th a t  the martingale convergence theorem yields that

(1.4) P,[lirn"cZt exists]=1, M-q. e. zED ,

because D  is  b o u n d e d . C o m b in in g  th is  w ith  the  transience property of M  we can
conclude that

(1.5) Pz[limt,cZteaD]= 1 , M-q. e.

W e next recall that the  plurisubharmonicity o f u  implies the  inequality :

(1.6) Ez[u(ZtAric)], M-q. e. zED ,

w here K D  is  compact and r K =inf { t>0 : Z t E K } .  See [ 7 ] .  Therefore , by  virtue of
(1.2) and (1.5), le tting  KT D in  (1.6), w e obtain that

(1.7) u (z )5 E ,[u (Z t): t<C ]=T tu (z ), M-q. e. zED.

Observe th a t (1.2) and (1.5) also im ply that

(1.8) limtt+—EzEu(ZI) : t<]=0.

T hus, by  Lebesgue's dominated convergence theorem, we can conclude from (1.3), (1.7)
and (1.8) that

(1.9) limt,c0DTtu(z)m(dz)=0.

On the other hand, since the  semigroup IT,} is sym m etric , w e have that

(1.10) Ttu(z)m (dz)=). u(z)P z Et<C]m(dz).
D D

Letting t 1 + 0 0 , it follow s from  (1.9) that

(1.11) DU(2)P IC= + 0 0 1m (dz )=- 0.

This and the assumption (1.2) yield that

(1.12) P2[C-=±00]=0, m-a. e. zED .

By [5: Lem m a 4.2.5], th is im plies that M  explodes.



576 Setsuo Taniguchi

Lemma 1.1 yields another sufficient condition for M to explode :

Corollary 1.1. Let D be a bounded domain in Cn and m b e  an everywhere dense
positive Radon measure on D .  Assume that MEtoZ(D, m) is transient. T hen M explodes
if the following condition (C.2) is fulf illed:

(C.2) the boundary ap is  C2 (i. e. for each zE0D, there are an open set U
and a Oc—C2 ( U ) such that DnU=10<01 and dO#0 on UflaD) and

D

dist(z ; 3D)'1 777(dz)<00 for some 77<(4ML+1) - 2 ,  where

(1.13) L = s u p {z  : z D }

(1.14) M=suPI(E.{Ep(a2a(z)/3z11a2P)P12)"2: I el=1, zcaDI ,
and a(z)=—dist(z ; aD) if zED and =dist(z ; aD) if 2ED.

The above a is  C2 n e a r  the boundary since aD is  C2 .

Proof  of Corollary 1.1. Suppose that (C.2) is fulfilled. On account o f  th e  above
lemma, the proof will be completed once w e have shown the existence of a continuous
function u: n—>(-00, 0] such that the assumptions (1.1) and (1.2) are satisfied and

(1.15) lu(z) C dist (z ; aD)v for z E DnG ,

for some C>0 and open GcCn such that a D c G . To do this, we recall that Diederich
and Fornaess [3] showed the existence of a continuous function y: D—>(— 00, 0] satisfy-
ing (1.1), (1.2) and that

I v(z) C' dist (z ; aD)6 for zEDnG' ,

for some C'>0, 3>0 and open G'CCn with a D C G '. Thus, w e w ill construct our u
by repeating the argument due to  Diederich and Fornaess carefully.

Take the function a stated in  Corollary 1.1. Then, aEC 2 (G 1 )  for som e open set
Gi CCn with aDcG i . Since —log( —o(z)) is  psh, we can conclude from the identity

2_10g c _u) (2 : )=  I a(z)I - 2 { I a(z)12(z : e)+1<aa(z), Ç>1 2 }
that

20.(z : e)_.0 if  <aa(z), e>=0 and zEDnG i ,

w h ere  2f (z: e, 0)=E2,,9= i (a2 f(z)lazaag)ea0P, 2f (z: e)=2 f (z: e, e) a n d  <-, •> i s  the
standard inner product in  C n. This implies that if  we decompose e as = '+ e " ,  =
iao.(z)1-0,(z), e>a,(z), then

(1.16) 2„(z e')+ (2: r ) .

Take s>0 such that

72= {
1+6  - 2

4 ( 1 - s  ) M L+11

where L  and M are  defined by (1.13) and (1.14). Note th a t  166(z)1=1/2 if  zEaD and
hence that for some open set G, with aDcG2cG1
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sup{12,(z:,#)1:1617=11= 1 , z G2}.( 1 -Ps)M
1—s

inf{laa(z)l :zEG21. 2

Therefore, it follow s from  (1.16) that

1—s(1.17) 2,(z : /
1 ± s

I  <au(z),

Define

fo r zED(I1G 2 a n d  eE C ".

a= (2+ 1 - 6  ) -1

2(1± )ML
K= an - 1 1, - 2

P(z)-= —{(--(1(2))exP(—K1z12)} 1, z D

T hen , it holds that

l+ s2
(1.18)1 _ _ { 2 ({2( 

1 — s  
)A1--kr)KL} {K(1 — a)} -

1=0.

By a  straightforward computation, w e obtain that

52p(z :  ) =.72 (_ 0.(2 )))7-2e - )7K IzI 2 EK-0.( z )2(i 2_I ijK1 <2 , > 12 )

+  0"(z) 1{2°.(z: e)-277KRe<aci(z), ><z, e>1-F(1-7))1<aa(z), >1 27

Plugging (1.17) and (1.18) into this identity, w e can conclude that

2 p (z : e)> 72(_ 0.(z ))7)-2e - vciti2(1

X [1 c(z) I I el { 2 ( 1
1

+ 6
6 ) M - H 7 K  {K(1 — a )}  I  <aa(z), e>

-20

fo r z E D n G 2 a n d  e ,E C " .  T h u s  p is  psh on  DEG2.
T ake  a<0 such  tha t {zEDnG2: p(z)>a}CD(1G2. It is easily  seen that

max{p(z), a} if  z E D n G 2
u(z )={

a if  z E D \G ,

is  a  continuous function on D w ith  values in  (-00, 0] satisfying the assumptions (1.1),
(1.2) and (1.15). T h e  proof is completed.

2 .  The boundary behaviour o f  psh functions

Consider a  bounded pseucoconvex domain D  in  C " an d  a  p o sitiv e  R ad o n  measure
m  o n  D  w ith  supp[m ]=D . L e t  M =(Z t, C, Pz)E- n (D , n t)  be transient and  u be  a
locally bounded psh function o n  D .  In  th is section, we aim at giving sufficient condi-
tions in  o rder tha t (0.2) holds:

P,[lim u(Z,) ex ists in  (-00, 00)1=1,i i i - q ,  e .

W e deno te  by  O  the unique closed positive current associated w ith M  b y  the relation
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(0.4). We will establish that

Theorem  2.1. Let D, ni, M  and 0 be as above. T h e n  (0.2) holds for a psh u with
in f z E D  u (z)> — co i f  either of the following conditions holds:

(C.3) D-={z.(2: y(z)<0} fo r  some open ,(2_7_,D and psh çoEC(Q), and

,D IÇoIddcuA0<00,(2.1)

(C.4) ap  is C2 and

(2.2)
D

dist (• : aD)vddeu A 0 < co ,
fo r some y)<(4ML+1) 2 , where M  and L  are defined by (1.13) and (1.14), respectively.

Before th e  proof o f T heorem  2 .1 , w e w ill state its application to  t h e  boundary
behaviour o f holomorphic functions. W e will see that

C oro llary 2 .1 . Let D, m and M  be as before. Let h be a holomorphic function on
D .  Then, it holds that

Pz Dim t tc h (Z t) exists in C ]= 1 , M-q. e.

if either (i)D =fp<01 fo r  some open QD D  and Psh ÇoEC(Q) and L , koldhAdcl-i A0<00

or (ii) ap  i s  C2 and dist(• ; 3D)vdhAdchA0<00 fo r some yi<(4ML+1) - 2 .
D

P ro o f. Note that dcicIhrA0=dhAdcTiA0. T hen , by applying Theorem 2.1 with
h12  we obtain that

(2.3) /1).[lim1•rcl h(Z2)1 2 <00]=1, M-q. e.

By a standard time change argument, h (Z 1)  is represented as

h(Z t)—h(Z0)=-e(<h(Z.), h(Z.)>t), /<C,

for some C-valued Brownian motion e(t) with e(0)=- 0. Since limsup22.le(/)1 =00, com-
bining this with (2.3), we can conclude that <h(Z.), rz(Z.)%-_<00 and hence the desired
conclusion follows.

L et D, be a  u n it ball in  C " .  We denote by Po ,e th e  d is tr ib u tio n  o f  th e  absorbing
boundary Brownian motion M 1 conditioned to ex it at C 3 D . Applying th e  corollary

to M 1 , we can conclude that i f  a  holomorphic function h  satisfies that !3h(z)I 2 (1—

z 12 )V(dz)<00, V  being t h e  Lebesgue measure o n  D i ,  then th e  boundary limits o f  h
along Z 2 exist Poe-a. s. fo r  /-a. e. e, where 1 is  th e  Lebesgue measure on 3 D 1. Bafiuelos
and Oksendal [1] have studied the  boundary behaviour o f harmonic functions along the
sample paths of m ore general diffusion processes o n  D,. In  p a r tic u la r , in  th e  c a se
where n=1, they also obtained the  similar result under th e  stronger assumption that

I ah(z)1 2 (1-1z I YV(dz)< co fo r some a, In  this case , our corollary covers
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their result. However, it should be remarked that their exceptional se t  in  aD, is not
only of zero /-measure bu t also of zero capacity with respect to th e  potential o f  order
a  i f  a> 0  and  the  logarithmic potential if

We now proceed to th e  proof o f Theorem 2.1.

Proof o f  Theorem 2.1. Assume that (C.3) holds. Take a n  arbitrary bounded posi-
tive fEE-L 1(D;m )(1C(D) and  fix it. Define a positive Radon measure p  o n  D  by

(2.4) dp=ddcuAO±fdm.

Then p charges no set of zero  capacity with respect to the 1-capacity of M (cf. [6,7]).
L et A t b e  the positive continuous additive functional associated with p  a n d  .f")  be its
support (for definitions, see [ 5 ] ) .  I f  we denote by Cap (E) the 1-capacity of ECD with
respect to M , then we observe that

(2.5) Cap (D  B)=0

Indeed, if  we s e t  R=-- inf { t>0 : .4,>0}, then, by [5 , Lemma 5.5.1], E le - 9 , --- 1 p-a. e. z.
By the definition (2.4), this implies that E z [e - 9 = 1  m -a. e . Hence, by [5 , Lemma 4.2.5],
we see that E z [e - R ]= 1  M-q. e., which means that (2.5) holds.

Define

T1=inf{s>0: 4 3 >t},

311-=(2t, )7, P,).

T hen , by virtue o f  (1.8), M becomes a  p-symmetric diffusion process o n  D i f  we re-
place f) by a n  appropriate smaller se t such that D\r) is properly exceptional with re-
spect to M .  Hence, by making every z D\f')  a  tra p , we can extend M to a  p-sym-
metric diffusion process o n  D ,  which is again denoted by R=(2t, 77, P A  BY [5,
Theorem 5.5.1] an d  [8 , Theorem 2 .1 ], we see that ./F/E ,M D , p), is transient and  the
corresponding closed positive current is again O.

We decompose u(2 t )—u(2 ° ) as

(2.6) u(2t)—u(20)=Ifiltd-S7t, /<72,

where i a local m artingale additive functional and  IV is a  continuous additive func-
tional o f energy z e r o .  By [6 , Lemma 7 ], we obtain that th e  Revuz measure of "g is
deu A O. Since O dcicuA6o p, we have that

(2.7) 01<gs.<_Stt_t,

O n  th e  other h a n d , since fc L A D ;m ) and ço is bounded o n  D , it follows from (2.1)
that

.1,14,P(z)1 p(dz)<00 .

Applying Theorem 1.1, we obtain that

(2.8) PzE72<001=1, R-q. e.
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Then, it follows from (2.7) and (2.8) that

(2.9) Pz[lin ittv g, exists in  [0 , .0)]=1, R-q.e.

Plugging (2.9) and the lower boundedness o f u  into (2.6), we have

(2.10) inf„ ,2171,> — DA= 1 , M-q. e.

By the standard time change argument, we see that /1-/t=B(0171)t), t<Y), for some IV-
valued Brownian motion with B(0)=0, where <lib, is the  quadratic variation process
of /at . S in c e  lirn inf e c o  B(t) =

 C ) ° ,  (2.10) implies that

(2.11) Pz[lim tridat exists in  ( -0 0 , 0, )1=1, R-q. e.

Substituting (2.9) and (2.11) to (2.6), we obtain that

(2.12) P ,[ l im ,t ,u (g t )  exists in  (-00 , 00 )]= 1 , M-q.e.

Since M  and if,/  are both transient and C (D ) -regular, and their Dirichlet forms coincide
on C (D ) ,  a  se t E  is of zero capacity with respect to th e  1-capacity of M if and only
if  so is to that of M .  See [ 5 ] .  Therefore, it follows from (2.12) that (0.2) holds :

P llin ittcu (Z t) exists in  (— 00, 09)1=1 M-q. e.

The proof in the case where (C.3) holds is complete.
That (0.2) holds if  (C.4) is satisfied will be verified in  exactly the  same manner as

above. We omit the details.

3 .  Examples

In this section, we will present several examples to illustrate our theorems. We
start with the following two examples on transience.

Example 3 .1 .  Let D  be a  bounded domain i n  C n a n d  m  b e  a positive Radon
measure on D  with su p p [m ]= D . It was seen in  [9 ]  that M ,N D (D , in ) is transient if
it is irreducible, i. e ., if  the  defining function l E  o f  E D  is locally in where i s
th e  domain of the Dirichlet form of M , then either m(E)=0 o r m (D \ E )= 0 . For the
sake of completeness, we repeat the proof given in  [9]. L e t  h  b e a  bounded holo-
morphic function on D .  By the martingale convergence theorem, we have

(3.1) Pz[limtT h (Z t) exists in  C'] =1 , M-q. e.

If  M  is not transient, then it is recurrent and hence (3.1) never holds, which is a con-
tradiction. Thus M  is transient.

Example 3 .2 .  Let D  be a  bounded domain in  C ' .  Take acED . We denote by V
(resp. 5 a )  the  Lebesgue measure on C ' (resp . the Dirac measure concentrated at a) and
put

m(dz)=V(dz)±3a(dz).

Then there is a unique /1/=(Z,, C, P J E M (D , m ) with the associated (0, 0)-current 1.
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See [6 ] .  If  we denote by {/32 } a  C"-valued Brownian motion starting at 0 o n  a  pro-
bability space (12, P ), then it is easily seen that

th e  law o f  {Z 1 } under P2 -=the law o f  {z-I-B t A , z }  under P

PaCZ t=a fo r any t>-_01=1,

where az =-- inf { t>0 : z±B 4 O D }.  Thus, it holds that

P,[C<+00]=1 if  z#a  and=0 if  z=a

and  M is not transient. Since m({a})=1, this implies that M  does not explode.

In  th e  following example, we consider th e  assumption o n  integrability stated in
Theorem 1.1.

Example 3.3. L et D={zE.C 1 : z l< 1 } .  Define

m"(dz)-=(1-1z1 2 ) - "V(dz).

There exists a unique M a = (Z t ,  P )E M (D , ma) with th e  associated (0, 0)-current 1.
We will then observe that M a  explodes if  a<2 and does not explode i f  a>_2.

Indeed, since M a  is generated by (1— I z 12 ) a {(a/ax)2 +(a/aY) 2 1, w here z=x-piy Ci,
it is elementary to see that th e  law o f  IZ t 12 }  under .13 '  is  t h e  o n e  o f  t h e  1-dimen-
sional diffusion process fed o n  (0, 1) generated by 4(1— )a e(d/de( 2 +4(1—er(d/dE).
Thus, by applying Feller's te s t , we obtain th e  desired conclusion.

T he  above observation yields that one cannot replace in Theorem 1.1 th e  integra-

bility assumption that v), 1 dm<-1-00 b y  th e  weaker one that ço I 'd m < + 0 0  for
D D

some s>0.

We finally give two examples concerning Theorem 2.1.

Example 3.4. L et ço(z)=max{ z'r, z 2 12 }- 1  for z , (z', z2 )eG 2 and D=iço<01. We
denote by M =(Zt, C, Pb,) th e  absorbing boundary Brownian m otion on D .  Then M E

T(D, V), is transient and  the  associated current is dde z 12 , where V  is the Lebesgue
measure o n  D .  Set

u(z)= — log (2— I 212 ) •

It is easily seen that

1D Igoldd c uAdd c 1212 <00.

Hence, our theorem implies that (0.2) holds for such u and M although u is not bounded.

Example 3.5. L et ço and  D  be a s  in  Example 3.4. Define

00 =ddcf—log(1—iz'1 2 )—log(1-1z 2 12 )}.

Then there exists a unique M , (Z t , C, Pz ) E M (D , V ) whose Dirichlet form on C (D )
is given by (0.4) with 0=00.
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Combining the observations in [2] and [9], w e see that if  w e set

S={1z 1 1-- -- 1z2 1=1}
then,

Pz[limttcZteS]=1, M-q. e.

In particular, if w e take the  same psh function u as in  Example 3.4, then it holds that

Pz [lim t t c u(Z0= 001=1 , M-q. e.

It is straightforw ard to see that L)  çl) d dc u Ae o= + Therefore (0.2) does not

hold without the integrability assumption (2.1) in  general.

A ckn o w led gem en ts. The author would like to thank th e  anonymous referee for
his valuable comments.
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