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On the asymptotic behavior o f Gaussian sequences
with stationary increments

By

Yong-Kab CHOI and N orio KôNo

1. Introduction

Let {X (n); n = 1, 2, ...} be a  stochastic process with discrete time parameter and
introduce the following definitions.

Definition 1.1. T he function g (n) (n = 1, 2, ...) belongs to  th e  upper-upper
class of the process X (n) (g e UUC (X ))  i f  almost surely there exists n o >  0 such
that for all n no ,  X (n) < g (n) holds.

Definition 1.2. T he  function g (n) (n = 1, 2, ...) belongs to  th e  upper-lower
class o f the  process X (n) (g e ULC (X ) )  if  almost surely there exists a n  infinite
sequence 0 < n, < n 2 < • • • —> + oo such that for a ll k, g (n k) X  ( n k )  holds.

Recently, the second author [9 ] has investigated the asymptotic behavior of
the increments of a W iener process W(t) (0 < t  < co) using the  above notion of
U U C  a n d  U L C  obviously m odified f o r  processes w ith  continuous tim e
param eter. In  order to compare our results with his, we briefly summarize main
parts of his results :  L et et," (0 < T  < co) be  a  real function o f  T  satisfying the
conditions

( i ) O< T,

(ii) a T  is nondecreasing,

(iii) T —aT  i s  nondecreasing.

Denote, for 0 < T  < co

X0 (T) = sup os u p o < t< T - s  W ( s  +  —  W ( 0 1 / ,/ a r

X1(T) =  S U P 0 < s < a T  S U N <t < T — s (M S ± W(t))/ N /  a T
X  2 (T ) =  S U PO < 5  <  C IT  sup o <t I W(s + —  W (t) I aT

X 3 (T ) =  supo<s<d, supo< ,<T-67.(w (s +  t) — W ( t) ) /  ar

X 4 (T) = suPo st< +  ar )— W ( t ) / . / ã T
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X ,(T )= sun.0 < I< T -fiT (W (t a T ) W (t))/N /

F o r k E N (a  set of positive integers), set

7;, = ek ,  a, = a r k , b k  = T k  -  ak , y k  = .1 lo g (Tk la k ) + log log Tk

and

bk= ak/yL

We shall make use of the usual notation a  y  b = max {a, b} and a A b = min {a, bl.

Theorem A .  I f

g e UUC (Xi), i 0, 1, 2, 3, 4, 5.

Theorem B .  I f

1
i ( b k  - 1  v  1 ) ( a k  a k - 1  v e x p (  -  - g2 (Tk ) )  = + op,
k 6k ök 2

then

gEULC(X ,), i = 0, 1, 2, 3, 4, 5.

I n  this paper, we obtain similar results fo r  a  class o f stationary Gaussian
sequences. In  discrete parameter cases, our Corollary 2.1  which is presented as
a n  example of our m ain theorems covers a  p a r t  o f  Theorem 1  in Csiirgo and
Révész [4] and Theorem 3 in Deheuvels and Steinebach [5] (see Remarks 4  and
5  in  this paper).

Let { i ; j  = 1, 2, ...} be a  centered stationary Gaussian sequence with Ec 1 = 0
a n d  EV  = 1. Define Sn = + • • • + o-2(n)= ES„ and r,, = e= l + n ,  n > 1 .
Assume that o (n ) can be extended to a  continuous function u(t) o f t > 0  which
is increasing and regularly varying at infinity with index 0 < a < 1, given in the
canonical form (cf. Feller [6] or Seneta [1 1] ):

(1.2) a(t) =  tŒ e x p ( f  E C Y ) dy ),
1. Y

where E (t) — 9  0  as t co. Let {an ; n = 1, 2, ...} be a  sequence of positive integers
satisfying the conditions

(1.3) 1 < ii„ < n,

(1.4)n  is nondecreasing,

(1.5) n -  an is  nondecreasing.
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Define discrete parameter processes X 0 , X 1 , ,  X 5  by

X 0 ( n )  =  s u p
l<  <à„ SU P15m <n- + m  S m / a (a n )

X  i ( n ) =  s u p  < <ri„ RIP <m <n -  ( S e + m  S.)/ a(an)
X 2 ( n ) =  s u p  

<  <a n
 5 UP1<m<n-a,, 1S¢ +m  S m 1 /a (an )

X 3 ( n )  =  s u p  < g < (i„ 5 U P1 <m <n -a„(S  g  +m S m )/(•(an )

X 4 (n)=5uP 1 <m <n -d „IS m -Fr-i n S m l i a ( a n )

X 5 (n) = suP <.<.- m + -  S.)/ a (n),

where I% m e N. Clearly we have X 0 (n) X  2 (n) X 3 (n), X 4 (n) > X  5 (n) and X 0 (n)
> X  1 (n) X  3 (n) > X  5 (n). F o r k  eN , set

nk = ak = ã , , b k = n k -  a k , {log (n/an ) + log log n }1/2 a n d  V, k  =  no

where [y ] denotes the greatest integer not exceeding y. Define

(1.6) 6k = (5 - 1 (o(ak)/Y k) y 1,

where o- - 1 ( • )  i s  the inverse function o f  o-(•). T his 6„  is defined  a  little  bit
differently from (1.1), because in the discrete parameter case, we need not consider
intervals with length smaller than o n e .  W hen Sk >  1, we have the same results
as in the continuous cases. But in the case of Sk = 1, the situations are different
(cf. Remark 2).

Remark 1. We are concerned only with the behavior of functions at infinity
and therefore all statements about functions in  this paper a re  supposed to hold
only at some neighborhood of the infinity.

O ur m ain  theorems are  presented in  th e  next sec tion  2 . In  sec tion  3 , we
state preliminary lemmas necessary in  the  proofs o f the m ain theorems.

We thank Professor Sinzo Watanabe for many detailed and helpful comments
in the original manuscript.

2. Results

Theorem 2 . 1 .  I f

I u (g) -
1

(
b  k+ '

1 ) ( a k + 1  a k  y  1 )71 1 e x P  -  -  g2 (nk ) <  +  00,
k bk (5k 2

then f o r  0 <a <1

g UUC (X  ,), i = 4, 5.

Theorem 2.2. I f  I u (g) < + oc, then f o r  1/2 < a < 1

(2.1) geUUC(X ,), i = 0, 1, 2, 3, 4, 5.
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In the special case of er(t) = I t  in (1.2) (i.e. Brownian motion case), (2.1) also holds.

Theorem 2 .3 .  A ssume that 0- 2 (t)  is concave f o r t > 0,

(i) ciak _, f o r some c, > 1

and

bk- 1(ii) =  (  (5k V  1  )  
ak — ak - i

6kV  1  )  y k -  1  exp —  -1 g2 (nk) )  =  +  co.
2

Then for 0 <  a 1/2

g e ULC (X i), i = 0, 1, 2, 3, 4, 5.

Remark 2. Suppose that a(t) = f t .  F o r  a  choice o f aT  such that bk  in
(1.1) satisfy bk  1 ,  (then clearly these (5k also coincide with those given by (1.6)),
the  criterion / u (g) <  +  co, in  Theorem A  fo r the  continuous parameter case is
exactly the same as that in Theorem 2.1 or Theorem 2.2 for the discrete parameter
c a s e . However, in  such a case of a, that bk  in  (1.1) satisfy bk <  1, (then clearly
(5, in (1.6) is equal to 1), the criterion in Theorem A for the continuous parameter
case and in Theorem 2.1 o r Theorem 2.2 for the discrete parameter case should
differ. I n  fact choose eiT = (log Tr with 0 <  fi <  1 . Then i n  Theorem A,
/ u (g) <  +  co for

g (T )= .,./2 log T  + (3 — 2,6) log( 2 )  T  + 2 log( 3 )  T + • • • + (2 +  e) log( n ) T

if  a n d  only if  c > 0 , where log ( „) T= log (log( n _ i )  T ) , while in  Theorem 2.1 or
Theorem 2.2, / u (g) < + co for

g(n) = .\/2  log n + log( 2 )  n + 2 log( 3 )  n + • • • + (2 + e) log ( n ) n

if and only if e > 0.

Remark 3. It may be interesting to ask whether Theorem 2.2 is true or not
when 0 < a < 1/2 and  also Theorem 2.3 is true o r  not when 1/2 <Œ < 1.

Throughout this paper we shall le t c  denote a positive constant which can
be changed in  lines if necessary.

Corollary 2 .1 .  L e t  t h e  sequence {àn ;  n  =  1, 2 ,...}  satisf y  th e  following
conditions

(i) ak+i c i ak f o r some c, > 1

(ii) ak  —  ak _ 1 c 2 (ak + , — ak ) f o r some c2  > 0.

Suppose o- (t) = tŒ for 0 < a  <1 .  F o r any  real e  let

(2.2) d, = log (y  A  ak) + lo g  a k + 1 ak  y  1 —  log y e log k
bk
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and

d k

X k  = yk
yk

N ote that w e can def ine monotone sequences d„ and
X k  =  i'nk• T h e n  w e  have the follow ing: I f  e > 0,

(2.3) UUC (X i) , i = 4, 5 f o r 0 < Œ <1

(2.4) e UUC (xi), i = 0, 1, 2, 3, 4, 5 f o r 1/2 z< a <1 .

I f  E 0,

(2.5) E ULC (X i)  , i = 0, 1, 2, 3, 4, 5 f o r 0 < a Lç. 1/2.

P ro o f . Since o- - 1 (x )= x l iŒ, it follows that

bk = i(a(ak)hk) y  1 = ak y  1/Œ v 1.

Let us prove (2.3) and (2.4). We split I ( x )  into two sums as follows:

1
/ u (2) =  E 1

V  1 ( 2
V  1

)  (  

) y k e x P  -  -

2
x )k

sk= bk bk

bk+ ak + ak

+  E  v a k + 1 -  
a k  v e x p  -  4

sk>i bk 2

= / u  + / / u ,  say.

As for / u ,  bk = 1 implies that ak < y liŒ• Hence

dk  = log ak + lo g  
a k +  1  -

 a k  v  1  -  log yk + E  log k,
bk

e x p  -  4  <  e x p  -  y  -  dk )
2

=  n k V 1
 k _  a k  _ el(

-1

ak ) k
-4 + 1 a k v  1 )  y k k - '

b

and by (i)

ru < c  E  nk( 
ak +1 a k

 v 1 ) yk
-  e x p  -  - x )  <  c  E 8  <  0 0

43k = 1 bk 2 sk =1

As for / / u ,  ök > 1 implies that Sk = a k y, 11Œ, ak > yllŒ and

-1
exp  - -

1  

xk
2 ) <  (n

k

— ) yk- 1 a Ilk+ ak  v  1 ) yk k- e.
2 ak 6k

g .  such that dk = ank  and

Thus by (i)
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c  E  ( —
nk  y k i f t , a k— a h_ 2 V  1 y , e x p  —  -

1

Xk
bk > i  ak6 k 2

=  c  E  k 1 - E < + oo.
ak> 1

Therefore from Theorems 2.1 and 2.2 we obtain (2.3) and  (2.4) respectively.
Next le t us prove (2.5). By (ii),

' i a k  — ak _ i

/L (g) = E (
b k _   y 1   y 1 y k

- 1  exp — -1 xZ
k 6kb k 2

bk _ i

) ( a k + 1 6 : a k
y  1  )  y k

- 1 exp ( — 2-
1

xZ
)

c  E
1,k = 1 ( (5k 

V  1

b k _ i ak + 1 — ak

+ c 3 (  6 k  V  1 ) ( 61,V  1 ) yi 1 exp ( — -

1  

x

)

,, . 1 

2

= 11- + I I ' ,  say.

Now bk = 1 implies that ak < yliŒ < ck l /(2 Œ) and

bk -1 = k -1 — a _ nk _ i  — ak c n k .

Also, we have

1 2 2exp — - x kc  exp (— yk — dk)
2

because dk = o(y k ). Thus for any e < O
-1ak + , akn „ ak ak

l e > c  v
r.k  V  1  ) 1  v Y kk-

Ilk =l (5k ak ) k

= c E  k -

ak = 1

As for 11 L ,  we split I I '  onto two sums again :

11L = E c (
b k - 1

v  1 ) (
ak+ 1 — ak v

1 (5k (5ka, - , • y i l ,  -  I
bk> 1

+ E c (  
 k

bk_i v  1 ) ( 
 S k
ak + 1 — ak

i ba,  , I n ,  _ ,
6,> 1

, 11 1 L + 11,1" .

i)y1  exp  —  -

1 

4

)

2

y 1 ) yk
-  exp  —  -

1 

xZ
2

1 1
As for H i '',  a k _ 1 -  n k _ 1 im plies that bk _ i  =  k -1  —  a_  1 -  n k _ 1 c n k . Also

2 2
bk > 1 im ply that 6 k  =  akYk-  1 lœ and ak >  ye .  H e n c e



II I
L > c E (

Ilk
— Y k

 i / O E

_1
ak- i _-.2ak - k

ak
6 k > 1

=c  E  k -  1  '  exp ( - )d Z  
, i„ 4y.,

ak -1.....- -i - k  -1
4> 1

) (  ak+ ak y  1 ) Y 1  e x p  -  -
1

4
)

2
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ink _ y -  a,

e x p  -  -
1

4 ) =  (— ) kk " V  1 )  1

2 ak (5k
yk

and by (i)

e x p  -  —4 y z

> c
1

ak - -

> 1

k1  - E exp 
e2(log k)21

4{log (nk la k) + log k} j

c E k - •

1
ak - -  I

k > 1

1
As for 112

L , a k  —  1 > —
2

n k —  implies that

nk e n  k _ 1< 2ea n d  yk c ./log k.
aka _

Using (i) again, we have

ak  + 1  -  ak112
L E  v yk

 - 1  (—nk yi  k -  y k
 - 1 /Œ

ak
ak - 2ak -1

> 1

-
ak+ ak •   y  1 )  y k k - ' ex p ( -  

d

k
2

 )

61c 4yk2

> c
1ak In k  - 1

(5, > 1

e2 (log k) 2 1
(2e) -  1  k -  1 - c (log k) -  e x p

4{log(nk la k) + log k}

E2

C E (log k) — .ce 4

e  1
ak 2nk - 1

k >  1

Combining th e  above estim ates we have / / t  + II =  +  co. Therefore (2.5)
immediately follows from Theorem 2.3.

From Corollary 2.1, we can easily prove the following Corollaries 2.2 and 2.3.

Corollary 2.2. Under the assumptions o f  Corollary 2.1, we have

Xi (n)
(2.6) lim s u p ,     1) = 1, a. s.
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where i = 4, 5 f o r 0 < a < 1/2, o r i = 0, 1, 2, 3, 4, 5 f o r a = 1/2.

Corollary 2.3. Under the assum ptions of  Corollary  2.2, we have
X ((2.7)

l o g  n } }
1
/

2
(2.7) lim

{2  { l o g  (n 1 ein)
a. s.

Further assume that the sequence {Zin ; n = 1, satisf ies the condition

log log n
lim n , no 

{ l o g  (n  1  a „ )}  
1/2- 0 .

Then we have

(2.8) lim sup_ { X, (n) — {2 log (ril an)} 
1 / 2 1) 0, a. s.

Remark 4. In the discrete parameter case, the above (2.7) yields (1) and (2)
of Theorem 1 in Cs8rgo and Révész [4]. It may be interesting to compare the
above (2.8) with Corollary 2.1 in Révész [10] and Theorem 2.1 in Choi [2].

Corollary 2.4. Suppose that the assumptions o f  Corollary  2.2 are satisfied.
Case 1. Let

log ak
lim k -. 

l o g  k
< + co,

l i m k  „ .  
log (ak , —  a k) 0

(ii) P 2.log k

Then

2i;„ (   Xi (n)1 )
(2.9) lim sup„„

log log n )

1= ( - - A f il)  { {1 q2 (fli
1

s i )  0 }  Of - a.s.
2a 

Case 2. Let

m k „ .
log ak

(iii) l i  —  +  cc,
log k

log {(ak +1 — ak)I ak}
(iv) lim k-. = 113( #log k

( y ) l i m k , .  
log yk
 =  P 4 •log k

Then



(2.10) lim sup„,co 
l o g  l o g  n

2j) (X  (n )1 )
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=  + — ,63) v 0 } — s4,
OC OC

a. s.

P ro o f . Let us first prove (2.9). By (i) we note that for large k  we have
approximately

ak k i 3' and

Hence

l i m k „  

log (A l i" a k ) 1
 — A  ,61 .

log k 2a

Since 6, = ak yk
-  'la y  1, it follows that

lim k ,  
l o g  S k  

= — —
1

) v  0
log k 2a

and from (ii)
log {{(ak + i  — ak )lb k } y  1}

limk-oe log k

= lim k- 
{log (ak .f i — ak ) — log Sk } y 0

log k

1
= {#2 — (fl 2 0 1  v  0 }  v  O.

Since

dk (  1  A  p i  )

c) log k 2a {{s2 — (fii — v  0 1  v  0 }  1 _

(2.9) immediately follows from Corollary 2.2.
Next let us prove (2.10). ( i i i )  implies that for M  big enough there exists

k , > 1  such that for all k > k o , ak > k m  ho ld s. In general there exists c > 0 such
that y,, c.\ /i—c. Thus yVa < ak and  by (v)

log (yVa
1

ak ) = - log ykl o g  k.
a a

Since Sk >  1, it follows that



and

log log n )
-  1 / 2

lOg (n/ an)

1 1
{log (n lâ n)} 112 (
 1
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log
(  a k +  1

(5k

ak 

v  1 )  —  { l o g  a k )  a
ak+ ak1 + -log yk} vo

and by (iv)

log {([ak+i — 1}( 134 1 3 3 )  v o.lim k - alog k

These facts yield (2.10).

Corollary 2.5. Suppose that the assumptions o f  Corollary  2.4 are satisfied.
Further assume that

. log log n
(vi) 11m .  — 0.

c° log (n/ein)

Let

d: = log(yet A ak ) + log
(ak+ — ak
 y  1 —  log yk a n d  d :  b e  a monotone

6,,

sequence such that d„* = d,, . T h e n

(2.11) lim sup„_ co 
2  lo g  (n re in ) X , ( n )

log log n {2log(nrcin)} 2
)

d*
= 1 + lim " , a.s.

log log n

P ro o f . From (vi) we have

Yr, = {log (n la n) + log log n}1 1 2

log log n(  log log n )1
= {log (nrii k)} 1/2 11 + + o

2 log (n /ã) l o g  (nlei n) )

I i 0 g o v a .0 1 ,/2 ± log log n 0 (  log log n
2 {log (n/an)} 2{ l o g  (n/k)} 1 /2 )

1
{lo g (n ia n)} 1/2 { 1

log log nf l o g  log n )1
+  o
2 log (n la n) log (nrd k) )  j"

It follows from Corollary 2.1 that for > 0
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X1(n) < 2y „ +

log log n0 ( log log n
= {2 log (n/a„)} 1 /2 +

{2 log (n/ii,,)} 1 /2{ l o g  (n/a)} 2 )

log log n(  log log n  )11+  —
{2 log (n/ãn )}" 2 { 2 log (n/à„) 

+  o  

log (nla n ) )

and

log log n +
+  

(   lo g  log n )
Xi (n) — {2 log (n/a„)} 1 /2 <   o

{2 log(ntei„)} 1 1 2{ lo g ( n / i i „ ) } 1 / 2 ) .

Thus
{2 log (nrci„)} 1 /2

{ X  ( n ) {2 log(n/ii„)} 1 '2 1 < 1 + 
a

n+  o(1)
log log n log log n

and since E > O is arbitrary we have

i (n)
lim s u p ,  

log

l o g  (n  / à ) X
log log n {2 log (n 1 an)}112

1 + lim inf, „  "k , a.s.
log log nk

On the contrary we can also obtain for e <O

lim  sup„, 2  
log (n/ã)  ( Xi(n)

log log n {2 log (n/a„)}
1 1 2

d*> 1 + lim infk „  "k , a.s.
log log '7,

Remembering, as in the proof of Corollary 2.4,

cl:
 —
log k

log (y1 /' A a k ) + log K a k —  a k ]1(5,) y  1} — log yk

log k

( 2

1

0e A  fli) { { # 2  (fli ) V 0 }  V  0 }  -
1

2a 2 
in Case 1

1

i64 { ( 1
1

' - , 6 3 )  v  0 } — )6 4cc a
in Case 2,

  

1)

1)

(2.11) immediately follows.
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Remark 5. From (2.11) of Corollary 2.5 we get the following sharp result:

lim sup,„ co 
2  lo g  ( W i n ) X i ( n )

log log n {2 log (n/a.)1 1/2

( 2t x  ( 3 , )  + {{,62 — 2-c() v 0} v 0} + in Case 1

)
(x + — /3 3) v 0} — fi4 + 1 in Case 2.

T his  is  a  general form , under milder conditions, o f the  Theorem 3 (6.5) in
Deheuvels a n d  Steinebach [5], which is th e  above C ase 2  in  Remark 5  with
a = 1/2, /33 = 1 and /34 = 1/2.

3. Preliminary lemmas

We list several lemmas essential to prove our theorems.

Lemma 3 .1 . For t >  0 , let o -(t) be  a  regularly  vary ing function w ith index
0 < a  <1  at cc, giv en in the f orm  of

t g(Y
a (t ) =  t a e x p  f ) d y ) ,

Y

where e(t)—> 0  as t —) co. T h e n  w e  have the follow ing: For any  0  <  <  a  there
ex ists T = T (n)> 1 such that

(3.1) A a" <
6 ( 2 t )  

< A a" f o r 0  <  <1  an d  A t> T ,
cr(t)

a ( 1 t )

(3.1)' A a" < < A l" f o r A  > 1 and t > T ,
0-(t)

o- - 1 (At)
(3.2-a) 21/(a" ) < < 211(a" f or 0  < A  <1  and A l l("" ) o- - 1 (t) > T ,

cr- 1 (t)

(3.2-b) f o r som e K (n)> ic(n)> 0  and K i(n) _k '()))> o,

K (n )ta "  17(t) K (n)ta" f o r t> T  an d

o o t o . „ ) < c r - '( t ) < K ' (1)(1"a") f o r
r  a k

t >
y k

T ,

(3.2-c) ak yi " )  < k < ak  l ic a f or-  / 0 > T ,

where b k = o-- 1 (a(ak)ly k) y 1.

P ro o f . As for (3.1), we have for 0 < A

AŒ exp — E ( Y )  dy < 6 ( 1 1 1 )  < Aa exp(
Ji Y / cr(t)

 

[A t  E(Y) d y

J ,

   

1)
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and

   

iÂ t  8 (Y) dy

t  Y it I g(Y)I d y .

A t Y

  

By the assumption, for any ti > 0 we can choose T(q) such that for all Y
8 (Y)I < n holds. Thus if At T

'It 8 (Y) dy

it Y

t 1
dy  = log A "  a n d  AŒ+ " < 

a ( A t )

At Y o-(t)

 

As for (3.1)', noting that we have for A > 1

A t 8 (Y) d y

it Y
< IE(Y)I d y ,

J, Y

we can easily deduce (3.1)' by the  same fashion as above.
Next le t us prove (3.2-a). We shall make use of the result (3.1). Suppose

that 0 < A  < 1 and  A1 ' " ) o- - 1 (t) >  T  Since A1 I(Œ"  o - ( t )  >  T ,  we have

0 .(21/(a+0 0 . -  1 (0)

a (5 -  1  (0)

that is,
Apia + n) 0- - 1 (t) > a -  1  (At).

Therefore,

A' " > a - 1 (At)/ a - (t).

In  the  same way as above, we can also obtain

A1/(1
-

0  < a  1 (At)/ o- -  (t).

A s fo r (3.2-b), we take B > 0  such that e(y)1 <B  f o r  a ll y 1. By the
assumption, for any ti > 0 there exists T(g) 1 such that for all y TOO, I E(Y)I <
holds. Thus for any t T ( q )

a (t) t "  e x p  f 8(Y) dy ) exp (*1)) dy )
1 Y Too Y
Too B

< t. e x p  f  —  d y  e x p  f  -  dy K (q) tŒ +17 ,
Y TOO Y

where K(n) = T(ti)B  " . I n  th e  same way we also have a( t )  > ic(q)e - 1  where
K (ti) = T(n) -  (13 ") .

Finally we prove (3.2 - c). I n  order to  apply (3.2 - a ) ,  s e t  A =  1/y, and
t = a (ak). Then

Ai  1 ( 1 -  ") (7 -  1 (0 = akYk-  / ( O E >  1 (11).

> (A1/(cx + ry)r  + ry = A,
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By (3.2-a),

a-1 (a(ak)/Yk) < ( 1 /,, k ) i toc+n) ,

"

that is,

akYk- " (œ " ) <  a - 1 (a(ak)11'0‹ akY1- 1 f ( 2 " ) .

Since ak yk
- "Œ " ) > T(q) > 1, we have (3.2-c).

In the same way as in the proof of Lemma 1  in  1(ôno [9], we can easily
obtain the following

Lemma 3 .2 .  It is enough to prove Theorems 2.1 - 2.3 for the function g  which
satisf ies for c big enough

1
(i) —yk g(nk ). cy k

2

ak — ak _ 1

(ii) (hi:5-k 1 V  1)b k y  1)y i
-,- 1 exp( — —1 g 2 (nk )) =  0

2

when IL (g) = + cc.

We also need the following Lemma 3.3 due to K eno [8], Berman and 1C6no
[1 ] :  Let {X (t); te T I  be a  centered Gaussian process such that for all te T

O< cr Ex2(t) o - (t) a < + oo.

Let d 2  (s, t) = E {X (s) — X (t)} 2  a n d  (T, dx )  be  a com pact pseudo-metric space
and assume that sample paths of X (t) are separable and measurable. Denote

0(x) -=  P(X(t)10- (t) x).

For s > 0 let N x (T, s) be a minimal number of balls B (t, { se T; d x (s, t) el
whose union covers T.

Lemma 3 .3 .  For j i  > 0, .1.; + 1 > 0, j =0, 1, 2,..., and any  x > 0

P{sup tE T X(t) + E  s ik i+ i) }
j=  0

x (T, q- so ) + 3 N x (T, as i ) exp(- .1. 2 ) }0 (x).
J=1. 2

Lemma 3 .4 .  L e t  {Bn ; n = 1, 2 ,...}  b e  a  sequence o f  events satisfy ing the
conditions

(i) P(B„)= + oo
n=i



b k + 1 < c
(5k

v  1) 0(y k ).ak + —  akv i
 

) ( k
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(ii) there ex ist c > 0 and g >0 such that the follow ing hold: f or each n
there ex ists a finite subsequence n < n 1 < n2 <•-• < ni ( n ) such that

i(n)
(ii-a) E P(B„ n B„„) c P(B)

k =1

(ii - b) P(B„n B,n ) B„,) (1 + g)P(B„)P(B, n ) holds f o r m  n k  an d  n < m.

Then

P(B„, i.o.) 1/(1 + E).

Lemma 3.5. (Chung- Erd6s- Siral [3]) Let (X , Y ) be a two dimensional random
variable w ith the  Gaussian distribution such that EX  = EY = 0, EX 2 E Y 2 = 1
and EX Y = r. Then

(3.3) P ( X  x, Y  y) ce 0(x)0(y) f o r  a n y  — 1 < r <  (xy) an d  x, y >  0,
where lime _ o ce =  1.

(3.4) f o r  som e  c > 0 , P(X > x, y) c exp { —(1 — r)y2 /4} 0 (x ) f o r  any
y > x > 0 .

4 .  Proofs of Theorems

Throughout this section we assume that for a fixed k e N, xk is  in the range
1

—

3
Yk X k  CA where c is big enough, according to Lemma 3.2. Denote for some

c > 0, yk = x k + —
c

. The proof of Theorem 2.1 is mainly based on the following
xk

Lemma 4.1.

Lemma 4 .1 .  For 0 < a < 1 in (1.2), we have

{ IS .  +. — IP sup a „  e <„,,,, sun. 1<rn<nk+ i — ak+ i 0- (e)
S .

Y k }

P ro o f . Set A k  = { ( (  1 1 1 )  ; ak e  ak , 1 , 1 m  n k  +1 — ak , 1 1 and X V , m)
= (S —  S , n )I o- ((), (e, m)E A k .  Then Ex2(e, m) = 1 a  ci, say, in Lemma 3.3.
For 1' r  and m  m ' we have

((e , m), ((' , m')) E {X (e , m) — X (‘' , m')) 2

— 2
 2E1(S , — Sm )(S — Sm ')}.)}

0-(e) a y )

—  2  
E {(s + m  — sm)2  + (s ,,, m , — sm y — (s +,„ — s + s m . — sm )2 l

o-(e)cr(t)
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Ea(S e + .—  S , , , , )+ — S„,)] 2 }
0- 0- (e)

2{E[(S s m )2 ]  +  E[(S n i , — S„,)2 ] }  4a2 (ie — (I +1m —,+„,
0- (e) v 0.2 ( a )

In order to apply Lem m a 3.3, let us define

(4.1) C(0= (7 - 1 (6 0 - (akfl,

and for j  = 0, 1, 2,..., let

si  =  (1+ 1) - 3 hk, Ai  =1, X  =  X k

and C;  = C(ei ). Clearly

1 < Ci  = {(7 - 1 (ei 0.(ak))1 y 1 = 10- - 1 ((j + 1 ) - 3 u ( a k ) h k ) }  v 1

and

aoc + E 2j + )= x++ E ( j+  1) - 2 /A
j=  0 j=  0

(4.2)

xk +
xk

Let us estimate a lower bound of Ci . First we consider the case where for some
0  <  <ci, there exists T(n)> 1 such that

(./ +  1 )-  31(œ( a - 1 (0- (ak)hk)) 1 (71).

Set A = (j +1 ) - 3  and t =a(a k )ly k in Lemma 3.1 (3.2-a). Then 21/(Œ- ") o- - 1 (t) > T(n)
and from Lemma 3.1 (3.2-a)

a  1 ( ( j  + 1 ) 3 cr(ak)IY0 >  
(j

-  1 (0- (ak)/yk)

Hence

(4.3) C; {(j + 1 ) - 3 / 4 ' -") (7 - 1 (c(ak)/Y01 y  1-

Next considering the case where

( j +  1) (0 - 1 (01a01Y0

we have

(4.4) bk T(i1)(j + 1) - 3 /(Œ" ) and

b k + i1 < bk + ,  <  T(n)(j +1) 3 1 ( 2 - q) ( v  1 ).
C, bk

Thus
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(4.5) N x(Ak, E j) C  N (A k ,  C i )  <  C  n k + 1
a k + i v  1 a k + i ak v 1

C; (i

< c(j +1) 61(' " ) ( b k + 1  v  1 ak+ 1a k  v  1
bk c5k

(where N (A, v) is a minimal number of balls by a metric d(v , no, (t", no) = le — r 1
+ 1m — in'l whose union covers A  Z 2)  and

N x (A k , co) + 3  E N x (Ak , gi ) ex ( _  —
1
 -

)

2

j=1 2

bk  +1(4.6) < c (  v 1
6 k

< c  
b k  +  1

 v
bk

 v  1  )  { 1  +  3  E  (j +1) 61(' " ) e x p  —  j 2  ) }

) (

 ak+ ak

(51cj 12

) (  
ak+ ak

bk
v  1 ) .

We note that for some e > 0

(4.7) o(xk ) c  ( A).

Therefore from (4.2), (4.6), (4.7) and Lemma 3.3 we have

„, — IS, +„, — _
P  sup  >

+ 
f yk} < P .{  sup   o-(xk + E

(,,m)eAk ( ,m)EAk (e ) j= 0

oo

Nx (ilk , c o ) + 3  E  Nx o k , ej  exp(— —
1

/1.; 2 )}  0 (x k)
j=1 2

< c ( b k + i1 ) ( a k + 1  a k  v  1 ) 0 ( y k ) .

bk 5k

For proving Theorem 2 .2 , we shall need the following Lemmas 4 .2  and
4.3. For k E IsT let ak be such that

(4.8) ak =1 —  —

6 k  
> 0  and they increase to 1.

ak

Lemma 4 .2 .  For 1/2 < oc < 1 in (1.2), we have

(4.9) P  supi<e<aksupi<m<„k+,_, Sm i
Y ka(ak )

< e  b k  v( + 1 1 ak+ I.a k  v  1  0 ( y k ).
6 1, 6

k

In particular if  o- (t) =  I t  in (1.2), then (4.9) also holds.

P ro o f .  Set AV )  = m ); 1  <  <  ak , 1 m  n k +  —  el . Set q0 = min {q;
non-negative integer such that sk ,, a k c 4 > 11. For q < (40 . Set
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Ak, = {(e, m); e  Sk, q , 1 M k+1 — el
and

s —x(e, no= - F in , ( ( ,  m)e A k
q.0- (ak)

Now

0. u(sk
'  

+ 1)
 <  /  E X  

2
( 1

,

,  m )  <
a(Sk,q)

(ak ) o- (a k )

and for e o m  o  m' we have

4
dx 2 ((e, (r, no)

0 . 2 ( a k )
0-20 — er I + Im — m'1).

In order to apply Lem m a 3.3, let us define

(4.10) (c! Ea(ak)) y  1 “ e ) ,

and for j  = 0, 1, 2,... set

a1ak)(i + 1 ) - 3 ( a k ) x k
E , =  j ,  X  —J

Cr(Sk,q+1)Yk CI(Sk, q)

and Cj  =  (8 ;) . Clearly

1 < Ci  =  - 1  (o- ei o- (a k)) y  1 a - 1 1(l + 1) - 3  a (ak)hk) y  1 ,

u(s k ,q) C )a X  =  xk a n d  Fr E.i .11 + 1

i= o a(Sk,q+ 1) \ Yk

Using Lemma 3.1 (3.1), we can easily obtain 0 4 , 01 U(Sk , q+ 1) C  for large k. Thus
we have

(4.11) er(x + E Ei ai +i ) x k  +  —  Yk•
j= 0 x k

W e note tha t sk,q — Sk , q + bk . Thus we have for j  = 0, 1, 2, ...

N x (A k
g , o- ;) c  N  (A k

g , ; )  <  c  c i
nk+ 1 ) ( S k , q  — Sk , g +

C, 1)

V  1 )(4.12) c ( i  + 1)6 - ") P1/4+1  V  1 Sk'q

6k

—  S k,q+  I 

bk

(C ( i  +  1)6/ _ + 1 V  1
6 k

<  c ( i ±  1 )6 1 (ce —ry) ( b k + 1 v  i ) ( a k  +1 —  ak

6 k bk
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The last inequality is verified as below : If a k + -

1 

nk  + 1 , then b „  >  -
1

n „  , and
2 2

k+ 1
 V  1 G  C ( b k + 1  V  1 )  G  C (

b k + 1  y  1 )  (  
ak +1 a k  y  i ) .

(5k bk 6k (5k

1 1 1
On the other hand if ak  + 1  >  - n k  + 1 ,  then a k  + 1

 -  a, -  -  -  nk  + 1  and
2 2 e

ak+ I. -  ak ak+ i a kN .
"  y 1  <  c ( y  1 )  < C  y  1 ) ( y 1) .

(5k (5k 6k ,5k

Now (4.12) yields

(4.13) N x(4  " 0 )  +  3 E Nx(Akg ,  (2- Ei ) ex (  -

1 

.1 .2 )
j=  1 2  '

( b k + 1 a k ,  i a k
1 ) .<  c   y  1   y

ök ) ( bk

Again from Lemma 3.1 (3.1) we have for 0 < n < a and large k

• ( s k )
(72(ak)

 . .(4.14) 'q  < a k q(2 - 0  <  1 ,  
a '  ( s  k  ,  q )

ak 
-  2 q ( a  -  q )

,
o- (a k )

and
0.2 ta k I

" = 1.
a 2  (S k, 0)

It follows from (4.14) that

u(ak)xk1  4°0 . 2  ( a k ) x l ?
L, 'k" c E exp

q 0i f f  ( S k , q) Xk q = 0 2a2(sk,q)

(4.15)

We claim that

c —

1  

e x p  - . 4  )  ( 1  +
xk2

<  c —

1  

e x p  -  -

1 

4  )  (1  +
xk2

go

q= 1

q= 1

exp
/ 1 0 .2( a k )

1) x k
2 } )

2  c r 2 (S k  q )

e x p  -  -
1 

[ 2q (Œ I7) - 1] 4}).
2

(4.16)
615 k- 2(a- q)q 1  >
a

Indeed, take n  such  that a  >  a - 1 / 2 .  Setting fi, = cq (Œ" ) , w e  have
0 < fik a k <  1  and by (4.8)

a k- 2(a - q)q = ([3k- 1 1) (/ 3 k- q + 1 + ±  1 )  w  1 11q

(1# 0 6 1 (1  -  czk)a = ak.
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Now we shall prove

(4.17)

Y ong-Kab Choi and Norio Kôno

6 k
—

, 2

ak

for some c > O.

Suppose that for any 0 < q <  a  there exists T = T (11)- 1 such that

ak <T y ll (" ) .

Taking q  such that a >  a — ri >  1 /2 , it follows that
26 k  2  Xk 1 1 

akT y k l(Œ -11) 9 T y k 2 - ' ( - 1 C .
—)C k  >

In  the case that ak > Tyll (a" ) ,  (4.17) immediately follows from Lemma 3.1
(3.2-c). Therefore the relations (4.16) and (4.17) yield

{bk 2(cc 2 ( a – ) q  —  1 ) 4  >  g — x k >  c g

and

{  1exp  - -[a k- 20-0 -  1 ]x }  + 00.
2

In the sequel the upper bound of (4.15) reaches to

,q. (o - (ak)x k )
(4.19) L <c -

1  

exp —  -

1

c O (x k )  c0(y k).
= (S k xk 2

It is easy to check that (4.19) also remains true when cî(t) =  i t  in (1.2). From
(4.11), (4.13), (4.19) and Lemma 3.3 we have

P {  sup S + m Sm —
 Yk

( o-(ak)
qo I< E  P su p  - E r n (X E gi ),; +i )

q 0( 2  , m ) e  /11
: , (a,,) i= o

go
• E  { N x (Akg , (2-E0 ) +  3 E  N x (A l

q̀ , qv i ) exp —  A . J
2 )}  0(x)

q 0 j = 1 2

ak

go
(4.18)

(i=1

v

v i

) (

) (

ak+i —  ak(  o- (ak)x k
  )  

g o

1 E
6

k q = 0 0 -(S k ,q ) )

  iak+ ak
6k

Lemma 4 .3 .  For 1/2 < a <  1 in  (1.2), we have
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(4.20) Pk =  p sup„„„< nk .,, SUP ak <  <ii
-

Y k }
1 < m<n= H CF(an)

bk) ( a k + 1 ak < c  v 1 v i )  0(y k ).
k 6k

In particular i f  0 0 =  I t  in (1.2), then (4.20) also holds.

Pro o f . ( i )  T he case of  ak  +1 -

3 

nk  +
4

Set AV)  { ( (  , m); aka k +  „  1 n k + 1 - t}  and X ((, m ) =  (s — ,s,n )
10-(( ) ,  ( ( ,  m)e AV ) . B y the sam e w ay as in  the proof of Lemma 4.1, we can
easily deduce that

-Ern —  Smi 
P k  P {  s u p   Yk

( ,m ) e 4 2)( e )

(4.21) <  c  

b k +   y  1 a k  +  -  a k
v  1 ) 0 (h ).

bk bk

Note tha t (4.21) holds for 0 < a < 1.

(ii) T he case of  ak +

3
-

4  
nk+i•

Using our conditions, we get the following :

(4.22)
3 3

ak ak -nk+1- n k  =  - e  -  1  n k > a k

4 4

(4.23) ak nk  - (n k + i - ak+1) ( 1 -  - e ) nk4

(4.24)A , , r i k ± i n k4 ( e l) a,,

(4.25) ak-Fi - ak ( 4 e  -  1 ) a , ,  (hence a,, + 1 4 e a k ).

Set ik  =  [(a k  + 1  -  a k )IS k ]  and for i = 1, 2, ..., ik ,

nk ,  =  nk +  k[(5k (ak  + 1 a k ) ]  and ak ,, =

It follows from (1.5), (4.22) and (4.24) that

ak,i +1 - nk,i+ — n• , •IC =  A k [ 6 11 (ak + 1  —  ak)]

< Ak Sk /ak 4 (e  -  1 ) (5 k .

Setting M = {(e, m); a k  e  ak ,i , 1 < m n k ,i -  e l, we have
ik - Isg (4.27) Pk E  P sup „ Yk} •
i=1 (e,m)E4+ , - o-(ak ,i y  c)

(4.26)
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Let
A t  = {(e , m); ak ,  < e a k , 1 , 1 m  nk , i + —

and

2  =  {(e, m) ; aka k , e  - m 11.

Obviously we have

(4.28) A t+, —  A '; c A t i u At 2

STEP 1. For 0 < a < 1  in (1.2), we have

IS, +„, — b k + i PI s u p   Y k }  C (  g V  1 )0 (h ).
ce ,m)ent, 0. (e) uk

Pro o f . Setting x(e, m )= (S e ± „, — S„,)1a(e), (e, m)e A iL l , we have EX 2 (e , in)
= 1 o- and for e oc, mom',

4
ax 2 , m),(e',m'))

0 - 2  ( a k , i )

a2(le - + Im —

Let us define C(e) = {o- - 1 (vo- (ak ,,))) y  1, and for j  = 0, 1, 2,..., let e i  =  ( j  +  1 ) 3 /Y lo
Ai = j, x  xk and C;  = C(e. ). Clearly

co

c-roc + E Xk =  Yk •
j= 0 Xk

Estimating a  lower bound of C;  as in  (4.3), (4.4) and (4.5), we have

C; { ( j+ 1 ) - 3 /(" 0 - 1 (a(ak,i)hk)} y  1

and from (4.26)

N x (At 1 , e.) c  N  (At 1' Ci)

(< c  n k , i + 1 ak ,i y  1 a k , i +  1  —  ak ,i v i
C j C j

c u  +  06/(a - (4) nk, i + 1 —  a k , i

S
1 )(ak ,  i + 1 ak ,i....

bkk
y V

C ti ±  1)6 _ 0  ni,i+1—  a k ' t y  1
Sk

ilk,a k , nk i+  —= 06/(a - )  V  1  }
bkb k

1 )6 / (2 _ 0  n k , — ak ,i

c(j +
bk

C (i ± 1) 6 / (a " )
 (

f i +  1  V  1 )  .
6k
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Therefore

Nx (At i , co) +  3 E N x (A t i , ei ) exp — 5  c
(

b k  + 1

 y  1
)

2 bk

and from Lemma 3.3

{  s u p  ISi+m — Sml (bk+i 
Y k C 1 ) 0 ( h ) •

(e,m)EA, a(i)U k

STEP 2 .  Fo r 1/2 < a < 1 in (1.2), w e have

I— S.Se(4.29) P  {  sup Yk} cO(Yk),
(1,m)e/1 2( a k , i )

where A 2 =  { (i,;  ak e ak , i , nk , ie  +  m r i k , i ± i } .  I n  p a r ticu la r  i f  c(t)

= i t  in (1.2), then  (4.29) also holds.

P r o o f .  Let go b e  the minimam nonnegative integer q  such that

v (q) —  j j
q(eak + 1  —  ak )

=  (51( ak.
ak

For q go , set = {(e , m); s r  1) < e < s , nk , i e +  m  <  nk , i ± i } .  Note that
= a k , i and for q  = 1, 2,..., go .

qbk(4.30) ak < a k ,, 1  —  —  <  a 1 —  

y 
ak,jakg

a
k

ak

Thus

(4.31)P i  s u p  I S ,  
+„, — Sml go ISE +,,, — Sml y k  }  5  E  P  {  sup , Y k }  •

( a , m)ezi:`, 2a ( a k , i ) q 0(  g , m)e.A:̀ ,T 6 (ak , i)

Setting X ( t , m) = (S ,+„, — S„,)I o- (ak , i), (t, m )e A tl, we have

0 (sig t 1))
a ' / Ex 2 (e , m ) (41)1)6 .

o- (ak ,,) o-(ak,i)

and

4dx
2 ((e, m), (t', iv))

0-2 ( a k , i )

0-2(le —  e' + — m' I).

To apply Lemma 3.3, we set a (le — + 1m — m'I)/0- (ak,i) qe. Then

1 le —  e' + Irn — =  a - 1 (e" ea(ak, 1 C.

For j  = 0, 1, 2,..., let

c(ak) ( j  + 1) - 3

E • =  j ,  1 C j  =  c (o- ep - (ak ,,)) y  1
u(s(kql1))Yk
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and

(ak,i)
X  X.

r(s )

Obviously

cr(s(kg)i)(4.32) = xk a n d  a 
f
Eo EJA)+1

) .= cr(( +0,
skq,i Vic I

Using (4.25) and Lemma 3.1 ((3.1)'), we can easily obtain for some c >  0

o- (sn)
(4.33) '  < c.

t  " )  —

I t  follows from (4.32) and (4.33) that
co

(x +  E  E j2 J+  1 )  Yk•
j= 0

Note that

-  sr  1 ) < (4e 2 - 1) 6 k .

Thus from (4.26) we have

N x (i1 1 , < c N (AN', Ci )

Sq,)i i) < C (i ±  1)61(a") F 1 nk
'

i
 y  1 1

k bk

<  c(j +  1 ) 6 1 (a" )

and

Nx (z11: 1 ,  e o) + 3 E Nx(Atl, (2- g )  e x p  - .2 <  c.
2i=  1

Applying Lemma 3.3, we have
go q. („ \— lE P {  sup sm

> Yk

g o  

<c E  xk)
=q = o , m)enk,:! a (a k, i) q 0 (7(0

<  c  —

1  

e x p  -  -
1 

)  1 1  +  E  e x p  
[  1  (  6 2  (ak, d 1 )  x 2 1}(4.34)

xk 2 q = 0 2 (sig)
i)

Using (4.8), (4.30) and Lemma 3.1 (3.1), we obtain

0 .2  (ak
'  

d
 >  0

-2 (ak,
>

i )  1
0  -I- 2(. - 71)

{ k i.
0-2 (0 )  -  o - 2 (ak , i {1 - gt5 k1 ak}) ak 1

>  { 1  - = ak— 2q( ce — ry)
6  } - 2 q (cc - n )

•

ak



Combining Lemmas 4.2 and 4.3, we have

Lemma 4 .4 .  For 1/2 < a < 1 in (1.2), w e have

1Se+m — Sml
P {  sup„,<„<n k +  i suP 1 < e sa- __.' Y k }

1 7<'nz<n"— g (FPO
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Thus from (4.18)

(4.35)
goE exp

1  (  0 .2  ( a )

q=1 2  a 2  (s )

and from (4.31) and (4.34) we have

s u p  + .ISI — S.I
Yk 

/ 1
P { , . .  C  

1
—  exp — — 4  _. c OW).

( e , n)€A:̀ ,2C r ( a k ,  ii Xk 2

We can easily check that (4.35) also holds when  i ( t )  -- i t  in (1.2). In the sequel

in the case of ak  + 1  —
3

nk +1, it follows from (4.27), (4.28) and Steps 1 and 2 that
4

Lk — 1 IS e  ±,n  — S m i
Pk E P sup

i

„ ,  - - .  Y k }
= 1 (¢ , m)e.ii , , vie 0- (ak , i v c )

i k  -  i
,  + .  -  Sm I E ( P  t  s u p  

IS > yk } + P t  sup
i 1(  I ,noen:! 0- (e)

< c  ik  b k  + 1  y  1 (yk)(

(5k

(1,m)eA:`,2

lc + i a k

< c
( b k + l

v 1
) ( a

k
v i ) 0 ( y k ).

6 1, 6

1S¢ +m S m i  >  y k } )

a (ak,i)

(4.36) < c
( bk;k 1a ) ( k + 1  — a k

 v i  v 1) 0 ( y k ).
6 k

In particular i f  a ( t )=  I t  in (1.2), then (4.36) also holds.

P roo f o f  Theorem 2.1. For g  in Lemma 3.2, there exist lco and c>  0 such
2c

that g ( n ) for all k ko . Set xk = g ( n )  . Then
g ( n )

(4.37)h  x k  + g (n )
Xk

and by Lemma 3.2 (i)

(4.38) 0(Yk) c0 (9(nk )) cy, 1 exp — —2
1 g2 (nk )} .



bk + 1 < c
6 k

ak+ ak y  1 ) y , 1  e x p  -  -
1

g2 (nk) .
bk 2

v i
 

)
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Applying Lemma 4.1, we have for 0 < a < 1

P { 1St + . -  S . I
 . g ( n , c ) }s u p a k ,  f  < a k +  1

 S u
P15m 5nk+ i

—
ak-,1 a (e)

Since /u (g) <  +  co, it follows from th e  first Borel-Cantelli lemma that almost
surely there exists k1 >  1  such that

IS - FM 
S U P a k  e s a k i-  1 suP  sm  snk  1 ak + 1 <  g (nk)

o- (e)

for all k  > k l . Clearly we have

X 4 ( n )  =  s u p l  S m < n - a  
S m +  -  Sm l 

S u
Pn ksn 5 n k+1  

s
U P1sm <n— a n

0. 0 „ )

Is, — Sm l
suP ak  e < a k +  

SU
P1<m Snk+ i

—
ak+ 0-(e)

< g(n k) g(n), a.s.

This implies g e UUC (X i) , i = 4, 5.

Proof  o f  Theorem 2.2. From  (4.37), (4.38) a n d  Lemma 4.4, we have for
1/2 <  a <  1 (a  =  1/2 when a(t) = ta)

{ I S e + . -  SI
 >  g ( n k ) }P  sup„k , n , „ , ,  sup,

15m<n= e Cr(an)

bk + (ak  + 1<  c )( —  y k1 -  a  y  1 )  y ' -  -
1

g2 (nk) } .
bk bk 2

Since /u (g) <  +  oo , it follows that almost surely there exists k 1 >  1  such that

- Smi
<  g ( n k )saPnksnsnk+ s u

P1 <a
1 5m 5n= COO

for all k > k 1 . Thus we have

- S .I SQ+m Sm
X 0 (n) = sup i    sup„k5,<nk-F S U P l<

1 < m < n = (7(à)1  <nt5n— O la q )

< g(n k) g(n), a.s.

This implies g e U U C (X i), i =  0, 1, 2, 3, 4, 5.
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Proof  o f  Theorem 2.3. Define i k for k  = 2, 3, ... ,  by

[ ak —ak_ l i 1ik (5 M 1

where M , > 1 is chosen later big enough and ak , i  for i =1 , 2, 4 ,  by

ak , i a k _ i  + (i — 1)601 1 .

For k  = 2, 3, ... , define

max {]) O ;  n k —  ak _  > 2 (n i , — ap )}
qk

=
—  1 if =

nqk — 
a

q k

i f  q k 0
d k , =  

o  if qk = — 1

and d1 , 1 =  O. Note tha t for k  = 2, 3, ... ,

1
ak _ i -  (nk - 1 — ak _ 1)

2

and dk ,, dk , , ,  for k k ' .  Note also q k <  k — 2. Set

nk -i—  ak-1 d k  
Jk iv 1,

6kM
dk ,; = dk ,i+ — 1 16kM i,  j= 1,...,jk

and

— {Sd k , i C f ( a k , i ) x , }

where x k =  g (n )  and g  was referred in L em m a 3.2 . Let

B k  =  U U  B i , j , k •
1 1-5j5jk

In order to  show tha t g e UUC (X 5 ), it is enough to  prove that for any e > 0,

(4.39) P (B k , i.o.) 1 — e.

We will prove (4.39) on the basis of Lemma 3.4.

STEP 1. For any  c> 0  w e can f ind M 1 an d  M 2  big enough such that

P(Bk ) -  6) E P ( B i , i ,k)

>  c
( b k - i

 1

ak — ak _
 y  1 ) yk

- 1  exp  —  -

1 

xZ
(5k2

f o r all k  > M 2 .  This gives, in particular, E k P(11,3= + co  by  the assumption (ii)
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o f  Theorem 2.3.

Pro o f . It is obvious that

EP(Bi.;,k) - P(Bi,j,k n Bi , j • k).
i. i i)*  ( i', f)

Sak,i+ak,, S d k j  a n d  ri•'') . E ( X i ,  k X r , f , k ) •L,J
(ak , i)

Obviously we have

r• • =

  

where

2o-(ak ,i)a(a k ,r ) '

R = a- 2 (1d • a d I) 4-k ,  +j k,i k , j ,  ,  6
2 ( I d k j ,  ±  a k , i ,d k  J 1 )

—  (72 ( 1  d  . j _  ,
l l " k , j  - 1 -  “ k ,i —  d k ,j' ak,r1) 0 -2 (Idkj -  dk,i)•

Denote the distance I p m  -  p„1 between p„, and p„ by r„,„, m 0 n = 1, 2, 3, 4, where

P 1  =  d k , j ,  P 2  =  d k , j a k , i ,  P 3  —  d k j ,  P 4 =  d k ,j ' ak,e•

Then, R = u2 (r23) + a 2  (r1 4 ) -  6 2 (r24) - (7 2 ( r  ) Let13,, r12 =

' i , j , k =  1 m ;  d k j tn dk, ak , i l

be a set of integers. Now we estim ate the second term  in the right-hand side
of (4.40). W e divide the summands of this second term  into three cases.

Case 1. Let I i , n = 0. Then the concavity of a2 yields

R = {(3-2 (r 1 4 ) -  0 -2 (r24)} { 5 2 (r13) - 0-2 (r2 3 ) } 0.

It follows, in combination of Lemma 3.5 (3.3), Lemma 3.2 and Theorem 2.3 (ii),
that

E(1) P(B i ,j ,k  n i ,k )  <  E(1)

(4.41) =  P ( 13 i,k) 
i j

 0 1x0

c P(B i ,j ,k ) 
k

V  1 ) (6b k -

k  V  1  )  yk
- 1  e x p ( -  -x ,

2

1 2

< -P (B i  k )
2

(4.40)

Set

a k -  a k _

for a ll k M 2  if M 2  is  big e n o u g h . H e re  E " ) d e n o te s  the sum  over ( i ' , f )
i',J'
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satisfying =

Case 2. Let /i ,j . k n i i ,, ; ,,k( 1 )  and

r14 y  r 2 3  =  m a x  r.„.
1 . nt*rt<4

Now we see that

1 — '1' — 
2a(r 1 2 )o(r 3 4 )(7(r3 4 ) R

.,J 2o-(r12)o-(r34)

(7 2 (r24) + (7 2 (r13) {a(r12) a(r34)} 2 +  

20- (r 1 2 )o- (r 3 4 )

where R ' = 0
-

2 0'121 + 0
-
2 0- 341 0

-
2 (1 '23) — o-2 (r 1 4 ). Here we claim that R ' > O. In

fact,

— 0 -2 (r12 ^ r34) (r12 y  r34) — a 2 (r 1 4 )0 - 2 (r2,3)

and in case of r 1 4  =  max r„,n w e  have, from the  concavity of o-2 ,

a2 (r 1 4 ) — 0 -2 (r12 y  r34) 6  r< _ 2 (  1 4  ( r 1 2  y  r3 4 ) + r 2 3 ) — cr2 (r 2 3 ).

= Cf 2 (r1 2  A  r3 4 ) — o-2 (r 2 3 ).

O n the  other hand if r 2 3  =  max r.„, then

, 2 t , e r 2 l r A  r !  e r 2 (v.k r 23 , — 12 3 4 , y  2 3  —  (r 1 2  A  r3 4 ) + r 1 4 ) — 0 -2 (r14)

= ( r 1 2 r 3 4 )- a 2 (ri4).

These imply R' O. In  consequence we obtain

(4.42) 1 — >  /
• l6r

2  
r2 4 ) ±  6 2 (r13) {a(r12 0'34)1

2

2o- (r i 2 ) o- (r 3 4 )

Further it follows that for some 0 < c < 1

(4.43) {c(r12) — 0-(r34)}2 < c 2 (7 2 r2 4 ).

Indeed, by the condition (i) of Theorem 2.3

a C r i2  r34I) <  O ak  ak -
cr(r1 2  A  r3 4 ) o- (ak _ 1 )

is bounded and  hence there exists c 1 w ith  0 < c 1 < 1  such that

( 1 + . (7 2 (1r12 — r341))
1 / 2

1 Cr(1r12 — r341)
C 1, , •

cr2 (r12 ^ r34) / C T V 12  A  r 3 4 )

So, this and the concavity of o-
2 yield

, (a (r i2 r34)) 2

{ 0'12) — a(r34)} 2 =  0 -2 0'12 ^ r34)
akri2 A  r3 4 )
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4. 1 1 / 2 ) 2
— o-2 (r 1 2  A  r34) ( { a V  r3 4 ) :  a2( r i 2  A  r3 4 )

r3 4 )
11/2 ) 2

cr2 (r i 2  A  r34)
6 2 0 . 1 2  y 2 ( r 3 4  A  r 1 2  A  r 3 4 )

+  1 1
r3 4 )

, (1 0 - 2 (1r12 — r341)
= 0 2 0'12 A  1. 34./

CT (r i 2  A  r3 4 )

}1/2

±  1 —  1 ) 2

< d a 2 (1r12 — r341) cie(r13 y  r24).

This proves (4.43). It follows from (4.42), (4.43) and Lemma 3.1 ((3.1)' and (3.2-6))
that for some c2 with 0 <c 2 < 1

a 2 ( r 2 4 ) + a 2 (r1 3 ) — 63-2 (r i 3  y  r2 4 )
1 — rl:y" > 

2a(r12)a(r34)

>  
( 1 — ci)a 2 (r13 r 2 4 )

>  c
a 2 ((li — +  — f1 ) 1(5 0 1 )(4.44) 0.2(ak)2o-2 (ak)

— + Ii —i'Dm 1 12 ( ){cr(o- - 1 (o-(ak )/y,))/a(ak )} 2

+1./ — .TI)M112 ( a - 1 ) xk- 2 .

Case 3. Let I i, j , kn I (1) and

r1 2  y r 3 4  =  m a x
1 Sm#n 5 4

First consider the case r1 2  =  max r„,„. Again the  concavity of c 2 yields

r ' '
a2 (r1 4 ) — (a 2 ,r13) +  0 .2  (r23) a2 (r2 4 )

20-(r3 4 )(7(r1 4  y r 2 3 )
2

(r14
 y  r23) a

2

(r 1 3 y r 2 4 ) + a-
2
 (r3 4

)

2a(r 3 4 )a- (r 1 4  y  r2 3 )

=  1
a 2  ( r 1 3  y  r2 4 ) {a(r 1 4  y r 2 3 ) — cr(r 3 4 )}2

2cr(r3 4 )cr(r 1 4  y r 2 3 )

that is,

1 —
. 

>  2
o- (r i 3 r 2 4 ) — {O r " r2 3 ) — o-(r3 4 )}

2

• J
•

20- (r34)cr(r14 y  r2 3 )

Furthermore if follows that for some 0 < c 3 < 1

fcr(r i 4 y r 2 3 ) — cr(r3 4 )} 2

) 2
a2 (r34) ({ 1 +  

0 - 2 ( 7 . 1 4 }V  r 2 3  —  r 3 4 )  
1/2

— 1
a 2 (r34)
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) 2o- ( r n r 2 4 )  
1 1 2

-  1-  6 2 0 . 3 4 )  ( 1 1  + 2  

a 2 (r34)

cio -2 (r 1 3 y  r2 4 ).

Thus we have

2  , 24, cr2 (( - -  , ( 1  -  acr ("r v 1
1  - > > c

26(r34)a(r12) 0.2 ( a k )

(4.45) + j  - fl)m 1}
2 0 , - o xk- 2 .

B y the sam e way a s  above we can easily show that (4.45) also holds when
r 3 4  =  max r m n . Now applying Lemma 3.5 (3.4), it follows from (4.44) and (4.45)
that

< c  E ( 2 )  ex {  -

1

(1 - 1. ,:if ) .4 } P(B i ,j , )4 k

(4.46) < c  P(B , k) E(2) exp {  - c{(li - + 1,/ DMI1 2 (O E -/ ) }

cp(B, k ) E exp { - c { (m + n)M 1 }2 " ) }
m, n

< P ( B i  k )
2 '2'

if M , is chosen big enough. H ere r  2 ) denotes the sum over ( i', f )  satisfying

k n j ' ,  k 4:)•
 Combining the inequalities (4.41) and (4.46), we have

E P(B i ,  k n B,,, e P(B i ,j ,k ).

This and (4.40) complete the proof of Step 1.

In the following, we always assume that k ' >  k .  Define

rV i k f  —  E ( X k  Xi% j ,
, k,)•

L et n -  dk ,i ,  p 2  =  dk ,a ,  p 3  —  dk , i f  and  p 4  =  dk ,
, i ,a k ,, i ,  b e points on a

positive half line. F o r  m  n  =  1 , 2 , 3 , 4 , we define a distance I pm  -  NI between
pm  and pn by r . „ .  Then we have

(7 2 ( r 2 3 )  +  0-2(r14 a2 ( r2 4 )r 2 4 )  -  0 -2 (r13)
rI,I,k •

26(a1,1)cr(a1 )
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ST E P  2. Let dk ,,, nk . Then by the concavity of o- 2  we get

< O.

It follows from Lemma 3.5 (3.3) and Step  1  that for an y  e > 0, there exists
M  M E b ig  enough such that for a ll k  > M ,

P(B k n B k )  E E

E E p ( B , , , )

(1 + e)P(B k) P(B k ,).

S T E P  3. L et d k ,,, < n k , gk , k ' —  3  and k  + c 2  log k k '  f o r som e c 2  > O.
Then f o r any  e > 0, w e can f ind M  = M  e such that f o r all k  > M ,

P(B k n +  P(BOP(BO•

P ro o f .  Since q k , < k' — 3, we have

nk , _2n q k , + 1 nq k , + 1 agkr + 1 nq k , aqk ,

1
2

- (le - ak , -1)

and

2
(4.47) ale -1 Ilk -1 —

By the concavity of a 2 ,  we obtain

, o- (ak ,,) o- (a k )
(4.48) illy ik  < < .

olak ,, i ,) o- (ak , — 1)

Note that (4.47) yields

(4.49) ak—  > (e — 2) e - 2  nk ,  and )1, c  log k'.

Thus applying Lemma 3.1 ((3.1)), we have

o-(nk)
r k XkXk , <  c(log k')

0- ((e — 2)e - 2  nk , )

< c(log k') exp( — (k' — k) (Œ —  ti))

< c " ( OE - 0  a s  k oo

and that for any e' > 0 there exists ice ,  such that for a ll k  > k e ,

Xk Xk,
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Now applying Lemma 3.5 (3.3) and Step 1, we have

P(B k nB,e ) y y p(B i j ,k nBi ,j ,k ,)
y

ce  E E

< cep — Eir2 P o o  me)
< (1 + v)P(B k )P(B l e ).

Here we remark that lim e  c e , =1.

STEP 4. Let d k
, , i <n k , qk , k' -  3  and k  +c 1+  c 2  log k  f or c, big

enough. T hen denoting by  E k ,  the sum  over such k ', w e have

EP(B k nBk ,) c P (B k ) .
k '

P ro o f . By combination of (4.47), (4.48) and Lemma 3.1 ((3.1)'), we have

o(a) o- (nk )
rUk k '  <

0 - (ae-i) o- ((e  - 2) e ' n k ,)

o- (nk )  <16,-2-1-(,(e_ 2)1
(7(e - 2 ' 1(e  -  2) nk )

< 5 < 1, say.

It follows from Lemma 3.5 (3.4) that

P (B,, L k n Bi ,, ; ,,k ,) c exp {  -  -
1

(1 - rU :i k ') x, 0(x,)
4

c ex(_  -
1

(1  -  5 )4 )  0 (x k ).
4

Using (4.47) and (4.49), we obtain

nk , ne _
j ,  c —  c — y , , 11( '  n) <  c (log 102(.-i)

6 k' ak ,

and

<e(y k ,)11(1
- ")c  (log k')2Œ1- .

Therefore

Ep(B k nBk ,) < E E
k' i , j k'

c>. e x p  (  -  C x k ,2 ) 0(x,)
j  j '  , k '
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< c(1 —  e)' P(B k ) E exP (— c xe 2 )
j',k '

< C(1 — 8) - 1  P(B k )(log k ).-
1

ne  
c ( lo g  k )

C P (B k).

S T E P  5. L e t  d ,  <  n k , qk , = k' —  2 and k  + c 2  log k k ' f o r s o m e  c 2  > 0.
Then f o r any  e > 0 there ex ists M  = M c such that f or all k  > M ,

P ok n ( 1  +  Poo P(Bk,)•

P ro o f . By the assumption,

1
dk , =  k '-2 —  a k , _2  < n k < — nk , _ 2 ,

1
)nk' - 2  < - 2 aw-i•

Making use of (4.48) and (4.50), we obtain
o- (ak ) o-(nk)

(4.51) k '  <  
( a k

,
 - 1 )

<  

o
-

( ( e  —  1 ) e '  n k , )

< c e - . k " — 

By (4.50)

(4.52) y k , 2  =  l o g  (

ak
,

 k ' ) c  l o g  k '

ak
,

and hence

X k C k_ c2 _- 0  a s  k co.

This implies that for any e '  >  0 there exists ke ,  such that for a ll k > k E,

<
Xk Xk ,

As in the proof of Step 3 we can obtain the desired result.

STEP 6. Let d k , < n k , q„, = k' — 2 and k  + c, k '  k  +  c 2 log k  f or c , big
enough. Then

E P (Bk n c P(B k).
k'

P ro o f  From (4.51) and the assumption we have

1 — r!::/k > 1 — c e- ( k '  — k ) ( a — n )

and

(4.50)
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> 1 — ce - " ( "- ") > 6 > 0, say.

By (4.52) we see that yk ,2  c  log k'. This, in combination with (4.50), yields
nk

ik ' C , < C (log 1(1)2(a-n)

and

ik, < c (log k')2(.1-o.

Therefore,

Epo k n E  E  P(B,J,k
j i ', j ' ,k '

< cE E exp — -
(5

4 )  0(x k )
i , j j',k ' 4

< c(1 — E) - 1 P (B k) ik 'ik ' eX P —  4 )
k' 4

< c(1 —  g)' P(B k )E (log 101/(Œ-
n ) e - c ( l o g  k ' )

k'

< c P (B k ) .

STEP 7. Combining the above Steps 1 — 6 together, we see that all conditions
of Lemma 3.4 are satisfied for the sequence {Bk } : the set {k1 , k 2 ,...,Ic i ( k ) } is given
by

; dk ,, i  < ' k '
 k  + c, k' k + c 2  log 14.

Thus we obtain (4.39).
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